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GENERAL FEATURES AND MASTER EQUATIONS FORSTRUCTURIZATION IN COMPLEX DUSTY PLASMASV. N. Tsytovih a*, G. E. Mor�ll b**aGeneral Physis Institute, Russian Aademy of Siene119991, Mosow, RussiabMax Plank Institute for Extraterrestrial PhysisG-85740, Garhing, GermanyReeived February 24, 2011Dust struturization is onsidered to be typial for omplex plasmas. Homogeneous dusty plasmas are shown tobe universally unstable. The dusty plasma struturization instability is similar to the gravitational instability andan results in reation of di�erent ompat dust strutures. A general approah for investigation of the nonlinearstage of struturization in dusty plasmas is proposed and master equations for the desription of self-organizedstrutures are formulated in the general form that an be used for any nonlinear model of dust sreening. Newe�ets due to the sattering of ions on the nonlinearly sreened grains are alulated: nonlinear ion dust dragfore and nonlinear ion di�usion. The physis of on�nement of dust and plasma omponents in the equilibriaof ompat dust strutures is presented and is supported by numerial alulations of master equations. Theneessary onditions for the existene of equilibrium strutures are found for an arbitrary nonlinearity in dustsreening. Features of ompat dust strutures observed in reent experiments agree with the numeriallyalulated ones. Some proposals for future experiments in spherial hamber are given.1. INTRODUCTIONComplex-dusty plasmas have been investigated in-tensively for about 15 years (see reviews [1�7℄). Theterm �omplex plasmas� is used in the ase where dustgrains have large harges and interat strongly. Thislast e�et is of speial interest for plasma rystals dis-overed in 1964 [8�10℄, for physis of dust louds lev-itating above ething samples in the plasma ethingproesses [11℄, and for dust in fusion devies [12�14℄.We here onsider the systems ontaining manygrains with large harges (the exat meaning of theterm �large dust harge� is given somewhat later). Forlarge dust harges, a new physis related to plasma�uxes on dust grains is important [5℄. We brie�y ex-plain the main new features in omplex-dusty plas-mas in the ase where the dust harges are large (inurrent experiments, the dust harge in the units ofeletron harge, Zd, reahes the value 104�105 or evenlarger). The results obtained previously, for example,in the approahes in [4; 15℄, using investigations of a*E-mail: tsytov�lpi.ru**E-mail: gem�mpe.mpg.de

single dust grain in plasmas, often annot be trans-ferred to a olletion of many dust grains with largeharges. The dust harges in plasmas are usually re-ated by plasma �uxes, whih inrease with an inreasein the grain harge. Stationary grain harges should besupported by the presene of ontinuous eletron andion �uxes with eletron�ion reombination inside or onthe surfae of the grains. In stationary onditions, theproess of plasma absorption on grains should be om-pensated by plasma prodution by ionization proesses.The ionization proess an either exist far from grainsor be homogeneous in spae. In the �rst ase (due tothe ontinuity of �uxes), the �ux absorbed on somegrain should be present far from this grain at distanesabout �sr=a � 1 times larger than the grain hargesreening length �sr (a is the grain size). In mostlaboratory onditions, many grains are present insidesuh large radius and obey the drag fores produedby plasma �uxes of di�erent grains within this radius.Thus, the grain interations are extended to distanesmuh longer than the sreening distane and are de-termined by �uxes produed by many grains. For anenhaned onentration of grains in some spae region211



V. N. Tsytovih, G. E. Mor�ll ÆÝÒÔ, òîì 141, âûï. 2, 2012(grain olletion), the total �ux should have the aver-aged omponent direted toward the grain olletionand by its ram pressure an inrease the grain den-sity enhanement. One the grain density enhanementappears, it starts to grow and an form a regular duststruture on the nonlinear stage. For homogeneous ion-ization, the homogeneous dusty plasma an in prini-ple exist initially if the ionization is ompensated byplasma absorption on grains. But already in [16℄ it wasshown that suh homogeneous distribution is unstablewith respet to struture formation. This was foundtheoretially in the framework of a linear approah. Si-multaneously, strutures of a di�erent kind were ob-served in the �rst experiments on board the Interna-tional Spae Station (ISS) in [17℄: dust ompat stru-tures, dust voids, and dust vorties were observed. For-mation of suh strutures annot be determined onlyby geometry of disharges, by the external voltage on-�guration or by walls, and so on, and was onsideredan important intrinsi property of dusty plasmas. Alsoin �rst observations of dust louds in ething experi-ments [11℄, a ompliated vertial dust distribution inthe dust loud above the sample was observed. It an-not be explained by on�guration of the ethed sam-ple and must be reated by self-organized proessesin the dust loud above the sample. Reently, the la-boratory experiments in [18℄ showed the formation ofompliated dust strutures with dust density peaks.This was found in new regimes of devies that havebeen previously used for investigation of dust aoustiwaves [19; 20℄.The linear dust struturization instability has manyfeatures in ommon with the known gravitational in-stability. The growth rate for both of them is non-vanishing for zero wave numbers. In this sense, bothinstabilities are universal. The sales are quite di�er-ent, however. We reall that the gravitational instabil-ity leads to an important phenomenon, gravitationalstruturization of matter. The dust struturization in-stability an be expeted to have similar onsequenesin omplex-dusty plasmas. Until present, no theoretiale�orts have been made to trae how the linear omplex-dusty plasma struturization instability onverts to itsnonlinear stage and whether some stable dust stru-tures an be �nally formed. The main problem is ur-rently to desribe and san the possible strutures intheir nonlinear stationary stage beause the time re-quired for struture formation in most existing experi-ments is rather short and the observations an provideonly the �nal stage of struturization, the dust distri-butions in stationary dust strutures. The theoretialproblem is to �nd the equilibria of nonlinear strutures

and to san possible types of equilibrium dust stru-tures. Here, we explain the physis of equilibrium thatan be established in stationary nonlinear dust stru-tures and present their general mathematial desrip-tion by formulating of a set of nonlinear master equa-tions. The theoretial preditions an have applia-tions for three most important issues in omplex-dustyplasmas: plasma rystal formation [8�10℄, plasma eth-ing proesses [11℄, and dust in modern fusion devies[12�14℄.Several proesses are important for the nonlinearstruture formation with large grain harges. The non-linearity in grain harge sreening determines the dragfore for dust sizes larger than (0.1�0.2)�m. This isthe ase for typial plasma rystal experiments, wherethe grain size is about 10�m. The nonlinearity in grainharge sreening was partly investigated in [21�23℄ onlyat a relatively small distane from the grain, althoughthe role of the nonlinearly at larger distanes may notbe negligibly small. The di�usion due to ion satter-ing on nonlinearly sreened highly harged grains havebeen ompletely negleted so far.Also some simplifying assumptions have been usedin previous investigations, suh as quasineutrality [24℄,whih an be violated inside the strutures in preseneof large drag fores. Di�erent types of nonlinearities insreening ould be important [25℄ and are still waitingto be investigated. It is therefore desirable to formu-late the problems for an arbitrary nonlinearity in dustharge sreening and investigate the in�uene of thenonlinearity on both the drag fore and the di�usionoe�ient and formulate the master equations takingthe nonlinearity into aount in both the ion drag pro-ess and the di�usion proess. This is one of the aimsof this paper.We show here that some general results for therange of existene of struture equilibria and their prop-erties an be obtained independently of the model ofthe nonlinearity. We exlude the gravity fores fromonsideration, having in mind possible appliations tomirogravity experiments. The fores maintaining thegrains and plasma omponents in a ompat region inspae inlude the plasma olletive �uxes direted to-ward the strutures due to absorption of the plasma�uxes on grains. In the distant past, the model of grav-ity as shadowing of the ether �ux absorption was pro-posed by Le Sage (see [4℄). The real �uxes of eletronsand ions on the grains in dusty plasmas have an e�etsimilar to the Le Sage gravity, but they are produedolletively by the whole dust density enhanement.From a general theoretial standpoint, the plasma�uxes in the struture an have regular and random212



ÆÝÒÔ, òîì 141, âûï. 2, 2012 General features and master equations : : :parts. The latter hange the grain interation as dis-ussed in [3℄. In this paper, we deal only with the regu-lar part of the �uxes using an average hydrodynami-type approah, i. e., the balane ontinuity equation inwhih the binary grain interations anel. For sim-pliity, we onsider strutures of spherial shape, as-suming that they are in a stationary equilibrium. Wedesribe the possible range of parameters that deter-mine the existene of the equilibrium. After a disus-sion of some general struture features, we derive themaster equation that an desribe distributions insidethe equilibrium dust strutures for any model of nonlin-ear dust harge sreening. Next, we onsider a speialmodel of nonlinearity in sreening [21; 22℄ and use ex-at solutions for dust harge sreening in this model.With this type of nonlinear sreening, we �nd a newdesription of the ion dust drag fore and ion di�usion,both preesses being determined by ion ollisions withnonlinearly sreened dust harges. A new e�et for-mulated in this paper is a suppression of di�usion inregions of high dust density that are formed in duststruturization proess. The role of dust in the di�u-sion proess was previously not onsidered for eitherlinear or nonlinear dust sreening, and is investigatedhere for the �rst time. We present some examples ofnumerial solutions of the master equations for spher-ial strutures using numerially alulated drag anddi�usion oe�ients. We ompare the results with re-ent experiments [18; 26℄ and onlude with disussionsand reommendations for future experiments in spher-ial plasma hambers.2. PHYSICS AND GENERAL FEATURES OF ADUST STATIONARY COMPACTSTRUCTURE WITH HIGHLY CHARGEDGRAINSSome general struture features an be expetedfrom physis of plasma �uxes in dusty plasmas. Wegive preliminary hand-waving arguments for generalfeatures of dust strutures, whih are in agreement withpresent investigations of the exat solutions of the mas-ter equations. We onsider the limit of highly hargeddust grainsZd = jQd=ej � 1, whih is rather importantfor struture formation in typial modern experiments.The large harges an ause not only strong grain inter-ations. Among new e�ets are the nonlinear sreen-ing of grain �elds, exitation of regular eletri �elds,hanges of dust ion drag fores, and dust suppressionof ion di�usion. We start with a qualitative desriptionof possible equilibria of dust strutures.

2.1. Regular eletri �elds generated in duststrutures by a plasma �uxWe onsider systems with sizes muh larger thanthe nonlinear sreening length of an individual grain.We explain why the presene of an averaged olletive�eld is inevitable outside the sreening length. Themain reason is the presene of regular plasma �uxesproduing dust drag fores Fdr that are usually pro-portional to the plasma �ux nu, Fdr / nu (u is the di-reted �ux veloity and n is the ion density). For highlyharged grains, Fdr is proportional to Zd � 1. Welarify this point. For linear sreening, the drag foreis proportional to Z2d sine the ross setion of satter-ing of ions on grains is usually estimated as �r2eff withreff = Zde2=Ti. But one fator Zd enters the ondi-tion for the sreening to be linear Zde2=�DTi � � � 1,where �D is the ion sreening length, and �D / 1=pnfor � = Ti=Te � 1. This shows that Fdr / Zd�pnu.With an inrease in Zd, the nonlinearity in sreeningstarts to be important for � > 1, hanging the depen-dene of Fdr on �. It is more useful to de�ne Fdr withone fator Zd and write Fdr = Zdfdrpnu with the o-e�ient fdr depending on both � and juj (it in fatinreases with � for � � 1 and dereases with � for� � 1). We say that gains are large harged grains if� > 1.In the balane of fores on grains, apart from thedrag fore, the eletri �eld fore Fel / ZdE shouldbe �rst of all taken into aount (E being the olle-tive eletri �eld strength), sine this fore also on-tains a large fator Zd for highly harged grains. Thebalane of the drag fore and the eletri �eld foreresults in some kind of Ohm's �law� u / E, showingthat the ion drift veloity is proportional to the ele-tri �eld strength (with a oe�ient depending on jujand �). This law an be read in both diretions: theeletri �eld exites the ion drift or the ion drag foreexites the eletri �eld. The seond option is impor-tant for struture investigation beause the ion �ux isinevitably reated by grain harging. The other foresating on grains annot ontribute muh to the balaneof fores omparable with the ontribution of drag andeletri �eld fores even for strongly interating grains.The main point is that the drag fore exites regulareletri �elds, whih an often be present in the om-plex plasma strutures. Although the olletive �eldstrength an be moderate, the fore that it produeson a grain with Zd � 1 is large. An interpretation ofthe reent observations in [26℄ gives evidene that suholletive �elds are indeed exited in the strutures.213



V. N. Tsytovih, G. E. Mor�ll ÆÝÒÔ, òîì 141, âûï. 2, 20122.2. Physis of dust and plasma on�nement ina single strutureWe onsider an example of a single spherial stru-ture. Inside the strutures, the dust and ion densityare enhaned. In the absene of dust and for suddenionization of a spherial volume, the eletrons (as thelightest partiles) leave the surfae and reate a polari-zation �eld ating on ions, whih results in the known�Coulomb explosion�. In the presene of dust, the pi-ture is quite di�erent if the drag fores exeed the po-larization fores. The drag is direted inwards to theenter and reates an eletri �eld that balanes it. The�eld is direted inwards due to negative harges of thedust grains. For ions, this fore is an inwards fore (notoutwards as in the ase of Coulomb explosion). Thismeans that the ions have an eletrostati potential wellinside the struture. The eletrons adiabatially followthe eletri �eld distribution. This e�et ours be-ause of the large dust harges Zd � 1 and also beausethese harges have to be supported by plasma �uxes.This qualitative piture of dust and plasma partileon�nement in the struture is supported by numerialalulations of balane equations.2.3. NormalizationTo expliitly formulate the balane, whih we haveexplained qualitatively, we introdue the dimensionlessvariables that are useful in low-temperature plasma ex-periments in the ase of a high neutral atom density.The neutrals rapidly equalize the ion and neutral atomtemperature denoted here by Ti, and the ion tempera-ture an be assumed to be onstant inside the struturevolume. We introdue the ion mean free path � for in-teration of ions with neutrals and onsider it onstantin the volume of the struture (for a onstant ross se-tion �in of ion�neutral ollisions � = 1=nn�in, with nnbeing the neutral density). In modern omplex plasmaexperiments, Ti and � are often onstant. It is thereforeuseful to normalize all values with respet to quantitiesontaining only these onstant values. We use the fol-lowing normalization of the densities of ions ni and ele-trons ne and the dust harge density Zdnd (we all thenormalized value of the latter the Havnes parameter P ,although an other de�nition of the Havnes parameterwith an other normalization exists in the literature):n! nineff ; ne ! neneff ; P � ndZdneff ;where

neff � Ti�24�e2 = 107m�3 � � nn1016 m�3�2 �� � �in3 � 10�15 m�2 �2 Ti0:02 eV : (1)We use the following normalization of fores F , eletri�eld strength E, and plasma �ux �: F ! F�=Ti, E !! eE�=Ti, and �! �=p2neffu, where u! ui=p2vTiand vTi = pTi=mi, while ui is the atual ion driftveloity and vTi is the ion thermal veloity. The de�-nition of fdr(u; �) follows fromFdr � fdr(juj; �)Zdupn;where � haraterizes the ratio of the ion�grain eletro-stati energy at the linear sreening length Zde2=�srto the ion average kineti energy Ti. It an be writtenas � = Zde2=�DTi = zapn=� , where z = Zde2=aTe� isthe normalized dust harge and � = Ti=Te is the ion-to-eletron temperature ratio (Te is also assumed to beonstant inside the volume of the struture). We nor-malize the distanes r from the struture enter andthe grain sizes with respet to the ion�neutral meanfree path r ! r=� and a! a=�.2.4. Balane onditionsWith the above notation, the dust balane equa-tion (after anelation of the ommon fator Zd) hasthe form E = fdr(u; �)pnu: (2)The ion balane equation desribes the balane of thethermal ion pressure fore, the eletri �eld fore, andthe frition fores on neutrals and eletrons:2ududr + 1n dndr = E � ffr;idu� uffr:The left-hand side ontains the standard expressions ofion hydrodynamis, the normalized term (vi �r)vi andthe ion pressure term (1=n)(dn=dr). The right-handside ontains three terms: �uffr;id is the ion fritionfore due to dust drag and �uffr is the ion fritionfore due to ion�neutral ollisions. The ffr;id term anbe found from the ion drag fore using the momentumonservation law. Taking expression (2) into aount,we haveE � ffr;idu = fdr(juj; �)pn(1� P=n)u:The ion neutral frition fore uffr(u) an be found us-ing the assumption of a onstant ross setion of ion�neutral ollisions in the BGK approah and averagingwith respet to the drifting thermal distributionffr(u) =s� 83p��2 + u2: (3)214



ÆÝÒÔ, òîì 141, âûï. 2, 2012 General features and master equations : : :The numerial oe�ient in the radiand in (3) hasbeen found analytially and the u dependene is foundusing a best �t with the numerial results. This de-pendene of the frition on the drift veloity is in a-ordane with most measurements of ion mobility inlow-temperature plasmas [27℄. The equation obtainedabove an serve as a �rst balane equation for du=drdesribing the hanges in ion drift veloity. The �ux� an be divided into the onvetive �ux nu and thedi�usion �ux �Ddn=dr, with D being the di�usion o-e�ient: � = nu�Ddndr :The di�usion oe�ient should take both the ion�neutral ollisions and ion dust ollisions into aountand is inversely proportional to the sum of frequeniesfor these ollisions. Then the Havnes parameter en-ters D only in the ombination P=2pn. The oe�ientD = D(u; �; P=2pn ) an be alulated from ion dustross setions for any model of nonlinear dust sreen-ing. Formula (3) an be used as an equation for thedust density derivative dn=dr. The balane of �uxesan be obtained if we aount for the ionization (as-suming that it is proportional to the eletron densityne) and the rate of absorption of ions on dust:1r2 d(r2�)dr = �ine � anP�h(u); (4)where �i is the ionization oe�ient depending on thepower of ionization and �h(u) = 1=2p� + 4u2 is theharging oe�ient obtained from the balane of ele-tron and ion urrents on the grain surfae. To lose thesystem of balane equations, we use the Poisson equa-tion for the average eletri regular eletri �eld in thestruture: 1r2 dEr2dr = n� ne � P: (5)Aording to (2), the value of the �eld strength E inthe left-hand side of (5) depends only on n; u, and z.The derivatives dn=dr and du=dr in (5) an be foundfrom the above equations and are funtions of n; u; P;�,and r, while the value of dz=dr an be found from theharging equationexp(�z) = zn�h(u)nepm� ; m = mime ;whih desribes the equality of eletron and ion �uxeson the individual grain. Thus all derivatives in the left-hand side of (5) an be found as algebrai funtions ofn; ne; u;�; r, and P . Equation (5) is then an algebraiequation for P , giving P as a funtion of n; ne; u;�,and r. Taking into aount that both eletrons and

ions are reated in pairs by the ionization soure andare also absorbed in pairs by the dust and using thestandard eletron di�usion and frition on neutrals, we�nd the balane equation for eletronsE = �� 1ne dnedr ;  = 11 + 9=4� ;whih di�ers from the simple balane of the ele-tron eletri �eld fore and the eletron pressure fore(where  = 1) and is valid in the ase where the olle-tive eletri �elds of the struture substantially exeedthe ambi-polar �eld (the ambi-polar di�usion is thusviolated in dust strutures).It is important to explain on a qualitative level whythe value fdr(juj; �) in fat also determines the possi-ble equilibria and the degree of quasineutrality in thestrutures.2.5. Nonlinear drag fore and the range ofexistene of equilibria of dust struturesTo �nd the general onditions for the existene ofequilibrium strutures, we use the balane relation atthe enter of the struture. As r ! 0, we have u! u00r,ne = ne(0), P = P (0), E ! E00r, � ! �00r, and �00 == n(0)u00, fdr ! fdr;0(�), fdr;0(�) = fdr(0; �0), �0 == z0pn(0)a=� , where n(0); ne(0); P (0), and z(0) arethe normalized ion density, eletron density, Havnes pa-rameter, and dust harge at the enter of the struture.The equilibrium equation gives the following neessaryrelations for the existene of equilibrium in the duststruture:u00 = fdr;0(�)2pn(0) (n(0)� P (0))� 43p� ;3fdr;0(�)pn(0)u00 = n(0)� ne(0)� P (0);3u00 = �ine(0)n(0) � 12p�aP (0): (6)These equations an be used for the analysis of pos-sible equilibria independently of the models for nonlin-ear sreening if fdr;0(�) is known. The equilibrium isdetermined only by two parameters, n(0) and the ion-ization rate �i, whih are related to the two parametersthat an be regulated in experiments, the total �ux onthe surfae of the struture and the power of volumeionization. In the simplest ase �i = 0, the external�ux is a single parameter that determines the stru-ture. The balane an our only in a restrited rangeof this parameter determined by (6). There is a one-to-one dependene of the ion density at the enter of thestruture and the external plasma �ux. We an use (6)215



V. N. Tsytovih, G. E. Mor�ll ÆÝÒÔ, òîì 141, âûï. 2, 2012to express the value of the derivative of the drift �uxveloity u00 at the enter, the eletron density ne(0) atthe enter, and the Havnes parameter P (0) at the en-ter as funtions of this single parameter n(0). We �ndu00 = � 23p� n(0)� nminnmax � nmin ;P (0) = nmax n(0)� nminnmax � nmin ;ne(0) = nmax�n(0)+(3=2)(fdr;0)2(n(0)�nmin)nmax=nmin � 1 : (7)In these relations, the minimum and maximum ion den-sities are nmin = 8pn(0)3fdr;0p� ; nmax = 8a:It follows that for nmin < n(0) < nmax, the Havnesparameter and the eletron density are always positiveand the �ux drift veloity is direted to the enter ofthe struture. We note that the requirement P (0) > 0(the existene of dust at the enter) automatially im-plies that the ion �ux lose to the enter is diretedto the enter and that ne(0) > 0. The range in whihthe equilibrium exists is ompletely determined by thedrag fore at the enter fdr;0(�) and the ratio of thegrain size to the mean free path a for ion�neutral gasollisions. A generalization of relations (7) to the asewhere the volume ionization is not zero, �i 6= 0, anbe found from (7). It shows that the range of existeneof equilibria is narrowed if the ionization rate inreases.The onlusion is that the ionization rate should not ex-eed a ritial value, otherwise equilibrium is not pos-sible. The nonlinearity in sreening an qualitativelyhange the dependene of fdr;0 on � (for linear sreen-ing, i. e., � � 1, the standard expression shows thatfdr;0 = � ln(1=�) / a , while for nonlinear sreening,i. e., � � 1, fdr;0 is a dereasing funtion of a and �in most ases). All these relations are neessary butnot su�ient requirements for the existene of equilib-rium and they imply the absene of dust void in theenter of the struture (P (0) 6= 0; u00 < 0 ). If they arenot satis�ed at the enter, the balane onditions anstart to be satis�ed at some distane from the enter,whih means that a void is present at the enter. Animportant general statement is that in the absene ofvolume ionization, the equilibrium is determined by asingle parameter that an vary only in a limited range.With an inrease in the ionization oe�ient �i, thisrange narrows and only strutures with a void in theenter an satisfy the onditions for the equilibrium.

2.6. Drag fore determines the degree ofquasineutrality in the dust struturesIn the absene of dust on sales larger than thesreening length, the plasma is usually quasineutral.The presene of highly harged grains and their dragby plasma �uxes hanges the usual quasineutrality bydrag exitation of eletri �elds. But the approximatequasineutrality, inluding not only eletrons and ionsbut also the dust partiles, an still be present beingregulated by the drag fore. The quasineutrality meansthat n � P � ne � n in dusty plasmas. This relationan be heked in the whole struture if we alulatethe whole distributions of eletron, ions, and grains inthe struture. But its validity an be heked using theasymptoti expressions at the enter of the struturegiven above. We �ndÆ� = n(0)� ne(0)� P (0)n(0) == �34f2dr;0 1� nmin=n(0)nmax=nmin � 1 : (8)Sine fdr;0 � 1 for the existing models, the system in-side the strutures is almost neutral but the deviationsfrom quasineutrality are determined by the drag fore.For the density n(0) lose to its maximum value andfor nmax � nmin, the eletron density at the enter issmall, whih means that in this limit, the negative dustharges at the enter are almost ompensated by thevolume positive ion harges. At the periphery, wherethe dust density vanishes, the eletron and ion densitiesare lose to eah other, but are not exatly equal. Theeletri �eld an be left at the surfae of the struture,whih means that the strutures an be harged.2.7. Finite size of the ompat dust struturesIf the external plasma �ux is �nite and the volumeionization is absent, the size of the struture shouldalso be �nite. This is due to �nite value of the Havnesparameter at the enter, whih annot stay onstantin the struture. The Havnes parameter annot in-rease inde�nitely or osillate inde�nitely sine in thatase, the external �ux annot support the dust harges.Therefore, the Havnes parameter should typially van-ish at a ertain distane, whih an be de�ned as thestruture size Rstr. This means that any equilibriumstruture an on�ne only a �nite number of grains.This does not mean that in the presene of ionizationoutside the struture, the onditions for equilibria anbe again satis�ed. Thus, being surrounded by a dustvoid, the struture an have several shells. It an hap-216



ÆÝÒÔ, òîì 141, âûï. 2, 2012 General features and master equations : : :pen that the dust strutures inside them have a voidand an other void an surround the struture, but thenumber of grains between the voids in the struture is�nite.2.8. Charges of dust strutures and formationof dust lustersSine the ions dominate in dust drag, we anroughly estimate the total harge of the dust strutureto have a potential of the order Ti. Letting Es denotethe dimensionless eletri �eld at the dust struturesurfae, Rs denote the size (in units of the mean freepath of ions in neutral gas), and �Zse the total stru-ture harge (the individual grain harge is �Zde), we�nd the estimate Zs = Zd az� EsR2s :The numerial models often give jEsj > 1 and Rs � 1.Therefore, the strutures an be highly harged withthe total harges exeeding the individual grain harge.In this ase, the strutures may be regarded as �super-grains� that an form lusters of dust strutures. Mul-tiple struture formation is expeted for large volumeswith a onstant volume ionization soure, beause theondition of the overall balane means that the plasmaprodued by the soure should be absorbed by thestrutures, while eah struture is able to absorb onlya �nite plasma �ux. The possibility of formation ofsuper-rystals in omplex plasmas (where an elementof the super-rystal is a single dust struture) was men-tioned in [27℄. This situation is in some sense similarto gravitational luster formation.3. MASTER EQUATIONS FOR STRUCTURES3.1. General form of the master equationsAs the master equations, we use the balane equa-tions among whih are the equation for ion density bal-aneI dndr = 1D (u; �; P=2pn ) (nu� �); (9)the eletron density equationII dnedr = � � fdr(u; �)unepn; (10)the equation for ion drift veloityIII dudr = 12 �fdr(u; �)pnu�1� Pn� �� ffr(u)� 1nu dndr� ; (11)

where dn=dr an be substituted from (9), and the equa-tion for plasma �uxIV d�dr = �2�r + �ine � anP�h(u) (12)obtained from (4). Two more equations are algebraiequations.1) The equation for the individual dust harge z, ex-pliitly given above in the simplest form and referred toas the master equation V in what follows, with its so-lution denoted by zs(u; n; ne). The orresponding dragfore is denoted byfdr;s(u; n; ne) = fdr �u; zs(u; n; ne)apn=�� :2) The equation for the Havnes parameter P whoseexpliit expression an be obtained by di�erentiatingPoisson equation (4):Ia dndr = nuC (n� ne �A� PB); (13)or, using (9),VI D �u; �; P=2pn �u(n� ne �A+BP ) == C(nu� �); (14)whereA(u; n; ne; r) = f2dr;s(u; n; ne)n2 �� fdr;s(u; n; ne)Ffr(u)pn2 + 2fdr;s(u; n; ne)pnur �� nu2�(zs(u; n; ne) + 1)fdr;s(u; n; ne)��� dfdr(u; �)d� �����=zs(n;ne;u)pna=� +pnS(u; n; ne; r)�� �Fdr(u; n; ne; r)pn� Ffr(u)� ; (15)B(u; n; ne) = f2dr;s(u; n; ne)2 ++ fdr;s(u; n; ne)S(u; n; ne); (16)C(u; n; ne) = �fdr;s(u; n; ne)pn2 ++ fdr;s(u; n; ne)u2pn2 ++ zs(u; n; ne)� 12(zs(u; n; ne) + 1)pnu2 �� � dfdr(u; �)d� �����=zs(n;ne;u)pna=� ��pnS(u; n; ne); (17)217



V. N. Tsytovih, G. E. Mor�ll ÆÝÒÔ, òîì 141, âûï. 2, 2012S(u; n; ne) = fh(u)u2zs(u; n; ne) + 1 �� � dfdr(u; �)d� �����=zs(n;ne;u)pna=� ++ u2 dfdr(u; �)du �����=zs(n;ne;u)pna=� : (18)3.2. Master equations for small di�usionIf the di�usion oe�ient is zero, D = 0, then � == nu and Eq. (9) annot be used as a master equationfor the ion density beause it requires resolving the un-ertainty 0=0, but we an use Eq. (13) instead (alsodenoted by Ia sine it is independent of whether dif-fusion �ux is taken into aount). As equations IIaand IIIa, we use (10) and (11), while in the balane of�uxes in (12), we substitute � = nu and both deriva-tives dn=dr and du=dr taken from Ia and IIIa. Thisleads to an analyti expression for the Havnes param-eter P : P (u; n; ne; r) = M(u; n; ne; r)N(u; n; ne) ; (19)whereM(u; n; ne; r) = �fdr;s(u; n; ne)pn�Ffr(u)+4ur ���C(u; n; ne)+(2u2�1) (n�ne�A(u; n; ne; r)) ; (20)N(u; n; ne) = (1�B(u; n; ne))(2u2 � 1) ++�fdr;s(u; n; ne)pn � 2a�h(u)�C(u; n; ne): (21)The master equations that we have derived are sim-ilar to those used for desribing self-organization pro-esses [28�30℄. The solutions of the master equationan orrespond to dissipative self-organized strutures.4. EXAMPLES OF SOLUTIONS OF THEMASTER EQUATIONS. A NEW TYPE OFDUST SELF-ORGANIZED STRUCTURESThe obtained master equations an be used in nu-merial investigations of a broad range of di�erentstrutures, with di�erent nonlinearities in sreening,drag fores, and di�usion. They an also be used forsome anomalous proesses. The equations are also validfor standard linear sreening, linear drag, and di�usionon neutrals (they are valid for rather small grains).The nonlinearity an introdue new e�ets and anbe responsible for a new type of dust strutures. Wehere present only several examples of solutions of the
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Fig. 1. Dependenes of the parameter P in the stru-tures on the distane from their enter for three types(1 (a), 2 (b), 3 ()) of strutures, a = 0:01, � = 0:01,gas Argonmaster equations with a qualitative desription of themain new features obtained in numerial investigationof dust strutures. All our numerial results supportthe general features of strutures desribed above.Spei�ally, we present here the results of numer-ial alulations for the model of nonlinear sreeningin [21; 22℄, used to �nd fdr(u; �) and D(u; �; P=2pn)218



ÆÝÒÔ, òîì 141, âûï. 2, 2012 General features and master equations : : :numerially for a = 0:01 and � = 0:01 (Argon gas)as ontinuous funtions of their arguments that anbe used in the master equations. For �i = 0, z(0)was alulated numerially and was used to �nd therange 2:5 < n(0) < 800 of the existene of stru-ture equilibrium. This range was divided into 3 sub-ranges: 1) small ion and dust density at the enter,2:5 < n(0) < n(1)r , 2) medium ion density at the en-ter, n(1)r < n(0) < n(2)r , and 3) large ion density atthe enter, n(2)r < n(0) < 800. The alulations given(2)r � 40 and n(2)r � 300. In the �rst subrange, P hasa maximum at the enter and dereases slowly to thestruture edge r = Rstr, where it vanishes. The lowern(0) is, the larger Rstr, whih an reah the values 30�50; in this subrange, the struture with the largest n(0)has the smallest size about 10. The struture has a �-nite number of grains on�ned in it, and this numberinreases with the struture size. In the seond sub-range, P smoothly dereases from the enter, reahingthe distane where it sharply dereases to zero. In thethird subrange, the dust density inreases from the en-ter, forming one or several peaks and then dereases tozero, also mostly sharply at the struture edge. Figu-re 1 illustrates the results of numerial omputations inthe three subranges for n(0) = 10; 150, and 750. Thealulated struture types an be used to �nd in whihpart of the struture the dust rystallization starts andfrom where the rystallization fronts an propagate.Any rystallization model provides with a riterion ofrystallization for the oupling onstant �oupl > �r,where the oupling onstat �oupl is proportional to thedimensionless oupling onstant � � z5=3P 1=3, whihis alulated using the obtained results for the stru-tures. The oe�ient between �oupl and � is found tobe of the order of 3000 and the rystallization riterionan be �tted with the existing experiments. The depen-dene of � on the distane from the enter alulated for�rst type of strutures is shown in Fig. 2 for n(0) = 10(lose to nmin) and n(0) = 40 (lose to n(1)r ). In the�rst subrange for the smallest n(0), the rystallizationstarts at the enter, but for larger n(0) = 40, the rys-tallization already starts at distanes lose to the pe-riphery, although not exatly at the edges of the stru-ture (Fig. 2). For the seond type of strutures, therystallization starts almost at the enter, but soon ov-ers the whole struture, whih orresponds to a ratherhigh speed of the rystallization front. For the thirdtype of strutures, the rystallization is ompliateddue to the presene of dust density peaks, whih are thepositions where rystallization starts. The alulationshave been performed negleting the di�usion �ux, and

the latter was alulated by perturbation using an exatexpression for di�usion found in the model in [21; 22℄ bytaking both ion�neutral and ion�dust ollisions on non-linearly sreened grains into aount. It is found thatthe ion grain ollisions strongly suppress the di�usion,espeially in the ranges of medium and large dust den-sity strutures and that in all subranges, the di�usion�uxes are small ompared to the onvetive �uxes takeninto aount in �rst-order alulations (the alulationsshow that the estimated ratio of di�usion-to-onvetive�uxes is not larger than (1�2)%). An exeption is thenarrow region lose to the edges of the struture, wheredue to the absene of di�usion, suppression of the di�u-sion �uxes by dust an reah the value about 0:5 of theonvetive �uxes. Therefore, for the struture edges,the present results an give only a rough estimate ofthe edge shape (a thin layer at the edge), beause theyare on the limits of the appliability of the approxima-tion used in the alulations. The ratio of the di�usion-to-onvetion �ux alulated for �rst type of struturesis demonstrated in Fig. 2. The strutures are hargedand the olletive eletri �eld at the edge Es deter-mines the total struture harge Zs, whih is shown inFig. 2 together with zs (zstr = Zse2=aTe). In Fig. 2, zsis the individual dust harge at the surfae of the stru-ture. For all strutures, the eletron density ne and theindividual dust harge z inrease to the periphery of thestrutures. 5. DISCUSSION1. All the obtained master equations are the�rst-order equations in derivatives and an be solvednumerially starting with the asymptoti solutions atthe enter desribed here. The di�ulties that an ap-pear are due to a new type of �singularities� that anour inside the strutures. Indeed, aording to re-lation (19), the denominator of the expression for theHavnes parameter,N(u; n; ne), an have zeros in its de-pendene on the enter of the struture. In partiular,the peaks shown in Fig. 1 are related to these �singular-ities�. At these points, the values of P are �nite but itsderivatives hange sharply, whih indiates that self-onsistent solutions always desribe the simultaneouszeros of both N(u; n; ne) and M(u; n; ne). That is aremarkable feature showing that the master equationsdo not allow any in�nite values of P . Physially, this isreasonable, but the mathematial aspet requires fur-ther analyzes.2. The alulated di�usion �ux is found to be smalleven at peaks of the dust density inside the strutures.219
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ÆÝÒÔ, òîì 141, âûï. 2, 2012 General features and master equations : : :�ux and the power of ionization, although it is not easyto establish a one-to-one orrespondene between thesetwo sets of parameters beause experimentally hang-ing the ionization power also hanges the ion densityand therefore the �ux on the struture surfae.10. For future experiments in spherial hamber,we an reommend to start with rather not large exter-nal �uxes beause the strutures of the �rst type havethe largest size and an on�ne the largest numbers ofgrains.11. Investigations of dust dissipative struturesan be one of the best tools for understanding spei�properties of self-organization [29; 30℄.This work was performed at the Max Plank Insti-tute for Extraterrestrial Physis (MPE), is supportedby RFFI (grant � 08-02-01172) and the Russian�German Partner Group for Complex Plasmas. One ofthe authors (V. N. T.) thanks the MPE for the hospi-tality during his stay as an MPE guest.REFERENCES1. G. Mor�ll, V. Tsytovih, and H. Thomas, Plasma Phys.Rep. 28, 623 (2002); 29, 1, 893 (2003); 30, 816 (2004).2. S. Vladimirov, K. Ostrikov, and A. Samarian, Physisand Appliations of Complex Plasmas, Imperial Col-lege, London (2005).3. V. Tsytovih, G. Mor�ll, S. Vladimirov, andH. Thomas, Elementary Physis of Complex Plas-mas, Springer-Verlag, Heidelberg, London, New York(2007).4. V. Fortov, I. Iakubov, and A. Khrapak, Physis ofStrongly Coupled Plasmas, Oxford Univ., New York(2007).5. V. N. Tsytovih, Uspekhi Fiz. Nauk 177, 427 (2007).6. V. Tsytovih, G. Mor�ll, V. Fortov et al., New J. Phys.7, 263 (2007).7. G. Mor�ll and A. Ivlev, Rev. Mod. Phys. 81, 1353(2009).8. H. Thomas, G. Mor�ll et al., Phys. Rev. Lett. 73, 652(1994); H. M. Thomas and G. E. Mor�ll, Nature 379,806 (1996).9. J. Chu and I. Lin, Physia A 205, 183 (1994).10. V. Fortov, A. Nefedov et al., Phys. Lett. A 219, 8(1996).

11. G. Selwyn, J. Heidenrih, and K. Haller, Appl. Phys.Lett. 57, 1967 (1990); Plasma Soures Si. Tehnol. 3,235 (1994).12. V. Tsytovih and J. Winter, Uspekhi Fiz. Nauk 168,899 (1998).13. J. Winter, Phys. Plasmas 7, 3862 (2000).14. J. Winter, 31st European Physial Soiety Conf. onPlasma Physis, Invited Papers, Plasma Phys. Con-trol. Fusion 46, B583, London (2004).15. J. Allen, Phys. Sripta 45, 497 (1992).16. G. Mor�ll and V. Tsytovih, Plasma Phys. Rep. 26,682 (2000).17. A. Nefedov, G. Mor�ll, V. Fortov et al., New J. Phys.5, 33 (2003).18. J. Hendrih, S. Kim, and R. Merlino, Phys. Plasmas,in press (2011).19. R. Merlino, A. Barkan, C. Thomson, and N. D'Angelo,Plasma Phys. Control. Fusion 39, 491 (1997).20. C. Thomson, A. Barkan, N. D'Angelo, and R. Merlino,Phys. Plasmas 4, 2331 (1997).21. V. Al'pert, A. Gurevih, and L. Pitaevsky, Spae Phy-sis with Arti�ial Satellites, Consultant Bureau, NewYork (1965).22. J. Lafranbose and L. Parker, Phys. Fluids 16, 629(1973).23. V. Tsytovih, U. de Angelis, A. Ivlev, G. Mor�ll, andS. Khrapak, Phys. Plasmas 12, 092106 (2005).24. V. Tsytovih, Comments in Mod. Phys., Comments inPlasma Phys. and Control. Fusion 1, 1 (2000); PlasmaPhys. Rep. 26, 668 (2000); 31, 133 (2005); 35, 387,409 (2009).25. M. Lampe et al., Phys. Plasmas 86, 5278 (2001).26. R. Sütterlin et al., Phys. Rev. Lett. 102, 085003,149901 (2009).27. V. Tsytovih and G. Mor�ll, Pro. EPS 2006, Oral Pre-sentation, Warsaw (2006).28. G. Niolis and I. Prigogine, Self-Organization in Non-Equilibrium Systems, Wiley (1977).29. A. Hasegawa, Adv. Phys. 34, 1 (1985).30. M. Cross and P. Hohenberg, Rev. Mod. Phys. 65, 851(1993).221


