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INTERPLAY OF NONCODING RNAs, mRNAs, AND PROTEINSDURING THE GROWTH OF EUKARYOTIC CELLSV. P. Zhdanov *Department of Applied Physis, Chalmers University of TehnologyS-41296, Göteborg, SwedenBoreskov Institute of Catalysis, Russian Aademy of Sienes630090, Novosibirsk, RussiaReeived April 6, 2010Numerous biologial funtions of nonoding RNAs (nRNAs) in eukaryoti ells are based primarily on theirability to pair with target mRNAs and then either to prevent translation or to result in rapid degradation of themRNA�nRNA omplex. Using a general model desribing this senario, we show that nRNAs may help tomaintain onstant mRNA and protein onentrations during the growth of ells. The possibility of observationof this e�et on the global sale is brie�y disussed.1. INTRODUCTIONThe genomes of eukaryoti ells often (e.g., in hu-mans) ontain relatively rare protein-oding sequenes.The rest of the genome inludes numerons transriptunits representing nRNAs. During the past deade,it has beome obvious that suh RNAs form a orner-stone of the regulatory network of signalling that op-erates in onert with the protein network (see reentreviews foused on long nRNAs obtained diretly af-ter gene transription [1�4℄, small nRNAs (from 20 to200 nuleotides) obtained by leavage of long nRNAs[5�11℄, and experiments [12�14℄). The important role ofnRNAs has been identi�ed in a wide variety of ellularproesses inluding di�erentiation, proliferation, death,and metabolism, both in the normal state and duringdeeases (e.g., aner). The numerous biologial fun-tions of nRNAs in general and small nRNAs in par-tiular are based primarily on their ability to pair withtarget mRNAs and then either to prevent translationor to result in rapid degradation of the mRNA�nRNAomplex (the former hannel seems to dominate inanimals [8℄). One of the most important and abun-dant sublasses of small nRNAs inludes miroRNAs(miRNAs), whih are 20�22 nuleotides long. EahmiRNA is known to have hundreds or even thousandsof targets [6, 12, 13℄. The abilities of long nRNAs are*E-mail: zhdanov�halmers.se

atually muh more diverse [1�4℄. In fat, suh nRNAsan partiipate in almost every step of gene expression.Despite the urrent boom in studies of nRNAs, theunderstanding of the e�et of nRNAs on geneti net-works is now limited. Many aspets in this area an berationalized, illustrated, and/or lari�ed by using ki-neti models. Presently, the kineti models foused onthe mRNA-protein interplay are numerous (see, e.g.,reviews foused on stohasti e�ets [15�18℄, osilla-tions [19, 20℄, and omplex networks [21�23℄). Themodels desribing the mRNA�nRNA interplay (with-out [24�27℄ or with protein-mediated feedbaks [28�30℄)are not abundant, however, and were foused exlu-sively on the situations where the ell volume is on-stant. Complementing the already available studies,we analyze here the interplay of mRNA, protein, andnRNA during the growth of eukaryoti ells.In prokaryotes, the growth of ells is well known tobe exponential and the averagemRNA and protein on-entrations are nearly onstant during the growth [31℄.The interpretation of these features appears to bestraightforward if we take into aount that in this ase,the ell yle is relatively short, the DNA repliationours during the whole yle, the dependene of theDNA amount on time is nearly exponential, and therate of the mRNA synthesis is proportional to the DNAamount (see Ref. [32℄ and the referenes therein for theorresponding models).Although the ell growth in eukaryotes is often on-789



V. P. Zhdanov ÆÝÒÔ, òîì 138, âûï. 4 (10), 2010sidered to be exponential [31; 33℄, the linear and bilin-ear growth models have also been proposed [34℄. Inyeasts, for example, deviations from the exponentialgrowth are well visible in the end of the yle [34℄. Onthe global sale, the experiments [35, 36℄ indiate thatthe onentration of the majority of proteins duringthe growth of eukaryoti ells is nearly onstant as inprokaryotes.Weak dependene of the onentration of most pro-teins on the ell volume seems to be bene�ial for theell funtion, beause it may failitate the ontrol ofvarious intraellular proesses. But the interpretationof this feature in eukaryoti ells is not straightforward.In suh ells, the yle is traditionally divided into foursequential phases: G1 (gap phase), S (DNA replia-tion), G2 (gap phase), and M (division) [37℄. The yleduration is typially about one day (it may be shorterin simple organisms, e.g., in yeasts, or longer, e.g., inmammals). The duration of the S phase is often rel-atively short, and one ould expet that the growthwould be di�erent before and after this phase. In real-ity, this does not seem to be the ase. The understand-ing of why the growth is apparently insensitive to theS phase is still limited. Our goal is to larify one of thelikely related fators.2. MODELIn our treatment, we use a general sheme inludingtransription of two genes to mRNA and nRNA,Gene1 ! Gene1 +mRNA; (1)Gene2 ! Gene2 + nRNA; (2)translation of mRNA to protein (P),mRNA! mRNA+P; (3)onventional enzyme-mediated degradation of thesespeies, mRNA! �; (4)nRNA! �; (5)P! � (6)reversible assoiation of mRNA and nRNA,mRNA+ nRNA
 mRNA � nRNA; (7)

and degradation of the mRNA�nRNA omplex,mRNA � nRNA! �: (8)As already noted, nRNAs often pair with targetmRNAs and then either prevent translation or resultin rapid degradation of the mRNA�nRNA omplex.Our model (steps (7) and (8)) takes both these han-nels into aount.To analyze steps (1)�(8), we neglet di�usion-related onentration gradients in a ell (this widelyused approximation is valid if the mRNA and nRNApopulations are not too large [26℄). In this ase, thekineti equations for the mRNA, nRNA, protein, andmRNA�nRNA-omplex populations in a ell, Nm, Nn,Np, and N, aredNmdt = wm � kmNm � raNmNn + rdN; (9)dNndt = wn � knNn � raNmNn + rdN; (10)dNdt = raNmNn � rdN � kN; (11)dNpdt = �Nm � kpNp; (12)where wm, wn, �, km, kn, k, and kp are the rates andrate onstants of the reatant synthesis and degrada-tion, and ra and rd are the rate onstants of the mRNAand nRNA reversible assoiation.During the ell yle, all the parameters in Eqs. (9)�(12) may depend on time, and we take the key fatorsbehind this dependene into aount (this is a novel in-gredient of our work). One of the fators might be theregulation of the mRNA, nRNA, and protein synthesisby proteins. Conerning this aspet, we note that thenumber of yle-related mRNAs and proteins in ells islarge, but their relative abundane in the global mRNAand protein pool is modest [38, 39℄ and they an hardlyontrol the population of the majority of proteins. Thispopulation, as already noted in the Introdution, is ap-proximately proportional to the ell volume and theironentration is nearly onstant [35, 36℄. We thereforeignore the protein-mediated feedbaks in our model. Inpartiular, � is onsidered onstant.On the other hand, the DNA repliation ourringduring the S phase of the ell yle results in a twofoldinrease in the number of genes and the orrespondinginrease in the gene transription rate resulting in themRNA and nRNA synthesis. Taking into aount that790



ÆÝÒÔ, òîì 138, âûï. 4 (10), 2010 Interplay of nonoding RNAs, mRNAs, and proteins : : :the time sale of the S phase is often relatively shortompared to the duration of the ell yle, we mimithe DNA repliation by a stepwise inrease in wm andwn (this approximation used earlier to simulate the ef-fet of the ell growth on the bistable kinetis of geneexpression [40℄ an be traed bak to Ref. [41℄). In par-tiular, the rate of the mRNA synthesis is representedas wm(t) = ( w0m for V0 � V (t) < Vr;2w0m for Vr < V (t) � 2V0; (13)where V0 � V (0) is the initial ell volume and Vr isthe ell volume orresponding to the DNA repliation.The rate of the nRNA synthesis is desribed in anal-ogy with Eq. (13).The rate onstants of onventional degradation ofmRNAs, nRNAs and proteins are proportional to theonentrations of the orresponding enzymes. Basi-ally, enzymes are proteins, and in our oarse-grainedmodel, aordingly, these rate onstants are expetedto be proportional to the protein onentration. Inanalogy with the majority of proteins [35, 36℄, the on-entration of the enzymes under onsideration an beonsidered onstant or, at least, weakly dependent ontime so that this dependene an be negleted, andhene km, kn, kp, and k an be assumed onstant.This approximation is used in the kineti models of themammalian ell yle [33℄, and we aept it as well.(Our validation of this approximation is obviously notrigorous, and it is generally desirable to take the timedependene of the degradation rate onstants into a-ount. At present, the orresponding models are lak-ing however.)Dissoiation of the mRNA�nRNA omplex is an el-ementary monomoleular step, and therefore rd is on-stant. Although assoiation of mRNA and nRNA isalso an elementary step, its rate onstant ra dependson the ell volume beause we operate with the mRNAand nRNA populations. In partiular, the assoiationrate per unit volume an be represented asW = �mn;where � is the volume- and time-independent rate on-stant, and m and n are the mRNA and nRNA on-entrations. Taking into aount thatm = NmV (t) ; n = NnV (t) ;we have W = �NmNnV 2(t) :

The total rate of the mRNA and nRNA assoiation isWtot �WV (t) = �NmNnV (t) :On the other hand, the total rate is de�ned by Eqs. (9)and (10) as Wtot = raNmNn:Comparing these expressions, we onlude that the de-pendene of ra on volume (or time) an be representedas ra(t) = r0aV0V (t) ; (14)where r0a = �=V0.To omplete the validation of the model, we noteagain that the number of distint potential nRNA-tar-gets is often high (up to 1000 [6, 12, 13℄). The numberof distint nRNAs is also high. Under these ondi-tions, the full set of equations desribing the interplaybetween distint mRNAs, nRNAs, and protein is oftenlarge. In suh situations, Eqs. (9)�(13) an neverthe-less be used by assuming that Nm, Nn, and Np repre-sent the average numbers of large groups of mRNAs,nRNAs, and proteins.As already noted in the introdution, the time saleof the ell yle is one day. In ontrast, steps (1)�(8)usually our on the time sale of a few minutes. Takingthis di�erene into aount, we an use a steady-stateapproximation in order to solve Eqs. (9)�(11) and toillustrate the dependene of the mRNA, nRNA, andprotein populations on the ell volume. In this appro-ximation, Eqs. (11) and (12) yieldNp = �Nmkp ; (15)N = raNmNnrd + k : (16)Using the last expression, Eqs. (9) and (10) an berewritten as wm � kmNm � rNmNn = 0; (17)wn � knNn � rNmNn = 0; (18)where r = rakrd + k (19)is the e�etive rate onstant of the mRNA and nRNAassoiation and degradation. Beause ra depends on V791
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Fig. 1. mRNA, protein, and nRNA populations as funtions of the ell volume during the ell yle (a) in the abseneof the mRNA-nRNA interation (r0 = 0) and (b) with this interation (r0 = 10�3 min�1). The stepwise inrease in thepopulations orresponds to the DNA repliation(see Eq. (14)), it follows that r also depends on V andan be represented as r = r0 V0V ; (20)where r0 � r0akrd + kis the rate onstant orresponding to V = V0.Equations (17) and (18) were previously used in theother ontexts in [24, 25℄, and their solution is wellknown to beNm = rwm � rwn � kmkn2rkm ++ "�rwm � rwn � kmkn2rkm �2 + knwmrkm #1=2 ;Nn = rwn � rwm � kmkn2rkn ++ "�rwn � rwm � kmkn2rkn �2 + kmwnrkn #1=2 :

Using the equations presented above, we an easilyalulate the reatant populations as a funtion of V .3. PARAMETERSTo perform alulations, we need biologially rea-sonable model parameters. Beause the onventionaldegradation of RNAs, nRNAs, and proteins in eukary-oti ells often ours on the time sales from a few min-utes to one hour [15, 19, 42℄, we use km = 0:1 min�1,kn = 0:2 min�1, and kp = 0:1 min�1. To desribethe mRNA, nRNA, and protein synthesis, we setw0m = 50 min�1, w0n = 200 min�1, and � = 0:5 min�1.With these parameters, our model predits biologiallyreasonable mRNA, nRNA, and protein populations.For example, in the absene of the mRNA�nRNA as-soiation at V0 � V < Vr, we haveNm = w0mkm = 500; Nn = w0nkn = 1000;Np = �Nmkp = 2500:792



ÆÝÒÔ, òîì 138, âûï. 4 (10), 2010 Interplay of nonoding RNAs, mRNAs, and proteins : : :The rate of assoiation of mRNA and nRNA is lim-ited by di�usion of these speies, and the orrespondingrate onstant � should be lower than 4�D� [43℄, i.e., r0should be lower than4�D�V0 � 3 � 10�3 min�1(see [25, 28℄), where D is the RNA di�usion oe�ient,and � is the RNA dimension. In our alulations, weuse r0 = 10�3 min�1.The DNA repliation is onsidered to our atV = Vr = 1:5V0:The parameters above allow us to alulate the rea-tant populations as a funtion of V in the steady-stateapproximation. The hoie of the parameters is obvi-ously not unique. If neessary, all the parameters anbe hanged. For example, the mRNA, nRNA, andprotein degradation rates an be redued. To keep bio-logially reasonable populations of these speies, therates of their synthesis should also be somewhat re-dued in this ase. Our preditions below are fairlyinsensitive to suh variation of the parameters.In priniple, Eqs. (9)�(12) an easily be integratedexpliitly. In this ase, the dependene of the ell vol-ume on time should be introdued. As noted in theintrodution, one of the reasonable options here is theexponential growth,V (t) = V0 exp(kgt);where kg � ln 2tis the growth rate onstant and t is the ell-yle du-ration. In pratie, however, there is no need in time-dependent integration of Eqs. (9)�(12) beause steps(1)�(8) are very fast on the time sale of the ell growth,and hene the steady-state approximation is fairly a-urate. All the results shown below were therefore ob-tained in this approximation.4. RESULTS OF CALCULATIONSUsing the parameters above, we have �rst alu-lated the mRNA, nRNA, and protein populationsin the absene of the mRNA�nRNA assoiation (forr0 = 0). In this ase, the dependene of the populationof these speies on V is of the stepwise type (Fig. 1a).In partiular, these populations beome two timeslarger after the DNA repliation. This is explained bythe twofold inrease in the gene-transription rate due
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Fig. 2. Rates of mRNA and nRNA synthesis, degra-dation, and assoiation during the ell yle shown inFig. 1bto an inrease in the number of genes. This inrease re-sults in the twofold inrease of the mRNA and nRNApopulations. The inrease in the mRNA population re-sults in an inrease in the mRNA translation rate andin the orresponding inrease in the protein population.With the mRNA�nRNA assoiation (r0 == 10�3 min�1), the dependene of the nRNApopulation on V is qualitatively the same (Fig. 1b).In ontrast, the dependene of the mRNA andprotein populations on V is nearly linear, i.e., theonentration of these speies is nearly onstant. Thestepwise dependene of Nn on V in the presene of themRNA�nRNA assoiation is explained by a relativelysmall ontribution of this proess to the degradationof nRNA (Fig. 2). The nearly linear dependene ofNm and Np on V is related to appreiable suppressionof the mRNA population due to the mRNA�nRNAassoiation and degradation (Fig. 2). In partiular,the rate of the mRNA synthesis beomes two timeshigher after the DNA repliation. However, this e�etis nearly ompensated by an appreiable inrease inthe rates of steps (7) and (8) due to the inrease inthe nRNA population. Thus, the DNA repliationresults in minor hanges in the mRNA population.The protein population is proportional to the mRNA793
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Fig. 3. Normalized protein (or mRNA) onentrationas a funtion of the ell volume during the ell yle(a) in the absene of the mRNA�nRNA interation(r0 = 0; f. Fig. 1a) and (b) with this interation(r0 = 10�3 min�1; f. Fig. 1b)population, and hene the hanges in the proteinpopulation are minor as well.Figure 3 exhibits the orresponding dependene ofthe protein (or mRNA) onentration on V . Thehanges in the onentration are appreiable in the ab-sene of the mRNA�nRNA assoiation (Fig. 3a) andnearly negligible with the mRNA�nRNA assoiation(Fig. 3b).The kinetis shown in Figs. 1 and 3 were alu-lated for r0 = 0 and 10�3 min�1. Figure 4 illustrateswhat happens between these values. As r0 dereasesfrom 10�3 min�1 (Fig. 1b) to 10�4 min�1 (Fig. 4a),the stepwise feature at V = 1:5V0 beomes more ap-preiable, but nevertheless remains muh weaker thanthat at r0 = 0 (Fig. 1b). The kinetis alulated forr0 = 10�5 min�1 (Fig. 4b) are lose to those at r0 = 0(Fig. 1a).The results presented in Figs. 1�4 were obtainedusing a steady-state solution of Eqs. (9)�(12). Diretintegration of Eqs. (9)�(12), performed by omplement-ing the parameters above, e.g., by rd = k = 0:1min�1,yields the same results. The inlusion of �utuations
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ÆÝÒÔ, òîì 138, âûï. 4 (10), 2010 Interplay of nonoding RNAs, mRNAs, and proteins : : :trol of the the mRNA and protein population. Con-erning this point, we note that the number of on�-dently identi�ed miRNA genes in humans has presentlysurpassed 400 [9℄. The number of protein-oding genes,approximately 3 � 104, is muh larger, and the �rst im-pression might be that the global ontrol by miRNAs isunlikely. But there are at least three fators indiatingthat the reality is more subtle.(i) The number of miRNAs will undoubtedly in-rease as high-throughput sequening ontinues to beapplied [9℄.(ii) The transriptional ativity of many protein-oding genes is very low, while the miRNA studies,e.g., using the nRNA miroarray tehnique [44℄, tendto be foused on miRNAs with relatively high popu-lations. Therefore, the identi�ed miRNA genes are onaverage more ative that the protein-oding genes.(iii) miRNAs are transribed as long nRNA andthen generated via a two-step proessing pathway in-luding the formation of a few di�erent approximately65 nt pre-miRNAs followed by onversion of eah ofthem into the orresponding miRNA [45℄. This is anadditional reason why the e�ieny of the genes gen-erating miRNAs may be a few times higher than thatof the protein-oding genes.Taking all these points into aount, we believe thatthe possibility of an miRNA ontribution to the globalontrol of the mRNA and protein population annot beexluded. For this, many miRNAs must be appreiablyexpressed in di�erent tissues. Interestingly, this is thease in normal human tissues [46℄.REFERENCES1. J. A. Goodrih and J. F. Kugel, Crit. Rev. Biohem.Mole. Biol. 44, 3 (2009).2. T. R. Merer, M. E. Dinger, and J. S. Mattik, NatureRev. Genet. 10, 155 (2009).3. J. Whitehead, G. K. Pandey, and C. Kanduri, Biohim.Biophys. Ata 1790, 936 (2009).4. J. E. Wilusz, H. Sunwoo, and D. L. Spetor, Gen. De-vel. 23, 1494 (2009).5. O. Hobert, Siene 319, 1785 (2008).6. D. E. Kuhn, M. M. Martin, D. S. Feldman, A. V. Terry,G. J. Nuovo, and T. S. Elton, Methods 44, 47 (2008).7. E. V. Makeyev and T. Maniatis, Siene 319, 1789(2008).8. A. E. Williams, Cell. Mol. Life Si. 65, 545 (2008).
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