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ZONE STRUCTURE AND POLARIZATION PROPERTIES OF THESTACK OF A METAMATERIAL-BASED CHOLESTERIC LIQUIDCRYSTAL AND ISOTROPIC MEDIUM LAYERSA. H. Gevorgyan a*, G. K. Matinyan baDepartment of Physi
s, Yerevan State University0025, Yerevan, ArmeniabArmenian Agrarian State University009, Yerevan, ArmeniaRe
eived May 26, 2013The opti
al properties of a sta
k of metamaterial-based 
holesteri
 liquid 
rystal (CLC) layers and isotropi
medium layers are investigated. The problem is solved by a modi�
ation of Ambartsumian's layer additionmethod. CLCs with two types of 
hiral nihility are de�ned. The pe
uliarities of the re�e
tion spe
tra of thissystem are investigated and it is shown that the re�e
tion spe
tra of the sta
ks of CLC layers of these two typesdi�er from ea
h other. Besides, in 
ontrast to the single CLC layer 
ase, these systems have multiple photoni
band gaps. There are two types of su
h gaps: those sele
tive with respe
t to polarization of the in
ident lightand nonsele
tive ones. It is shown that the system eigenpolarizations mainly 
oin
ide with the quasi-orthogonal,quasi-
ir
ular polarizations for normally in
ident light, ex
ept the regions of di�ra
tion re�e
tion sele
tive withrespe
t to the polarization of in
ident light. The in�uen
e of the CLC sublayer thi
knesses, the in
iden
e angle,the lo
al diele
tri
 (magneti
) anisotropy of the CLC layers, and the refra
tive indi
es and thi
knesses of theisotropi
 media layers on the re�e
tion spe
tra and other opti
al 
hara
teristi
s of the system is investigated.DOI: 10.7868/S00444510140501151. INTRODUCTIONMaterial s
ien
e was energeti
ally developing re-
ently, and its part 
on
erning the opti
al materialswas developing even more energeti
ally. In parti
ular,metamaterials are of great interest. Metamaterials arearti�
ial 
omposites 
ontaining sublongwave stru
turesand exhibiting new linear and nonlinear opti
al proper-ties su
h as negative refra
tion, reverse Doppler e�e
t,ele
tromagneti
 energy propagation in the dire
tion op-posite to the wave ve
tor, and so on [1�9℄. They havesurprising appli
ations to perfe
t lenses [10℄, invisible
loaks [11�16℄, perfe
t absorbers [17℄, et
.Investigations of photoni
 
rystals (PCs) are still ofgreat interest both for their wide appli
ation in s
i-en
e and te
hniques and for developing the modernte
hnology of 
reating new media. They have a pho-toni
 band gap (PBG) in their transmittan
e spe
trumthat 
an be 
hanged either by external �elds or by*E-mail: agevorgyan�ysu.am

the 
hanges in the 
rystal internal stru
ture [18�20℄.The opti
al devi
es based on PCs have su
h proper-ties as multifun
tionality and tunability, 
ompa
tnessand low energeti
 losses, high reliability and good 
om-patibility with other opti
al devi
es. Cholesteri
 liquid
rystals (CLCs) are known as PCs with easily tunableparameters (their parameters 
an be tuned by exter-nal ele
tri
, magneti
, and strong light �elds, thermalgradients, or UV radiation, et
.) A CLC is a self-assembled PC formed by rod-like mole
ules, in
luding
hiral mole
ules that arrange themselves in a heli
alfashion. The CLC has a single PBG and an asso
iatedone-
olor re�e
tion band for 
ir
ularly polarized lightwith the same handedness as the CLC helix (at normallight in
iden
e). On the other hand, PCs with multiple(poly
hromati
) PBGs are attra
ting mu
h attentionre
ently. They �nd wide appli
ation, in parti
ular, indisplay industry.Multiple PBGs of one-dimensional stru
tures 
on-taining CLC and isotropi
 layers were reported in sometheoreti
al and experimental works [21�23℄. Analoguosinvestigations of one-dimensional multilayer stru
tures877
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ontaining CLC and anisotropi
 layers were 
arried outin [24℄. In [25℄, quasi-periodi
 systems des
ribed by theFibona

i sequen
e and 
ontaining CLC layers were in-vestigated. The multiple PBGs are also formed in asta
k 
ontaining right- and left-hand CLC layers [26�30℄. In [31℄, the re�e
tion and polarization pe
uliaritiesof sta
ks of CLC and isotropi
 media layers were inves-tigated.Re
ently, the 
hiral nihility media have be
ome in-teresting. The 
on
ept of 
hiral nihility in ele
tromag-netism was introdu
ed by Lakhtakia [32℄, as a mediumin whi
h both diele
tri
 and magneti
 permittivities arezero. The nihility 
on
ept was then applied to isotropi

hiral metamaterials in [33℄, whose pe
uliarities havere
ently been energeti
ally investigated in [34�37℄ (alsosee the referen
es in them).In this paper the 
on
ept of nihility is generalized tostru
turally 
hiral media (su
h as CLC) and, using it,the pe
uliarities of a sta
k formed by CLC layers withnihility and isotropi
 media layers are investigated.2. THE METHOD OF ANALYSISThe problem is solved by a modi�
ation of Ambart-sumian's layer addition method [26; 38℄. A

ording to[26; 38℄, if there is a system 
ontaining two layers, Aand B, sta
ked up �from left to right�, then the re-�e
tion and transmission matri
es of the system A+B,denoted by R̂A+B and T̂A+B, are de�ned by the anal-ogous matri
es of the separate layers as follows:R̂A+B = R̂A + ~̂TAR̂B hÎ � ~̂RAR̂Bi�1 T̂A;T̂A+B = T̂B hÎ � ~̂RAR̂Bi�1 T̂A; (1)where Î is the unit matrix and the tilde denotes the re-�e
tion and transmission matri
es of the reverse lightpropagation. The same matri
es for the reverse propa-gation of light are de�ned by the matrix equations~̂RA+B = ~̂RB + T̂B ~̂RA hÎ � R̂B ~̂RAi�1 ~̂TB ;~̂TA+B = ~̂TA hÎ � R̂B ~̂RAi�1 ~̂TB : (2)In the 
ase where the subje
t layer borders the samemedium on its both sides, the re�e
tion and transmis-sion matri
es for the in
iden
e �from right to left� arerelated by ~̂T = F̂�1T̂ F̂ ; ~̂R = F̂�1R̂F̂ ; (3)where F̂ =  1 00 �1 ! for linear base polariza-tions and F̂ =  0 11 0 ! for 
ir
ular base polariza-

tions. The exa
t re�e
tion and transmission matri-
es for a �nite CLC layer (for normal light in
iden
e)and an isotropi
 layer of a �nite thi
kness are wellknown [39; 40℄.Transmission/re�e
tion through a sta
k of CLC lay-ers and isotropi
 medium layers is 
al
ulated using ma-trix equations (1) by su

essively applying them to thenew layers added to the sta
k; the sta
k was 
onsideredas layer A and the added layer as layer B. Hen
e, toorganize the 
al
ulations more 
onveniently, system (1)is presented in the form of di�eren
e matrix equationsR̂j = r̂j + ~̂tjR̂j�1 �Î � ~̂rjR̂j�1��1 t̂j ;T̂j = T̂j�1 �Î � ~̂rjR̂j�1��1 t̂j (4)with R̂0 = 0̂ and T̂0 = Î . Here, R̂j , T̂j , R̂j�1, and T̂j�1are the re�e
tion and transmission matri
es for the sys-tems with j and j�1 sublayers respe
tively, and r̂j andt̂j are the re�e
tion and transmission matri
es for thejth sublayer and 0̂ is the zero matrix.It is to be noted that in [41; 42℄, a new method forsolving the problem of light propagation through a one-dimensional layer system was des
ribed.We now pass to the eigenpolarizations (EPs) andeigenvalues of the amplitude. As is known, EPs arethe two polarizations of the in
ident wave that do not
hange when passed through the system, and the eigen-values are the amplitude 
oe�
ients of re�e
tion andtransmission for the in
ident light with the EPs [38; 40℄.The EPs and eigenvalues deliver mu
h informationabout the intera
tion of light with the system; there-fore, their 
al
ulation is important for every opti
al sys-tem. It follows from the de�nition of EPs that theymust be 
onne
ted with the polarizations of the inter-nal waves (eigenmodes) ex
ited in the medium (theymainly 
oin
ide with the polarizations of eigenmodes).Our investigations show, in parti
ular, that in homo-geneous media and CLC (for the normal in
iden
e) forwhi
h the exa
t solution is known and hen
e the po-larizations of the eigenmodes are known, the EPs pra
-ti
ally 
oin
ide with the polarizations of eigenmodes.As is known (in parti
ular, for normal in
iden
e), theEPs of CLCs or gyrotropi
 media pra
ti
ally 
oin
idewith the orthogonal 
ir
ular polarizations, whereas fornongyrotropi
 media, they 
oin
ide with the orthogo-nal linear polarizations. It follows from the foregoingthat the investigation of the EP pe
uliarities is espe-
ially important in the 
ase of nonhomogeneous media,for whi
h, in general, the exa
t solution of the problemis not known.878
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ture and polarization properties : : :We let the ratio of the �eld 
omplex amplitude 
om-ponents at the entran
e of the system be denoted by�i (�i = Esi =Epi ) and that at the exit of the system by�t (�t = Est =Ept ), and take into a

ount that" EptEst # = " T11 T12T21 T22 #" EpiEsi #to obtain their relation:�t = T22�i + T21T12�i + T11 : (5)The fun
tion, �t = f(�i), is 
alled the polarizationtransfer fun
tion [40℄; it 
arries information about thetransformation of the polarization ellipse as light passesthrough the system. Every opti
al system has two EPsobtained from the de�nition of EPs: �i = �t. Hen
e,a

ording to (5), the �1 and �2 EPs are given by�1;2 = T22 � T11 �p(T22 � T11)2 + 4T12T212T12 : (6)

The ellipti
ity e1;2 and the azimuth  1;2 of the EPsare expressed in terms of �1;2 as 1;2 = 12 ar
tg 2�1;21� j�1;2j2 ;e1;2 = tg�12 ar
sin 2 Im�1 + j�j2� : (7)3. RESULTS AND DISCUSSIONNow we analyze the spe
tra pe
uliarities of the mul-tilayer stru
ture that is a sta
k of CLC layers withnihility and an isotropi
 medium layers (Fig. 1). We�rst dis
uss some properties of a single CLC layer andthe possibility of generalizing the 
hiral nihility 
on-
ept for CLCs. We assume that the ele
tromagneti
wavelength is longer than the 
hara
teristi
 lengths ofthe subje
t metamaterial stru
ture elements (of whi
hthe medium is 
omposed), whi
h allows 
onsidering themedium 
ontinuous and 
hara
terizing it in terms ofthe diele
tri
 and magneti
 permittivity matri
es of theform
"̂(z) = 0BBBBBB� "m + �"2 
os(2az) �"2 sin(2az) 0�"2 sin(2az) "m � �"2 
os(2az) 00 0 "2

1CCCCCCA ;
�̂(z) = 0BBBBBB� �m + ��2 
os(2az) ��2 sin(2az) 0��2 sin(2az) �m � ��2 
os(2az) 00 0 �2

1CCCCCCA ; (8)
where "m = "1 + "22 ; �m = �1 + �22 ;�" = "1 � "22 ; �� = �1 � �22 ;"1 and "2 are the prin
ipal values of the diele
tri
 ten-sor, �1 and �2 are those of the magneti
 tensor, anda = 2�=p, where p is the helix pit
h.It is known (see, e. g., [43; 44℄) that the solutions ofMaxwell's equations (for normal light in
iden
e) for theCLC with the diele
tri
 and magneti
 tensors given by(8) have the form

E(z; t) = 4Xj=1 �E+j n+ exp(ik+j z)+E�j n� exp(ik�j z)��� exp(�i!t): (9)Here, n� = (ex� iey)=p2 are the 
ir
ular polarizationunit ve
tors, ! is the light frequen
y in the va
uum, andk+j and k�j are the z 
omponents of the wave ve
tors(k+j � k�j = 2a) that are de�ned from the dispersionequation and have following formk+j = a�K1;2; k�j = �a�K1;2; j = 1; 2; 3; 4; (10)where879



A. H. Gevorgyan, G. K. Matinyan ÆÝÒÔ, òîì 145, âûï. 5, 2014K1;2 =8<:!2
2 "1�2 + "2�12 + a2 �� "�!2
2 "1�2�"2�12 �2+4a2!2
2 "m�m#1=29=;1=2 : (11)The amplitudes E+j and E�j are related as�j = E�jE+j = 1� i�j1 + i�j ; (12)where �1;2 = iaK1;2(�1 + �2)K21;2�2 + a2�1 � (!2=
2)�1�2"2 :In the investigations of opti
al properties of CLCs,two 
oordinate frames are 
ommonly used: the labora-tory frame (x; y; z), with the z axis parallel to the axisof the CLC helix, and the rotating frame (x0; y0; z0),with the z0 axis 
oin
iding with the z axis, and thex0 and y0 axes being parallel to the primary dire
-tion of the diele
tri
 permittivity (magneti
 permeabil-ity) tensor. Two approa
hes are possible when solvingMaxwell's equations [45℄.1) Leaving the ve
tors of the ele
tri
 and magneti
�elds as well as the two 
orresponding indu
tions in-variable, we 
an transform the tensor of the diele
tri
permittivity to the form"̂(z) = R̂(az)"̂0R�1(az);where "̂0 = 0B� "1 0 00 "2 00 0 "2 1CAis the diele
tri
 permittivity lo
al tensor, and the rota-tion matrix isR̂(az) = 0B� 
os(az) � sin(az) 0sin(az) 
os(az) 00 0 1 1CA(and the same for the magneti
 permeability).2) Leaving the diele
tri
 permittivity tensor (andthe magneti
 permeability tensor) invariable in the lo-
al rotating frame, we 
an transform the ve
tors of ele
-tri
/magneti
 �elds and the 
orresponding indu
tionsa

ording to the equation E(z) = R̂�1(az)~E(z).Both methods are equivalent and ultimately givethe same result. Formula (9) is the solution ofMaxwell's equation in the laboratory frame. We only

note that the solution of Maxwell's equations in therotating frame has the form~E(z; t) = 4Xj=1 ~E0j exp(iKjz) exp(�i!t); (13)i. e., Kj are the wave ve
tors of the �elds in the rotatingframe. Thus, (9) is the solution of Maxwell's equationsin the laboratory frame and (13) is that in the rotatingframe and, a

ordingly, k�j (j = 1; 2; 3; 4) are the wavenumbers in the laboratory frame and �K1;2 are thosein the rotating frame.Figure 2 presents the dependen
es of K1;2 on thewavelength for the CLC with low diele
tri
 and mag-neti
 anisotropies. From the four roots only those twoare sele
ted that have positive imaginary parts. Itfollows from (9) that for light propagation along themedium axis, only four eigenmodes are present, ea
hof whi
h is a superposition of two 
ir
ularly polarizedplane waves. A

ording to the signs of k+j and k�j informula (9), they 
an be either two waves with opposite
ir
ular polarizations traveling in the same dire
tion (inthe 
ase of the same signs of k+j and k�j ) or two waveswith the same 
ir
ular polarization traveling in the op-posite dire
tions (in the 
ase of the opposite signs ofk+j and k�j ). As 
an be seen from the �gure, there isa wavelength region where K1;2 are purely imaginary.This wavelength region 
orresponds to the PBG, thatis, the propagating waves polarized 
ir
ularly and hav-ing the same handedness as the media helix are absentin this region. We have j�2j = 1 in the PBG. The PBGborders are de�ned from the 
onditionK2 = 0 and havethe forms �1 = pp"1�1; �2 = pp"2�2 : (14)We note again that only the eigenmode with the 
ir-
ular polarization 
oin
ident with the CLC helix hand-edness undergoes di�ra
tion re�e
tion, in the 
ase oflight propagation along the CLC axis and for low lo-
al anisotropy. Substantially, the di�ra
tion re�e
tiontakes pla
e only in the �rst order and it is 
ompletelyabsent in all higher orders, whi
h is illustrated by thedispersion 
urves in Fig. 2.The pe
uliarities of the eigensolutions of CLCs areinvestigated in [46℄ and the possibilities of ex
iting newtypes of PBGs are presented for large anisotropies ofthe medium, namely, the dire
t and the indire
t non-sele
tive PBGs (with respe
t to the in
ident light po-larizations, in 
ontrast to the usual PBGs, whi
h aresele
tive with respe
t to the polarization of in
identlight).880
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Fig. 1. Sket
h of a sta
k of CLC layers and isotropi
 medium layers
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Fig. 2. The dependen
es of K1;2 on the wavelength�. The CLC parameters are "1 = 2:29, "2 = 2:143,�1 = 1:1, �2 = 1, and p = 420 nmAs is well known [33℄, the isotropi
 
hiral nihilitymetamaterials are the media with the parameters " == 0, � = 0, and � 6= 0 (here, � is the 
hirality parameterof the isotropi
 
hiral metamaterial). Be
ause a CLCis lo
ally anisotropi
, we de�ne the CLC with 
hiralnihility as the CLC with "m = �m = 0 and p 6= 0.There 
an be two types of heli
oidal stru
tures withsu
h parameters1) "1=�1 = "2=�2 < 0 (
hiral nihility of the �rsttype);2) "1=�1 = "2=�2 > 0 (
hiral nihility of the se
ondtype).Both types di�er from ea
h other only by the phaseof the modulation of diele
tri
 and magneti
 permittiv-ities; in the �rst 
ase, these phases 
oin
ide, and in these
ond 
ase, the phase di�eren
e is �=2.For these 
onditions, we haves�!2
2 "1�2 � "2�12 �2 + 4a2!2
2 "m�m = 0;K1;2 =r!2
2 "1�2 + "2�12 + a2:

In the �rst 
ase,!2
2 "1�2 + "2�12 + a2 > 0;and therefore K1;2 are always real (of 
ourse, in theabsen
e of absorption or ampli�
ation), whereas in these
ond 
ase, the values of K1;2 are purely imaginary atthe wavelengths� � ps����"1�2 + "2�12 ���� : (15)A

ording to these formulas, in the �rst 
ase, the CLClayer is transparent, and in the se
ond 
ase, a PBG ofa new type appears in the spe
trum region (15) de�nedabove, where the CLC 
ompletely re�e
ts the in
iden
elight with any polarization.In Fig. 3, the dependen
es of the wave numbersK1;2on the wavelength for the CLCs of the above two typesof 
hiral nihility are presented.We now pass to the investigation of the pe
uliaritiesof the re�e
tion spe
tra, polarization plane rotation,and the azimuth and ellipti
ity of the EPs of a sta
k
omposed of CLC layers and isotropi
 medium layers.3.1. Re�e
tion spe
tra. Spe
tra of thepolarization 
hara
teristi
sWe �rst note on
e again that the opti
al prop-erty pe
uliarities of a sta
k 
omposed of CLC andisotropi
 medium layers at low diele
tri
 and magneti
anisotropies of CLC layers were dis
ussed in [31℄. InFig. 4, we show the re�e
tion spe
tra, the polarizationplane rotation and the polarization ellipti
ity spe
tra,and the spe
tra of the azimuth and the ellipti
ity ofthe �rst EP for normal light in
iden
e in 
ases whenthe CLC layers in the sta
k have 
hiral nihility of the�rst and se
ond type. In Figs. 4a and 4b, the in
i-dent light has the right (solid 
urve) and left (dashed
urve) 
ir
ular polarizations; in Fig. 4
,d, it has lin-ear polarization along the x axis. The CLC heli
es are8 ÆÝÒÔ, âûï. 5 881
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Fig. 3. The dependen
es of K1;2 on the wavelength �. The CLC parameters are (a) "1 = �0:9, "2 = 0:9, �1 = 0:9, and�2 = �0:9; (b) "1 = �0:9, "2 = 0:9, �1 = �0:9, and �2 = 0:9, and p = 420 nmright-handed. The refra
tive indi
es of the isotropi
layers are n = 1:5. Here and below, the 
ase n0 = 1 is
onsidered, that is, we assume that the system is in theva
uum and, unless spe
i�ed otherwise, it is assumedthat the �rst sublayer of the system is isotropi
. Forthe azimuth and the ellipti
ity of the se
ond EP, wehave e2 � �e1 and  2 � � 1. In Fig. 5, for 
ompar-ison, we show the re�e
tion spe
tra, the polarizationplane rotation and the polarization ellipti
ity spe
tra,the spe
tra of the azimuth and the ellipti
ity of the�rst and se
ond EPs for normal light in
iden
e in the
ase of CLC layers with low diele
tri
 and magneti
anisotropies. The 
omparison of the re�e
tion spe
train Figs. 4 and 5 with the analogous spe
tra of the CLCsingle layer shows the following.1) In the sta
k 
ase, polarization sensitivity ap-pears, in the 
ase of normal light in
iden
e, in spite ofthe polarization insensitivity of both the isotropi
 layerand the single CLC layer with 
hiral nihility. This sen-sitivity is 
onditioned by the di�eren
e of the EPs ofthese two layers, and due to this di�eren
e the EPs ofthe sta
ked stru
ture di�er from both the EPs of CLClayers and those of the isotropi
 layers.2) In 
ontrast to a single CLC layer with 
hiral ni-hility, this system has multiple PBGs, whereas for asingle CLC layer with 
hiral nihility of the �rst type,as mentioned above, there is no PBG at all, while in these
ond 
ase there is only one. Moreover, a sta
k withthe CLC layers with 
hiral nihility of the se
ond typealso has a shortwave PBG in the spe
trum region (15),

as a single CLC layer with the 
hiral nihility of thesame type. There are PBGs of two types: the PBGsindependent of the in
ident light polarization and thosedependent on the polarization. We note that the emer-gen
e of these two types of PBGs (those sele
tive withrespe
t to the in
ident light polarization and nonsele
-tive ones) has been observed for periodi
 
hiral PCsof very di�erent types [47�50℄. The 
ompli
ated zonestru
ture is 
aused by light di�ra
tion at the periodi

hiral stru
ture and that for the a
hiral ones, as wellas by the 
oupling of waves of these two types.As our numeri
al 
al
ulations show, in the 
ase ofa sta
k of CLC layers with the �rst 
hiral nihility type,for n = 1:0 (i. e., for the equidistant CLC layers, in theva
uum) there is no re�e
tion at all (R � 0) (as in the
ase of a single CLC layer with the 
orresponding 
hi-ral nihility type) for every polarization of the in
identlight and in all the opti
al spe
tral range, although thesystem is 
omposed of isotropi
 layers and of CLC lay-ers with signi�
antly larger anisotropy. This pe
uliar-ities of the subje
t system 
an �nd wide appli
ations,in parti
ular, for 
reating nonre�e
ting 
oatings. Also,in this 
ase, the system possesses gyrotropy (i. e., rota-tion of the polarization plane di�ers from zero and theellipti
ity di�ers from linearity, for in
ident light withlinear polarization.)As our 
al
ulations show, the system EPs arenonorthogonal, but are quasi-
ir
ular and, for theodd sublayer number in the system, e2 = �e1 and 2 = � 1. If the sublayer number in the system is882
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Fig. 4. (a and b ) The re�e
tion spe
tra, (
 and d ) the spe
tra of the polarization plane rotation (solid line) and polarizationellipti
ity (dashed line), and (e and f) the azimuth (dashed line) and the ellipti
ity (solid line) of the �rst EP in the 
ases(a, 
, and e) a sta
k with CLC layers with 
hiral nihility of the �rst type, (b, d, and f) a sta
k with CLC layers with 
hiralnihility of the se
ond type for normal light in
iden
e. (a,b) in
ident light has the right (solid 
urve) and left (dashed 
urve)
ir
ular polarization, and (
,d) linear polarization along the x axis. The CLC layers heli
es are right handed, and d = 2p.The refra
tive index of the isotropi
 layers is n = 1:5 and their thi
knesses are d1 = 200 nm, s = 50 (a, 
, and e) ands = 10 (b, d, and f). The other parameters are the same as in Fig. 3even, e2 
an signi�
antly di�er from �e1 and, a

ord-ingly,  2 
an signi�
antly di�er from � 1. For n = 1:0,the EPs are orthogonal, �1��2 = �1, for both even andodd sublayer numbers in the system. As our 
al
u-lations show in the 
ase n = 1:0, the system EPs areorthogonal ellipti
 polarizations for both types of nihili-ties. For the �rst type, the EP ellipti
ity monotonouslyin
reases with � (in modulus), and for the se
ond type,the EPs are orthogonal 
ir
ular polarizations.3.2. In�uen
e of the thi
kness of CLC layersWe now pass to the investigation of the in�uen
eof the CLC layers thi
kness 
hanges on the re�e
tionspe
tra. As previously, we 
onsider the 
ase where the�rst sublayer is isotropi
. In Fig. 6, the evolution of re-�e
tion spe
tra with 
hanging the CLC layers thi
kness

d is presented. The in
ident light has the left (left 
ol-umn) and right (right 
olumn) 
ir
ular polarizations.The �rst row is for the sta
k with CLC layers with 
hi-ral nihility of the �rst type and the se
ond row is forthe sta
k with CLC layers with 
hiral nihility of the se
-ond type. Brighter regions present stronger re�e
tion.As 
an be seen from Fig. 6, the frequen
y lo
ationsand frequen
y widths of the PBGs are fun
tions of theCLC layers thi
knesses. When the CLC layers thi
k-nesses in
rease, the PBG quantity and their frequen
ywidths 
hange. The PBG frequen
y widths in
reaseperiodi
ally; then they de
rease, and all this o

urs insigni�
antly large intervals, espe
ially in the longwaveregion. Also, it is seen from this �gure that the brightlines are pra
ti
ally verti
al in the longwave region forthe left 
ir
ularly polarized in
ident light if the sta
k883 8*
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Fig. 5. (a) The re�e
tion spe
tra, the spe
tra of (b) the polarization plane rotation and polarization ellipti
ity, (
 andd) the azimuth and the ellipti
ity of the �rst and se
ond EPs for low diele
tri
 and magneti
 anisotropies of CLC layers,d = 1000 nm. The refra
tive index of the isotropi
 layers is n = 1:7 and their thi
knesses are d1 = 100 nm. The otherparameters are the same as in Fig. 2with the CLC has 
hiral nihility of the �rst type andalso for the right 
ir
ularly polarized in
ident light andfor the se
ond type 
hiral nihility. This means that
hanging the thi
kness of CLC layers 
an either giverise PBGs with a very large frequen
y width or lead totheir vanishing. Also, it is seen from the �gure that thePBGs are not formed near the wavelength � = 600 nmfor any values of the CLC layer thi
knesses. In the
ase of the sta
k with CLC layers with 
hiral nihilityof the �rst type, the same holds near the wavelength� = 300 nm. We note that these wavelengths satisfythe 
ondition nd1 = i� (i = 1; 2; : : : ).If d in
reases, the slope of the PBG white stripes
hanges (with respe
t to the wavelength axis), i. e., anin
rease in d leads to a de
rease or in
rease in the PBGmaximum frequen
y width. In the 
ase of a sta
k ofCLC layers with 
hiral nihility of the se
ond type, thefrequen
y width of the shortwave PBG is pra
ti
allyun
hanged if the thi
knesses d in
rease (after their 
er-tain value). This shortwave PBG is observed in thesta
k of the CLC with the se
ond-type 
hiral nihilityand, as noted above, this PBG is also observed for a

single CLC layer.3.3. In�uen
e of the CLC lo
al diele
tri
anisotropyThe diele
tri
 anisotropy � = ("1 � "2)=2 is of theorder of 0.5 or less for ordinary CLCs, but re
entlysome arti�
ial 
rystals (metamaterials) have been 
re-ated with the diele
tri
 anisotropy varying in a broadrange. It seems that they 
an be used to fabri
ateCLC-like heli
al periodi
 media that have huge lo
alanisotropy. Su
h media with a 
omparatively weakeranisotropy have been made long ago [51; 52℄. On theother hand, there is 
onsiderable interest in the CLCdoped with nanoparti
les (either ferroele
tri
 or ferro-magneti
 parti
les; see [53℄ and the referen
es therein).The presen
e of these nanoparti
les in the CLC stru
-ture leads to a signi�
ant in
rease in lo
al (diele
tri
and magneti
) anisotropy, a signi�
ant 
hange of thetemperature of the phase transition from the isotropi
phase to the liquid 
rystalline phase, signi�
ant 
hangeof the frequen
y width and frequen
y lo
ation of the884
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Fig. 6. Evolution of the re�e
tion spe
tra as the CLC layers thi
knesses d 
hange. The in
ident light has (a and 
) left and(b and d) right 
ir
ular polarizations: (a and b ) for a sta
k with CLC layers with 
hiral nihility of the �rst type and (
 andd) for those of the se
ond type. The other parameters are the same as in Fig. 3PBG, a 
hange of the CLC elasti
ity 
oe�
ients, anda signi�
ant in
rease in the tunability of CLCs, et
.It follows from the foregoing that the investigationof the opti
al properties of sta
ks of CLC layers with
hiral nihility and isotropi
 medium layers that havedi�erent values of lo
al diele
tri
 anisotropy, 
an be ofgreat interest. Presenting the prin
ipal values of thelo
al diele
tri
 and magneti
 tensors of the CLC sub-layers in the form "1;2 = �("0�x) and �1;2 = �(�0�x)for the �rst 
ase (i. e., for "m = �m = 0, p 6= 0,and "1=�1 = "2=�2 < 0), and "1;2 = �("0 � x)and �1;2 = �(�0 � x) for the se
ond 
ase (i. e., for"m = �m = 0, p 6= 0, and "1=�1 = "2=�2 > 0), we nextinvestigate the in�uen
e of x on the re�e
tion spe
tra.In Fig. 7, we present the evolution of the re�e
tionspe
tra with x (whi
h 
hara
terizes the lo
al diele
tri
and magneti
 anisotropies). The in
ident light has the

left (left 
olumn) and right (right 
olumn) 
ir
ular po-larizations. The �rst row pertains to the 
ase of a sta
kwith CLC layers with 
hiral nihility of the �rst type,and the se
ond row, to that of the se
ond type. As
an be seen from the �gure, these two 
ases di�er fromea
h other. Their 
ommon feature is that no PBG isformed near the values, x = "0 = �0 ("0 = �0 = 2:5),that is, at "1 = "2 = �1 = �2 = 0, whi
h is natural.The number of PBGs and their frequen
y lo
ation andfrequen
y width 
hange as x 
hanges. In the 
ase of thesta
k with CLC layers with 
hiral nihility of the se
ondtype, if j"0 � xj (or j�0 � xj) in
reases, the frequen
ywidth of the PBGs that are not sele
tive to the in
i-dent light polarization is signi�
antly in
reased and, forlarger values of this parameter, total re�e
tion o

ursin virtually the entire wavelength range. This is alsonatural be
ause PBG is shortwave, with its longwave885
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Fig. 7. Evolution of the re�e
tion spe
tra as x (
hara
terizing the anisotropy) 
hanges: x = "0 � "1;2 = �0 � �1;2 for asta
k with CLC layers with the �rst type 
hiral nihility, and x = "0 � "1;2 = �0 � �1;2 for a sta
k with CLC layers with these
ond type 
hiral nihility. The in
ident light has (a and 
) left and (b and d) right 
ir
ular polarizations: (a and b) for thesta
k with CLC layers with 
hiral nihility of the �rst type; and (
 and d) is for those of the se
ond type. "0 = �0 = 2:5.The other parameters are the same as in Fig. 3border shifted 
loser to the longwave region as j"0 � xj(or j�0 � xj) in
reases. In the 
ase of the sta
k withCLC layers with 
hiral nihility of the �rst type, again,no PBG is formed near the wavelengths � = 600 nmand � = 300 nm, for all values of x.Now, presenting the diele
tri
 and magneti
 ten-sor prin
ipal values for the CLC sublayers in the form"1;2 = �1:25 and �1;2 = �y for the �rst 
ase, and"1;2 = �1:25 and �1;2 = �y for the se
ond 
ase, we in-vestigate the in�uen
e of y on the re�e
tion spe
tra. InFig. 8, we present the evolution of the re�e
tion spe
traas y 
hanges. The other parameters are the same as inFig. 7. As 
an be seen from Fig. 8, the re�e
tion of thesystem 
an also be tuned by 
hanging y. Changes ofy either lead to the vanishing of PBGs or give rise toPBGs with various values of frequen
y widths, polar-

ization sensitively or insensitively, et
. That is, su
h asystem 
an be used as a narrow-band (or a wide-band)�lter or mirror.3.4. In�uen
e of the refra
tive indi
es ofisotropi
 layersWe 
onsider the in�uen
e of 
hanges in the refra
-tive indi
es of isotropi
 layers on the re�e
tion spe
-tra. In Fig. 9, evolution of the re�e
tion spe
tra ispresented, when the refra
tion index n of the isotropi
layers is 
hanged. The in
ident light has left (left 
ol-umn) and right (right 
olumn) 
ir
ular polarizations.The �rst row is for the sta
k with the CLC layers with
hiral nihility of the �rst type, and the se
ond row is forthat of the se
ond type. As 
an be seen from the �gure,886
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Fig. 8. Evolution of the re�e
tion spe
tra as y 
hanges: "1;2 = �1:25 and y = ��1;2 for a sta
k with CLC layers with the�rst type 
hiral nihility, and y = ��1;2 for a sta
k with CLC layers with the se
ond type 
hiral nihility. The parameters andnotations are the same as in Fig. 7
hanging n also strongly in�uen
es the number of thePBGs, their frequen
y width, and frequen
y lo
ation.As n in
reases, the PBGs shift to the longer/shorterwaves (depending on the in
ident light polarization andwavelength region), and the PBG frequen
y width os-
illates and vanishes for 
ertain values of n. As 
anbe seen from Figs. 9
 and 9d, in the 
ase of the sta
kof CLC layers with the se
ond type 
hiral nihility, thefrequen
y width of the above shortwave PBG pra
ti-
ally does not 
hange if the index n in
reases, be
ausethe frequen
y width of this PBG is determined by theparameters of CLC sublayers.3.4. Oblique in
iden
eWe 
onsider the oblique light in
iden
e 
ase. Wedo the numeri
al 
al
ulations as follows. First, we �nd

the re�e
tion and transmission matri
es for ea
h CLCsublayer. For this, we divide ea
h CLC sublayer (withthi
kness d) into many thin layers with the thi
knessesl1, l2, l3; : : : ; lN . If the maximum of these is su�
ientlysmall, we 
an assume that ea
h �subsublayer� is a lin-ear birefringent plate, and the CLC sublayers with thethi
knesses d 
an be regarded as sta
ks of parallel andvery thin birefringent layers, and that the prin
ipal axisof ea
h subsublayer is turned through the small angle2�=N with respe
t to the pre
eding one. We �nd there�e
tion and transmission matri
es of ea
h CLC sub-layer from the system of di�eren
e matrix equations(4), where R̂j , T̂j , R̂j�1, and T̂j�1 are the re�e
tionand transmission matri
es of the CLC sublayers withj and (j � 1) subsublayers, and r̂j and t̂j are the re-�e
tion and transmission matri
es of the jth birefrin-887
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Fig. 9. Evolution of re�e
tion spe
tra as the refra
tive index n of the isotropi
 layers 
hanges. The in
ident light has (aand 
) left and (b and d) right 
ir
ular polarizations: (a and b) for a sta
k with CLC layers with 
hiral nihility of the �rsttype; and (
 and d) for those of the se
ond type. The other parameters are the same as in Fig. 3gent subsublayer. Then to 
al
ulate the re�e
tion ortransmission of the whole system, we again apply thesystem of di�eren
e matrix equations (4), but now R̂j ,T̂j , R̂j�1, and T̂j�1 are the re�e
tion and transmissionmatri
es of the system with j and (j�1) sublayers, andr̂j and t̂j are the re�e
tion and transmission matri
esof the jth sublayer (of the isotropi
 media or CLC).Thus, the problem is redu
ed to the 
al
ulation of there�e
tion and transmission matri
es of a birefringenthomogeneous layer. The analyti
 solution of this prob-lem is well known (see, e. g., [54℄). We pass to theanalysis of the obtained results.In Figs. 10a and 10b, the evolution of re�e
tionspe
tra with the angle � is presented. The in
ident lighthas right and left 
ir
ular polarizations. The sta
k is
omposed of CLC layers with 
hiral nihility of the �rsttype. As the in
iden
e angle in
reases, the PBGs shift

to short waves, but this shift is quite small or absent.Anyhow, this does not o

ur a

ording to Bragg's 
on-dition �B = n�
os �(�B is the PBG 
entral wavelength, n is the averagerefra
tive index of the medium, � is the spatial period,and � is the in
iden
e angle). This 
an be explainedas follows. When the light in
iden
e is oblique, forsmall oblique angles, the in�uen
e of Fresnel's re�e
tionon the transmittan
e/re�e
tion is 
omparatively small,but this in�uen
e signi�
antly in
reases for larger an-gles. If there are no diele
tri
 borders, the angle � issimultaneously the in
iden
e angle and the angle be-tween the in
ident ray and the medium axis (the z axisin Fig. 1). If the diele
tri
 borders are present, the in-
iden
e angle and the angle between the in
ident ray888
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Fig. 10. Three-dimensional plots of the re�e
tion 
oe�
ient R as a fun
tion of the wavelength � and the in
iden
e angle �for a sta
k with CLC layers with 
hiral nihility of (a and b) the �rst and (
 and d) the se
ond type. The in
ident light has(a) left and (b) right 
ir
ular polarizations. The other parameters are the same as in Fig. 3and the medium axis di�er from ea
h other. A

ordingSnell's law, the angle � must be repla
ed by the angle� = ar
sin�n0n sin �� ; (16)where n0 = p"0 is the refra
tive index of the mediumbordering the system on both sides [55℄. For Brewster'sangle, the PBG width vanishes. The further in
reasein the in
iden
e angle leads to an in
rease in the PBGfrequen
y width, and this region be
omes insensitive tothe in
ident light polarization. We also note that as thein
iden
e angle in
reases, new type PBGs o

ur in theshort-wavelength region that are nonsele
tive with re-spe
t to the in
iden
e light polarization. Moreover, in
ontrast to the ordinary PBGs, the frequen
y width ofthese PBGs �rst in
reases, and then, beginning with a
ertain in
iden
e angle, de
reases. In 
ontrast to usual
rystals, at Brewster's angle, re�e
tion vanishes onlyfor the PBGs sele
tive with respe
t to the in
ident lightpolarization.Figures 10b and 10d show the same as Figs. 10a and

10b, i. e., the evolution of the spe
tra for the sta
k 
om-posed of the CLC layers with 
hiral nihility of the se
-ond type. In this 
ase also, some 
ompli
ated 
hangesof the zone stru
ture are observed as the in
iden
e anglein
reases. Here, for larger angles, PBGs o

ur (with asigni�
ant frequen
y width) that are nonsele
tive withrespe
t to the in
ident light polarization.4. CONCLUSIONCon
luding, we note that we investigated the pe
u-liarities of re�e
tion spe
tra of a sta
k of CLC layerswith 
hiral nihility and isotropi
 medium layers. Theseinvestigations give mu
h information about new possi-bilities of applying 
hiral PCs in opti
s and photoni
s.Two types of CLCs with 
hiral nihilities were de�ned.The main pe
uliarity of the re�e
tion spe
tra of theusual single CLC layer is their polarization sensitivity(the re�e
tion spe
tra are not identi
al for the two or-thogonal 
ir
ular polarizations of the in
ident wave).In the 
ase of a single CLC layer with the se
ond type
hiral nihility, a new type of PBG appears that does not889
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k 
ase, this newtype of PBGs appears in any type of isotropi
 layers.Moreover, this system has multiple PBGs. This prop-erty of the subje
t system 
an �nd wide appli
ations,in parti
ular, in display manufa
turing.We have shown that 
hanging the in
iden
e angleand the system parameters (the thi
kness of CLC lay-ers, their diele
tri
 anisotropy, the isotropi
 layer thi
k-nesses, their refra
tive indi
es, et
.), we 
an 
hange thenumber of PBGs, their frequen
y width and frequen
ydistan
e, and (in an essentially wide range) their 
har-a
ter (whether they are sele
tive or nonsele
tive withrespe
t to the in
ident light polarization), their gy-rotropi
 properties, et
.With the possibility of tuning of lo
al parametersby 
hanges in the external �elds (ele
tri
, magneti
,me
hani
al, thermal, light, et
.), espe
ially in the 
asewhere the system stru
ture is soft, or the possibilityof 
hanging the internal stru
ture of the system, thesubje
t system has great prospe
ts, in the sense of itsappli
ations in photoni
s.In parti
ular, the subje
t system 
an �nd appli
a-tion as a tunable opti
al �lter or mirror, a tunable bandasymmetri
 re�e
tor, or as a system that allows obtain-ing 100% polarized radiation from a nonpolarized light(without any loss), or as an antire�e
ting systems, et
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