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On the base of a critical analysis of existing models for nucleation of new phase precipitates in metastable

binary alloys, a new kinetic model of homogeneous nucleation and growth of non-stoichiometric α′-phase

precipitates (of variable composition) in Fe–Cr alloys was developed within the framework of the Reiss

kinetic theory of binary nucleation. The model was further modified to account for the influence of ballistic

re-solution on the kinetics of nucleation and growth of α′ precipitates, following the general approach

proposed in Part 1 (Zh. Eksp. Teor. Fiz. 169 (4) (2026)). The model was used for qualitative interpretation of

the results of recent tests, in which the stability of α′ precipitates in Fe-15Cr alloys under irradiation was studied.
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1. INTRODUCTION

Ferrite-martensitic (F-M) steels with high Cr con-
tent, which are of technological interest for structural
elements of nuclear fusion or fission reactors, are de-
signed to combine corrosion resistance, conferred by
chromium, with low swelling and high resistance to ir-
radiation damage, as well as to retain adequate tough-
ness and elevated-temperature strength during ser-
vice [1]. However, above 12% Cr, F-M steels have been
known to undergo hardening and embrittlement during
thermal ageing below 748 K due to the nucleation of
the α′ phase [2], the formation of which is significantly
accelerated by neutron irradiation [3, 4].

For these reasons, special attention is paid to the
study of binary Fe–Cr model alloys, including specific
experimental and theoretical investigations. In partic-
ular, recent works address the problem of the numer-
ical simulation of phase separation in these binary al-
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loys, using a combination of density functional theory
with statistical approaches involving cluster expansions
and Monte Carlo simulations [5, 6]. Also, ab initio cal-
culations and empirical potentials have been used to
give new or more realistic physical parameters needed
for simulation (e. g., the Fe-rich phase boundary of the
α/α′ miscibility gap [7]).

These results are a prerequisite for refining analyti-
cal models of α′ phase nucleation in metastable Fe–Cr
alloys, such as the generalised Gibbs nucleation model
for two-component solid solutions, considered in the
regular solution approximation in [8], which was ex-
tended in [9] to include the influence of elastic energy
arising from lattice mismatch between the nuclei and
the parent phase. In this approach, the basic postulate
of the binary nucleation theory formulated by Hobstet-
ter [10] and Reiss [11] was used to calculate the critical
nucleus size and composition (and the related nucle-
ation barrier), which for binary systems corresponds
to a saddle point on the free energy surface of cluster
formation. However, the regular solution models [8, 9]
use the same set of microscopic parameters for both
phases, which leads to a simplified description of real
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systems (such as the α and α′ phases in Fr-Cr alloy)
and, in particular, to a phase diagram that is symmet-
ric with respect to the concentration 1/2 (which is often
not true).

In the present work, this simplification will be
overcome by considering a more realistic model of
metastable phase decomposition, in which each of the
two phases is characterised by its own (independent of
the second phase) set of microscopic parameters asso-
ciated with the actual position of the equilibrium lines
(binodals) on the binary phase diagram. For the di-
luted binary Fe–Cr system with low mutual solubility
of the two components in both phases (i. e., Cr in the
α phase of the matrix and Fe in the α′ phase of the
precipitate), each phase can be described in a weak
solution approximation. This facilitates the analytical
calculation of the composition and size of the critical
nucleus, as well as its evolution with the growth of the
nucleus.

Furthermore, the nucleation kinetics of binary pre-
cipitates is not reduced to simple predictions of clas-
sical nucleation theory for unary (single-component)
precipitates [12–14] (as assumed in [8]), but should be
analysed within the Reiss nucleation kinetic theory [11]
modified by Langer [15] (with subsequent reiteration by
Stauffer [16]). In the modified theory, the evolution of
a cluster through the two-dimensional free energy bar-
rier of nucleation in the vicinity of the critical point
does not follow the steepest descent from the saddle
point as initially assumed by Reiss (and also consid-
ered in [9]), but is determined by the direction of the
unstable mode at the saddle point, as shown by Langer
[15] (see details in [17]). This approach can be further
modified in application to the Fe–Cr alloy (and other
similar systems), as proposed in the present work.

In order to avoid difficulties in analytical calcula-
tions for the binary systems and to obtain an explicit
expression for the nucleation rate, the binary nucle-
ation theory can be simplified using the so called ‘quasi-
classical’ approximation proposed in the author’s work
[17], which correctly takes into account the direction
of cluster growth through the nucleation barrier, while
conservatively (under)estimating the pre-exponential
kinetic factor of the nucleation rate. To determine this
growth direction, it is necessary to analyse the evolu-
tion of the composition of the supercritical cluster dur-
ing its growth, which can be compared with existing
experimental observations from the literature.

The model can be further refined to analyse the ki-
netics of nucleation and growth of α′ phase precipitates
under irradiation conditions, which have been the sub-
ject of detailed study in recent experiments [18]. This

will be done based on the general approach proposed
in Part 1 [19] for the nucleation of unary phases, de-
veloping it to consider the behaviour of a binary phase
(Cr-rich α′ phase) with a small admixture of the second
component (Fe).

2. COMPOSITION AND SIZE OF THE
CRITICAL NUCLEUS

In accordance with classical nucleation theory
[12–14], the Gibbs free energy of a spherical nucleus

formation in a binary solid solution takes the form,

∆G0(x, y) =

= x
(
µ(p)
x − µ(m)

x

)
+ y

(
µ(p)
y − µ(m)

y

)
+ 4πR2γ, (1)

where x and y are the numbers of monomers (atoms)
of the two components Fe and Cr, respectively, forming
the nucleus; µ(m)

x and µ
(m)
y are the chemical potentials

of these monomers in the matrix; µ(p)
x and µ

(p)
y are the

chemical potentials of these monomers in the spherical
cluster (particle) of radius

R =

(
3

4π

) 1
3

(xvx + yvy)
1
3 ≈

(
3

4π

) 1
3

v
1
3 (x+ y)

1
3

with atomic volumes of monomers in the cluster vx and
vy (which for simplicity are assumed to be equal to each
other, as well as to their atomic volumes in the matrix);
γ is the surface energy of the α/α′ interface, which is
assumed to be a fixed value (at given temperature),
independent of the nucleus composition. A more com-
plex case with the dependence of γ on composition and
with different atomic volumes of components in the ma-
trix and in the particle (leading to elastic strains in the
system) will be discussed below.

In the case of a low concentration of the solute (Cr)
in the matrix (Fe), cy ≪ 1, the weak solution approxi-
mation can be adequately used (cf., e. g. [20]). In this
approximation, which takes into account the interac-
tion between solution and solvent components to first
(linear) order accuracy, the chemical potentials of the
solvent (Fe) and the solute (Cr) are

µ(m)
x = µ(0,m)

x − kT cy

and

µ(m)
y = µ(0,m)

y + kT ln cy ≡ kT ln

(
cy

c
(0)
y

)
,

respectively, where µ
(0,m)
x and µ

(0,m)
y are the standard

chemical potentials of the solvent and solute, respec-
tively, and c

(0)
y is the thermal concentration of the so-

lute (Cr).
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In turn, considering the Cr-rich α′ phase as a weak
solution of the Fe component in Cr is justified due to
the low solubility of Fe in Cr, nx ≪ 1, where

nx =
x

(x+ y)
≈ x

y

is the Fe concentration in the cluster, thus

µ(p)
x = µ(0,p)

x + kT lnnx ≡ kT ln

(
nx

n
(0)
x

)

and
µ(p)
y = µ(0,p)

y − kTnx,

where µ
(0,p)
y and µ

(0,p)
x are the standard chemical po-

tentials of the solvent (Cr) and solute (Fe), respectively,
and n

(0)
x is the thermal concentration of the solute (Fe).

Given that in the weak solution approximation, terms
of the second (and higher) order, c2y and n2

x, in the free
energy functional are ignored, the same accuracy will
be applied in further calculations.

From the condition of equilibrium of the two phases
(at a flat interface), µ(m)

x = µ
(p)
x and µ

(m)
y = µ

(p)
y , one

obtains

µ(0,m)
x = kT c(eq)y + kT ln

n
(eq)
x

n
(0)
x

(2)

and

µ(0,p)
y = kTn(eq)

x + kT ln
c
(eq)
y

c
(0)
y

, (3)

where n(eq)
x and c

(eq)
y are the equilibrium concentrations

of the two phases corresponding to binodal lines on the
Fe–Cr phase diagram.

Substituting Eq. (2) and (3) in Eq. (1) gives

∆G0(x, y)

kT
≈

≈
{
x lnnx − x

[
lnn(eq)

x + 1− (S − 1)c(eq)y

]
+

+ y
(
n(eq)
x − lnS

)}
+

(36π)
1
3 γv

2
3

kT
(x + y)

2
3 , (4)

where S =
cy

c
(eq)
y

is the oversaturation ratio of Cr atoms

in the Fe matrix.
According to Reiss’ binary nucleation theory, the

critical saddle point (x∗, y∗) is determined by minimiza-
tion of the formation free energy, Eq. (4), with respect
to the two variables,

∂∆G0(x, y)

∂x

∣∣∣∣
x∗,y∗

=
∂∆G0(x, y)

∂y

∣∣∣∣
x∗,y∗

= 0,

which leads to the following equations for the critical
nucleus,

lnnx−lnn(eq)
x +(S−1)c(eq)y +

2

3
(36π)

1
3
γv

2
3

kT
(x+y)−

1
3 = 0,

(5)
and

−nx + n(eq)
x − lnS +

2

3
(36π)

1
3
γv

2
3

kT
(x + y)−

1
3 = 0, (6)

superposition of which gives

ln
nx

n
(eq)
x

= −nx + n(eq)
x − (S − 1)c(eq)y − lnS, (7)

or

z ≡ nx expnx =

=
n
(eq)
x

S
exp

[
n(eq)
x − (S − 1)c(eq)y

]
≪ 1, (8)

which solution determines the critical cluster composi-
tion n∗

x.

From Eq. (8) it is seen that n∗
x → n

(eq)
x as S → 1,

whereas taking into account that

dz

dS
=

d

dS

{
n
(eq)
x

S
exp

[
n(eq)
x − (S − 1)c(eq)y

]}
=

= −n
(eq)
x

S

(
1

S
+ c(eq)y

)
exp

[
n(eq)
x − (S − 1)c(eq)y

]
< 0,

(9)

one obtains that

z(S ≥ 1) ≤ z(S = 1) = n(eq)
x expn(eq)

x ,

or
n∗
x expn

∗
x ≤ n(eq)

x expn(eq)
x ,

or
n∗
x ≤ n(eq)

x .

The solution of Eq. (8) is

n∗
x = W

{
n
(eq)
x

S
exp

[
n(eq)
x − (S − 1)c(eq)y

]}
= W (z),

(10)
where W (z) is the Lambert function, which decomposes
at small z as W (z) ≈ z−z2+ 3

2z
3+ . . ., and hence with

accepted linear accuracy,

n∗
x ≈ n

(eq)
x

S
exp

[
n(eq)
x − (S − 1)c(eq)y

]
≈ n

(eq)
x

S
. (11)
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Substituting Eq. (11) into Eq. (6), in the first ap-
proximation for n

(eq)
x ≪ 1, leads to

y∗ ≈ 32πγ3v2

3(kT )3
1

(
lnS − n

(eq)
x + n∗

x

)3
1

(1 + n∗
x)

≈

≈ 32πγ3v2

3(kT )3
1

(
lnS − n

(eq)
x + n∗

x

)3 (12)

and

x∗ ≈ y∗n∗
x ≈ 32πγ3v2

3(kT )3
n∗
x(

lnS − n
(eq)
x + n∗

x

)3 . (13)

Substituting of Eqs. (11)–(13) into Eq. (4) gives for
the nucleation barrier

∆G0 (x
∗, y∗)

kT
≈ 16π

3

γ3v2

(kT )3
(
lnS − n

(eq)
x + n∗

x

)2 ≈

≈ 16π

3

γ3v2

(kT )3
[
lnS − n

(eq)
x + n

(eq)
x

S

]2 ,

(14)
which can be simplified at small supersaturations,
S − 1 ≈ lnS ≪ 1, as

∆G0 (x
∗, y∗)

kT
≈ 16π

3

γ3v2

(kT )3
[(

1− n
(eq)
x

S

)
lnS

]2 . (15)

It is seen that the critical supersaturation S∗, above
which the nucleation of the new phase becomes possi-
ble and which is determined by the pole of Eq. (15), is
not shifted, S∗ = 1, whereas the critical nucleus com-
position is below the binodal concentration, n∗

x ≤ n
(eq)
x

(as shown above), i. e., the composition of the critical
nucleus belongs to the stable zone of the α′ phase on
the Fe–Cr phase diagram.

The latter conclusion can be verified by taking into
account the composition dependence of the interface
energy γ using the quasi-chemical treatment of Becker
[21] and Turnbull [22], in which the interface energy
corresponds to the difference between the energies of
bonds broken in the separation process and of bonds
made in forming the interphase boundary, leading to

γ = γ0 (cx − nx)
2
= γ0 (1− cy − nx)

2 (16)

as considered in [23].
In this approach, Eqs. (5) and (6) are modified by

the additional terms,

(36π)
1
3 v

2
3 (x+ y)

2
3 dγ

kTdx
=

=
3v

kTR

dγ

dx
(x+ y) =

3v

kTR

dγ

dnx
(1− nx)

and

(36π)
1
3 v

2
3 (x+ y)

2
3 dγ

kTdy
=

=
dγ

dy

3v

kTR
(x+ y) = − 3v

kTR

dγ

dnx
nx,

respectively, where, as seen from Eq. (16),

dγ

dnx
= −γ0nx (1− cy − nx) < 0.

Accordingly, Eq. (7) takes the form

ln
nx

n
(eq)
x

= −nx + n(eq)
x − (S − 1)c(eq)y − lnS+

+ 3nx (1− cy − nx)
γ0v

RkT
, (17)

which can be simplified to first order accuracy for
nx, cy ≪ 1 as

ln
nx

n
(eq)
x

≈ −nx

(
1− 3

γ0v

RkT

)
+n(eq)

x −(S−1)c(eq)y −lnS,

(18)
or

nx

(
1− 3

γ0v

RkT

)
+ ln

[
nx

(
1− 3

σ0v

RkT

)]
≈

≈ n(eq)
x + ln

[
n(eq)
x

(
1− 3

γ0v

RkT

)]
− (S − 1)c(eq)y − lnS,

(19)
whose solution is

n∗
x

(
1− 3

γ0v

RkT

)
≈ W

{
n
(eq)
x

S

(
1− 3

γ0v

R∗kT

)
×

× exp
[
n(eq)
x − (S − 1)c(eq)y

]}
, (20)

where
0 <

(
1− 3

γ0v

R∗kT

)
< 1

for the typical values γ0 ≈ 0.2 J·m−2 (evaluated in [24]),
T ≈ 600–700 K, and R∗ ≥ 1 nm. Therefore, Eq. (20)
can be reduced to

n∗
x ≈ n

(eq)
x

S

(
1− 3

γ0v

R∗kT

)
×

× exp
[
n(eq)
x − (S − 1)c(eq)y

]
, (21)

which is smaller than the expression in Eq. (11) (due to
the additional factor

(
1− 3 γ0v

R∗kT

)
< 1), i. e., the com-

position of the critical nucleus penetrates even deeper
into the stable zone of the α′ phase on the phase di-
agram. For the above parameters, this factor is quite
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sensitive to the value of γ0, which contradicts the re-
sults of the model [9], which also used Eq. (16) but
predicted the independence of the critical nucleus com-
position from γ0 (as specified in [9]).

On the other hand, Eq. (21) contradicts the results
of the earlier model (for the nucleation Cu-rich ε phase
in a binary Fe-Cu alloy) [23], which, using Eq. (16), pre-
dicted a much less Cu in the critical nucleus compared
to the equilibrium ε phase (i. e., the composition of the
critical nucleus was found to be deep within miscibility
gap of the phase diagram).

For a coherent spherical particle with the misfit
strain

δ =
∆a

a
=

(a′ − a )

a
≪ 1,

where a and a′ are the lattice constants in the ma-
trix and particle, respectively, the elastic strain en-
ergy, which contributes to the cluster formation energy,
Eq. (4), can be estimated in the elastically homoge-
neous approximation as

∆Gel =
E

2(1− ν)
δ2Vp

(cf. [25]), where E ≈ 200 GPa is the Young modulus,
ν ≈ 1/3 is the Poisson ratio, and δ ≈ 10−2 at the α/α′

interface. Taking into account similar crystal struc-
tures of the two phases, Vegard’s law can be used for
evaluation of the misfit strain as [9]

∆a = a′ − a = aδ = (aFe − aCr) (1− cy − nx) .

In this approach, the l.h.s. of Eqs. (5) and (6) are
modified by the additional terms,

−2Γv

kT
(1− cy − nx) (1 + nx) +

Γv

kT
(1− cy − nx)

2

and

2Γv

kT
(1− cy − nx)nx +

Γv

kT
(1− cy − nx)

2
,

respectively, where

Γ ≡ Ev

2(1− ν)
δ2,

which replaces Eq. (7) with

lnnx − lnn(eq)
x + (S − 1)c(eq)y −

− 2Γv

kT
(1− cy − nx) (1 + nx) = −nx+

+ n(eq)
x − lnS +

2Γv

kT
(1− cy − nx)nx, (22)

or, to first order accuracy for nx, cy ≪ 1,

nx

[
1− 2Γv

kT
(1− 2cy)

]
+ lnnx ≈

≈ n(eq)
x + lnn(eq)

x − lnS − (S − 1)c(eq)y +

+
2Γv

kT
(1− cy) , (23)

whose solution is

nx

[
1− 2Γv

kT
(1− 2cy)

]
=

= W

{
n
(eq)
x

S

(
1− 2Γv

kT
(1− 2cy)

)
×

exp

[
n(eq)
x − (S − 1)c(eq)y +

2Γv

kT
(1− cy)

]}
,

(24)
which reduces to

nx ≈ n
(eq)
x

S
exp

[
n(eq)
x − (S − 1)c(eq)y

]
×

× exp

[
2Γv

kT
(1− cy)

]
. (25)

This solution differs from the expression in

Eq. (11) by the factor exp
[
2Γv(1−cy)

kT

]
≈ 1 (given that

2Γv
kT ≈ 6 · 10−2 ≪ 1), which has practically no effect on
the composition of the critical cluster (contrary to the
predictions of the regular solution model [9]).

3. GROWTH OF PRECIPITATES

In the binary Fe–Cr system, the growth of the nu-
cleated α′-phase clusters can be described by a system
of two rate equations for the Cr and Fe components.

The rate of the increase in the number of Cr atoms
in the precipitate, ẏ, can be calculated using the bal-
ance equation,

ẏ = 4πR2
[
βy(x, y)− α(th)

y (x, y)
]
=

= 4πDSc(eq)y v−1R

[
1− exp

(
1

kT

∂∆G0(x, y)

∂y

)]
,

(26)
where

βy(x, y) = DcyR
−1v−1

is the arrival rate of Cr atoms by diffusion from the
matrix with the Cr concentration cy;

α(th)
y (x, y) = βy(x, y) exp

(
1

kT

∂∆G0(x, y)

∂y

)
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is the thermal loss rate, determined from the Gibbs-
Kelvin condition of equilibrium between Cr atoms in
the particle and in the matrix.

The rate of the increase in the number of Fe atoms
in the precipitate, ẋ, can be calculated as

ẋ = 4πR2
[
βx(x, y)− α(th)

x (x, y)
]
, (27)

where

βx(x, y) ≈ D (1− cy) a
−1v−1

is the arrival rate of Fe atoms from the matrix with the
Fe concentration cx = 1 − cy, which is determined by
atomic jumps over a distance a at the interface, taking
into account a linear correction (for small cy ≪ 1) to
the arrival rate from the pure Fe matrix;

α(th)
x (x, y) = βx(x, y) exp

(
1

kT

∂∆G0(x, y)

∂x

)

is the thermal loss rate, determined from the Gibbs-
Kelvin condition of equilibrium between Fe atoms in
the particle and in the matrix.

Given that

βx

βy
=

(1− cy)

cy

R

a
∼ 102 ≫ 1,

the condition for the finite ratio of these rates,

ẋ

ẏ
≈ βx

βy

[
1− exp

(
1
kT

∂∆G0(x,y)
∂x

)]

[
1− exp

(
1
kT

∂∆G0(x,y)
∂y

)] ∼

∼ x

y
∼ n(eq)

x ≪ 1,

which ensures the mixed composition of the growing
particle, corresponds to the adiabatic condition,

∂∆G0(x, y)

∂x
≈ 0,

which can replace Eq. (27) with sufficient accuracy.

Therefore, in this (adiabatic) approximation, the
composition of the growing precipitate obeys the equa-
tion (cf. Eq. (5)),

nx ≈ n(eq)
x exp

[
−(S − 1)c(eq)y − 2γv

kTR

]
, (28)

which determines x(y) = nxy, and when substituted
into Eq. (4), gives an expression for the free energy of
the growing precipitate,

∆G0(y) ≡ ∆G0 (x(y), y) ≈

≈ kT

{
y
(
n(eq)
x − lnS

)
−

− yn(eq)
x

(
1 +

2γv

kTR

)
exp

[
−(S − 1)c(eq)y − 2γv

kTR

]}
+

+ γ(36π)
1
3 v

2
3 y

2
3

[
1+

+ n(eq)
x exp

[
−(S − 1)c(eq)y − 2γv

kTR

] ] 2
3

, (29)

leading to

1

kT

d∆G0(y)

dy
≈ n(eq)

x − lnS +
2γv

kTR
+

+ n(eq)
x

2γv

kTR
exp

[
−(S − 1)c(eq)y − 2γv

kTR

]
, (30)

where

R =

(
3

4π

) 1
3

v
1
3 y

1
3
(1 + nx(y))

1
3 ≈

(
3

4π

) 1
3

v
1
3 y

1
3
,

taking into account that nx(y) ≪ 1 (as will be shown
below).

Consequently, the precipitate growth rate, ẏ, can be
calculated using the balance equation,

ẏ = 4πR2
[
β(y)− α(th)(y)

]
= 4πDSc(eq)y v−1R×

×
[
1− exp

(
1

kT

d∆G0(y)

dy

)]
, (31)

which in the first approximation for n
(eq)
x , c

(eq)
y ≪ 1 ,

for relatively large particles,

R ≫ 2γv

kT
≈ 0.5 nm,

using Eq. (30) gives

ẏ ≈ d

dt

(
4π

3v
R3

)
≈ 4πDv−1R×

×
[
cy − c(eq)y exp

(
n(eq)
x

)
exp

(
2γv

kTR

)]
. (32)

With an increase in particle radius, the particle
composition nx, Eq. (28), also increases, and for large
particles,

R ≫ 2γv

kT (S − 1)c
(eq)
y

,

530



ЖЭТФ/JETP, том 169, вып. 5, 2026 Effect of ballistic re-solution on the nucleation kinetics...

becomes close to the equilibrium concentration of the
α′ phase,

nx(y) → n(eq)
x exp

[
−(S − 1)c(eq)y

]
≈ n(eq)

x . (33)

This model prediction is in reasonable agreement
with Mössbauer spectroscopy measurements in long
term ageing tests [26], where the Cr concentration in
α′-phase precipitates at 748 K was 86 at.%, which
is quite close to the equilibrium concentration of
≈ 88 at.% (according to the Calphad database [27]).
Similar results were obtained by atom probe tomogra-
phy (APT) in a series of model Fe–Cr alloys containing
more than 9 at.% Cr and irradiated by neutrons to
1.82 dpa at a nominal temperature of 563 K [28], sug-
gesting irradiation-accelerated precipitation, where the
averaged Cr concentration in α′-phase precipitates was
consistent with the phase diagram. The discrepancy
with earlier investigations of thermally aged Fe-20%Cr
alloys at T = 773 K by APT [29], where the composi-
tion of α′-phase precipitates evolved temporally from
(60.6 ± 0.9) at.% after 50 h up to (83 ± 1) at.% af-
ter 1067 h, was analysed in [28], where it was asso-
ciated with a very strong magnification effect (where
Cr has a lower evaporation field than Fe) for small
nanoscale precipitates formed during short ageing pe-
riods. In addition, it might be assumed that at the
relatively high test temperature [29], corresponding to
the eutectoid decomposition of the σ phase [30], precip-
itates with a Cr concentration of ≈ 50 at.% could have
formed, which affected measurement results at short
ageing times.

Another possible reason for this discrepancy may be
related to the high degree of alloy supersaturation in
these tests [29], when the Gibbs free energy of nucleus
formation, ∆G0(x, y), cannot be described using the
weak solution approximation (i. e., Eq. (4)). In partic-
ular, this approximation cannot account for nonlinear
effects, which become important for describing phase
transitions in metastable systems with compositions
approaching the spinodal line.

Besides, for such systems with a high degree of
metastability, classical nucleation theory may prove in-
sufficient, and consideration within the framework of
the Van der Waals theory may be required (as dis-
cussed in [8]). This theory takes into account continu-
ous changes in thermodynamic parameters at the inter-
face and their dependence on concentration gradients
[31, 32]. A similar approach was used in phase field
calculations [33], where the evolution of the composi-
tion of Cr-rich precipitates was found to be comparable
with the results of experiments [29]. In particular, it

was shown that effects of non-classical nucleation the-
ory begin to manifest themselves for alloys with Cr con-
centration above ≈ 0.17.

4. NUCLEATION RATE OF PRECIPITATES

Classical nucleation theory [12–14] was developed
in relation to nucleation of single-component (unary)
phases, and for this reason, is not directly applicable
to nucleation of the α′ phase, which occurs by agglom-
eration of two components (Fe and Cr) in precipitates.

The nucleation theory was generalized to two-
component (binary) systems by Reiss [11]. In his the-
ory, the parent phase is thought of as a mixture of
molecules (monomers) of two components X and Y

with number densities Nx and Ny, respectively, to-
gether with clusters of all sizes and compositions. A
particular molecular cluster is characterized by the
numbers of single molecules (or monomers) x and y of
species X and Y , respectively, that it contains. Reiss
showed that the critical point of unstable equilibrium
(associated with the phase transition) corresponds in
this case to a saddle point (x∗, y∗) on the free energy
surface ∆G0(x, y). He characterized the transition by
a two-dimensional steady state flow J(x, y) of clusters
in the phase space of cluster sizes (x, y), which is pro-
nounced in one direction (the axis of the pass x′) that,
in comparison with it, any lateral flow (in the perpen-
dicular direction y′) may be neglected, i. e., Jy′ ≈ 0.
Due to the steady state condition,

divJ =
∂Jx′

∂x′
+

∂Jy′

∂y′
≈ ∂Jx′

∂x′
= 0,

this leads to Jx′ ≈ J (y′), which was calculated by
Reiss as

J (y′ − y∗) = f0 (x
∗, y∗)

β∗
xβ

∗
y

(
1 + tan2 θ

)

β∗
y + β∗

x tan
2 θ

×

×




∣∣∣D′

11

∣∣∣
πkT




1/2

exp

[
−|detD| (y′ − y∗)

2

kT
∣∣D′

11

∣∣

]
, (34)

where ρ0(x, y) is the equilibrium size distribution
function,

ρ0(x, y) = F exp

[
−∆G0(x, y)

kT

]
, (35)

F = Ny = cyv
−1 is the so called number density of

potential nucleation sites, determined for binary al-
loys according to the Frenkel model [34] (additionally
justified in the Appendix C to [35]); θ is the angle
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between the original axis x and the axis of the pass
x′; β∗

i = βi (x
∗, y∗), i = x, y, are the arrival rates of

monomers X and Y to the critical cluster (x∗, y∗) of
radius R∗;

Dij =

(
1

2

)
∂2∆G0 (x

∗, y∗)

∂xi∂xj

are elements of the matrix D = (Dij), which determi-
nant is negative (in accordance with the properties of
the saddle point),

detD = D11D22 −D2
12 < 0;

D
′

11 =
1

2

∂2∆G0

(
x

′

, y
′

)

∂x′2

∣∣∣∣∣∣
x∗,y∗

=

= D11 cos
2 θ +D22 sin

2 θ + 2D12 sin θ cos θ (36)

is the second derivative of ∆G0 at the critical point
in the direction x

′

of the orthogonal coordinate system
(x

′

, y
′

) obtained by rotating the original coordinate sys-
tem (x, y) through the angle θ; this derivative should
be negative, D

′

11 < 0, to provide a maximum of the
free energy at the critical point in the direction of the
x′-axis.

Therefore, the nucleation rate, defined as the total
flux of clusters through the critical zone,

Ṅ =

∞∫

−∞

J
(
y

′ − y∗
)
dy′, (37)

was calculated by Reiss by substituting Eq. (34) into
Eq. (37) as

Ṅ ≈ −ρ0 (x
∗, y∗)

β∗
xβ

∗
y

(
1 + tan2 θ

)

β∗
y + β∗

x tan
2 θ

×

×D
′

11

(
1

D2
12 −D11D22

)1/2

. (38)

In the Reiss theory, the axis of the pass x′ runs
in the direction of the steepest descent of the free en-
ergy surface ∆G0(x, y), which for this reason was de-
termined in the thermodynamic approach (i. e., solely
from the properties of the free energy). This assump-
tion was modified by Langer [15] (with subsequent reit-
eration by Stauffer [16]), who corrected the orientation
of the flux vector in the direction parallel to the di-
rection of the unstable mode at the saddle point (the
new axis of the pass x′). The modified value of θ was
explicitly calculated in [16] and later refined in [36] as

tan θ = s+
(
r + s2

)1/2
, if D21 < 0 (39)

and

tan θ = s−
(
r + s2

)1/2
, if D21 > 0, (40)

where

r =
β∗
y

β∗
x

, s =
(dx − rdy)

2
,

dx = −D11

D12
, dy = −D22

D12
.

The parameters of these equations are evaluated in
the Appendix, resulting in an analytical expression for
the nucleation rate of the α′ phase, which however is
rather awkward for practical applications. Therefore,
it can be simplified using the so called ‘quasi-classical’
approximation proposed in the author’s work [17].

4.1. Quasi-classical approximation

The total flow contribution of off-critical nuclei with
higher formation barriers (compared to the critical nu-
cleus (x∗, y∗)), which move along trajectories adjacent
to the ‘classical’ trajectory xc(y) (describing the critical
cluster evolution in the supercritical zone) can be con-
sidered as a correction, which is neglected in the quasi-
classical approximation (taking into account only the
extreme classical trajectory). Correspondingly, only

the contribution of the flux J
(
y

′

= y∗
)

to the integral

in Eq. (37) is taken into account. This consideration
can be substantiated in the case when the saddle point
passage is narrow and has very steep sides, and only
those clusters with the composition of the saddle point
nucleate in any noticeable quantity. This formally cor-
responds to the condition

|detD|∣∣D′

11

∣∣ ≫ πkT,

which is fulfilled in the case of α′-phase precipitates if
n
(eq)
x ≪ 0.1, whereas for n

(eq)
x ≈ 0.1 it can be consid-

ered as an approximation that conservatively estimates
the nucleation rate.

In this approximation, the nucleation problem
becomes quasi-one-dimensional, by formally substi-
tuting xc(y) into the expression for ∆G0(x, y) and
further analysing a one-dimensional system with
∆G0(y) = ∆G0 (xc(y), y) in the framework of classical
nucleation theory. In application to the Fe–Cr clusters,
the classical trajectory can be calculated using Eq. (28)
as xc(y) = ynx(y), whereas ∆G0(y) is described by
Eq. (29).
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This makes it possible to carry out a simplified anal-
ysis, in which the nucleation rate of the binary Fe–Cr
precipitates is calculated as

Ṅ ≈ ω∗ρ0 (y
∗)Z, (41)

where y∗ is the critical nucleus size determined by
the extremum of ∆G0(y); ω∗ is the arrival rate of
monomers (Cr atoms) to the critical nucleus;

ρ0 (y
∗) = Ny exp

[
−∆G0 (y

∗)

kT

]
=

= Sc(eq)y v−1 exp

[
−∆G0 (x

∗, y∗)

kT

]
(42)

is the value of the equilibrium size distribution function
for the critical nucleus, and

Z =

[
− 1

2πkT

d2∆G0 (y
∗)

dy2

] 1
2

(43)

is Zeldovich’s factor.
For supercritical clusters with radius close to the

critical radius, R ≈ R∗ (and thus ∂∆G0(y)
∂y → 0),

Eq. (31) can be simplified as

dy

dt
≈ −4πDR(y)Sc(eq)y v−1 1

kT

∂∆G0(y)

∂y
, (44)

which, using the general relationship of Zeldovich’s the-
ory [14] (see also [37]), allows calculating the arrival
rate to the critical nucleus as

ω∗ = − kT

(
dy

dt

)(
∂∆G0(y)

∂y

)−1
∣∣∣∣∣
y=y∗

=

= 4πDR∗Sc(eq)y v−1 =

= 4πDSc(eq)y

2γ

kT

1

lnS − n
(eq)
x + n∗

x

. (45)

From Eq. (30) one obtains

1

kT

d2∆G0(y)

dy2
≈

≈ − 2γv

3kTRy

{
1− n(eq)

x

(
1− 2γv

kTR

)
n(eq)
x ×

× exp

[
−(S − 1)c(eq)y − 2γv

kTR

]}
, (46)

which, after substituting into Eq. (43) and using
Eq. (12), gives for Zeldovich’s factor

Z ≈ 1

8π

(kT )3/2

γ3/2v

[
lnS − n(eq)

x

(
1− S−1

)]2
×

×
{
1 +

1

3

[
lnS − n(eq)

x

(
1− S−1

)]
n(eq)
x S−1×

× exp
[
−(S − 1)c(eq)y + n(eq)

x

(
1− S−1

)]} 1
2

, (47)

or, in the first approximation for small parameters
n
(eq)
x , c

(eq)
y ≪ 1,

Z ≈ 1

8π

(kT )3/2

γ3/2v

[
lnS − n(eq)

x

(
1− S−1

)]2
. (48)

Substituting Eqs. (42), (45), (48) and (14) into
Eq. (41), the nucleation rate can be calculated as

Ṅ ≈ D
(
Sc(eq)y

)2 (kT )
1
2

γ
1
2 v2

[
lnS − n(eq)

x

(
1− S−1

)]
×

× exp




−16π

3

γ3v2

(kT )3
[
lnS − n

(eq)
x (1− S−1)

]2





,

(49)
which is a conservative estimate that can be improved
by using a more accurate Eq. (38) (with parameters
estimated in the Appendix).

5. PRECIPITATION UNDER IRRADIATION
CONDITIONS

A modification of classical nucleation theory for
unary precipitates in metastable solid solutions un-
der irradiation, taking into account the influence of
ballistic re-solution on the nucleation kinetics of pre-
cipitates (consisting of y monomers), was carried out
in Part 1 [19]. In particular, it was shown that un-
der steady state irradiation, the nucleation rate is
determined by a ‘quasi-equilibrium’ size distribution
function,

ρ0(y) = C exp

[
−∆G0(y)

kT

]
,

where ∆G0(y) is a non-thermodynamic function that
is a ‘quasi-equilibrium’ analogue of the free energy of
cluster formation in the absence of irradiation.

As a result, it was shown that ∆G0(y) can have
two extrema. The first is an unstable extremum that
defines the critical cluster radius, and the second is a

533



M. S. Veshchunov ЖЭТФ/JETP, том 169, вып. 5, 2026

stable extremum that defines the maximum particle ra-
dius at which supercritical particle growth ceases. Ac-
cordingly, these extrema corresponds to the condition
of zero growth rate of a particle. With a decrease in the
supersaturation S, the two extrema converge until they
merge into a single radius R̂, reached at the threshold
supersaturation Ŝ, below which nucleation of precipi-
tates is unfeasible. In particular, this threshold effect
may explain the suppression of new phase formation,
if the supersaturation in the solid solution is below the
threshold value, 1 ≤ S < Ŝ.

This theory can be applied, in the quasi-classical
approximation (described above in Section 4.1), to the
nucleation of the α′ phase in Fe–Cr alloys by introduc-
ing a ballistic re-solution term into the rate equation
for Cr atoms, Eq. (26),

ẏ ≈ 4πR2
[
βy(x, y)− α(th)

y (x, y)− α(irr)
y (x, y)

]
=

= 4πDSc(eq)y v−1R×

×
[
1− exp

(
1

kT

∂∆G0(x, y)

∂y

)
− RξK0 (1− nx)

DSc
(eq)
y

]
,

(50)
where

α(irr)
y (x, y) = (1− nx) ξK0v

−1

is the rate of ballistic re-solution of Cr atoms from pre-
cipitates, K0 is the damage rate in the irradiated solid,
and ξ is the irradiation re-solution constant evaluated
in [38] as ≈ 15 nm. Similarly, the rate equation for Fe
atoms, Eq. (27), is modified to the form

ẋ = 4πR2
[
βx(x, y)− α(th)

x (x, y) − α(irr)
x (x, y)

]
=

= 4πR2D (1− cy) a
−1v−1×

×
[
1− exp

(
1

kT

∂∆G0(x, y)

∂x

)
− nxξK0a

D (1− cy)

]
, (51)

where
α(irr)
x (x, y) = nxξK0v

−1

is the rate of ballistic re-solution of Fe atoms from pre-
cipitates.

The precipitate composition can be determined
from the adiabatic condition for Fe atoms (as explained
above in Section 3), which in this case takes the form

nx

[
1 +

nxξK0a

D (1− cy)

]
≈

≈ n(eq)
x exp

[
−(S − 1)c(eq)y − 2γv

kTR

]
(52)

and can replace Eq. (51) with sufficient accuracy. Tak-
ing into account that

Ψ ≡ ξK0a

D
∼ 10−3 − 10−2 ≪ 1

(using values of D
K0

≈ 10−15− 10−14 m2, estimated be-
low in Section 6), Eq. (52) can be reduced to Eq. (28)
with sufficient accuracy.

Therefore, after substituting Eq. (28) into Eq. (50),
the growth rate equation takes the form

d

dt

(
4π

3v
R3

)
= ẏ + ẋ =

= s(y)
[
β̃y(y)− α̃(th)

y (y) + α̃(irr)
y (y)

]
, (53)

where

β̃y ≡ βy (x(y), y) , α̃(th)
y (y) ≡ α(th)

y (x(y), y) ,

α̃(irr)
y (y) ≡ α(irr)

y (x(y), y) , s(y) = 4πR2(y),

which, in the first approximation for

n(eq)
x , c(eq)y ,

Ψ

c
(eq)
y

≪ 1

and
R ≫ 2γv

kT
≈ 0.5 nm

(and thus nx ∼ n
(eq)
x ≪ 1, as seen from Eq. (52)),

modifies Eq. (32) to the form

Ṙ ≈

≈ DR−1

[
S − exp

(
2γv

kTR

)
exp

(
n(eq)
x

)
− ξK0

Dc
(eq)
y

R

]
≈

≈ DR−1

[
S − 1 + n(eq)

x +
2γv

kTR
− ξK0

Dc
(eq)
y

R

]
. (54)

Accordingly, the condition of zero growth rate,
Ṙ = 0, takes the form

S − 1− n(eq)
x − 2γv

kTR
− ξK0

Dc
(eq)
y

R ≈ 0, (55)

which has two roots,

R∗
1,2 =

Dc
(eq)
y

(
S − 1− n

(eq)
x

)

2ξK0
×

×
{
1∓

[
1− 8γvξK0

kTDc
(eq)
y

(
S − 1− n

(eq)
x

)2
]1/2}

, (56)
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existing if the discriminant is positive. Accordingly,
the condition of zero discriminant is used to determine
the threshold supersaturation below which no solutions
exist,

Ŝ ≈ 1 + n(eq)
x +

(
8γvξK0

kTDc
(eq)
y

) 1
2

, (57)

which, after substituting into Eq. (56), defines the
threshold radius,

R̂ =
Dc

(eq)
y

(
Ŝ − 1− n

(eq)
x

)

2ξK0
≈
(
2γvDc

(eq)
y

kT ξK0

) 1
2

. (58)

The nucleation rate under irradiation conditions
can be calculated using the Fuchs algorithm for deter-
mining the quasi-equilibrium size distribution function
(see Part 1 [19]), which in the quasi-classical approxi-
mation is defined as ρ̃0(y) ≡ ρ0 (y(x)) and can be cal-
culated from the discrete balance equation,

β̃y(y − 1)s(y − 1)ρ̃0(y − 1)−

−
[
α̃(th)
y (y) + α̃(irr)

y (y)
]
s(y)ρ̃0(y) = 0. (59)

In the approximation adopted in Eq. (54), this
balance equation, Eq. (59), can be represented in
the recurrence form (see details in Appendix A in
Part 1 [19]),

ρ̃0(y − 1)

ρ̃0(y)
≈ S−1

[
ǫ exp

(
2γv

RkT

)
+

ξK0R

Dc
(eq)
y

]
, (60)

where ǫ = exp
(
n
(eq)
x

)
, which in the above considered

limits n
(eq)
x , c

(eq)
y , Ψ

c
(eq)
y

≪ 1 and R∗ ≫ 2γv
kT , ultimately

modifies the nucleation rate equation (Eq. (28) from
Part 1 [19]) to the following form:

Ṅ ≈ 4πDR∗
(
Sc(eq)y

)2
v−1×

×
{

1

6π

[
ǫax∗−1 − S−1 ξK0

Dce,∞

(
3v

4π

) 1
3

x∗− 1
3 −

−S−1 ξK0

Dce,∞

(
3v

4π

) 1
3

ax∗− 2
3

]} 1
2

×

× exp

[
x∗ ln

S

ǫ
− 3

2
ax∗ 2

3 − 3

4

ξK0

Dce,∞

(
3v

4π

) 1
3

x∗ 4
3

]
.

(61)

6. RESULTS

At the initial stage of irradiation, which is relatively
long, until

ρd ≪
(
4αviK0

Dv

)1/2

,

recombination of point defects is the governing sink for
point defects, and thus the vacancy concentration is
estimated as

cv ≈
(

K0

αviDv

)1/2

,

where αvi ≈ 6.6 · 1020 m–2 is the point defect recombi-
nation constant in bcc Fe (evaluated in [39]), and Dv

is the vacancy diffusion coefficient.
Taking into account that in the majority of met-

als, diffusion is determined by the vacancy mechanism
[40], whereas the thermal self-diffusion coefficient in α-
Fe, D(th)

s , and the diffusion coefficient of Cr in Fe–Cr
alloys, D(th)

x , are rather close [41], i. e.,

D(th)
x ∼ D(th)

s ≈ Dvc
(th)
v ,

where c
(th)
v is the thermal concentration of vacancies,

the irradiation-enhanced Cr diffusion coefficient can be
estimated as

D ≡ Dx ∼ Dvcv ≈
(
DvK0

αvi

)1/2

,

or
D

K0
≈
(

Dv

αviK0

)1/2

,

and, consequently, the threshold supersaturation Ŝ

will increase with an increase in the damage rate K0,
Eq. (57). In particular, this can lead to a situation
where, at high damage rates, the concentration cy is
below the threshold value ĉy = Ŝc

(eq)
y , and thus nucle-

ation of precipitates becomes impossible (as explained
above), whereas at lower damage rates cy > ĉy = Ŝc

(eq)
y

and thus nucleation and growth of precipitates will
occur.

This trend is qualitatively consistent with recent ob-
servations of irradiation-induced dissolution of α′ pre-
cipitates in Fe-15Cr alloys [18], where pre-irradiation
samples with precipitates were subjected to self-ion
irradiation at different damage rates (from 10−5 to
10−3 s–1) and temperature T ≈ 673 K. In these tests,
the pre-existing α′-precipitates dissolved at high dam-
age rates of 3 ·10−4 and 10−3 s–1, but at a damage rate
of 10−4 s–1 the number density of the precipitates in-
creased and the average radius decreased with increas-
ing dose.
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Taking into account that [40]

Dv ≈ αfva
2υ exp

(
−E

(m)
v

kT

)
,

where α = 1/6 is the geometric factor in the bcc lattice,
fv = 0.727 is the bcc correlation factor, a = 0.287 nm
is the lattice parameter for bcc Fe, υ ≈ 1013 s–1 is the
attempt frequency, and Em

V ≈ 0.68 eV is the activa-
tion energy of the vacancy migration (estimated, e. g.,
in [42]), which brings in Dv(673 K) ≈ 8 · 10−13 m2·s−1,
the threshold supersaturation can be estimated using
Eq. (57) as Ŝ ≈ 1.2 at K0 = 10−5 s–1, Ŝ ≈ 1.3 at
K0 = 10−4 s–1, and Ŝ ≈ 1.6 at K0 = 10−3 s–1. After
pre-irradiation stage of the tests [18], the Cr concen-
tration in the matrix was cy ≈ 0.13, which corresponds
to the supersaturation S = cy/c

(eq)
y ≈ 1.44 (given that,

according to the Calphad database, c(eq)y ≈ 0.09 at this
temperature, cf. [43]). Therefore, nucleation of precip-
itates will be continued during the irradiation stage at
K0 = 10−5 and 10−4 s–1, whereas at K0 = 10−3 s–1 it
will be suppressed and only dissolution of pre-existing
precipitates will take place, in qualitative agreement
with observations.

In addition to the formation of fine scale precip-
itates at K0 = 10−5 and 10−4 s–1, irradiation will
also cause pre-existing coarse precipitates to shrink,
until complete stabilisation of the system is reached
(so-called ‘inverse Ostwald ripening’). The stabilised
state of the system in this case is characterised by a
balance between the dissolution and growth of existing
particles in the absence of nucleation of new particles
[44], and, as shown in Part 1 [19], is described by the
thresholds values, Sst = Ŝ and Rst = R̂, evaluated
above in Eqs. (57) and (58).

The particle number density in this state is esti-
mated as [19]

Nst =
3

4πR̂3

(
SA − Ŝ

)
, (62)

where SA = cA/c
(eq)
y , and cA is the total concentration

of solute atoms (equal to ≈ 0.16 in the tests [18]), or,
in terms of the dimensionless number density,

nst = Nstv =
3v

4πR̂3

(
SA − Ŝ

)
, (63)

as shown in Fig. 1, calculated using Eqs. (57), (58) and
(63) at T = 673 K and γ = 0.2 J/m2 (presented in
Section 2) and other parameters defined above. Cor-
respondingly, stabilisation can be achieved, if SA > Ŝ,
but this may take much longer than the duration of
the test.

Given that α′ phase precipitates nucleate in the
Fe-rich matrix with very little lattice mismatch, allow-
ing them to form a coherent interface, nucleation rate
is strongly decreased due to the slow particle growth
mechanism (by two-dimensional nucleation of terraces
on an atomically smooth particle interface) [45], with
its further decrease by ballistic re-solution under irradi-
ation conditions. On the other hand, this decrease can
be effectively compensated by a reduction in the nucle-
ation barrier caused by adsorption and mutual annihi-
lation of excess point defects at the coherent particle
interface under irradiation conditions [35]. Competi-
tion between these effects results in considerable un-
certainty regarding the value of the nucleation barrier.

For these reasons, the obtained results should be
considered as qualitative estimates that can be im-
proved by replacing γ with the effective surface energy
and tuning it to better fit the experimental data. This
approach is similar to earlier considerations of unir-
radiated materials, e. g., by Hyland [46] (as applied to
nucleation of coherent Al3Sc precipitates in a dilute Al-
Sc alloy), who adjusted the average value of the surface
energy γ to a significantly higher value compared to ex-
isting experimental data and atomistic calculations for
this quantity in order to achieve reasonable agreement
between the simplified nucleation model (neglecting the
above discussed increase in the nucleation barrier for
coherent precipitates) and his measurements of nucle-
ation kinetics (cf. [45]).

A kinetic description of irradiation tests could be
performed using the model of nucleation and growth ki-
netics of precipitates that takes into account the ballis-
tic re-solution effects (described by Eqs. (61) and (54)),
as well as the stabilisation of the system (described
by Eqs. (57), (58) and (63)), once the model is im-
plemented in a fuel performance code (e. g., BERKUT
[47]), as foreseen in the near future.

7. DISCUSSION

On the base of a critical analysis of existing models
for nucleation of new phase precipitates in binary al-
loys, such as the generalised Gibbs nucleation model for
two-component solid solutions considered in the regu-
lar solution approximation [8, 9], a new kinetic model
of homogeneous nucleation and growth of α′-phase pre-
cipitates in Fe–Cr alloys was developed. The simplifica-
tions of the regular solution model were overcome by a
more realistic approach, in which each of the two phases
is characterised by its own (independent of the second
phase) set of microscopic parameters, associated with
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Fig. 1. Threshold radius R̂ and supersaturation Ŝ (left), and stabilised particle number density nst (right), calculated using

Eqs. (57), (58) and (63) for T = 673 K and γ = 0.2 J/m2

the actual position of the equilibrium lines (binodals)
on the binary phase diagram. For a diluted Fe–Cr sys-
tem with low mutual solubility of the two components
in both phases (i. e., Cr in the matrix α phase and Fe
in the precipitated α′ phase), the weak solution ap-
proximation was applied to each phase, facilitating the
analytical calculation of the composition and size of the
critical nucleus.

In this approach, the basic postulate of the binary
nucleation theory formulated by Hobstetter [10] and
Reiss [11] was used to calculate the critical nucleus size
and composition (and the related nucleation barrier),
which for binary systems corresponds to a saddle point
on the free energy surface of cluster formation. It was
shown that the critical nucleus composition belongs to
the stable zone of the α′ phase on the Fe–Cr binary
phase diagram, and penetrates even deeper into the
stable zone if the dependence of the interface energy
γ on the precipitate composition is taken into account
(contrary to the predictions of the earlier model [23]),
while the contribution of elastic strain energy to this
effect is insignificant.

It was also noted that the kinetics of nucleation of
binary precipitates cannot be reduced to simple pre-
dictions for unary precipitates, but should be analysed
within the framework of the Reiss kinetic theory of
binary nucleation [11], modified by Langer [15], who
showed that the evolution of the nucleus through a
two-dimensional free energy barrier occurs in the di-
rection of an unstable mode at the saddle point. This
approach was implemented in this work with regard
to the Fr-Cr alloy, and further simplified using the so

called ‘quasi-classical’ approximation, which correctly
takes into account the direction of nucleus evolution
through the nucleation barrier, while conservatively
(under)estimating the pre-exponential kinetic factor of
the nucleation rate.

To determine the direction of nucleus evolution, the
change in the composition of the supercritical nucleus
during its growth was analysed and compared with ex-
isting experimental observations from the literature. In
particular, it was shown that the composition of the
growing particle still belongs to the stable zone of the
phase diagram and approaches the equilibrium (bin-
odal) concentration of the α′ phase. This model pre-
diction is qualitatively consistent with the results of
Mössbauer spectroscopy in long term ageing tests [26]
and the results of APT in irradiation tests [28], but con-
tradicts observations in short ageing tests on Fe-20%Cr
alloys [29].

A possible reason for the discrepancy between the
test results were discussed in [28], where it was associ-
ated with a very strong magnification effect of APT for
small nanoscale precipitates formed during short age-
ing times. Another possible reason for the discrepancy
of the model predictions with observations in the tests
[29] may be related to the high degree of oversaturation
of these alloys, when the Gibbs free energy of nucleus
formation cannot be described by the weak solution
approximation used in the model. Moreover, classical
nucleation theory may not be sufficient for such sys-
tems with a high degree of metastability. It may be
necessary to apply Van der Waals theory, which takes
into account the dependence of thermodynamic param-
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eters on concentration gradients (as discussed in [8] and
considered in phase field calculations [33], which were
successfully applied to analyse the tests [29]).

Following the general approach developed in Part 1
( [19]), the model was further modified to account for
the influence of ballistic re-solution on the kinetics of
nucleation and growth of α′ precipitates. It was shown
that nucleation of precipitates is not possible if the su-
persaturation ratio S of the alloy is below the threshold
value, 1 ≤ S < Ŝ, whereas at higher supersaturations,
irradiation causes existing coarse precipitates to shrink,
but at the same time, fine scale precipitates form and
grow until the system is completely stabilised (so-called
‘inverse Ostwald ripening’). The stabilised state of the
system is established when a balance is reached between
the dissolution and growth of existing particles in the
absence of nucleation of new particles, and is charac-
terised by the threshold values, Sst = Ŝ and Rst = R̂,
evaluated by the model. Since the supersaturation
threshold depends on the irradiation damage rate K0

(at the initial, relatively long stage of irradiation), dif-
ferent regimes (with S > Ŝ (K0) and S < Ŝ (K0)) can
be realised in the same alloy at different damage rates,
in qualitative agreement with recent observations [18].
A quantitative kinetic description of these tests could
be performed using the new model, once it is imple-
mented in the fuel performance code (as foreseen in
the near future).

8. CONCLUSIONS

A new kinetic model of homogeneous nucleation of
α′-phase precipitates in diluted Fe–Cr alloys was de-
veloped using the weak solution approximation (ap-
plicable to both the matrix and precipitate phases),
in which simplifications of the regular solution models
[8, 9] were avoided. The nucleation kinetics was anal-
ysed within the framework of the Reiss kinetic theory
of binary nucleation and further simplified using the
‘quasi-classical’ approximation, which correctly takes
into account the direction of nucleus composition evo-
lution through the nucleation barrier, while conserva-
tively (under)estimating the kinetic factor of the nucle-
ation rate.

It was shown that the composition of the critical
nucleus belongs to the stable zone of the α′ phase on
the Fe–Cr binary phase diagram, and penetrates even
deeper into the stable zone if the dependence of the in-
terface energy γ on the precipitate composition is taken
into account, while the contribution of elastic strain en-
ergy to this effect is insignificant.

The new model predicts that, as the nucleated par-
ticle grows, its composition approaches the equilibrium
(binodal) concentration of the α′ phase, which is consis-
tent with the results of long term ageing and irradiation
tests, but contradicts APT measurements in short term
ageing tests on Fe-20%Cr alloys. This discrepancy can
be explained by a very strong magnification effect in
APT for small nanoscale precipitates (as suggested in
[28]), or, alternatively, by the relatively high Cr con-
centration of the alloy in these tests, where the system
cannot be described using the weak solution model.

The model was further modified to account for the
influence of ballistic re-solution on the kinetics of nucle-
ation and growth of α′ precipitates, following the gen-
eral approach proposed in Part 1 ( [19]). It was shown
that nucleation of precipitates is unfeasible if the su-
persaturation ratio S of the alloy is below the thresh-
old value Ŝ, which depends on the irradiation damage
rate K0, and therefore, different regimes of precipita-
tion behaviour (nucleation and growth at S > Ŝ (K0),
or dissolution at S < Ŝ (K0)) can occur in the same al-
loy at different damage rates, in qualitative agreement
with recent observations [18].
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APPENDIX

The elements

Dij =
1

2

∂2∆G0(x, y)

∂xi∂xj

∣∣∣∣
x∗,y∗

of the matrix D calculated to the principal term in the
expansion by n

(eq)
x ≪ 1 using Eq. (3) take the form

D11 ≡ Dxx ≈ kT

2

(
1

x∗
− 2

9

γ

kT
v

2
3 y∗−

4
3

)
≈

≈ (kT )4

64πγ3v2

(
lnS − n(eq)

x +
n
(eq)
x

S

)3

×

×
(

3S

n
(eq)
x

− 3− lnS + n(eq)
x

)
, (64)
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D22 ≡ Dyy ≈ kT

2

(
x∗

y∗2
− 2

9

γ

kT
v

2
3 y∗−

4
3

)
≈

≈ (kT )4

64πγ3v2

(
lnS − n(eq)

x +
n
(eq)
x

S

)3

×

×
(
2
n
(eq)
x

S
− lnS + n(eq)

x

)
,

(65)

D12 ≈ kT

2

(
1

y∗
− 2

9

γ

kT
v

2
3 y∗−

4
3

)
≈

≈ − (kT )4

64πγ3v2

(
lnS − n(eq)

x +
n
(eq)
x

S

)3

×

×
(
3 + lnS − n(eq)

x

)
, (66)

were D11 > 0 and D12 < 0 above the critical point,

lnS − n(eq)
x +

n
(eq)
x

S
> 0

(see Eq. (14)), while D22 changes its sign, and is pos-
itive for relatively small oversaturations, S ≤ 1.25 (at
n
(eq)
x ≈ 0.1),

detD = D11D22 −D2
12 ≈

≈ −2

9
kTσv

2
3 y∗−

4
3

(
1

x∗
+

2

y∗
+

x∗

y∗2

)
≈

≈ −2

9
kTσv

2
3 y∗−

4
3
1

x∗
≈ −3

(
1

32πγ3v2

)2

(kT )8×

×
(
lnS − n(eq)

x +
n
(eq)
x

S

)7
S

n
(eq)
x

< 0, (67)

da = −D11

D12
=

3S

n
(eq)
x

(
3 + lnS − n

(eq)
x ,

) , (68)

db = −D22

D12
=

(
2
n(eq)
x

S − lnS + n
(eq)
x

)

(
3 + lnS − n

(eq)
x

) , (69)

r =
β∗
x

β∗
y

≈ (1− cy)

cy

R∗

a
≫ 1, (70)

where
β∗
y = βy (R

∗) = DcyR
∗−1v−1,

β∗
x = βx (R

∗) ≈ D (1− cy) a
−1v−1

(see Eqs. (26) and (27)).

Substituting these expressions into Eqs. (35)–(40),
an analytical formula for the nucleation rate Ṅ is ob-
tained, which, however, turns out to be rather cumber-
some and therefore can be further analysed numerically.
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