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Restart — an interruption of a stochastic process before its completion, followed by the start of a new random
realization of the same process — is a potential tool for control over the completion time statistical properties of
stochastic dynamics (e. g., restart of randomized computational procedures). One of the key reasons underlying
research interest in theoretical modelling of restart-induced effects on stochastic processes roots in observation
that sometimes restart can accelerate process progress as evidenced by reduction of the mean completion
time. After this observation was made, many subsequently resolved research questions arose, such as: the
optimal schedule of restarting, the limits of the effectiveness of the restart method, the conditions under which
this method works and the prospects for using this method to optimize performance measures other than
the expected completion time. The most straightforward and general way of extracting theoretical prediction
regarding completion time statistics of random processes in the presence of restart is provided by the renewal
approach which is applicable to majority of particular stochastic models and restart protocols considered in the
relevant literature. Supplemented by analysis of measures from descriptive statistics, linear response analysis,
optimization analysis, and analysis based on probabilistic inequalities, the renewal approach allowed to pose
and resolve many issues regarding completion statistics of generic random processes subject to various types of
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restart protocols as discussed in this review article.
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1. INTRODUCTION

The average completion time (T) of a random pro-
cess can be used as a measure characterizing the speed
of various stochastic phenomena. Remarkably, and at
first glance unexpectedly, this measure can in some
cases be reduced by using restart — an episodic in-
terruption of the process followed by the start of its
new statistically independent realization (Fig. 1). The
possibility of this effect was noted and explored in two
papers, [1] and [2], devoted to the problem of increasing
the speed of randomized computer algorithms (Fig. 2).
After the work [3] which demonstrated that stochastic
resetting of a particle to its starting position hastens
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diffusive search, this effect became a subject of study
in statistical physics.

The origin of the restart-induced speed up can be
qualitatively explained as follows. Consider stochastic
dynamics of a random process in configuration space of
its degrees of freedom /dynamical parameters. Depend-
ing on the context the corresponding state variable may
represent, e. g., the coordinate of random walk process
or a node in the tree of candidate solutions explored
by computer algorithm. The process completion cor-
responds to its entry into a certain threshold region
representing, e. g., an absorbing boundary or a true so-
lution to the optimization problem. The time to reach
threshold in the course of random motion of the process
in its configuration space may exhibit significant statis-
tical dispersion due to the external stochastic factors
or intrinsic reasons. Restart could then potentially re-
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Fig. 1. a— General scheme of random process under restart. b

— Probability density function of the process completion time

under restart. ¢ — Pattern of completion time moments in

the absence of restart (top) and accelerating effect of restart
on the random process (completion)

duce the average completion time by interrupting long-
running process executions associated with its wander-
ing in far-from-threshold or hard-to-get out parts of the
configuration space.

It was also shown that, in addition to the average
completion time (T'), restart can be used to improve
other statistical characteristics of random processes:
the high-order statistical moments of completion time
[4], the probability of meeting a deadline [5], the me-
dian completion time [6], the mode of the probability
density function of the completion time [6], the entropy
[7] and the diversity [8] of completion time, the prob-
ability of obtaining a desired outcome for a random
process with alternative completion scenarios [9], the
tail probability of completion time [2], the rate of ob-
taining the desired outcome, the mean completion time
conditional to specific process outcome [10].

Two major routes can be distinguished in the topic
of mean completion time optimization via restart: spe-
cific case studies and general analysis. The first type
of works represents detailed investigations of how par-
ticular restart protocols (usually Poisson restart) in-
fluence completion time statistics of various stochas-
tic phenomena: free diffusion [11], diffusion with mean
drift component [12-16], diffusion in confined geome-
try [17-22], diffusion with partially absorbing boundary
[23,24], diffusion with spatially varying diffusion coeffi-
cient [25-27], many-particle diffusion [18], various mod-
els of continuous random walks [28-38] random walks
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Fig. 2. The main area of research addressing the impact of

restarts on the completion statistics of stochastic processes:

speed-up of randomized algorithms via restart [1]. A random-

ized algorithm is an algorithm whose computational process

possesses a degree of randomness resulting in runtime fluctu-
ations

in regular lattices [39,40], random walks in complex
networks [41,42], particular examples of runtime mod-
els for randomized computer algorithms [43]. From the
methodological side, these studies typically (but not
always) use kinetic equation on time evolution of the
probability density function of the process state vari-
able in the configuration space with the auxiliary terms
incorporating effects of episodic restarts on the flow
of probability. The restart-modified mean completion
time is then extracted from process survival probability
after solving kinetic equation with Fourier or Laplace
transform method, or via Kolmogorov backward ap-
proach when applicable. The final answer is expressed
via parameters of some kinetic model (i. e., diffusion co-
efficient, force fields parameters, geometric parameters
of obstacles and targets shapes and arrangement, mean
frequency of restarts, etc.). The calculation details, ex-
amples of results and more references to studies of this
type can be found in the review articles [44—46].

The second type of theoretical works focuses on
obtaining general conclusions regarding the effect of
restart on stochastic processes of arbitrary nature and
of arbitrary kinetic details. The key analytical tool in
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these works is the renewal approach, either explicitly
used in the form of stochastic renewal equation(s) for
random completion time in the presence of restart (see
[47]) or implied in the probabilistic reasoning on the
way to the closed-form expression for restart-modified
expected completion time (see, e.g., [1]). The re-
sulting statements regarding behaviour of the mean
completion time are formulated in terms of the vari-
ables parametrizing restart schedule and via descrip-
tive statistics measures of the completion time in the
absence of restart rather than through parameters of
some kinetic model. Due to this, the corresponding re-
sults turn out to be robust to the change of random
process model details.

Methodologically, the renewal approach to mod-
elling of restart-induced effects is typically accompa-
nied by the linear response analysis, by the mean resid-
ual time analysis, by optimization analysis and by anal-
ysis based on implementation of statistical inequalities.
The applicability of the conclusions obtained within
this theoretical framework is usually limited only by
the assumption of

(i) mutual statistical independence of repeated pro-
cess runs,

and by the condition of

(ii) uncoupling of restart protocol from the process
own dynamics meaning that inter-restart time intervals
are prescribed deterministic or random and uncorre-
lated to process progress.

Also in some cases analysis assumes

(iii) smallness of the time required to perform
restart in comparison with all relevant time scales of
the process completion,

or

(iv) mutual independence and identical distri-
bution of durations of restarts considered as non-
instantaneous and their independence on process dy-
namics and inter-restart intervals.

Two other presuppositions, not crucial for applica-
bility of renewal equations but relevant at extraction of
some consequences, are the following:

(v) finiteness of the statistical moments of the ran-
dom completion time in the absence of a restart,

(vi) specific form of the restart protocol applied to
the random process.

It should be noted that properties (i)—(ii) are shared
by the overwhelming majority of specific models con-
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sidered in the existing literature on random processes
with restart (examples of models where these assump-
tions are violated are discussed in Section 14).

The two lines of research, process details specific
and general, complement each other together provid-
ing a wide range of modelling tools and firmly estab-
lished theoretical conclusions that allow to predict how
restart modifies completion time statistics of various
stochastic phenomena. Being considered together, they
offer a choice between two possible ways of analysis
of stochastic process completion upon restart: start-
ing from modelling of stochastic transitions in process
configuration space or from descriptive statistics per-
spective focusing directly on the resulting process du-
ration statistics. Renewal approach helps to overcome
difficulties that may arise on the way of solving kinetic
equation. When kinetic equation on the probability
density function in the underlying space of the pro-
cess state variables is unknown or analytically unavail-
able (like in the case of many randomized computa-
tional algorithms) the analysis starts with the restart-
free runtime time distribution of some problem-specific
form (obtained empirically or deduced theoretically).
The same applies when kinetic equation is known, but
restart events have non-Poissonian statistics so that
they cannot be accounted by simple modification of
probability flow in kinetic equation, The mean runtime
under restart is then expressed via parameters of this
distribution using probabilistic arguments based on the
renewal nature of restart, see, e. g., [18,48].

This paper is devoted to a review of results obtained
within renewal approach concerning the problem of op-
timizing the mean completion time of random processes
using the restart method. The work also includes re-
sults on restart-mediated optimization of other perfor-
mance measures beyond the average completion time.
The main focus is on the continuous time stochastic
processes.

The reviewed material is structured as follows. Sec-
tion 2 describes the problem statement. Section 3
outlines the essence of the renewal equation method,
presents closed-form expression for the mean comple-
tion time of generic random process in the presence
of an arbitrary deterministic restart protocol and dis-
cusses several particular types of restart strategies.
Section 4 describes the sufficient conditions of restart
efficiency. Section 5 considers the issue of globally op-
timal restart strategy. Section 6 presents upper bounds
on the mean completion time under optimal restart
protocol. Next, Section7 describes lower limit below
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which the mean completion time of a random pro-
cess cannot be reduced by restart. Section 8 presents
constructivist criteria of restart efficiency. Universal
properties of processes under optimally tuned periodic
and Poisson restart protocols are discussed in Section 9.
Some non-uniform restart strategies are discussed in 10.
Section 11 presents review of the results regarding the
impact of restarts on characteristics other than average
completion time. Section 12 lists existing generaliza-
tions of the presented results to the case of non-zero
time cost of restart. Section 13 additionally highlights
some of the reviewed results. The final Section 14 con-
tains very brief summary and discussion of scenarios
under which basic assumptions adopted in this article
can be violated.

2. PROBLEM FORMULATION:
OPTIMIZATION OF THE MEAN
COMPLETION TIME VIA RESTART

Consider a stochastic process that repeats over and
over again. All runs are assumed to be statistically
independent and identically distributed. The random
completion time T of an individual run is characterized
by the probability density function P(T). This function

is normalized to unity, [ dT'P(T) = 1, which means
0

that the process trials terminate in finite time with unit
probability (scenarios of non-zero probability of never
stopping is briefly discussed in Section 11.12). As might
be expected from the definition of the sample mean and

the law of large numbers, if (T') = [dTP(T)T and
0

(T?) = [dTP(T)T? are finite, then the total number
0

of completed process attempts Ny over a long observa-
tion period W — oo only weakly fluctuates around the
value W/(T'). Therefore, to increase process speed in
this situation, it is necessary to reduce the average com-
pletion time of trials. As discussed in the introduction,
for some processes, such performance improvement can
be achieved by restart method.

The restart protocol R is characterized by a se-
quence of inter-restarts time intervals Ry, Ra, R3, .. ..
In what follows we will always assume, if opposite is not
specified, that this sequence consists of (potentially) in-
finite number of terms. It can be argued that protocols
in which the flow of restart events does not terminate
until the process reaches completion, no matter how
long this takes, are more efficient for control applica-
tions aimed at optimizing the mean completion time

than the protocols with a limit on the maximum num-
ber of restarts [48].

Unbounded restart protocol R works in the follow-
ing way. If a random process is completed prior to the
first scheduled restart, the story ends there. Otherwise,
the current attempt is aborted, and the process starts
from scratch. Similarly, next attempt may either com-
plete prior to the second restart or not, with the same
rules. This procedure repeats until the process finally
reaches completion. The random completion time of
the process in the presence of restart schedule R will
be denoted as Tr. The key quantity of interest for us
is the mean value (T’g).

Depending on the context, mechanisms that imple-
ment restart of stochastic dynamics in particular sys-
tems can be divided into deterministic and stochastic.
In stochastic case, sequence of inter-restart intervals
R, Ry, R3,... is random so that derivation of theo-
retical predictions for the mean completion time (Tx)
must also include averaging over statistics of R.

Note that in practice, process initiation and restarts
are accompanied by some time overheads. Further-
more, the time required to perform a restart can de-
pend on the coordinate of the process in its configura-
tion space prior to the beginning of restart (see, e.g.,
[49] where this issue is discussed in the context of exper-
imental realizations of diffusion mediated search with
resetting). The main part of this paper is devoted to re-
sults obtained under the assumption of (iii) negligible
restart associated delays. Possible generalizations to
the case of non-zero time penalties for restarts uncorre-
lated with process dynamics and inter-restart intervals
are discussed in the Section 12.

3. GENERAL METHOD OF ANALYSIS:
RENEWAL APPROACH

The most generally applicable way of theoretical
description of completion time statistics of random
processes under restart is provided by renewal ap-
proach. This framework does not require incorporation
of restart mechanism into the kinetic equation govern-
ing stochastic dynamics of the process of interest in
its configuration space. Instead the renewal approach
deals directly with stochastic realizations of the ran-
dom completion time T, characterized by the proba-
bility density function P(T), without looking into the
kinetic details giving rise to this statistics, and shows
how statistical properties of the completion time are
affected by restart.

177



S. Belan

MITP/JETP, Tom 170, Boim. 2 (8), 2026

Namely, the random completion time Tz of the pro-
cess in the presence of protocol R with unbounded
number of restarts obeys the infinite chain of renewal
relations

Tr =T I1(Ty < Ri)+
Tfes

(Ry + T1)I(Ty > Ry),
= TQI(TQ < RQ) + (RQ + TgeS)I(TQ > RQ),
(1)
Tn = Tn-l-II(Tn—i-l < Rn+1)+

+H(Rnt1 + TRE ) (Trs1 > Rigr),

where T7,T5,T5, ... are mutually independent random
variables sampled from P(T), I is the indicator func-
tion which is equal to unity if the inequality in its ar-
gument is justified and is zero otherwise, and 77 rep-
resents the i-th residual time, i.e., the time remaining
to the process completion immediately after the i-th
restart provided that the process has not yet termi-
nated by that moment. Intuition behind this set of
equations is very simple: if process failed to finish be-
fore the next restart, it starts anew. Equations (1) are
justified whenever assumptions (i), (ii) and (iii) listed
in Section 1 are fulfilled.

By successively substituting T;“* expressed via T} 77
with ¢ running from 1 to 4+oc0 into the first equation of
the set (1) and performing averaging over the statistics
of mutually independent identically distributed ran-
dom variables 11,75, T3... with Rq, Ro, R3,... treated

as fixed parameters, one obtains

. f dTP(T)T
(Tr) =) | %——— +R; H/dTP (2)
j=1 f dTP(T) i=1p,

Equation (2) relates the expectation of the completion
time (Tr) in the presence of restart schedule R to the
completion time probability density function P(T) of
the "bare" (i.e., restart-free) process. This result can
be further generalized by adding time costs for process
initialization and restart into (1). Here, however, we
will keep the assumption of (iii) negligible time cost of
restart, as was already explained above (see Section 12
for references to works where this assumption is relaxed
and replaced by presupposition (iv)).

Dealing with a stochastic restart protocol one
should additionally average renewal equations (1) over
distribution of Ry, Ro, R3, ... to arrive at mean perfor-
mance of schedules from a given statistical ensemble.
In particular, in the case of stochastic protocols with
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time-homogeneous statistics, for which we will use the
notation R; ., the completion time statistics can be
extracted using a single renewal equation. Namely, if
intervals Ry, Ra, R3, ... are independently sampled from
the probability density p(R), then the random comple-
tion time Tk, , can be written as

Tr,, =TI(T < R) (3)

Here T7/€Lh, is independent copy of the random variable
TR, , - Indeed, in the case of independent and identi-
cally distributed inter-restarts intervals, if the process
failed to reach completion prior the first restart, then
the residual time 77 just after the first restart is dis-
tributed in the same way as T’z, , . Note also that T,
R and Tg,  in the right-hand side of Eq. (3) are un-
correlated.

+ (R +Tr, )T > R).

After averaging of Eq. (3) over statistics of original
random process and of stochastic inter-restarts inter-
vals we get the closed-form expression for the mean
process completion time

_ (min(T,R))
(Tr,, )= PrT <R
T arp(R) [arP(0)T + T aRo(R)R T 4T P(T)
0 0 0 R
[ arp(m) [ arp(r)
0 0

(4)

Equation (4) was obtained in Ref. [47] and can be also
extracted from results of Ref. [50].

In the simplest case of periodic restart protocol (also
known as sharp, strictly regular or fixed-cutoff restart)
we have Rl = R2 = R3 = ...
period, so that the expected completion time is given
by (Refs. [5,18], and [51])

= 7, where 7 is restart

[ P(T)TdT + 7 [ P(T)dT
(Ty) = = 7 - ; (5)
J P(T)dT
0
as can be seen from (4) by putting p(R) = §(R—7). The

periodic protocol is of particular practical importance
as a control tool for computer science applications due
to its property of global optimality discussed in Sec-
tion 5. In this regard, it also has methodological signif-
icance in restart research, as understanding its impact
on the average completion time of random processes al-
lowed to determine the limits of the effectiveness of any
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restart procedure, see Ref. [52] and Section 7. Equation
(5) can be also rewritten as

(M) +7 (T 7]
2Pr|T < 7] ’

() = (©)

see [53], or as

[ Pr(T > 7'|dr’
0

A T

(7)
see [18] (or [1] for the discrete-time version).

Another important and rather simple case is the
Poisson restart for which inter-restarts intervals repre-
sent mutually independent and identically distributed
random variables with exponential probability density
p(R) = re”"E. Here r denotes the restart rate, i.e.,
the average frequency of random restarts. The mean
completion time of a process subject to Poisson restart
is given by (see [54] and [18])

1) =, ®)
where -
P(r)= [ dTP(T)e "
/

is the Laplace transform of P(T') evaluated at r. Equa-
tion (8) can be derived from the Eq. (4) by substituting
the exponential probability density for p(R).

Besides, we will also discuss here the so-called
Gamma restart which is characterized by random inter-
restart time intervals independently sampled from the
Gamma distribution

ﬂk

RF—1,—BR

p(R) T8 :

where § and k are rate and shape parameter, respec-
tively. The expected completion time of a process un-
der Gamma restart is described by the following ex-
pression (see [52])

(—1)F=1gk g1 P(pB)
T(k) dp+-1 B

As in the case of Eq. (8), expression (9) can be derived
from Eq. (4) by substituting particular form of proba-
bility density p(R). Note also that at k = 1 Eq.(9)
reproduces Eq. (8) since gamma distribution becomes
exponential in this case. The Gamma-protocol is of

(Tp) =

(9)

general interest because examining its impact on ran-
dom processes helped to establish some universal fea-
tures of completion time statistics under optimal peri-
odic restart, see Ref. [52] and Section6.1. Moreover,
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it turns out that gamma restart with £ = 2 and suffi-
ciently small rate parameter [ always either further re-
duces or leaves unchanged the average completion time
of any processes subjected to optimal Poisson restart
(see discussion in the Section 14).

Most of those theoretical results in this area that
are insensitive to the fine details of the probability den-
sity function P(T') have been obtained for the strictly
periodic, Poisson, and Gamma restart protocols, dis-
cussed at length below. Practically and/or method-
ologically important restart scenarios are also repre-
sented by Luby restart strategy [1], by Poisson restart
with hyperbolically decaying in time rate [55], and by
geometric restart protocol, which are discussed in Sec-
tion 10. Some of the conclusion overviewed here are
valid for any restart strategy, see Sections 7 and 14.

We conclude this section with discussion of how
restart affects random processes which do not have fi-
nite second or/and first statistical moments of the ran-
dom completion time so that the number of process
completions Ny over a very long observation period W
either almost certainly zero or fluctuates very strongly
around some non-zero mean. It turns out that with the
aim of periodic restart the number of process comple-
tions observed within long time window can be made
well reproducible non-zero quantity. Indeed, it is easy
to see from expression (5) for (7) and relation

[dTT*P(T) + (12 + 27

(1,)) J arP(T)
(r2) = & :

7 , (10)
[dTP(T)
0

(see, e.g., [5] or [47]), which can be derived, for exam-
ple, by averaging renewal equation

(T2) =T°I(T <7)+ (r +T.)*I(T > 1),

that irrespectively of the particular form of P(T') there
exist values of the restart periods 0 < 7 < oo for which
both (T%) and (T'2?) are finite, and thus Ny, is the rel-
atively weakly fluctuating quantity inversely propor-
tional to (T7).

4. WHEN DOES RESTART WORK?

Once completion time probability density P(T) is
known, Eq. (2) allows us to determine whether a par-
ticular restart schedule improves the mean process per-
formance or not. In practice however the full process
statistics may be poorly specified. It would therefore be
useful to identify some general conditions under which
restart method is effective. These conditions should be
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formulated in terms of sufficiently small set of statisti-
cal characteristics of random completion time 7" whose
reliable estimate needs much less statistical data than
recovering probability density P(T'). The results in this
direction obtained so far can be subdivided into two
classes: existence criteria and constructive criteria of
restart efficiency. This section is devoted to discussion
of existence results representing sufficient conditions of
when there exists a restart protocol of particular type
decreasing the mean process completion time. Con-
structive criteria for restart efficiency, which not just
detect that performance of the process under consid-
eration can be improved by restart but also explicitly
define parameters of effective restart strategies, will be
presented in Section 8. It should be noted that among
the many known existence conditions that can be found
in the literature, here we list those expressed via rel-
atively simple statistical characteristics. More results
can be found in Refs. [56] and [53] (see also [43]).

As can be seen from discussion in the end of previ-
ous section, periodic restart with appropriately chosen
period is always helpful for processes whose empirically
estimated first and second statistical moments of ran-
dom completion time do not converge with the growth
of statistical sample size. However, restart method can
be useful not only in such dramatic scenarios with ex-
tremely huge fluctuations. In this section we assume
that restart-free mean completion time (7T') is finite.

A variant of residual time analysis, presented in
[54], provides a concise and practically important
criteria to detect accelerating effect of rare Pois-
son restart on the expected completion time. More
specifically, the inequality

(11)

where o(T) = /(T?) — (T')? is the standard deviation
of the completion time 7' from the mean value (T'), rep-
resents the sufficient condition for when introduction of
Poisson restart with small rate r leads to reduction of
the mean completion time [54,57]. Equivalently, we can
say that if the so-called CV-index defined as

1
T

Jov =1~

is large enough,

1
> a9
-2
then sufficiently small values of rate r improve mean
performance [53]. Alternatively to the mean residual

time estimate, the condition (11) (and, thus, (12)) can

Jov (12)
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be deduced from analysis of the linear order term in
series expansion of Eq. (8) in powers of the restart rate
r (see supplementary material to [47]).
A simple sufficient condition of periodic restart ef-
ficiency reads
(1)
m

> 2. (13)

Here m denotes the median completion time of restart-
free process. As shown in [52], if this inequality is sat-
isfied then there exists a period 7 of strictly regular
restart reducing the expected completion time.
A criterion similar to (13), but with different bound
can be formulated for Poisson restart. Namely, if
) > 2e, (14)
m
then there exists a value of Poisson restart rate r
which improves mean performance. In contrast to (11),
derivation of conditions (13) and (14) is based on im-
plementation of probabilistic inequalities rather than
on linear response calculations or mean residual time
analysis [52].
Next, the inequality
<Tk+1>

TTH) >k+1,

(15)
where k is positive integer, represents the sufficient con-
dition for existence of efficient Gamma protocol with
shape parameter k. Similarly to condition (11) this
result can be obtained from analysis of linear order
expansion of exact answer (9) upon the rate param-
eter 8. If this inequality is satisfied, then application
of Gamma restart protocol with sufficiently small rate
parameter § and shape parameter k leads to reduction
of expected completion time [52]. At k = 1 Eq. (15)
becomes equivalent to Eq. (11).

In what follows, we will mainly focus on presenting
the results themselves, whereas the details required for
their derivation can be found in the cited literature.

The authors of work [53] presented criteria of peri-
odic restart efficiency based on Gini index defined as

Jaini =1—

(T)

where T7 and T, are two identical copies of the ran-

<min(T1, T2)>7

dom variable T'. Similarly to CV-index this measure
characterizes the statistical heterogeneity of the process
completion time sample. As shown in [53], beneficial
periodic restart strategy exists if the Gini index obeys
the condition

N | =

JGini 2 - (16)
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Next, as can be deduced from analysis of Eq. (5) in
low-7 limit, if the completion time statistics of random
process in the absence of restart obeys the inequality

(17)

then regular restart with sufficiently small period 7 is
beneficial [53,53].

Analysis of Eq. (5) in opposite large-7 limit shows
that if the restart-free random process satisfies the
condition

1 1
@) < H(o) (18)
where
H(t) — m’i
[ P(T)dT

is the Hazard rate function, and

H(cc) = lim H{(r),
then mean performance can be improved by applying
regular restart with sufficiently large period 7 [53,53].
Clearly, the scenario of equation (18) applies to ran-
dom processes with power-law behaviour of tails of the
probability density function P(T").

It should be emphasized that any restart efficiency
criterion, regardless of the type of strategy for which it
was originally proposed, is also applicable to the case
of periodic restart. This directly follows from the fact
that if process performance can be improved by some
type of restart strategy, then there also exists beneficial
periodic restart protocol (see section4). Therefore, the
conditions (11) and (15) first derived for Poisson and
Gamma protocols, respectively, are also sufficient for
existence of beneficial periodic strategy (see also [56]).

The existence conditions described in the literature
are very practical since they do not require knowledge
of full completion time statistics or details of kinetic
model giving rise to this statistics. The general lesson
following from these results is that restart is helpful
in those cases when process completion time exhibits
significant fluctuations manifesting in sufficiently large
values of coefficient of variation, of high order statisti-
cal moments, of diversity indexes, of the ratio of mean
over median, of probability of extreme events, etc.

At the same time it should be remembered that
being based on partial statistical information these ef-
ficiency conditions are only sufficient but not neces-
sary. Let us provide here a simple example of the model
process for which well-known relative fluctuation based
condition (11) of Poisson restart efficiency is not met,
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i.e., o(T) < (T, but effective restart rates r, reducing
the expectation of the random completion time still ex-
ist. A possible example is given by the following com-
pletion time probability density:

P(T) =pé(T —t1) + (1 = p)d(T — t2)

with p = 0.55 and t, = 10t; [52].

5. WHICH RESTART PROTOCOL IS THE
MOST EFFICIENT?

Of course, restart-induced speed up is not a prerog-
ative of a particular class of restart protocols: many dif-
ferent restart strategies can produce accelerating effect
on the same stochastic process (see, e.g., [47,55,58-60]
for some examples of protocols whose effect on the
mean completion time of diffusion mediated search has
been investigated). Which restart strategy is most ef-
fective in reducing the expected completion time? Ad-
dressing this question, Luby et al. [1] showed universal
optimality of periodic restart for random processes with
discrete completion time distributions. For continuous
time models, Pal and Reuveni [47] proved dominance
of periodic restart over any stochastic restart proto-
col with independent and identically distributed inter-
restarts intervals (see also [61]). Finally, the dominance
of periodic restart in the space of all possible restart
protocols for continuous models has been shown in the
Lorenz’s paper [51]. Formally, the periodic restart is
optimal in the following sense: if we find for a given
process the restart period 7. > 0 (possibly 7. = +00)
such that for any 7 > 0 one has (T.) < (T;), then
(Tr,) < (Twr) for all restart protocols R. This also
means that if some restart protocol attains a certain
reduction of the mean completion time, then there ex-
ists a periodic restart protocol that can, at least, match
this reduction. Note however that a periodic protocol
with a non-optimal period 7 # 7, may be inferior to
other restart strategies [54].

Taking into account Eq. (5) for the mean comple-
tion time (7) in dependence on restart period 7 and
optimal property of periodic restart we may conclude
that, when assumptions (i), (ii) and (iii) are justified,
the inequality

O —

P(T)TdT + [ P(T)dT

<(T), (19)

IninT>O

P(T)dT

represents a sufficient and necessary condition for ex-
istence of restart protocol decreasing the average com-
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pletion time of the random process with specified com-
pletion time probability density P(T"). Practical ap-
plication of this condition, however, requires knowl-
edge of the full completion time statistics, while the
sufficient conditions from the previous section are less
demanding.

6. HOW WELL DOES RESTART WORK?

Given the opportunities providing by the method of
restart in the completion time optimization, a natural
question of efficiency estimate arises. How good is the
process performance under the optimized restart strat-
egy of specified type? The answer is known for the case
of a globally optimal strategy (i. e., periodic restart, see
previous section) and for the Poisson restart. The rel-
evant results are discussed in this section.

6.1. Periodic restart protocol

Let 7. be the optimal restart period, i.e.,
(Tr,) < (Tr) for all 7. As shown in [52], in the
presence of optimally tuned periodic restart, the
average completion time (7T, ) does not exceed twice

the median m of the unperturbed process, i. e.,

(T,,) < 2m. (20)

m is defined by the condition
T 1
/ P(T)dT = 5
0

and is finite for any P(T"). The bound dictated by Eq.
(20) is sharp: for
P(T)

1 1

0T —t)+ -o(T — 3t
S0 = 1)+ 53T~ 31)
one obtains m = ¢ and (T, ) = 2¢ with 7. = t. Equa-
tion (20) can be generalized to the arbitrary order sta-
tistical moments of the process duration under optimal
periodic restart as follows (see [52])

YTy < 23/nim,

where n is positive integer. Clearly, at n = 1 Eq. (21)
reduces to (20).

Thus, even when completion time of original pro-
cess exhibits infinite statistical moments (say, due to
power-law tails of probability density P(T)), the mo-
ments (77" ) of completion time under optimally tuned
periodic restart always exist and do not exceed the

(21)

182

well-defined universal bounds determined by restart-
free median completion time m.

Let us note by passing that sufficient condition of
periodic restart efficiency, provided by Eq. (13), repre-
sents a consequence of the upper bound (20). Indeed, if
(T') > 2m, then the choice T = +00, corresponding to
absence of restart, cannot represent the best possible
period T, and, therefore, there must exist values of 7
decreasing the expected completion time.

6.2. Poisson restart protocol

Here we will use notation r, > 0 for the optimal rate
of Poisson restart which is defined by the extremum
conditions

d(T,)
dr

d*(T;)

d
an o2

|r:r* =0 > 0.

[r=r.
The mean performance of the random process under
optimally tuned Poisson protocol satisfies the follow-
ing upper bound
(T}.) < 2em, (22)

which is e = 2,7182... times higher than the bound
(20) associated with best periodic restart strategy.
Note that due to relation (43) (see below) the standard
deviation o(T}.,) of the completion time 7)., at optimal
restart rate r, also obeys the upper bound dictated by
Eq. (22).

Besides, assuming that first three statistical mo-
ments of T are finite (assumption (v), see Section 1)
and condition (11) holds, we can write

T (1)
0= oy st
L [T ) | e
+3\/ or s T @

Due to estimate (T2) < /(T)(T?3), which follows from
the inequality (| X7 Xs|) < /(X?)(X2) (for any pair of
random variables X; and X3), the expression under the
square root in the right-hand side of Eq. (23) is posi-
tive for any completion time distribution P(7T). Also,
it can be easily checked that the right-hand side does
not exceed the restart-free mean completion time (77,
so this bound is informative.

Note that due to relation (43) (see below) the stan-
dard deviation o(7T;.,) of the completion time 7). at
optimal restart rate r, also obeys the upper bounds
dictated by Eqs. (22) and (23).
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7. WHAT ARE THE LIMITS OF RESTART
EFFECTIVENESS?

Thus, if restart is helpful at all for the process under
consideration, application of periodic strategy necessar-
ily reduces the mean completion time below the upper
bound limit dictated by Eq. (20) (or (22) in the case of
Poisson protocol). Now let us pass to the issue of lower
bounds. What, if any, are the principal limitations of
the optimization via restart? This question has been
addressed in Ref. [52]. It turns out that restart per-
formance is limited to a quarter of the harmonic mean
completion time h = (T'~1)~! of original process, i.e.

(TR) > —h, (24)
for any R (including periodic restart with best pos-
sible period 7). Arguments underlying derivation of
Eq. (24) do not impose any restrictions on the form of
P(T) or of the restart protocol R and, thus, this result
is universally valid for any setting if the assumptions
(1), (ii) and (iii), described in sectionl, are satisfied.
Obviously, for any given process, periodic strategy pro-
vides the closest approach to this universal limit among
all possible restart protocols due to its global optimal-
ity. Note that if the mean harmonic completion time
h of a process is zero (this is the case when P(0) # 0),
this, of course, does not mean that its average comple-
tion time can be made arbitrarily small by tuning the
restart period. The latter is only possible in the case
of delta-functional behavior of P(T) at T' = 0.

Another useful result can be obtained if we consider
smooth completion time distribution P(T") with single
maximum at some non-zero value of T'. The efficiency
of any restart protocol in this case is subject to the
following bound [52]

(Tr) > M, (25)
where M = argmax,P(T") > 0 is the mode of the prob-
ability distribution P(T), i.e., the value of the random
completion time 7" that occurs most frequently. More
generally, if the probability distribution P(T") has sev-
eral local maxima, then (Tr) > L M™" where M™"
denotes the leftmost mode.

It remains unknown whether the bounds deter-
mined by Egs. (24) and (25) are sharp. Namely, one
cannot exclude that the constant 1/4 in the right-hand
sides of these equations can potentially be replaced by
one larger. Numerical data on model processes pre-
sented in [52] indicate that the unknown best possi-
ble constants C; and C5 in the inequality constraints

6 YKITD/JETP, som. 2 (8)

(Tr) > C1h and (Tr) > Co M defining the exact lower
bounds on (Tr) lie in the ranges 1/4 < Cy < 5/4 and
1/4< Cy < 5/3.

A simple high-order generalization of Egs. (24) and
(25) can be arrived at by implementation of the es-

timate {/(Tk) > (T'r) which follows from inequality
(X)) < (¢(X)) (for any random variable X and any
convex function ¢(z)). Applying this we immediately

obtain .
\k/ <T7k€> > Zha (26)

in general case, and
1
(k) > S, (27)

in the case of unimodal completion time distribution.

Note that the lower (Egs. (24) and (25)) and upper
(Eq. (20)) bounds do not contradict each other since
the relations h < 2m and M < 2m take place [52].
Reference [52] also contains analysis excluding several
hypothetical forms of inequality constraints on the av-
erage performance. More specifically, it is shown that
in contrast to harmonic mean h and mode M, fixed
values of the expectation (T') and the standard devi-
ation o(T) of the restart-free completion time do not
produce any non-trivial lower bound for (T’z). Next,
hypothetical upper bounds of the form (7. ) < Cih
and (T, ) < CoM, where C7 and Cy are some positive
constants, cannot be universally valid. Last but not
least, the inequality (T’r) > Cm, with universal non-
zero numerical constant C' also cannot exist. These
conclusions were drawn by appropriately choosing the
model probability densities P(T'), which play the role of
counterexamples for the corresponding hypothetically
universal inequalities [52].

8. HOW TO FIND EFFICIENT RESTART
STRATEGY?

The recent papers [53, 62] presented first exam-
ples of the constructive criteria for the effectiveness of
restart, expressed through the simple statistical charac-
teristics of restart-free completion time which in prac-
tice can be estimated, for example, from sufficiently
large sample of the random variable T trials (the size
of which is nevertheless small in comparison with that
required to determine the probability density function
P(T)). Similar to existence results described in sec-
tion 4, the constructive criteria do not demand knowl-
edge of the full probability distribution P(T"). Unlike
existence results, the constructive criteria serve not just
as indicators of potential restart effectiveness, but also
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provide specific examples of protocol parameters that
are guaranteed to reduce the average completion time
at partially specified statistical characteristics of the
process completion. Moreover, many of the known con-
structive criteria allows to estimate the resulting effi-
ciency of the protocols they propose. Efficiency of the
restart strategy R is introduced as the ratio

(T) — (Tr)

) (28)

nrR =
Clearly, 0 < nr < 1 for those restart protocols that
reduce the mean completion time.

This section discusses the constructive criteria for
periodic, Poisson and Gamma restart. Let us outline
the basic methodological idea, presented in Ref. [62],
which guided derivation of many of constructive criteria
listed below. For simplicity we explain this idea using
example of a periodic restart protocol. First of all, ap-
plying to Eq. (5) (or Eq. (6)) some (specially chosen)
probabilistic inequality, one can estimate from above
the mean completion time of the process under periodic
restart as (T,) < T, where the time scale T is expressed
via restart period 7 and some statistical measures of
the restart-free completion time (e.g., mean (T') and
median values m). Then the solution of the inequal-
ity T < (T') with respect to 7 > 0 defines a range of
guaranteed efficient values of 7 with range boundaries
expressed via the descriptive statistics characteristics
of process completion in the absence of restart. With
an appropriate choice of auxiliary statistical inequal-
ities, this line of reasoning easily extends to analysis
of Poisson and Gamma restart strategies, see [62] for
details.

8.1. Periodic restart protocol

Eliazar and Reuveni proved in Ref. [53] that if the
so called Vdiam-index (vertical diameter) defined as

1
deiam - _<|T - m|>
(T)
satisfies the inequality
m
deiam D= (29)
(T)

then periodic restart at 7 = m is helpful.
Next, if the Pietra index

1

sy T = D)

TPictra =
of the random completion time obeys the condition

jPietra >1- K(<T>)’ (30)
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where K(T') denotes the cumulative distribution func-
tion of T', then regular restart with period 7 (T)
improves the mean performance [53].

Another constructive criterion of periodic restart ef-
ficiency is expressed via the Hdiam-index (horizontal
diameter) defined as

THdiam = (1T — maotl)-

dol
Here my,; is the median value of the random variable
Tao; having probability density function %%P(Tdol).
Fulfilment of the inequality

Mdol

Maot + (T)’ (31)

deiam >
guarantees that restart with period 7 = my,; leads to
reduction of the mean completion time, also see [53].
Extending the results on Vdiam-index analysis re-
ported in [53] , the work [62] demonstrated that if the
condition (29) is met, then not only a particular value
7 = m is beneficial, but any period belonging to the
interval
m <71 <{|T —ml), (32)
turns out to be effective. Herewith, the value 7 = m
proposed in [53] provides the highest proved guaran-
teed efficiency, n W
from the interval (32).
Finally, fulfilment of the inequality

, among other periods

1
m < §<T>, (33)
guarantees that mean performance is improved by ap-
plication of regular restart with a period belonging to
the interval

1
m§7'<§(T>7

(34)
see [62]. The later result represents constructive ver-
sion of the existence condition mentioned in Section 4,
see Eq. (13). Among values enclosed inside the inter-
val (34), Ref. [62] recommends to choose 7 = m as for
this case the lower estimate for guaranteed efficiency is
maximal:

n>1- 2
(T)

A remark similar to that made in the end of Sec-
tion 4 in discussion of existence criteria should be added
also here. Namely, the applicability conditions outlined
in the constructivist criteria for restart efficiency (see
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Egs. (29), (30), (31) and (33)) are sufficient for con-
structing beneficial protocols, but not necessary: vio-
lation of these conditions does not mean that a benefi-
cial restart period for the process in question does not
exist (see Ref. [52] for discussion and example). Fur-
thermore, it should be remembered that, in general,
the values of periods proposed by constructive criteria
cover only a subset of the entire set of efficient proto-
cols. This is because the full range of efficient periods
may be wider than the intervals outlined in the con-
structive criteria. The same comments apply to the
criteria for stochastic protocols described below.

8.2. Poisson restart protocol

Let us pass to discussion of the constructive crite-
ria of efficiency for Poisson restart. If inequality (14)
is satisfied, then Poisson restart with rate belonging to
the interval

2e(T)" P <r<m™ (35)

leads to reduction of the mean completion time. The
resulting efficiency at choice r = m™! is estimated as
n>1-— 2<6T7§L It can be also shown that choosing in-
stead r = 2e(T)~! we get completion time reduction
with efficiency n > 1 — %

Next, if the condition (11) (which can also be writ-
ten as (T'?) > 2(T')?) is met and the third order statis-
tical moment (T'3) is finite, then Poisson restart with

rate

3((T?) — 2(T)?)
(T?) ’
is proved to be beneficial, see [62]. Within the deriva-

tion procedure performed in [62], among all rates en-
closed inside the interval (36), the value

0<r< (36)

(T%) — V(T%)2 — 3(T2)(T3)(T) + 6(T*)(T)?
ro = )
(T)(T%)
(37)
provides the greatest guaranteed efficiency which is es-
timated as

3(T?) — 2(T3)rg

>1—
= 6(T)2

(38)

Exploiting probabilistic inequality (T?) < /(T)(T3),
it can be checked that the expression under the square
root in the right-hand side of Eq. (37) is positive. Be-
sides, using assumed condition (T?) > 2(T')? one can
show that ry indeed belongs to the interval (36).

Let us stress that the well-known condition (11) can
just detects existence of effective restart strategy with-
out presenting it. Moreover, if we look closely at the

details of the derivation of this condition, it becomes
clear that knowing the first two statistical moments
of the random completion time 7T without restart is
not enough to find the guaranteed efficient restart rate.
The point is that the pair (T') and (T'?) determines only
the slope of (7)) in its dependence on r at the point
r = 0, saying nothing about its behavior for non-zero
values of r. The inequality (11) indicates that the slope
is negative so that introduction of small restart rate r
decreases the mean completion time. Too large values
of restart rate r, however, can degrade performance in
the case of processes with non-monotonic dependencies
(T)). Addition of information about the third-order
moment (72) allows us to strictly define how small the
restart rate should be to ensure that (T,.) < (T).

Reference [62] also contains two other variants of
constructive criteria for Poisson restart expressed via
(T), (T?) and (T?) (and not exploiting any other sta-
tistical measures) which differ from each other by the
ranges of effective rates they establish and by estimates
on efficiency at recommended values of rate. This al-
ternativeness arises from the difference in the auxiliary
probability inequalities on Laplace transform P(r) used
to estimate the expectation (7;.) which is determined
by Eq. (8).

Interestingly, the values of statistical moments (T'),
(T?) and (T3) allows also to estimate from below the
optimal restart rate r, which minimizes the expected
completion time (7}.). Namely, if condition (11) is met,
then

(T2 ATNTY) | 2
7’*# T @2E T

The assumed inequality (T) < /(T'?)/2 guarantees
that the right-hand side of Eq. (39) represents real
positive quantity.

To avoid possible confusions, let us note that in-
equality (39) cannot be used for the purpose of choos-
ing restart rate when one need to build efficient restart
protocol based on partial statistical information. This
inequality provides lower bound for the best possible
restart rate r. at given (T'), (T?) and (T3), but does
not tell us which values of r are guaranteed to reduce
the expected completion time. Also, the recommended
rate 1o, see Eq. (37), should not be confused with the
optimal value r,.

185

6*



S. Belan

MITP/JETP, Tom 170, Boim. 2 (8), 2026

8.3. Gamma restart protocol

Finally, the constructive criterion for the restart ef-
ficiency in the case of mutually independent Gamma-
distributed inter-restart intervals with shape parameter
k = 2 is as follows. Let the statistical moments (T'),
(T?), (T3) and (T*) exist. If the condition (15) is met
for k = 2, then corresponding Gamma restart with rate
5 belonging to the interval

(T°) — 3(T)(T?)

0<P<aymey +(rhy

(40)
improves the mean performance, see Ref. [62]. Line of
arguments presented in Ref. [62] allows also to deter-
mine (numerically) the rate parameter providing max-
imum guaranteed efficiency among the values specified
by Eq. (40) and the estimate for the resulting efficiency.

Note also, that derivation procedure exploited in
Ref. [62] can be adapted to build the constructive crite-
ria of efficiency of gamma protocol with arbitrary inte-
ger shape parameters; however, the larger k, the higher
the order of statistical moments that will appear in the
resulting criteria.

9. OPTIMALLY RESTARTED PROCESSES
EXHIBIT UNIVERSAL FEATURES

The expected completion time (7T.) as a function of
Poisson restart rate » may exhibit a global minimum at
some optimal value r,. The analysis based on the re-
newal approach presented in the Ref. [54] showed that
although the optimal rate r, is model-dependent the
resulting completion time statistics exhibit some uni-
versal features common to all stochastic process sub-
ject to optimally tuned Poisson restart regardless of
their nature and fine statistical details. Also, univer-
sal properties can be found in completion time statis-
tics of random processes under optimal periodic restart.
Below we overview the known results relevant to this
subtopic.

9.1. Optimal periodic restart

As was shown in [54], the relative fluctuation of the
completion time of the process restarted with optimal
period 7, defined by the condition (T, ) < (T ) for any
7, universally obeys the inequality [54]

o(Tr,)
(T-.)

Equation (41) is direct consequence of optimal property
of periodic restart and relation (11).

<1 (41)
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More generally, for the high-order statistical mo-
ments of the random completion time at optimal pe-
riodic restart one universally obtains (see [52] for the
proof)

\ <T';i> - <T'r*>n
(T+.)

At n =1 Eq. (42) becomes equivalent to Eq. (41).
For generic non-negative random variable 7" high-
order moment (T™) can be arbitrary larger than (T')".
Thus, among all possible processes with fluctuating
completion times, those processes that are restarted
with an optimal period are characterized by relatively
moderate completion time fluctuations bounded by in-

equality (42).

< Vn!—1.

(42)

9.2. Optimal Poisson restart

Next we pass to description of universal features
shared by random processes subject to optimally tuned
rate of Poisson restart r,. Consider a three-dimensional
configuration space, where each statistical distribution
law of random process duration 7). is characterized by
three parameters: coefficient of variation, skewness and
kurtosis coefficients, which are defined as dimensionless
centralized moments

o(T) (Tr —(T)°)
C‘/;« 5 A’l" - ’
(T:) o(Ty)
_ 4
K2 (@ =@
o*(T;)
respectively. The first of these characteristics repre-

sents a dimensionless measure of statistical data dis-
persion. The second quantity plays a role of the asym-
metry degree of the unimodal probability density rel-
atively to its average value. The last metric measures
the extremality of the deviations of a random variable
from its average value. In other words, coefficient of
variation, skewness and kurtosis coeflicients are inte-
gral statistical characteristics of 7)., describing typical
amplitude of fluctuations, shape of probability density
function and its "taildness" degree.

Results of works [54] indicate that stochastic pro-
cesses under optimal Poisson restart occupy two-
dimensional manifold of the three-dimensional space of
parameters (CV, A, K). Namely, the relative fluctua-
tion of the random completion time 7., is always equal
to unity, i.e.

v, =1, (43)

while skewness and kurtosis are limited from below as

A >2. (44)
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and

Ky, > 5. (45)

Note that in general case for non-negative random vari-
able we have [63, 64]

2 _
AZCV 1,

K> A%+ 1.
oV A

CV >0,

The relation (43) was obtained in work [54] by re-

vealing a connection between (7,) and (T?) at the
point 7, which satisfy the condition

(T ) |r=r.

=0
dr

by the virtue of definition. Lower bounds determined
by Eqs. (44) and (45) follow from Eq. (43) and the
inequality

>
T3 =0

(see [52]) which can be obtained from (8), by imposing
the condition

(46)

P -
dr? -
required as we assume that extrema at point r = r, is
minima. Relation (45) follows from (44) and estimate
K > A% +41. Derivation of Eq. (43), (44) and (45) does
not assume any restrictions concerning the particular
form of the completion time density P(T") and, thus,
these results hold for any random process for which
optimal rate r, exists.

In descriptive statistics, skewness and kurtosis are
often used to characterize the possible deviations of sta-
tistical data from normality. In the context considered
here it is more interesting to adopt the exponential dis-
tribution, for which

CV;zzp = 17 Aea:p - 27 Kezp - 97
as a referent probability density. We see that comple-
tion time of optimally restarted processes exhibit unit
coefficient of variation as exponential random variables
do. What is more, the exponential distribution be-
longs to the region defined by the conditions (44) and
(45). Next, we may recall that Poisson restart turns
the power-law tails of a completion time probability
density into exponential tails [65]. These observations
may suggest that for any random process under the
optimally tuned restart rate the statistics of the com-
pletion time is exactly exponential. This conclusion,
however, is refuted by counterexamples, see [54].

Note that the third order statistical moment of
completion time of a process optimized via periodic

protocol obeys inequality which is opposite to (46):
(T3 )/(T,)* <6, see Eq. (42) for k = 3. Also, note the
difference between strict identity (43) and inequality
relation CV;, <1 (see Eq. (41)). These observations
and inequality (T,) < (T;..), which is a consequence of
the global optimality of periodic restart, highlight that
Poisson restart is inferior in its optimization potential
to the periodic protocol, both in terms of average com-
pletion time and its resulting fluctuations, when the
latter are characterized by the second and third statis-
tical moments.

10. SOME NON-UNIFORM RESTART
PROTOCOLS

Determination of the optimal restart period 7, pro-
viding maximum possible mean completion time reduc-
tion for a given process requires knowledge of the com-
pletion time probability density P(T"). Not necessarily
optimal, but still guaranteed beneficial values of restart
period can be predicted based on partial statistical in-
formation (e.g., restart-free mean and median values
of the random completion time T estimated from sta-
tistical sample 11,75, T3, ..., T} of sufficiently large size
1), as discussed in Section8. In the absence of any
information about the statistical characteristics of pro-
cess completion, the only way to guarantee that mean
performance will not be reduced by a poorly chosen
restart strategy is to not restart the process at all. In
this section, we describe several non-uniform patterns
of restart events proposed to address the problem of
unknown process statistics by using a broad spectrum
of inter-restart intervals, differing by orders of magni-
tude, within a single strategy.

10.1. Luby restart protocol

Long before the first rigorously deduced rules of
constructing effective restart strategies based on partial
information were developed [53,62], in work [1] Luby
et al investigated how well one can do when absolutely
no information is available on the original completion
time distribution. Considering discrete time random
processes, they proposed the following deterministic se-
quence of inter-restart periods

2k=1ry, if i=2F -1,
R; = (47)

Ri_Qk—l_;’_l, lf 2k71 § 'L < 2k - 1,

with natural &k, whose beginning looks like 7y, 79, 270,
70, 70, 27—0; 47—0; T0, 70, 27—07 70, 70, 27—0) 47—0) 87—0) TOy - -
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Here 79 denotes the discrete time step of random pro-
cess model. All inter-restart intervals are powers of two
times 7y, and each time a pair of intervals of a given
duration has appeared, an interval of twice that length
immediately follows. The strategy can be called scale-
free because instead of a fixed value of the restart pe-
riod, it uses a set of periods with ever-increasing values
such that at any (sufficiently large) point in time after
the start of the process, the total time spent on the in-
tervals of each duration among those that have already
appeared is roughly equal. This protocol, nowadays
known as Luby strategy, possess following remarkable
property: regardless of the statistical details of the orig-
inal process, the average completion time of the process
subject to this strategy cannot exceed the expectation
of completion time providing by the optimal periodic
protocol by no more then a logarithmic factor. More
specifically, for any discrete completion time distribu-
tion one universally has (see [1] for the proof)

32(T,.
<TLuby> < <T‘I’*> 192 10g2 %

(48)

What is more, the logarithmic functional form of the
worst-case pre-factor, i. e., C; log, %{L)””y), is the best
in the entire space of restart protocols. This is because
for any strategy R there is an example of completion
time model for which the resulting expectation (T’z) is
larger by a logarithmic factor than the minimal possible

value (T, ):
(Tr.)

70

1
(TR> > g (TT*> log,

(Theorem 7 in [1]). The analysis presented in work [1]
also provides the lower estimate for the tail probability
of strategy (47). Reference [51] argues that numerical
constants in Eq. (48) can be replaced smaller ones:

16(T;.)

<TLuby> S 128 1Og2
7o

The sharp values of numerical constants which cannot
be further reduced remain unknown.

Unfortunately, the Luby strategy property that it
provides the mean performance which is not too far
from the best possible does not survive in the case of
continuous-time processes because of the absence of any
universal short-time cut-off 7y in the continuous models
[51]. There are probability densities P(T) for which the
expected completion time under Luby’s strategy with
70 — 0 is arbitrarily worse than that under the optimal
periodic protocol.

Another problematic issue associated with practi-
cal implementation of Luby strategy is that even for
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discrete-time processes, by applying this protocol, we
can only be sure that the resulting average completion
time will not be too bad compared to the best possi-
ble value (T,) achieved by optimally tuned periodic
restart. There is no guarantee that the Luby strategy
will not slow down process completion as compared to
the restart-free case [51]. In other words, inequality
(Truby) < (T') is not universally valid for any comple-
tion time model.

10.2. A non-uniform Poisson protocol with a
rate that decreases inversely with time

A promising variant of a truly scale-free restart
strategy settings time-
inhomogeneous Poisson restart with hyperbolically

in continuous-time is

decaying rate,
@
t —
(0 =5

; (49)

where t is time elapsed since the start of the process,
and « is a dimensionless constant. This protocol has
been proposed in Ref. [55] and represents an example
of stochastic restart strategy with mutually dependent
random inter-restart intervals. Note that in practice
non-integrable singular behaviour of the decay rate at
t — +0, implying non-physically infinite number of
restarts just after the start of the process, should be
regularized by an introducing a short-scale cut-off 7,
e.g., in the following way r(t) = 71 To ensure that
properties of the regularized strategy will reproduce
those of the idealized one, there must be empirically
or theoretically justified confidence that the separation
of time scales 79 < a is fulfilled for all reasonable val-
ues of the unknown parameter a for the system under
consideration, given the chosen cut-off value 7.

Authors of Ref. [55] used renewal ideas and proper-
ties of Poisson flow of random events to obtain integral
equation on the survival probability of the process un-
der restart protocol (49) which is defined as the prob-
ability that the process has not finished up to a given
time moment. The equation can be used to obtain
closed-form expression for Laplace transform of sur-
vival probability for model with arbitrary P(T"), and
the mean completion time (7T},) is then obtained as the
corresponding Laplace transform estimated at zero ar-
gument. The final answer reported in Ref. [55] looks
like

T 11— Plu) —a de2
<Ta> = a/duTc u s
0
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where
o

/ dTe T P(T).
0
The work [55] also predicts that the Laplace trans-

formed probability density of random completion time
under restart protocol (49) is given by expression

P(u) =

Pa(s) = 1-
— as7du (u;s)a_l 1_712(u)x
X exp a]odv@ (51)

u

Analysis of Eq. (50) shows that for random pro-
cesses whose completion time statistical law P(T') is
parametrized by a single time scale a > 0, i.e.,

P(T)=a" " f(T/a),

where f is some non-negative function obeying the

condition
oo

[zt =1,
0
the ratio (T,,(a))/a is constant for any a, and, there-

fore, the protocol efficiency 7 defined by Eq. (28) is
independent of a, since

(T) = /Oode(T/a)T/a = a]odzf(z)z

if finite for a given shape function f, scales linearly
with a. This also means that the optimal parameter
., which brings the expected decay time (T, (a)) to a
minimum (if any), is determined by the shape of the
function f and is insensitive to a. In other words, if
(Tw, (a)) < (Th(a)) for any a > 0, then one also has
(Tw, (ga)) < (Tw(ga)), where g > 0 is arbitrary dimen-
sionless factor.

Thus, once the functional form of the probability
density P(T) is known one can (at least numerically)
compute optimal value o, (possibly a, = 0) and use it
to achieve the best possible within this strategy value of
the mean completion time (7, (a)) even in the absence
of reliable estimate of the time scale a.

In [55] the identity (T2%*(ga)) = g(T:¢*(a)), which
is basic for establishing the properties of the proto-
col (49) described above, was obtained from Eq. (50).
Let us provide an alternative derivation in the spirit of
stochastic renewal equations presented in Section 3.
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Given restart at the moment ¢, the time till next
restart R,c.¢|; is a random variable having probability
density [55]

at®

p(RneIt |t) = W

It can be checked that Ry cps¢ ~ aneIt%, where g > 0
is arbitrary number, and symbol ~ means that the ran-
dom variables have the same distribution.

Consider again the case when the probability den-
sity function P(T) of restart-free random process is
parametrized by a single time scale a > 0. Given
the process has not finished upon the moment ¢, the
time remaining to the completion T7.*(¢, a) obeys the
equation

T2 (t,a) = Tul (Ta < Rpeqrje)+
+ (Rucatle + T2 (t + Rucarjen)) X

X I(Ta > Rnezt|t)- (52)

Here we specify the characteristic time scale of the
model P(T') by adding lower subscript a to notation
T for the restart-free random completion time. Now
consider the same stochastic phenomena but with dif-
ferent characteristic time scale of evolution. Replacing
a with ga in the above equation we get

Tw(;(—:S(z‘;7 ga) = TgaI(Tga < Rnezt|t)+

+ (Rnewthﬁ + T(Zes(t + Rnewthﬁa ga)) X

X I(Tga > Rnewt|t)' (53)

Next, let us also consider gtimes larger time moment
replacing ¢t with gt to obtain

T;es(gﬁa ga) = TgaI(Tga < Rnemt\gt)+

+ (Rnezt|gt + T(Zes (gt + Rnext\gtv ga)) X

X I(Tga > Rnezt\tg)' (54)

Since Ty, ~ g1, by assumed single-parametric form of
P(T) and Ryeptjgt ~ gRnextr by the construction of
the restart protocol under consideration, one has

TgaI(Tga < Rneazt\gt) ~ gTaI(Ta < Rnezt|t)7

Rpcatlgtl (Tga > Rueatitg) ~ 9Bneat|t! (Ta > Rueat)t),
T%(gt + Ryeat|gt, 90) I (Tga > Rpeatjtg) ~
~ T3 (g(t + Rueatjt) 9a) 1 (9Ta > gRpert)t) ~
~ gTL % (t + Ryeqttr ) (Ta > Ryeqt)t)

(since the role of factor g in these expressions is equiv-
alent to change of units of measurements of time).
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Taking into account the mentioned statistical equiv-
alence and comparing Eqgs. (52) and (54) we then con-
clude that T.°°(gt,ga) ~ ¢T5%(t,a). Taking the
limit ¢ — —+0 one can drop subscript "res” and ob-
tain Ty (ga) ~ ¢gTn(a) for the random completion
time of the same stochastic phenomenon at differ-
ent values of time scale parameter. Therefore the
mean completion time of the process under geometric
restart strategy with factor ¢ possesses the property

(T3 (ga)) = 9(T5*(a)).

10.3. Geometric restart strategy

Consider deterministic restart strategy where inter-
restarts intervals are given by the following sequence

R =q'T (55)

with 7 > 0 (having the dimension of time), ¢ > 1 (di-

mensionless factor) and —oo < ¢ < 400 (integer num-

ber). The ith restart within this strategy occurs at
time moment

> R

j=—0c0

As in the case of stochastic restart protocol from pre-
vious example, this schedule implies infinite number of
restarts in infinitely small time slice just after process
initialization and, thus, in practice requires short time
regularization by introducing i, = log, > [6]. Here
7o is some time scales which is assumed to be much
smaller than relevant time scales of restart-free process
completion. This protocol is a continuous-time vari-
ant of geometric strategy for stochastic process models
with discrete time, see, e. g., [66].

The two-side infinite sequence (55) does not changes
if we replace 7 by ¢"*7 with natural n keeping ¢ con-
stant. Therefore, identity (Ty,) = (Tg,qnr) trivially
holds for any random process. In other words, the
mean completion time (7T, ;) plotted as a function of
In 7 at fixed ¢ is periodic with period Ingq.

Consider the case when the probability density
function P(T) of restart-free random process is
parametrized by a single time scale a > 0, i.e.,

P(T)

=a "' f(T/a),

where f(z) is non-negative function normalized by
unity at 0 < z < +o00. It is easy to see that

(T,

q
qn a

<Tq ,qu”a>

,T\a> _
a
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Therefore, if there exists an optimal value ¢.(7) such
that (T, (7),rja) < (Tq,7|a) for all ¢ > 1 at fixed 7, then
one also has (T, (7),r|gn(r)a) < (Tg,riqr(r)a)- Similarly,
if we find optimal 7*(q) such that (T, -« (g)ja) < (Tyr|a)
for all 7 > 0 at given g, then (Tj 1« (g)jqna) < Ty rigra)-

These properties are reminiscent to the time scale
independence of the optimal «, from previous exam-
ple, where we discussed impact of time non-uniform
Poisson strategy with hyperbolically decaying restart
rate on processes with completion time probability den-
sity characterized by a single time scale parameter. It
should be noted, however, that in this case constancy of
the optimal factor ¢.(7) or optimal time interval 7*(q)
is observed only on a very specific discrete set of time
scale values:

<oy Qx (T)72a7 qx (T)ila’a G« (’7')(1, qx (7_)2&’ G« (7_)30’7 e

and
—2 1 2 3
"7q a7q a7qa/)qa/)qa)"')

respectively. These sets are related to all possible
time unit scaling transformations that leave the full
spectrum of numerical values of the intervals between
restarts, defined by (55), unchanged.

From practical perspective, given the known shape
function f one can try to find out if there are values
of 7 and ¢ for which geometric restart (55) is guaran-
teed to reduce the expected completion time for any
a > 79. If such values do not exist, then implemen-
tation of geometric restart to the process with finite
(T'), determined by unknown time scale a, can degrade
mean performance.

11. IMPACT OF RESTART ON OTHER
MEASURES

Although the mean completion time plays a central
role for some applications, in many other settings, one
may be interested in improving of other statistical char-
acteristics of random process completion [6,66,67]. In
other words, the statistical characteristics that restart
based optimization should target obviously depends on
specific practical situation. In this section we review
the general results in the body of literature concern-
ing restart-induced effects on median completion time
(Subsection A), on mode of completion time probability
distribution (Subsection B), on high-order statistical
moments of completion time (C), on tail behaviour of
completion time probability density (D), on Shannon
entropy (E) and diversity of completion time (F), on
deadline meeting probability (G), on success probabil-
ity in random experiment with alternative completion
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scenario (I), on the rate of obtaining the desired process
outcome (K), and (I) on probability of never-stopping.

Before we proceed to discussion of this result let
us note that not only particular statistical quantity,
but full statistics of the completion time T% under
restart protocol R, encoded via probability density
function Pr(t) = (6(t — Tr)), characteristic function
(e~T=) Laplace transform (e~*T®) or survival prob-
ability Pr[Tr > t], can potentially be described analyt-
ically. In particular, see Ref. [47] for details of deriva-
tion of (e~*T®) for any P(T) and arbitrary stochastic
protocol with independent and identically distributed
restart intervals. Note that the completion time statis-
tics of processes with an exponential P(T') remain ab-
solutely unchanged under any R because of the mem-
oryless nature of their completion kinetics.

In the case of Poisson restart protocol the Laplace
transform of random completion time is given by

]5(5 +7)

efsT,.:
= e

(56)

s+r s+r

as proven in [54]. It was derived in [6] from (56),
that the probability density function P,(t) of random
completion time T;. for a process experiencing Poisson
restarts obeys the relation

B - P(t) 72TP
00 T
+/ﬁT/dFP P(T-T) (57)

at r — 0. This formula describes the linear response
of the entire process completion time histogram to the
introduction of a small restart rate.

Let us also note here that the survival probability
of a process under regularly repeated restarts at period
7 has the following form:

(%]

o0

/ dTP(T)

T

oo

/ dTP(T), (58)

t=[£]

PT[TR > t] =

see, e.g., [5,68]. Here |...
the number.

] denotes the integer part of

11.1. Median completion time

In work [6] the effect of Poisson restart on the me-
dian completion time of a generic random process has
been investigated. The median completion time is a
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right quantity for optimization in situations where one
deals with large ensemble of parallel trials of the same
random process. The analysis provided a sufficient con-
dition for when the introduction of a small restart rate
reduces the median completion time, or more generally,
a given quantile of the completion time distribution.
The corresponding criteria reads [6]

2<T>Tq + KQ(Tq)Tq < <T1 + T2>Tq + qTq. (59)
Here
Ty Ty
(T)g, = [ dTP(T)T, (T} + To)r, = | dTPy(T)T
] y

— o

are the so-called truncated (or partial) moments [4];

P,(T) is the probability density, and
Tq

Ka(T) = [ drpr)

0

is the cumulative distribution function of the random
variable T + T5 representing the sum of two random
copies T1 and T5 independently sampled from P(T); T,
is the ¢th quantile, i.e., the time such that the process
has the probability 0 < ¢ < 1 to finish before T};. Result
(59) has been obtained from calculation of leading order
correction to restart-free quantile 7, induced by rare
Poisson restarts based on general expression (57) [6].
In the case of median, ¢ = 1/2, Eq. (59) takes the

following form

2<T>m + ng(m) < <T1 + T2>m +

5 (60)

Taking the limit ¢ — 0 and assuming that
P(T) =~ CT™ at T — 0, where C is positive dimen-
sional number and m > —1, it can be shown from con-
dition (59) that introduction of Poisson restart with
very small rate inhibits the short-time completion un-
less the probability density function P(T) is singular at
T = 0. In the opposite limit ¢ — 1, the response of the
quantile to rare Poisson restarts is determined by the
behaviour of the tails of the FPTD. It follows from (59)
that restart at small rate reduces the large-g quantiles
of the heavy-tailed completion time probability density,
while increasing them in the case of the Gaussian tails.

It also follows from the results of the work [6] that
if there exists the optimal rate r.(g) of the Poisson
restart, which brings the g-quantile of the random pro-
cess completion time to the minimum value T,(r.),
then the following identity must hold

2(T0, ) g + Ty (1) Kar, (Ty(r+))

=1.
<TT*1 + TT*2>TQ(7'*) + qTq(T*)

(61)
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A simple example of model where quantiles of ran-
dom completion time can be reduced via restart is given
by one-dimensional diffusive search [6]. Numerical
analysis shows that the sufficient condition of restart
efficiency (59) is satisfied for ¢ > ¢, where go =~ 0.4123.
Stochastic simulations indicate that the median search
time m,. as a function of restart rate attains minimum
value at r, ~ 1.5D/L? where D is the particle diffu-
sivity, L is the starting distance to the target.

11.2. Mode of completion time probability
density

As already was mentioned in Section 6, the mode
of the completion time probability density P(T') is the
time M at which this function takes its global maxi-
mum. Effect of Poisson restart on the mode of a smooth
probability density function P(T') of random comple-
tion time T has been analysed in Ref. [6] based on
Eq. (57). Results indicate that introduction of Pois-
son restart always decreases or leaves unchanged the
mode in such models. Note that this effect is non-
perturbative in the sense that it takes place for all val-
ues of restart rate r, not necessarily small enough: the
mode M, as a function of r is non-increasing. Although
it is not stated explicitly in [6], the logic of the analysis
presented there indicates that this property holds for
every local maximum of any smooth completion time
probability density, if there are several of them. In con-
trast, positions of the local minimums (if any) of any
smooth P(T) are non-increasing functions of restart
rate r.

11.3. Non-linear statistical moments of the
completion time

Several works addressed optimization of non-linear
statistical moments of random completion time via
restart [4,48,69,70]. The general recurrent relation
for the statistical moments of arbitrary natural order
for a generic random process in the presence of periodic
restart schedule were presented in [5,48,69] and looks
like

T o0
[T"P(T)dT + [ P(T)dT -5 ;)
0

Clrn )

T

T 9
[ P(T)dT
0
(62)

where n > 1 and C!, = l,(nLll, is binomial coefficient.

Noteworthy, in contrast to the problem of mean
completion time optimization, periodic restart protocol
is typically not optimal for the purpose of control over

192

non-linear statistical moments. This conclusion was
made in [4] (see also [48]) based on numerical analysis
of particular model distributions P(T').

11.4. Entropy of completion time distribution

Analysis [7] explored how restart affects differential
entropy

S(T) = / dTP(T)1n P(T)
0

of the completion time distribution — a measure that
can be interpreted as a measure of stochasticity of ran-
dom variable T'. Simple criteria established in [7] de-
scribe when regular restart with sufficiently small or
sufficiently large period could render duration of ran-
dom process more predictable. Beside existence results,
that work also describes constructive criteria specifying
the intervals of restart periods effective from the point
of view of the entropy reduction.

11.5. Diversity of completion time

Diversity of random completion time is defined as

=1
1
D(T) = | 75—
[ dTP=(T)
— 00
where € > 1. The integral in definition of diversity
gives the probability that the sample of independent
copies T1,Ts, ..., T- of size € will appear as if it is deter-
ministic. The reciprocal of this probability can be used
as a quantitative gauge of randomness of random com-
pletion time 7. Thus, similarly to entropy, diversity
measures inherent stochasticity but in different man-
ner. Reference [8] reported criteria that determine ex-
istence of periods of regular restart decreasing diversity
of random completion time.

11.6. Tail behaviour of completion time
probability density

Work [53] presents tail-behavior analysis of com-
pletion times in the presence of periodic restart. The
quantity targeted by optimization in this case is the
long-term survival probability of the process. Restart
procedure R can be called to be beneficial with respect
to this characteristic if

Pr|T
i 7“[72>t]

— < 1.
00 Pr(T >t <
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The analysis presented in [53] established universal cri-
teria that determine when periodic restart makes the
probability tails of the process completion duration
lighter thus rendering the occurrence of extremely pro-
longed realizations less likely. The corresponding cri-
teria are expressed via the hazard rate function of the
restart-free process defined as

P(t)
Ht) = ———
®) Pr(T >t]’
or, equivalently,
dln Pr(T >t
H(t) = -

An example of such a criterion is given by the inequality

H(oo) < H(0). (63)
If process completion time statistics exhibits property
(63), then introduction of periodic restart with suffi-
ciently small period 7 leads to reduction of the long-
term survival probability.

11.7. Deadline meeting probability

Another possible metric of interest is the probabil-
ity that a pre-determined deadline Ty is met. In the
absence of restart, probability that a stochastic pro-
cess with the completion time distribution P(T") will
finish before the time moment Ty is expressed as

Ta

m:/mﬂw.

0

Clearly,
pea=1-— P?‘[T > Td],

and thus the tail survival-probability optimization, dis-
cussed in the previous subsection, can be considered
as a special case of deadline meeting optimization
problem.

The prospects of restart method in the deadline
meeting optimization were a subject of query in Refs.
[6,48,69-71]. Considering all possible protocols with
fixed total number of restarts within the time interval
of duration Ty, author of work [70] showed that the ex-
trema of deadline meeting probability are at equihazard
inter-restart intervals, with as special case the equidis-
tant intervals corresponding to strictly periodic restart.
However, periodic strategy does not always give global
maxima [66]. As for the stochastic protocols, analy-
sis presented in [6] demonstrated that Poisson restart

increases the chance to meet deadline whenever the in-
equality

2(T)r, + Ka(Tq)Ty < (T1 + T2)7, + paTa (64)
is satisfied. At optimal restart rate r, which maximizes
probability to meet deadline the random completion
time obeys the equality

2<T>Td + Kg(Td)Td = <T1 + T2>Td + paTy. (65)

Note similarity between Egs. (64), (65) and corre-
sponding results in quantile optimization problem,
Egs. (59) and (61).

11.8. Splitting probabilities

Most works on restart-induced optimization focuses
on random processes with a single end result of stochas-
tic dynamics (e.g., the problem is solved, the target is
found, etc.), that is not further subdivided into any
types. In some settings, however, multiple alternative
completion scenarios, corresponding to different out-
comes of stochastic dynamics, are possible. The multi-
plicity of possible outcomes may be due, for example, to
competition between different completion mechanisms
coexisting within a single process, as in the case of ran-
dom search with decay, or due to multiple thresholds
for the same dynamic variable — with the random search
in the presence of two absorbing targets as a canonical
example. The frequencies of occurrence of certain out-
comes in a long series of multiple independent process
trials are called splitting probabilities. In those set-
tings where outcomes are not equally valuable one may
be interested in optimizing the chances for observing
particular completion scenarios.

The work [9] demonstrated that probability of get-
ting desired process outcome can potentially be in-
creased by restart. Consider Bernoulli-like random pro-
cess, 1i.e., of a process which can end with one of two
outcomes — "success" and "failure". The probability
density P(T) of a random completion time T of such
process can be represented as the sum

P(T) = Py(T) + Py (T),

where Py(T") and P;(T) denote the contributions of
successful and unsuccessful process trials, respectively.
The normalization of the function Py(T) gives the
"undisturbed" (i. e., restart-free) probability of success:

p= 0/ Py(T)dT.
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As in the case of the mean completion time optimiza-
tion, the restart protocol R is determined by a sequence
of inter-restarts time intervals Ry, R, R3,.... Assume
that these intervals are independently sampled from the
probability density p(R). Then for the success proba-
bility in the presence of restart one gets (see [9])

f drp(r dePS T)
PRiw. = Ooo . (66)
f drp(t deP T)

The regular restart protocol with period 7 corresponds
to p(R) = 6(R — 7). In this case the probability of
observing a successful outcome is given by [9]

(67)

Both regular and stochastic restart strategies could
potentially improve the chances for observing desirable
process outcome, see examples in [9]. As was discussed
in Section 5, the optimally tuned periodic restart al-
ways outperforms other restart strategies in terms of
attaining the lowest expected completion time. Similar
result has been proved in the context of success proba-
bility optimization: if there exists such 7, that the pro-
tocol with restart time distribution p(R) = 6(R — 7y)
brings the probability of success to a maximum p,_,
i.e., pr, > p; for any 7, then no other choice of p(R)
can provide a probability of success pr greater than p,
[9]. Obviously, maximum of success probability corre-
sponds to minimum in probability of getting failure,
since the sum of splitting probabilities is equal to unity
due to normalization condition.

Beyond the question of optimal strategy, renewal
approach based research on success probability opti-
mization helped to identify universality in the statistics
of optimally restarted processes, allowed us to estab-
lish sufficient conditions for the existence of effective
restart strategies, and formulate constructive criteria
for restart efficiency. The corresponding results cover
the cases of periodic, Poisson and gamma restart strate-
gies as overviewed below.

If 7. is the optimal period of regular restart bring-
ing success probability to maximum value p,, then the
resulting mean completion time conditional to success
(T’ ) and the mean completion time conditional to fail-
ure (T ) are universally ordered as (see [9])

(17,

) 2 (T]). (68)
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Thus, unsuccessful trials of a process under optimally
tuned periodic restart are shorter (in average) than suc-
cessful ones. This conclusion can be deduced from Eq.
(72) (see below) recalling that periodic restart outper-
forms the Poisson restart in terms of success probability
improvement.

Paper [62] presented a simple constructive criterion
for the efficiency of a periodic restart protocol benefi-
cial for the purpose of success probability optimization.
Namely, if

ms < m (69)

(or, equivalently ms < my), then regular restart with
period, belonging to the interval

ms < T <m, (70)

improves the chances for success. Here ms and my are
the median completion times of successful and failed
trials, correspondingly, while m is the unconditional
median completion time.

Next, the probability of success p,. for the Bernoulli-
like random process under Poisson protocol with mean
frequency of restarts r is given by the formula

_ P(r)
Pr = p(T) ) (71)
where
Ps(r) = [ e T P*(T)dT, P(r e "TP(T
/ -

denote the Laplace transforms of, respectively, P*(T)
and P(T) evaluated at r [9]. It can be shown from
Eq. (71) that the inequality

< <T>a

< (T71), since

(T?) (72)

or, equivalently, (T°%)

(T) = p(T°) + (1 - p)(T)

gives a simple criteria for existence of effective rate of
Poisson restart increasing the success probability [9].
Here we assume that the mean completion times con-
ditional to success (T*°) and failures (/) and the high-
order moments of completion times are finite. In work
[62] the existence result (72) has been converted into
constructive criteria of Poisson restart efficiency. More
specifically, if the condition (72) is met, then restart
with any rate enclosed inside the interval
(1) (T) = {Ts))

< —— 5

O<r< ey

(73)
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increases chances for success.

In situations when success probability p, as a func-
tion of restart rate r attains a maximum for some 7,
we universally get (see [9])

(T7,) =(TL), (74)
and

(T22) < (1%, (75)

Equations (74) and (75) tell us that, as in the case
of optimizing the mean completion time, optimal con-
trol over the success probability via a restart imposes
certain universal imprints on the statistics of random
process.

For the Gamma protocol with rate parameter § and
shape parameter k = 2, success probability is given by
the following expression

m:ﬂ%#wriﬂm
BosP(B) — P(B)
presented in [62]. A remarkably simple sufficient con-
dition for existence of Gamma strategy improving the
chances for getting desirable outcome reads

(76)

(T?) > (1), (77)
as can be derived from Eq. (76) by linear order expan-
sion of the right-hand side of this equation upon rate
parameter 5. Since

(T%) = p(T*2) + (1 - pU(T7?),

this condition can also be rewritten as (7/2) > (T%2).

Beside specifying conditions sufficient for existence
of beneficial gamma strategy, it is also possible deter-
mine the corresponding range of efficient rate values .
Namely, if Eq. (77) is satisfied then Gamma restart
with & = 2 and rate belonging to the interval

3(T?) = (T2))

0P <3y s

(78)
increases the probability of success. More examples
of constructive criteria for Gamma restart efficiency in
success probability optimization problem can be found
in [62].

Comparing conditions (69), (72) and (77), we see
that restart provides advantageous for those processes
with alternative outcomes for which the following time
scale ordering takes place: the characteristic time asso-
ciated with completion of successful trials is short com-
pared with the characteristic completion time of trials
producing undesirable outcomes. Qualitatively this can

be explained in the following way. If prolonged process
trials typically end with failure then it could be better
(in average) to stop the process has not finished during
time of characteristic successful trials duration, and try
again.

Obviously, results discussed here are also relevant
to processes with arbitrary number of possible out-
comes sub-divided into two groups — desirable (classi-
fied as success) and undesirable (collectively considered
as failure).

11.9. Rate of obtaining desirable outcome

Suppose that a random experiment with two alter-
native outcomes is repeated over and over again, and
we want to optimize the rate of successful outcomes
vy, rather than the proportion p of the total number
of trials that end in the desired way, discussed in the
previous section. The former is defined as

Ny
Vp = 5
W

(79)

where NV is the number of successful outcomes ob-
served during large time interval W >> (T'). When both
(T) and (T?) are finite, N? represent reproducible (i. e.,
small fluctuating) non-zero quantity. Since N? = p, N,
and W = N,.(T) at W — oo, where N, is the total
number of all process completions (both successes and
failures) during the interval W and p,. is the probability
of success, then

(80)

Substituting relations (8) and (71) into (80) one gets

rps (r)
1—P(r)

Vp =

(81)

Let r, be the optimal value of restart rate bringing v,
to its maximum. The identity

@) = i (52)
and inequality
3
(12 < 3o, (53)

inevitably hold for random processes in the presence
of a Poisson restart with a rate tuned to maximize the
rate of obtaining the desired outcome.
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11.10. Conditional mean completion time

Considering random process with multiple compet-
itive completion pathways under Poisson restart, au-
thors of work [10] investigated optimization of the mean
duration of those trials that end with desirable out-
come, (T'%). For this type of optimization problem the
protocol R is called to be beneficial if (T%%) < (T'*). The
reference reports a sufficient condition for existence of
Poisson restart strategy providing acceleration of the
successful trials. Namely, if the inequality

)

2(T%)?
is met then introduction of rare Poisson restart must
reduce the mean completion time conditional to desir-
able process outcome. What is more, if there exists a
value r, for which (T'%) reaches minimum then resulting

a(T*)
(T*)

14 202
)2

(84)

completion time statistics obeys universal equality

iy )

The full statistics of the random completion time of
successful trials can be extracted from the following

o(T7,)
(T2.)

(T:.)?
2(Ty,)*

5

(85)

expression

Ps(r+s) (s+7)P(r)

Ps(r) s+7rP(r+s)

(e=*T7) = (86)

11.11. Joint optimization of two statistical
characteristics

Random process performance, quantified in a vari-
ety of ways beyond the mean completion time analysis,
could potentially be improved by restart. It should be
noted, however, that a positive effect of a given restart
schedule on one statistical metric of process completion
does not guarantee improvement in others. For exam-
ple, as noted in papers [8] and [7] restarting can reduce
the average completion time, while increasing its uncer-
tainty measured by Shannon entropy or diversity. Also,
restart may have an opposite effect on average behav-
ior and on tail behavior of random completion time,
see [53].

Also noteworthy, even when effects of restart on
two different characteristics are in accord, the opti-
mal rates/periods corresponding to the optimization of
these quantities generally do not coincide. Say, analysis
presented in the work [6] demonstrates that the opti-
mal rates that minimize the mean and median search
time of immobile target in one-dimensional diffusion
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are different. Beside, as noted in [66] (chapter 4.3.1),
optimality in deadline meeting probability of the pro-
cess under restart does not mean to optimality in ex-
pected runtime. Similarly, according to results of work
[5] restart time that minimises the non-linear statistical
moments of the completion time is typically not iden-
tical to optimal period bringing to minimum the mean
completion time.

11.12. Probability of halting

So far we have considered a scenario in which
restart-free process trials eventually terminate with
unit probability, i.e.,

O/P(T)dT =1

Now let us overview what is known regarding effect of
restart on completion statistics of processes with non-
zero probability of never ending. This discussion is
relevant to computational algorithms with non-halting
problem instances [5] which go on forever getting stuck
in infinite loops and to diffusion process with absorbing
targets in spatial dimensions of 3 and higher where par-
ticle has chances to escape to infinity without touching
the surface of the targets.

Assume that original stochastic process ends for fi-
nite time with probability 0 < ¢ < 1. This probability
can be represented as

qg=PriT <o) = /dTP(T)7

where P(T') should be now understood as the enve-
lope of the histogram constructed on the basis of a
large sample of the completion times of those trials
that terminate. Most importantly, periodic restarting
completely eliminates the possibility of never stopping,
making the average completion time finite. This can
be checked using Eq. (5) which follows from the re-
newal equation (3) remaining valid for the processes
with non-zero probability on non-halting. Indeed, Eq.
(5) predict that (T%) is finite for any 0 < 7 < +o0.
Therefore
PriT. >W]| < (T;)/W =0 at W — +o0.

Next, the inequality constraint (24) for the expected
completion time (T’z) remains valid when random pro-
cess exhibits non-zero probability of never ending, if h
is understood as the harmonic mean completion time of
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the halting trials. Moreover, this estimate can be im-
proved as: (Tr) > (1/4)(h/q) [52] . Similarly, the lower
bound (25) is applicable to the processes with non-zero
statistical weight of never-stopping evolution scenarios
if M is thought of as the most frequent completion time
of halting trials [52].

Work [52] also provides generalization of the up-
per estimate for mean completion time optimized via
periodic restart, see Eq. (5), accounting non-zero prob-
ability of non-halting: (7,) < 2m/q with m denoting
the median completion time of terminating trials.

12. ACCOUNTING FOR NON-ZERO TIME
COST OF RESTART

In any practical scenarios restarts
instantaneous. Say, in computer science applications
there is a time cost relating to reinitializing variables
and other possible memory operations accompanying
restart of randomized algorithm [66].

are 1non-

Assume that start of the process and each restart
are accompanied by mutually independent and iden-
tically distributed random time costs Atg, Aty, Ato, ...
which do not correlate with random process dynam-
ics and inter-restarts intervals (if they are stochastic).
How does this affect the results discussed above? Cor-
responding generalization of Eq. (4) can be found in
[47]. Generalizations of the expressions (5) (and 6), (8)
and (9) for the expected completion time under spe-
cific restart strategies in the presence of non-zero time
overheads associated with restart can be found, respec-
tively, in supplementary material of work [52] (and [62])
(for periodic restart), in work [54] (for Poisson restart),
and in work [62] (for Gamma restart). The paper [57]
formulates a sufficient condition for the efficiency of
Poisson restart in the presence of time costs which
generalizes criterion (11). The constructive criteria of
restart efficiency at non-zero time costs of restart are
presented in Ref. [62] for periodic, Poisson and Gamma
protocols. The work [52] explains how account of non-
zero duration of restarts changes the upper bound (20)
on the average completion time optimized via periodic
restarts.

Reference [5] includes results for the arbitrary or-
der statistical moments of completion time of generic
random process subject to periodic protocol with non-
instantaneous restarts of fixed duration.

The work [70] contains expression for deadline meet-
ing probability of generic random process in the pres-
ence of finite number of non-instantaneous restarts.
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Interestingly, some of the conclusions made in the
framework of zero-duration restarts are completely ro-
bust to the modification of the original problem in-
corporating time costs. More specifically, the analy-
sis presented in [52] suggests that periodic protocol re-
mains the optimal strategy for optimizing mean com-
pletion time in the presence of generally distributed
restart-associated time costs. In particular case of ex-
ponentially distributed time delays, the relation (43)
for the relative fluctuation at optimal rate of Poisson
restart minimizing expected completion time remains
true without any corrections as shown in [54].

Next, the expressions for the success probability in
Bernoulli-like experiment given by Egs. (66), (71) and
(76) are valid for arbitrary distributed time costs for
restarting as long as the costs are uncorrelated with
process dynamics and restart times, see [9]. What is
more, the sufficient condition of restart efficiency (72)
and relation (74) for the conditional statistical mo-
ments of completion time under optimal restart rate
in Bernoulli-like experiment also hold true at arbitrary
time delays statistics (see supplementary material to
[9]). Finally, conclusion of global optimality of periodic
restart for the purpose of success probability optimiza-
tion is robust to introduction of time penalties (also
see [9]).

Thus, in some situations (rare given the entire spec-
trum of possible pairs stochastic process + restart pro-
tocol), non-zero time costs do not change the final con-
clusions. However, in general they lead to corrections
to the answers obtained in the instantaneous restart
limit, which should be taken into account by appropri-
ately modifying the renewal equations. It should be
stressed, that all generalizations discussed in this sec-
tion correspond to the situation when time penalty for
restarting is uncoupled from the process dynamics and
durations of inter-restarts periods.

13. DISCUSSION

Table 1 lists key literature sources that provide an
idea of the application of the renewal approach to the
problem of random process optimization via restart.
Broadly, one can see that control-oriented research in
this area consider four different types of optimization
goals: how to speed up process completion, how to re-
duce variability in process duration, how to increase
the chances that the process will end is desirable way,
and how to improve some time scale associated with
getting desired process outcome. The main focus of
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Table 1. Types of restart strategies: deterministic protocols with homogeneous in time structure, deterministic protocols with

non-homogeneous in time structure, stochastic protocols with time-independent statistical properties, stochastic protocols with

time-dependent statistical properties. Periodic restart with optimally tuned period (whose value is problem-dependent) out-
performs all other restart strategies in the context of expected completion time optimization

Deterministic

Stochastic

Uniform in time Examples:

Periodic protocol [1,47,51,52]

Examples:

Poisson protocol [3,54]

Gamma protocol [62,72]

Restart at power-law times [59, 60]

Non-uniform in time | Examples:

Luby protocol [1,51]

Geometric protocol [6,66, 73]

Examples:

Poisson restart with time varying rate [6,55]

research efforts through more than three decades since
first published study on restart mediated control were
concentrated on the mean completion time optimiza-
tion. The second most thoroughly studied issue is the
restart-induced optimization of splitting probabilities
for random processes with competitive outcomes.

Some of the results considered here are particularly
noteworthy due to their exceptionally broad applicabil-
ity. For example, the inequality constraint (24) for av-
erage process performance under restart quantified by
the mean completion time is relevant to any process un-
der any restart protocol, provided the assumptions (i),
(ii) and (iil) presented in Sectionl are justified. Also,
it is worth mentioning such a phenomenon as the uni-
versal response of the process completion time mode to
a Poisson restart: the introduction of a Poisson restart
or an increase in its rate in situation where it is al-
ready present always leads to a leftward shift of the
leftmost peak position of the completion time probabil-
ity density, regardless of the nature and fine details of
the process under consideration if the assumptions (i)—
(iii) are justified, see Section11.2. (in contrast, such
time scales as mean completion time and its median
vale may decrease or increase in response to the in-
troduction of restart depending on whether completion
time fluctuations are sufficiently pronounced or not.)
Strictly periodic restart is universally optimal strategy
for the mean completion time optimization under as-
sumptions (i), (ii) and (iv). Another exceptionally gen-
eral rigorous result: optimal Poisson restart makes rel-
ative fluctuation in random completion time equal to
unity, Eq. (43), whenever presuppositions (i), (ii) are
valid and time cost of restart are negligible (assump-
tion (iii)) or represent random variables independently
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sampled from the same exponential distribution.

Relation (74) is universally valid for any Bernoulli-
like random process under optimally tuned Poisson
restart protocol with any time costs for restart, if the
assumptions (i) and (ii) are reasonable and if there are
no correlations between restart costs and durations of
inter restart intervals and free process dynamics (as-
sumption (iv)). The dominance of periodic protocol
over all possible time-homogeneous stochastic restart
strategies in splitting probabilities optimization prob-
lem is proved under the same set of assumptions: (i),
(ii) and (iv).

Let us also mention a remarkable property of
gamma restart with shape parameter k = 2: the mean
completion time of any random process whose perfor-
mance was maximized by Poisson restart with opti-
mally tuned rate r, (whose particular value is problem-
specific, of course) can potentially be further reduced
via application of k = 2 gamma restart with sufficiently
low rate parameter 3. This conclusion follows from
Egs. (15) and (46) but has not been emphasized previ-
ously. What is more, similar observation takes place for
splitting probabilities optimization problem, see Egs.
(75) and (77): chances for getting desirable outcome in
Bernoulli-like random experiment which is already sub-
ject to optimally tuned Poisson restart can potentially
be even further increased by additional application of
gamma restart strategy with shape parameter £k = 2
and sufficiently small rate 8. In those special cases
when inequalities in Egs. (46) and (75) turn into iden-
tities at optimal Poisson restart conditions, imposing
rare gamma distributed restarts with k = 2 leaves the
process performance unchanged. Clearly, for any pro-
cess which is subject to optimally tuned Poisson restart



MITP/JETP, Tom 170, Bhim. 2 (8), 2026

Optimization of Random Processes Completion by Restart

Table 2. Statistical characteristics of stochastic processes studied in the literature in the context of restart induced optimization

Metric of interest References
Mean completion time, (T [1], [54], [47], [56], [53], [51], [57], [52], [62]
Median completion time, m [6]

Mode of completion time distribution, M [6]
High-order statistical moments, (T™) [69], [48]
Tail behaviour of completion time distribution | [2], [53]
Deadline meeting probability, pp [69], [70], [6]
Shannon entropy of random completion time, S | [7]

Diversity of random completion time, D 8]

Success probability, ps [9], [62]
Conditional mean completion time, (1°%) [10]

mechanism aimed at optimization of mean completion
time of splitting probabilities there exists a periodic
restart strategy further improving performance or leav-
ing it unchanged. Gamma restarting, thus, shares this
property with the periodic strategy. However, it should
be noted that even when useful, the gamma protocol
cannot compete with the periodic in terms of maximum
achievable effectiveness.

Finally, let us highlight the simplest constructive

optimization issues (Section5); allowed to find upper
bound for the resulting expected completion time (Sec-
tion 6); provided insights into fundamental efficiency
limits of any restart protocol (Section 7); helped to re-
veal somewhat unexpected universality in statistics of
optimally restarted processes (Section 9); helped to re-
veal properties of some scale free restart protocols (Sec-
tion 10); helped to analyse effect of restart on other
time scales of random process completion beyond the
mean value (T') (Section 11 and Table 2; allowed to in-

criteria for the effectiveness of restart method known
at the moment. The criterion defined by Egs. (33) and
(34) allows to find a restart period guaranteed to re-
duce mean completion time based on the knowledge of
just two time scales of restart-free completion — me-
dian and mean values. Criterion determined by (72)
for success probability optimization also requires only
two time scales and, moreover, remains valid in the
presence of generally distributed mutually independent
time costs associated with restart which do not corre-
late with process dynamics and inter-restart intervals.

vestigate effect of non-zero time cost associated with
restart (Section 12).

Such a wide variety of theoretical results was
achieved through the use of a unified analytical tech-
nique to describing the restart-induced effects and the
use of descriptive statistics language in formulating the-
ses. In conclusion let us discuss examples of stochastic
processes models with restart in which the key assump-
tions (i) and (ii) (see Section 1) underlying derivation
of the conclusions reviewed here are violated.

The assumption (i) can fail when only part of rele-
vant degrees of freedom, but not a system as a whole,
resets to its initial state (precise or belonging to chosen
statistical ensemble) upon restart event. This is the
case in the models of random walks under Poisson po-
sition resetting with gated searcher-target interaction
whose stochastic dynamics having long time correla-
tions is unaffected by resetting [74]. Another example
is given by random walk with time varying diffusion
coefficient [75]. Besides, the process runs between suc-
cessive restarts can be not independent and not iden-
tically distributed due to slowly decaying or persistent
imprints of the process path on the structure or dy-
namics of environment [76].

14. CONCLUSION

To sum up, the use of renewal approach to restart
problem (rooted in probabilistic arguments of early
computer science work [1] and explicitly formulated in
[47]) provided a simple way to analytically calculate
the average completion time of an arbitrary stochastic
process under an arbitrary restart protocol (Section 3);
helped to establish remarkably simple sufficient condi-
tions for when restart is beneficial (Section4) and to
formulate simple recipes how to design restart sched-
ule in the absence of detailed knowledge of the process
statistics (Section 8); allowed to pose and resolve broad
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This review paper considers exclusively static
restart protocols: restarts occur according to pre-
scribed deterministic schedule or at random time mo-
ments uncorrelated to process dynamics. There is also
a type of protocols that can be called dynamic restarts
[66]. In the simplest scenario of this sort successive
process trials are still mutually statistically indepen-
dent and identically distributed (i. e., assumption (i) is
satisfied), but restart is coupled to the process dynam-
ics (assumption (ii) is not met): restart mechanism ex-
ploits information on the current process state (or tra-
jectory) in configuration space to make probabilistic or
deterministic decision when to restart based on real-
time observations. As an example, in-fly monitoring
of randomized algorithm features has been proposed
to build runtime predictors guiding process behaviour
dependent restart decisions in computer science (see
Ref. [66] and references therein). In the context of ran-
dom walk models, examples of dynamic restart strate-
gies is Poisson resetting with position dependent rate
[65,77-79] and threshold passing driven resetting [80].

Finally let us take a closer look at scenarios where
assumption (iii), allowing treat restart as a process with
zero time cost, fails. As was discussed in Section 12,
existing literature provides examples of studies gener-
alizing some of the presented here results to the case
of non-zero time costs for restarting by replacing (iii)
with (iv). However, there are situations in which ad-
mission (iv) does not reflect the actual properties of
time costs. Namely, the time penalty for restart may
depend on the state of the process immediately before
the beginning of the next restart event, see, e.g., de-
scription of resetting phase of motion in reported ex-
perimental realizations of random walk processes with
force induced resetting [49]. The analysis of the effect
of restart on completion time statistics in such situa-
tions can be conducted with use of renewal approach
like ideas, see Refs. [49,81], but extracting of quantita-
tive predictions inevitably demands also modelling of
process kinetics in its configuration space.
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