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ÍÅËÈÍÅÉÍÎÅ Ó�ÀÂÍÅÍÈÅ ÂÛÑÎÊÎ�Î ÏÎ�ßÄÊÀÄËß Î�ÈÁÀÞÙÅÉ ��ÀÂÈÒÀÖÈÎÍÍÛÕ ÂÎËÍÍÀ ÂÎÄÅ ÊÎÍÅ×ÍÎÉ �ËÓÁÈÍÛÀ. Â. Ñëþíÿåâ *Èíñòèòóò ïðèêëàäíîé �èçèêè �îññèéñêîé àêàäåìèè íàóê603950, Íèæíèé Íîâãîðîä, �îññèÿÏîñòóïèëà â ðåäàêöèþ 8 àïðåëÿ 2005 ã.Ïîëó÷åíî óðàâíåíèå äëÿ îãèáàþùåé âîëí íà ïîâåðõíîñòè âîäû êîíå÷íîé ãëóáèíû, âêëþ÷àþùåå ÷ëå-íû òðåõ ïîðÿäêîâ ìàëîñòè. Èñïîëüçóþòñÿ ïðåäïîëîæåíèÿ î ìàëîñòè êðóòèçíû âîëí, óçîñòè ñïåêòðà èìàëîñòè ãëóáèíû ïî ñðàâíåíèþ ñ äëèíîé ìîäóëÿöèè. Â ñëó÷àå äîñòàòî÷íî ãëóáîêîé âîäû âûâåäåíî îáîá-ùåííîå óðàâíåíèå Äèñòà. Â ïðåäåëå ìåëêîé âîäû â óðàâíåíèè èñ÷åçàåò îäíî èç ñëàãàåìûõ íåëèíåéíîéäèñïåðñèè. Ýòîò ïðåäåë ñîïîñòàâëåí ñ óðàâíåíèåì äëÿ îãèáàþùåé âîëí, îïèñûâàåìûõ óðàâíåíèåì Êîðòå-âåãà � äå Âðèçà. Èññëåäîâàí ïîãðàíè÷íûé ñëó÷àé âûðîæäåíèÿ íåëèíåéíîñòè â êëàññè÷åñêîì íåëèíåéíîìóðàâíåíèè Øðåäèíãåðà äëÿ âîëí íà âîäå (kh � 1:363). Ïîêàçàíî, ÷òî äëÿ èíòåíñèâíûõ âîëí ïîðîã ìî-äóëÿöèîííîé íåóñòîé÷èâîñòè ñäâèãàåòñÿ â îáëàñòü áîëåå ìåëêîé âîäû (äëèííûõ âîëí).PACS: 05.45.-a, 47.20.-k, 47.35.+i, 92.10.Hm1. ÂÂÅÄÅÍÈÅÂ êëàññè÷åñêîé �èçèêå íåëèíåéíîå óðàâíåíèåØðåäèíãåðà (ÍÓØ) áûëî âûâåäåíî ñíà÷àëà äëÿ çà�äà÷ íåëèíåéíîé îïòèêè [1, 2℄, à çàòåì äëÿ îïèñàíèÿïîëåé ðàçíîé ïðèðîäû â ðàçëè÷íûõ îáëàñòÿõ �èçè�êè [3℄. Äëÿ âîëí íà âîäå îíî áûëî âûâåäåíî â ðà�áîòàõ [4�6℄. Óðàâíåíèå âîëíû íà ïîâåðõíîñòè âîäûìîæåò îïèñûâàòü êà÷åñòâåííî ðàçíóþ äèíàìèêó âçàâèñèìîñòè îò ñîîòíîøåíèÿ åãî êîý��èöèåíòîâ, êî�òîðûå ÿâëÿþòñÿ �óíêöèÿìè ãëóáèíû. Òàê, â ñëó÷àåäîñòàòî÷íî ãëóáîêîé âîäû (kh > 1:363, ãäå k � âîë�íîâîå ÷èñëî íåñóùåé âîëíû, h � ãëóáèíà) óðàâíå�íèå îïèñûâàåò íåëèíåéíûé ý��åêò ìîäóëÿöèîííîéíåóñòîé÷èâîñòè, îòêðûòûé â ðàáîòå [7℄ è çàòåì ýêñ�ïåðèìåíòàëüíî ïîäòâåðæäåííûé. Â ïðîòèâîïîëîæ�íîì ñëó÷àå ìîäóëÿöèè âîëí ÿâëÿþòñÿ óñòîé÷èâûìè.Ìîäè�èêàöèè ÍÓØ, îïèñûâàþùèå òðåõìåðíûå âîë�íû íà ïîâåðõíîñòè âîäû (äâå ãîðèçîíòàëüíûå ðàç�ìåðíîñòè è îäíà â ãëóáèíó), áûëè ïîëó÷åíû â ðà�áîòàõ [8, 9℄, â ýòîì ñëó÷àå îáëàñòè ìîäóëÿöèîííîéíåóñòîé÷èâîñòè óñòðîåíû ñëîæíåå.Áóäó÷è èíòåãðèðóåìûì, ÍÓØ ÿâëÿåòñÿ óíè�*E-mail: Slunyaev�hydro.appl.si-nnov.ru

êàëüíî óäîáíûì íåëèíåéíûì óðàâíåíèåì â ÷àñò�íûõ ïðîèçâîäíûõ. Åãî àíàëèç çà÷àñòóþ çíà÷èòåëü�íî óïðîùàåòñÿ ïðè èñïîëüçîâàíèè ïðåäñòàâëåíèé îåãî ñîëèòîííûõ ðåøåíèÿõ. Ñ äðóãîé ñòîðîíû, ýòîóðàâíåíèå èìååò çíà÷èòåëüíûå îãðàíè÷åíèÿ ïî ñè�ëå íåëèíåéíîñòè è øèðèíå ñïåêòðà âîëí. Óêàçàí�íûå íåäîñòàòêè çà÷àñòóþ êîìïåíñèðóþò çà ñ÷åò äî�áàâëåíèÿ ñëàãàåìûõ âûñøèõ ïîðÿäêîâ ïî íåëèíåé�íîñòè è äèñïåðñèè. Òàêèå ìîäåëè èñïîëüçóþòñÿ âïîñëåäíåå âðåìÿ, íàïðèìåð, äëÿ îïèñàíèÿ êîðîòêèõèìïóëüñîâ â îïòîâîëîêîííûõ ëèíèÿõ [10℄. Íàèáîëü�øåå ïðèìåíåíèå äëÿ îïèñàíèÿ ìîðñêèõ âîëí íàøëîóðàâíåíèå Äèñòà, âûâåäåííîå âïåðâûå â [11℄, è åãîáîëåå ïîçäíèå ìîäè�èêàöèè. Íóæíî îòìåòèòü, ÷òîðîäñòâåííûå óðàâíåíèÿ â ðàçíûõ ðàáîòàõ çàïèñûâà�ëèñü â ðàçëè÷íîì âèäå (â òîì ÷èñëå äëÿ ðàçëè÷íûõâåëè÷èí) è ÷àñòî èìåëè ïðîòèâîðå÷àùèå äðóã äðóãóêîý��èöèåíòû; â áîëüøèíñòâå ñëó÷àåâ îíè îïèñû�âàëè âîëíû íà áåñêîíå÷íî ãëóáîêîé âîäå. Â íåäàâ�íåé ðàáîòå [12℄ áûëî ïîëó÷åíî çàìêíóòîå íåëèíåé�íîå óðàâíåíèå Øðåäèíãåðà äëÿ îãèáàþùåé ñìåùå�íèÿ ïîâåðõíîñòè ñ ó÷åòîì ïîïðàâîê äâóõ ïîðÿäêîâäëÿ ñëó÷àÿ ïðîèçâîëüíîé ãëóáèíû:1061



À. Â. Ñëþíÿåâ ÆÝÒÔ, òîì 128, âûï. 5 (11), 2005i��A�t + V �A�x�+ "�1 �2A�x2 + "�1jAj2A++i"2�2 �3A�x3 +i"2�21jAj2 �A�x+i"2�22A2 �A��x = 0; (1)ãäå " � ìàëûé ïàðàìåòð. Óðàâíåíèå (1) ïðåîáðàçóåò�ñÿ â êëàññè÷åñêîå ÍÓØ, åñëè îòáðîñèòü ñëàãàåìûåïîðÿäêà "2. Êîý��èöèåíòû óðàâíåíèÿ (1), ïîëó÷åí�íûå â [12℄, â ïðåäåëå áåñêîíå÷íî ãëóáîêîé æèäêî�ñòè ñîâïàäàþò ñ âåðñèåé óðàâíåíèé, èñïîëüçóåìûõãðóïïîé Äèñòà è Òðóëñåíà â ïîñëåäíèõ ïóáëèêàöè�ÿõ (íàïðèìåð, [13℄). Óðàâíåíèå âèäà (1) ïîÿâëÿåòñÿè â äðóãèõ ïðèëîæåíèÿõ; îáçîð ðàáîò, ïîñâÿùåííûõîáîáùåíèÿì óðàâíåíèÿ ÍÓØ, äàí â [12℄.Ìîäóëÿöèîííàÿ íåóñòîé÷èâîñòü ÿâëÿåòñÿ âàæ�íûì ñâîéñòâîì óðàâíåíèé òèïà ÍÓØ. Îíà âû�ðîæäàåòñÿ ïðè óìåíüøåíèè ãëóáèíû íèæå ïîðîãàkh � 1:363 çà ñ÷åò ñìåíû çíàêà êîý��èöèåíòàíåëèíåéíîñòè �1. Â ïîðîãîâîé îáëàñòè çíà÷åíèé êó�áè÷åñêàÿ íåëèíåéíîñòü îêàçûâàåòñÿ àíîìàëüíî ìà�ëîé, ïîýòîìó äëÿ ó÷åòà íåëèíåéíûõ ý��åêòîâ äîëæ�íà áûòü ó÷òåíà íåëèíåéíîñòü ñëåäóþùåãî (ïÿòîãî)ïîðÿäêà. Â ñëó÷àå àñèìïòîòè÷åñêîãî âûâîäà óðàâ�íåíèé ýòî îïðåäåëÿåòñÿ èçìåíåííûì ñîîòíîøåíèåììåæäó äâóìÿ ìàëûìè ïàðàìåòðàìè: íåëèíåéíîñòèè äèñïåðñèè. Èìåííî òàêîé ïîäõîä áûë èñïîëüçîâàíâ ðàáîòàõ [14, 15℄. Âïåðâûå íåëèíåéíîå óðàâíåíèåäëÿ ñëó÷àÿ kh � 1:363 áûëî ïîëó÷åíî â ðàáîòå [14℄.Â íåé áûëè ïðèâåäåíû êîý��èöèåíòû óðàâíåíèÿ âïîðîãîâîé îáëàñòè è ñäåëàí àíàëèç îáëàñòè ìîäó�ëÿöèîííîé íåóñòîé÷èâîñòè. Â ðàáîòå [15℄ óðàâíåíèåáûëî ïåðåâûâåäåíî (â íåñêîëüêî èíîì âèäå):i��A�t + V �A�x�+ "�1 �2A�x2 +p" �1jAj2A++ i"�21jAj2 �A�x + i"�22A2 �A��x + "�31jAj4A = 0 (2)(ãäå �1 = O("1=2)), à åãî êîý��èöèåíòû çàïèñàíûêàê �óíêöèè ãëóáèíû. Êðîìå âûñøåãî íåëèíåéíîãîñëàãàåìîãî óðàâíåíèå (2) (ïåðâîãî ïîðÿäêà) ñîäåð�æèò ñëàãàåìûå íåëèíåéíîé äèñïåðñèè. Áûëî îòìå÷å�íî, ÷òî êîý��èöèåíòû íîâîãî óðàâíåíèÿ íå ñîâïàäà�þò ñ ðåçóëüòàòàìè ðàáîòû [14℄, âûâîäû îá îáëàñòÿõíåóñòîé÷èâîñòè òàêæå îêàçàëèñü èíûìè.Â óðàâíåíèÿõ (1) è (2) ñîäåðæàòñÿ ñëàãàåìûåíåëèíåéíîé äèñïåðñèè îäèíàêîâîãî âèäà. Îêàçûâà�åòñÿ, ÷òî êîý��èöèåíòû ïðè íèõ ðàçëè÷íû âî âñåõòðåõ óïîìÿíóòûõ ðàáîòàõ [12, 14, 15℄ (â ðàáîòå [15℄îíè íåîãðàíè÷åííî ðàñòóò ïðè kh ! 1). Óðàâ�íåíèå (2) òàêæå áûëî âûâåäåíî èç óðàâíåíèÿ äëÿïîëÿ (îáîáùåííîãî óðàâíåíèÿ Êîðòåâåãà � äå Âðèçà(ÊäÂ)) è èññëåäîâàëîñü íà ìîäóëÿöèîííóþ óñòîé÷è�

âîñòü â [16℄. Âûðîæäåíèå íåëèíåéíîñòè ìîæåò ïðè�âîäèòü ê ïîÿâëåíèþ êà÷åñòâåííî íîâûõ ý��åêòîâ âäèíàìèêå âîëí äîñòàòî÷íî áîëüøîé àìïëèòóäû (ñì.,íàïðèìåð, [17, 18℄).Â íàñòîÿùåé ðàáîòå ñ ïîìîùüþ êëàññè÷åñêîé ïî�ñòàíîâêè àñèìïòîòè÷åñêîé ñõåìû ïîëó÷åíî óðàâíå�íèå, îïèñûâàþùåå ñëàáîíåëèíåéíûå ñëàáîìîäóëèðî�âàííûå ãðàâèòàöèîííûå âîëíû íà ïîâåðõíîñòè âîäûêîíå÷íîé ãëóáèíû, âêëþ÷àþùåå â ñåáÿ ñëàãàåìûåòðåõ ïîðÿäêîâ ìàëîñòè. Íàéäåííîå óðàâíåíèå ÿâëÿ�åòñÿ îáîáùåíèåì (1) ñ ó÷åòîì ÷ëåíîâ ñëåäóþùåãî ïî�ðÿäêà ìàëîñòè. Â ïðåäåëå ìåëêîé âîäû ïîëó÷åííîåîáîáùåííîå óðàâíåíèå ÍÓØ ñîïîñòàâëÿåòñÿ ñ âû�âåäåííûì äëÿ îãèáàþùåé âîëí â ðàìêàõ óðàâíåíèÿÊäÂ. Îêàçûâàåòñÿ, ÷òî â ðàññìàòðèâàåìîì ïîðÿä�êå òî÷íîñòè êîý��èöèåíòû íåëèíåéíîé äèñïåðñèèïîëó÷åííîãî îáîáùåííîãî óðàâíåíèÿ íåîãðàíè÷åíûïðè kh ! 1. Äëÿ ãëóáîêîâîäíîãî ñëó÷àÿ ïîëó÷å�íî îáîáùåíèå óðàâíåíèÿ Äèñòà ñ ó÷åòîì ñëàãàåìûõñëåäóþùåãî ïîðÿäêà, åãî êîý��èöèåíòû êîíå÷íû.Â ÷àñòíîì ñëó÷àå kh! 1:363 îáîáùåííîå óðàâíåíèåÍÓØ çàïèñûâàåòñÿ â �îðìå (2). Ïðîâåäåí àíàëèçìîäóëÿöèîííîé íåóñòîé÷èâîñòè âîëí â ýòîì ñëó÷àåñ ó÷åòîì ïîëó÷åííûõ êîý��èöèåíòîâ.2. ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×ÈÏîñòàíîâêà çàäà÷è èìååò êëàññè÷åñêèé âèä (ñì.,íàïðèìåð, [12; 19℄). Âûêëàäêè ïðåäñòàâëÿþò ñîáîéçíà÷èòåëüíóþ òðóäíîñòü ïðè âûâîäå êîý��èöèåí�òîâ óðàâíåíèÿ îãèáàþùåé, ïîýòîìó áûë èñïîëüçîâàíïàêåò ñèìâîëüíîé ìàòåìàòèêè Maple. Çàïèøåì ïðî�öåäóðó â �îðìàëüíîì âèäå, óäîáíîì äëÿ àëãîðèòìè�çàöèè. �àññìàòðèâàþòñÿ ñëàáîíåëèíåéíûå âîëíû íàïîâåðõíîñòè íåñæèìàåìîé íåâÿçêîé æèäêîñòè ïîääåéñòâèåì ñèëû òÿæåñòè. Ñèñòåìà óðàâíåíèé ñîñòî�èò èç äâóõ ãðàíè÷íûõ óñëîâèé íà ïîâåðõíîñòè æèä�êîñòè, 'z = �t + 'x�x; z = �; (3)'t + g� + 12('2x + '2z) = 0; z = �; (4)è óðàâíåíèÿ Ëàïëàñà äëÿ òîëùè âîäû ïëþñ ãðàíè÷�íîå óñëîâèå ¾íåïðîòåêàíèÿ¿ íà äíå:�' = 0; �h � z � �; (5)�'�z = 0; z = �h: (6)Çäåñü z � âåðòèêàëüíàÿ, à x � ãîðèçîíòàëüíàÿêîîðäèíàòû, �(x; t) � ñìåùåíèå ïîâåðõíîñòè, à'(x; z; t) � ïîòåíöèàë ïîëÿ ñêîðîñòåé v = r';h � ãëóáèíà æèäêîñòè. Ïîòåíöèàëüíîñòü òå÷åíèÿ1062



ÆÝÒÔ, òîì 128, âûï. 5 (11), 2005 Íåëèíåéíîå óðàâíåíèå âûñîêîãî ïîðÿäêà : : :ÿâëÿåòñÿ ÷àñòûì ïðåäïîëîæåíèåì ïðè ðàññìîòðå�íèè âîëí íà ïîâåðõíîñòè æèäêîñòè. Óñëîâèå ñëàáîéìîäóëÿöèè âîëí (óçîñòè ñïåêòðà) ïîçâîëÿåò èñêàòüðåøåíèå â âèäå ñóïåðïîçèöèè ãàðìîíèê: '(x; z; t)�(x; z; t) ! = ÆXn  'n(x; z; t)�n(x; z; t) ! En;En = ( 1; n = 0;(1=2) exp(in!t� inkx); n 6= 0; (7)ïðè ýòîì îñíîâíàÿ (íåñóùàÿ) ãàðìîíèêà îáëàäàåò÷àñòîòîé ! è âîëíîâûì ÷èñëîì k. Â (7) Æ � 1 �ìàëàÿ âåëè÷èíà, ñîîòâåòñòâóþùàÿ ìàëîàìïëèòóäíî�ìó ïðèáëèæåíèþ. Äëÿ îáåñïå÷åíèÿ äåéñòâèòåëüíûõçíà÷åíèé '(x; z; t) è �(x; t) äîëæíû âûïîëíÿòüñÿ ñî�îòíîøåíèÿ '�n = '�n; ��n = ��n:Ó÷èòûâàÿ ìàëîñòü ñìåùåíèé ïîâåðõíîñòè, ãðà�íè÷íûå óñëîâèÿ íà ãðàíèöå z = �(x; t), ìîæíî çàïè�ñàòü äëÿ íåïîäâèæíîãî óðîâíÿ z = 0 ïîñëå ðàçëîæå�íèÿ �óíêöèé ãëóáèíû â ðÿä Òåéëîðà. Òîãäà ñèñòåìàóðàâíåíèé íà ïîâåðõíîñòè (3), (4) çàïèøåòñÿ â âèäå1Xj=0 �j�j+1z 'j! = �t + �x 1Xj=0 �j�jz'xj! ; z = 0; (8)1Xj=0 �j�jz'tj! + g� + 12 0� 1Xj=0 �j�jz'xj! 1A2 ++ 12 0� 1Xj=0 �j�j+1z 'j! 1A2 = 0; z = 0: (9)Ââåäåì ìåäëåííóþ êîîðäèíàòó x1, îòðàæàþùóþñëàáóþ äèñïåðñèþ � ìåäëåííîñòü èçìåíåíèÿ îãèáà�þùåé â ñðàâíåíèè ñ äëèíîé âîëíû íåñóùåé:��x ! ��x0 + � ��x1 ; �� 1; (10)è ìåäëåííûå âðåìåíà ti:��t ! ��t0 + " ��t1 + "2 ��t2 ++ "3 ��t3 + "4 ��t4 + : : : ; "� 1: (11)Áóäåì èñêàòü ðåøåíèå â âèäå ðàçëîæåíèÿ â ðÿä ïîìàëîìó ïàðàìåòðó ": 'n�n ! = 1Xm=0 "m 'nm�nm ! : (12)

Òàêèì îáðàçîì, ïîòåíöèàë è ñìåùåíèå ïðåäñòàâ�ëåíû â âèäå'(x; z; t) = Æ2 1Xn=�1En 1Xm=�1 "m'nm(x0; x1; z; ti);i = 1; 2; : : : ; (13)�(x; t) = Æ2 1Xn=�1En 1Xm=�1 "m�nm(x0; x1; ti);i = 1; 2; : : : (14)Ìàëûå ïàðàìåòðû Æ è � ìîãóò ïî-ðàçíîìó ñîîòíî�ñèòüñÿ ìåæäó ñîáîé, ñîîòâåòñòâóÿ ðàçíûì óñëîâèÿì(ñèëüíàÿ äèñïåðñèÿ ïî ñðàâíåíèþ ñ íåëèíåéíîñòüþèëè íàîáîðîò). Ìàëûé ïàðàìåòð " îòâå÷àåò çà ðàç�ëîæåíèå èñêîìîãî ðåøåíèÿ â àñèìïòîòè÷åñêèé ðÿäè äîëæåí ïîäáèðàòüñÿ â çàâèñèìîñòè îò ñîîòíîøå�íèÿ ìåæäó Æ è �. Â êëàññè÷åñêîì ñëó÷àå óðàâíåíèÿÍÓØ, êîãäà êóáè÷åñêàÿ íåëèíåéíîñòü ïîÿâëÿåòñÿ âîäíîì ïîðÿäêå ñ ïåðâîé äèñïåðñèîííîé ïîïðàâêîé,äîëæíî âûïîëíÿòüñÿ " � � � Æ. Áóäåì â äàëüíåé�øåì èñïîëüçîâàòü òîëüêî îäèí ìàëûé ïàðàìåòð ",ïîëîæèâ � = " è Æ = ".Îñíîâíîé âêëàä â ðåøåíèå äàåò ïåðâàÿ ãàðìî�íèêà, ïîýòîìó ïîëàãàåì íåíóëåâûìè êîìïîíåíòûïîòåíöèàëà íóëåâîãî ïîðÿäêà òîëüêî äëÿ ïåðâîé,ìèíóñ ïåðâîé (ñîïðÿæåííîé) è íóëåâîé ãàðìîíèê:'n0 = 0 äëÿ jnj > 1. ×ëåí '00 îòâå÷àåò çà ñðåä�íåå íàâåäåííîå òå÷åíèå. Äëÿ ñìåùåíèÿ �n0 = 0 äëÿn 6= �1. Òàê êàê ãàðìîíèêè, îòëè÷íûå îò íóëå�âîé, âîçáóæäàþòñÿ íåëèíåéíûìè âçàèìîäåéñòâèÿìèìåæäó êîìïîíåíòàìè, ìîæíî ïîëîæèòü 'nm = 0 è�nm = 0 äëÿ âñåõ jnj > m. Ýòè óñëîâèÿ óìåíüøà�þò îáúåì âûêëàäîê, õîòÿ ìîãóò áûòü ïîëó÷åíû è âïðîöåññå ðåøåíèÿ.Òåïåðü âûðàæåíèÿ äëÿ �óíêöèé (13) è (14) ìîæ�íî ïîäñòàâèòü â óðàâíåíèÿ (8) è (9) ñ ó÷åòîì (10) è(11) è ñîáèðàòü ïî î÷åðåäè ñëàãàåìûå îäíîé ãàðìîíè�êè (ñòåïåíè n ïðè E) è îäíîãî ïîðÿäêà ìàëîñòè (ñòå�ïåíè m ïðè "). Â äàëüíåéøåì áóäåì íóìåðîâàòü ïî�ëó÷àåìûå óðàâíåíèÿ äâîéíûì èíäåêñîì fn;mg. Äëÿíàõîæäåíèÿ çàìêíóòîé ñèñòåìû óðàâíåíèé ïîòðåáó�åòñÿ ðåøåíèå óðàâíåíèÿ Ëàïëàñà (5) ñ ó÷åòîì ãðà�íè÷íîãî óñëîâèÿ (6). Â äåéñòâèòåëüíîñòè ñïåðâà ðå�øàëîñü óðàâíåíèå Ëàïëàñà, äàëåå èç óðàâíåíèÿ (9)ïîñëåäîâàòåëüíî ïî ïîðÿäêàì ìàëîñòè íàõîäèëèñüâûðàæåíèÿ äëÿ êîìïîíåíò ñìåùåíèÿ �nm è ïîäñòàâ�ëÿëèñü â óðàâíåíèå (8), êîòîðîå è äàâàëî èñêîìîåýâîëþöèîííîå óðàâíåíèå.1063



À. Â. Ñëþíÿåâ ÆÝÒÔ, òîì 128, âûï. 5 (11), 20053. �ÅØÅÍÈÅ Ó�ÀÂÍÅÍÈß ËÀÏËÀÑÀ�àññìîòðèì óðàâíåíèå Ëàïëàñà (5) ñ ãðàíè÷íûìóñëîâèåì (6). Ñ ó÷åòîì ââåäåííûõ ìåäëåííûõ êîîð�äèíàò è ïðåäñòàâëåíèÿ �óíêöèé â âèäå ðÿäîâ îíîìîæåò áûòü çàïèñàíî â �îðìåLn'n� 2�ink�x1'n+�2�2x1'n = 0; Ln = �2z �n2k2;äëÿ âñåõ n, èëèLn'nm � 2ink�x1'n;m�1 + �2x1'n;m�2 = 0 (15)äëÿ âñåõ n è m. �àçëîæåíèå óðàâíåíèÿ Ëàïëàñà (15)ìîæåò áûòü ïîñëåäîâàòåëüíî ðåøåíî äëÿ âñåõ ïîðÿä�êîâ ìàëîñòè m � 0. Ñîîòâåòñòâóþùèå ðåøåíèÿ äëÿ0 � m � 4 è n = 0 ìîãóò áûòü çàïèñàíû â âèäåf0; 0g : '00 = A00(xi; ti); (16)f0; 1g : '01 = A01(xi; ti); (17)f0; 2g : '02 = A02(xi; ti)� 12(z + h)2�2x1A00; (18)f0; 3g : '03 = A03(xi; ti)� 12(z + h)2�2x1A01; (19)f0; 4g : '04 = A04(xi; ti)� 12(z + h)2�2x1A02 ++ 124(z + h)4�4x1A00; (20)à äëÿ n 6= 0:fn; 0g : 'n0 = An0(xi; ti)hnk(z + h)hnkh ; (21)fn; 1g : 'n1 = An1(xi; ti)hnk(z + h)hnkh ++ i�x1An0(z + h) shnk(z + h)hnkh ; (22)fn; 2g : 'n2 = �An2(xi; ti)� �2x1An;0 (z + h)22 ���hnk(z+h)hnkh +i�x1An1(z+h) shnk(z+h)hnkh ; (23)fn; 3g : 'n3 = �An3(xi; ti)� �2x1An1 (z + h)22 ��� hnk(z + h)hnkh ++�i�x1An2(z + h)� i�3x1An0 (z + h)36 ��� shnk(z + h)hnkh ; (24)

fn; 4g : 'n4 = �An4(xi; ti)� �2x1An2 (z + h)22 ++�4x1An0 (z + h)424 � hnk(z + h)hnkh ++�i�x1An3(z + h)� i�3x1An1 (z + h)36 ��� shnk(z + h)hnkh : (25)Ôóíêöèè Anm(xi; ti) â âûðàæåíèÿõ (16)�(25) íà äàí�íîì ýòàïå íå îïðåäåëåíû.4. ÊËÀÑÑÈ×ÅÑÊÎÅ Ó�ÀÂÍÅÍÈÅ ÍÓØÂ ïîðÿäêå f1; 0g íàõîäèì óñëîâèå íà ïàðàìåòðûâîëíû, îïðåäåëÿþùåå äèñïåðñèîííîå ñîîòíîøåíèå:! =pkg�; � = th(kh): (26)Ñëåäóþùèé ïîðÿäîê f1; 1g äàåò ñîîòíîøåíèå�A10�t1 + V �A10�x1 = 0: (27)Ýòî óðàâíåíèå îïèñûâàåò ðàñïðîñòðàíåíèå ëèíåé�íîé âîëíû â äèñïåðãèðóþùåé ñðåäå ñî ñêîðîñòüþV = g2! �� + kh(1� �2)� ; (28)êîòîðàÿ åñòü ãðóïïîâàÿ ñêîðîñòü ðàñïðîñòðàíåíèÿëèíåéíûõ âîëí â ñðåäå ñ äèñïåðñèîííîé çàâèñèìî�ñòüþ (26).Ïîðÿäîê {1, 2} ïðèâîäèò ê ýâîëþöèîííîìó óðàâ�íåíèþ, ñîäåðæàùåìó íóëåâóþ è âòîðóþ ãàðìîíèêè.Óðàâíåíèå äëÿ íóëåâîé ãàðìîíèêè íàõîäèòñÿ â ïî�ðÿäêå f0; 2g è èìååò âèägh�2A00�x21 � �2A00�t21 = �1 ��x1 jA10j2: (29)Èç (29) ñ èñïîëüçîâàíèåì (27) ñëåäóåò, ÷òî� ��t1 + V ��x1�� �2�t21 � V 2long �2�x21�A00 = 0;Vlong =pgh : (30)Çäåñü Vlong � ëèíåéíàÿ ñêîðîñòü äëèííûõ âîëí. �àñ�ïðîñòðàíåíèå ñ ýòîé ñêîðîñòüþ ñîîòâåòñòâóåò ñâî�áîäíîìó ðåøåíèþ äëÿ íóëåâîé ãàðìîíèêè. Â íàøåìæå ñëó÷àå ñëåäóåò ïîëîæèòü�A00�t1 + V �A00�x1 = 0; (31)÷òî îòâå÷àåò ïðåäïîëîæåíèþ, ÷òî â ïåðâîì ïîðÿäêåíóëåâàÿ ãàðìîíèêà ðàñïðîñòðàíÿåòñÿ ñî ñêîðîñòüþ1064



ÆÝÒÔ, òîì 128, âûï. 5 (11), 2005 Íåëèíåéíîå óðàâíåíèå âûñîêîãî ïîðÿäêà : : :âûíóæäàþùåé ñèëû (ïîâåðõíîñòíîé âîëíû). Òîãäàóðàâíåíèå (29) ïðèíèìàåò âèä�A00�x1 = 1jA10j2; (32)1 = �1=V 2d ; V 2d = gh� V 2:Çäåñü è äàëåå âûðàæåíèÿ äëÿ ïîëó÷àåìûõ êîý��è�öèåíòîâ îòíåñåíû â Ïðèëîæåíèå.Âûðàæåíèå äëÿ âòîðîé ãàðìîíèêè ïîëó÷àåòñÿ âïîðÿäêå f2; 1g è èìååò âèäA21 = i�1A210: (33)Â ðåçóëüòàòå ñ ó÷åòîì (27), (31) è (33) ïîðÿäîê f1; 2gïðèâîäèò ê óðàâíåíèþi�A10�t2 + �1 �2A10�x21 + ~�11jA10j2A10 ++ ~�12A10 �A00�x1 = 0: (34)Ñèñòåìà óðàâíåíèé (34) è (32) äàåò çàìêíóòîå ýâî�ëþöèîííîå óðàâíåíèå:i�A10�t2 + �1 �2A10�x21 + ~�1jA10j2A10 = 0: (35)Òàê êàê íàñ, â êîíå÷íîì èòîãå, èíòåðåñóåò óðàâ�íåíèå äëÿ ñìåùåíèÿ ïîâåðõíîñòè, èñïîëüçóåì ñâÿçüïîòåíöèàëà ñêîðîñòè è ñìåùåíèÿ:�10 = i�A10; � = �!g ; (36)êîòîðàÿ ïîëó÷àåòñÿ ïðè ðåøåíèè óðàâíåíèÿ (9). Òî�ãäà, âîçâðàùàÿñü ê �èçè÷åñêèì ïåðåìåííûì, óðàâ�íåíèå ÍÓØ ïðèíèìàåò âèäi���10�t + V ��10�x �+ "�1 �2�10�x2 ++ "�1j�10j2�10 = 0; (37)�1 = ~�1=�2;à ñìåùåíèå ïîâåðõíîñòè îïðåäåëÿåòñÿ �îðìóëîé� = Re (�10 exp(i!t� ikx)) : (38)Ïîëó÷åííîå óðàâíåíèå (37) ÿâëÿåòñÿ êëàññè÷å�ñêèì ÍÓØ ïåðâîãî ïîðÿäêà è ñîäåðæèò èçâåñòíûåêîý��èöèåíòû. Â ÷àñòíîñòè, êîý��èöèåíò äèñïåð�ñèè �1 âñåãäà ïîëîæèòåëåí, à êîý��èöèåíò íåëèíåé�íîñòè �1 ìåíÿåò ñâîé çíàê ïðè kh! 1:363 (ñì. ðèñó�íîê), ÷òî âëå÷åò ñìåíó òèïà óðàâíåíèÿ (37) (�îêóñè�ðóþùåå ïðè �1 > 0 è äå�îêóñèðóþùåå â îáðàòíîìñëó÷àå).
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0 1 2 3 4 5 6 7khÁåçðàçìåðíûå íåëèíåéíûå êîý��èöèåíòû îáîá-ùåííîãî óðàâíåíèÿ (66) â çàâèñèìîñòè îò ïàðàìåò-ðà kh (ñì. òàáëèöó)5. ÝÂÎËÞÖÈÎÍÍÎÅ Ó�ÀÂÍÅÍÈÅ ÑÓ×ÅÒÎÌ ÄÂÓÕ ÏÎ�ßÄÊÎÂ ÌÀËÎÑÒÈ(Ó�ÀÂÍÅÍÈÅ ÑÅÄËÅÖÊÎ�Î)Îáîáùåíèå ÍÓØ äëÿ âîëí íà ïîâåðõíîñòè æèä�êîñòè êîíå÷íîé ãëóáèíû ñ ó÷åòîì ñëàãàåìûõ äâóõïîðÿäêîâ ìàëîñòè áûëî ïîëó÷åíî â [12℄. Â íàñòîÿ�ùåé ðàáîòå ýòîò âûâîä, â öåëîì, ïîâòîðÿåòñÿ, îäíà�êî îòëè÷íî ó÷èòûâàåòñÿ âêëàä ñëàãàåìîãî ñ ïðîèç�âîäíîé îò ïîòåíöèàëà ñêîðîñòè íóëåâîé ãàðìîíèêèïî âðåìåíè t2. Â ðàáîòå [12℄ ïðåäïîëàãàëîñü, ÷òî íó�ëåâàÿ ãàðìîíèêà (åå ñòàðøèé ÷ëåí '00) ðàñïðîñòðà�íÿåòñÿ ñ ëèíåéíîé ñêîðîñòüþ �óíäàìåíòàëüíîé âîë�íû V íå òîëüêî â ïåðâîì ïîðÿäêå (êàê (31)), íî èâ ñëåäóþùåì ïîðÿäêå òî÷íîñòè. Òàêîå ïðåäïîëîæå�íèå, îäíàêî, ïðîòèâîðå÷èò ñâÿçè (32) ìåæäó íóëåâîéè ïåðâîé ãàðìîíèêàìè. Â ñèëó (32) ïðîèçâîäíàÿ îòA00 ïî t2 îïðåäåëÿåòñÿ ñ èñïîëüçîâàíèåì óðàâíåíèÿ(35) è íå ðàâíà íóëþ. Ó÷åò ñîîòâåòñòâóþùåãî ñëàãà�åìîãî ïðèâîäèò ê ïîïðàâêàì â êîý��èöèåíòàõ íåëè�íåéíîé äèñïåðñèè (îíè, âïðî÷åì, íå ñêàçûâàþòñÿ íàïðåäåëå kh!1).Ñ ó÷åòîì ÷ëåíîâ âòîðîãî ïîðÿäêà ñìåùåíèå ïî�âåðõíîñòè çàïèñûâàåòñÿ êàê�1 = �10 + "�11 +O("2);�11 = i��A11 + ip1 �A10�x1 � : (39)Ïîëó÷åííîå óðàâíåíèå áóäåò îïèñûâàòü ýâîëþ�öèþ êîìáèíàöèè (A10 + "A11). Ôóíêöèÿ A11 (ñîîò�âåòñòâóþùàÿ îäíîðîäíîé ÷àñòè ðåøåíèÿ (22) óðàâ�íåíèÿ Ëàïëàñà) íå îïðåäåëåíà. Äàëåå (äëÿ íàõîæäå�íèÿ óðàâíåíèÿ äëÿ ñìåùåíèÿ) ïðèäåòñÿ âûðàæàòü1065



À. Â. Ñëþíÿåâ ÆÝÒÔ, òîì 128, âûï. 5 (11), 2005�óíêöèè ïîòåíöèàëà ÷åðåç ñìåùåíèå, ñîãëàñíî (39).Äëÿ óïðîùåíèÿ âû÷èñëåíèé ìîæíî èñïîëüçîâàòüïðîèçâîëüíîñòü A11, ïîëîæèâA11 = �ip1�A10�x1 ; (40)òîãäà èìååì �1 = i�A10 +O("2): (41)Ýâîëþöèîííîå óðàâíåíèå âòîðîãî ïîðÿäêà äëÿïåðâîé ãàðìîíèêè íàõîäèòñÿ â ïîðÿäêå f1; 3g è çà�ïèñûâàåòñÿ êàêi�A10�t3 + i�2 �3A10�x31 + iP21jA10j2 �A10�x1 ++ iP22A210 �A�10�x1 + sA10 �A00�t2 ++ ~�12A10 �A01�x1 = 0: (42)Ïðåäïîñëåäíåå ñëàãàåìîå â (42) (ñ êîý��èöèåíòîìs) ìîæåò áûòü âûðàæåíî ñ èñïîëüçîâàíèåì (32)è (35):�A00�t2 = �i�11�A10 �A�10�x1 �A�10 �A10�x1 � : (43)Åãî âêëàä â êîý��èöèåíòû íåëèíåéíîé äèñïåðñèèíå áûë ó÷òåí â [12℄. Òîãäà (42) çàïèñûâàåòñÿ â âèäåi�A10�t3 + i�2 �3A10�x31 + i~�21jA10j2 �A10�x1 ++ i~�22A210 �A�10�x1 + ~�12A10 �A01�x1 = 0: (44)Óðàâíåíèå (44) âêëþ÷àåò â ñåáÿ ñëàãàåìîå íóëå�âîé ãàðìîíèêè. Óðàâíåíèå äëÿ íåãî íàõîäèòñÿ â ïî�ðÿäêå f0; 3g:�A01�x1 = i2�A10 �A�10�x1 �A�10 �A10�x1 � : (45)Ïðè âûâîäå ïàðû óðàâíåíèé (44) è (45) êðîìåâûøå íàéäåííûõ ñîîòíîøåíèé áûëè èñïîëüçîâàíûóñëîâèÿ �A01�t1 + V �A01�x1 = 0 (46)è âûðàæåíèå äëÿ êîìïîíåíòû âòîðîé ãàðìîíèêèA22 = �2A10 �A10�x1 ; (47)ïîëó÷åííîå â ïîðÿäêå f2; 2g. Îáúåäèíÿÿ (44) è (45),ïîëó÷àåì âòîðîé ïîðÿäîê ýâîëþöèîííîãî óðàâíå�íèÿ:i�A10�t3 + i�2 �3A10�x31 + i~�21jA10j2 �A10�x1 ++ i~�22A210 �A�10�x1 = 0: (48)

Çàïèñûâàÿ (48) ñîâìåñòíî ñ (27) è (35), ñ ó÷åòîì(41) ïîëó÷àåì ïîëíîå óðàâíåíèå, âêëþ÷àþùåå ÷ëå�íû äâóõ ïîðÿäêîâ äëÿ îãèáàþùåé ñìåùåíèÿ:i���10�t + V ��10�x �+ "�1 �2�10�x2 + "�1j�10j2�10 ++ i"2�2 �3�10�x3 + i"2�21j�10j2 ��10�x ++ i"2�22�210 ���10�x = 0; (49)�21 = ~�21=�2; �22 = ~�22=�2:Ïîëíîå ñìåùåíèå ïîâåðõíîñòè çàïèñûâàåòñÿ êàê� = "2�01 + "Re (�10 exp(i!t� ikx)) ++ "2Re (�21 exp(2i!t� 2ikx)) +O("3) (50)è âêëþ÷àåò ñëàãàåìûå íóëåâîé, ïåðâîé è âòîðîé ãàð�ìîíèê. Âûðàæåíèÿ äëÿ êîìïîíåíò ñìåùåíèé íàõî�äÿòñÿ èç ðåøåíèÿ (9) è èìåþò ñëåäóþùèé âèä:�01 = ~r01jA10j2 = r01j�10j2; r01 = ~r01=�2; (51)�21 = ~r21A210 = r21�210; r21 = �~r21=�2: (52)Óðàâíåíèå âèäà (49) áûëî ïîëó÷åíî â ðàáîòå [12℄.Åãî êîý��èöèåíòû ñîâïàäàþò ñ ïîëó÷åííûìè â íà�ñòîÿùåé ðàáîòå, åñëè ïîëîæèòü s = 0. Îíî ÿâëÿåòñÿîáîáùåíèåì êëàññè÷åñêîãî óðàâíåíèå ÍÓØ ñ ó÷å�òîì ñëàãàåìûõ ñëåäóþùåãî ïîðÿäêà ìàëîñòè. Îäíà�êî â ñëó÷àå kh � 1:363 íåëèíåéíîå ñëàãàåìîå (ïðè�1) âûðîæäàåòñÿ è îíî òàê æå, êàê è (37), ñòàíîâèò�ñÿ íåïðèãîäíî äëÿ îïèñàíèÿ íåëèíåéíîé âîëíîâîéäèíàìèêè. Ïîòîìó ðàññìîòðèì ñëåäóþùèé ïîðÿäîêýâîëþöèîííîãî óðàâíåíèÿ.6. ÝÂÎËÞÖÈÎÍÍÎÅ Ó�ÀÂÍÅÍÈÅ ÑÓ×ÅÒÎÌ Ò�ÅÕ ÏÎ�ßÄÊÎÂ ÌÀËÎÑÒÈÂûðàæåíèå äëÿ ïåðâîé ãàðìîíèêè ñìåùåíèÿ ñó÷åòîì òðåõ ïîðÿäêîâ ìàëîñòè èìååò âèä�1 = i�A10 + "2�12 + O("3); (53)ãäå�12 = i��A12 + p21 �2A10�x21 + p22jA10j2A10� : (54)Ñíîâà âîñïîëüçóåìñÿ ñâîáîäîé â îïðåäåëåíèèA12, ïîëîæèâA12 = �p21 �2A10�x21 � p22jA10j2A10: (55)1066



ÆÝÒÔ, òîì 128, âûï. 5 (11), 2005 Íåëèíåéíîå óðàâíåíèå âûñîêîãî ïîðÿäêà : : :Òîãäà �1 = i�A10 +O("3): (56)Óðàâíåíèå äëÿ ïåðâîé ãàðìîíèêè, íàõîäÿùååñÿâ ïîðÿäêå f1; 4g, èìååò âèäi�A10�t4 + �3 �4A10�x41 + P31jA10j4A10 ++ P32jA10j2 �2A10�x21 + P33A210 �2A�10�x21 ++ P34A10 �A10�x1 �A�10�x1 + P35A�10��A10�x1 �2 ++ sA10 �A01�t2 + sA10 �A00�t3 + ~�12A10 �A02�x1 = 0; (57)à ñâÿçàííîå ñ íèì óðàâíåíèå äëÿ íóëåâîé ãàðìîíèêèèìååò âèä�A02�x1 = 31jA10j4+32�A10 �2A�10�x21 +A�10 �2A10�x21 �++ 33 �A10�x1 �A�10�x1 : (58)Ïðè âûâîäå ýòèõ óðàâíåíèé áûëè èñïîëüçîâàíûóñëîâèÿ �A02�t1 + V �A02�x1 = 0 (59)è âûðàæåíèÿ äëÿ êîìïîíåíò âòîðîé è òðåòüåé ãàð�ìîíèêA23 = i�31jA10j2A210 + i�32A10 �2A10�x21 ++ i�33��A10�x1 �2 ; (60)A32 = �1A310: (61)Ïðîèçâîäíûå îò êîìïîíåíò íóëåâîé ãàðìîíèêè,âõîäÿùèå â (57) ïðè êîý��èöèåíòàõ s, âû÷èñëÿþòñÿñ èñïîëüçîâàíèåì ðàíåå ïîëó÷åííûõ ñîîòíîøåíèé:�A01�t2 = 2~�1jA10j4 ++2�1�A10 �2A�10�x21 +A�10 �2A10�x21 �2�A10�x1 �A�10�x1 � ; (62)�A00�t3 = �1 ~�21 + ~�222 jA10j4 ��1�2�A10 �2A�10�x21 +A�10 �2A10�x21 ��A10�x1 �A�10�x1 � : (63)

Ïîäñòàâëÿÿ âûðàæåíèÿ (62) è (63) â óðàâíåíèå(57), ïîëó÷àåìi�A10�t4 + �3 �4A10�x41 + ~�31jA10j4A10 ++ ~�32jA10j2 �2A10�x21 + ~�33A210 �2A�10�x21 ++ ~�34A10 �A10�x1 �A�10�x1 ++ ~�35A�10 ��A10�x1 �2 + ~�12A10 �A02�x1 = 0: (64)Îáúåäèíÿÿ óðàâíåíèÿ (64) è (58), ìîæíî ïîëó�÷èòü çàìêíóòûé ïîðÿäîê ýâîëþöèîííîãî óðàâíåíèÿäëÿ ïåðâîé ãàðìîíèêè:i�A10�t4 + �3 �4A10�x41 + ~�31jA10j4A10 ++ ~�32jA10j2 �2A10�x21 + ~�33A210 �2A�10�x21 ++ ~�34A10 �A10�x1 �A�10�x1 + ~�35A�10��A10�x1 �2 = 0; (65)à ïîëíîå óðàâíåíèå äëÿ ñìåùåíèÿ èìååò âèäi���10�t + V ��10�x �+ "�1 �2�10�x2 + "�1j�10j2�10 ++i"2�2 �3�10�x3 +i"2�21j�10j2 ��10�x +i"2�22�210 ���10�x ++"3�3 �4�10�x4 +"3�31j�10j4�10+"3�32j�10j2 �2�10�x2 ++ "3�33�210 �2��10�x2 + "3�34�10 ��10�x ���10�x ++ "3�35��10 ���10�x �2 = 0; (66)�31 = ~�31=�4; �32 = ~�32=�2; �33 = ~�33=�2;�34 = ~�34=�2; �35 = ~�35=�2:Îãèáàþùàÿ ñìåùåíèÿ ïîâåðõíîñòè îïðåäåëÿåòñÿâûðàæåíèåì� = "2(�01 + "�02) + "Re (�10 exp(i!t� ikx)) ++ "2Re ((�21 + "�22) exp(2i!t� 2ikx)) ++ "3Re (�32 exp(3i!t� 3ikx)) +O("4); (67)êîìïîíåíòû êîòîðîãî îïðåäåëÿþòñÿ �îðìóëàìè(51) è (52) è ñîîòíîøåíèÿìè�02 = i~r02 �A10 �A�10�x �A�10 �A10�x � == ir02��10 ���10�x � ��10 ��10�x � ; r02 = ~r02=�2; (68)1067



À. Â. Ñëþíÿåâ ÆÝÒÔ, òîì 128, âûï. 5 (11), 2005�22 = i~r22A10 �A10�x = ir22�10 ��10�x ;r22 = � ~r22�2 ; (69)�32 = i~r32A310 = r32�310; r32 = � ~r32�3 : (70)Óðàâíåíèå (66) ÿâëÿåòñÿ îáîáùåíèåì óðàâíåíèÿ,ïîëó÷åííîãî â ðàáîòå [12℄ ñ ó÷åòîì ñëàãàåìûõ ñëåäó�þùåãî ïîðÿäêà ìàëîñòè.Îòìåòèì, ÷òî ïðàâûå ÷àñòè âûðàæåíèé (32), (45)è (58) (ïîñëåäíåå � ïîñëå âçÿòèÿ èíòåãðàëà ïî ÷àñ-òÿì) ïî ñâîåé �îðìå íàïîìèíàþò ïîäûíòåãðàëüíûåâûðàæåíèÿ òðåõ ïåðâûõ çàêîíîâ ñîõðàíåíèÿ óðàâíå�íèÿ ÍÓØ ïåðâîãî ïîðÿäêà [19℄:I1 = 1Z�1 jA10j2dx1; (71)I2 = 1Z�1 �A10 �A�10�x1 �A�10 �A10�x1 � dx1; (72)I3 = 1Z�1  jA10j4 � 2�1~�1 �����A10�x1 ����2! dx1: (73)Ýòîò �àêò òåñíî ñâÿçàí ñ âîçìîæíîñòüþ çàïèñèïðîèçâîäíûõ îò êîìïîíåíò íóëåâîé ãàðìîíèêè ïî�òåíöèàëà â âèäå âûðàæåíèé, íå ñîäåðæàùèõ èíòå�ãðàëüíûå ñëàãàåìûå (43), (62) è (63). Äåéñòâèòåëü�íî, èç (32) ñëåäóåò, ÷òî��t2 1Z�1 1jA10j2dx1 = ��t2A00���x1=1x1=�1: (74)Â ñèëó (43) ïîäñòàíîâêà â èíòåãðàëå (74) ìî�æåò áûòü âû÷èñëåíà, ïðè ýòîì èíòåãðàë îêàçûâàåò�ñÿ ðàâíûì íóëþ, ÷òî îçíà÷àåò, ÷òî âûðàæåíèå ïîäïðîèçâîäíîé â ëåâîé ÷àñòè (74) � ñîõðàíÿþùàÿñÿâåëè÷èíà. Èíòåãðàë I1 ñîõðàíÿåòñÿ òàêæå â ÍÓØ ñó÷åòîì ÷ëåíîâ äâóõ ïîðÿäêîâ ìàëîñòè â ñèëó (63), àâûðàæåíèå (62) äîêàçûâàåò, ÷òî èíòåãðàëîì äâèæå�íèÿ ÍÓØ ïåðâîãî ïîðÿäêà ÿâëÿåòñÿ I2. Èçâåñòíî,÷òî êëàññè÷åñêîå óðàâíåíèå ÍÓØ îáëàäàåò áåñêî�íå÷íûì ðÿäîì çàêîíîâ ñîõðàíåíèÿ. Ìîæíî, îäíàêî,óáåäèòüñÿ, ÷òî èíòåãðàë I1 â óðàâíåíèè (66) ñîõðà�íÿåòñÿ òîëüêî äëÿ îïðåäåëåííîãî ñîîòíîøåíèÿ êî�ý��èöèåíòîâ íåëèíåéíîé äèñïåðñèè �32, �33 è �35,÷òî ãîâîðèò â îáùåì ñëó÷àå î ïîòåðå èíòåãðàëîâ ñî�õðàíåíèÿ óðàâíåíèÿìè ÍÓØ âûñîêîãî ïîðÿäêà. Âû�ðàæåíèå (58), õîòÿ è èìååò ñõîæóþ ñòðóêòóðó ñ I3,â îáùåì ñëó÷àå íå ñîâïàäàåò ñ (73). Òàê êàê ñëàãàå�ìûå òèïà òåõ, ÷òî ñîäåðæàòñÿ ñ êîý��èöèåíòàìè s

â óðàâíåíèÿõ (42) è (57), áóäóò, î÷åâèäíî, ïîÿâëÿòü�ñÿ è â ñëåäóþùèõ ïîðÿäêàõ àñèìïòîòè÷åñêèõ ðàçëî�æåíèé, óðàâíåíèÿ áîëåå âûñîêèõ ïîðÿäêîâ ìîãóò ñî�äåðæàòü íåëîêàëüíûå èíòåãðàëüíûå ñëàãàåìûå (ïðî�èçâîäíûå îò êîìïîíåíò íóëåâîé ãàðìîíèêè ïîòåíöè�àëà áóäóò âûðàæàòüñÿ ÷åðåç íåîïðåäåëåííûå èíòå�ãðàëû).ÑËÓ×ÀÉ ÁÅÑÊÎÍÅ×ÍÎ �ËÓÁÎÊÎÉ ÂÎÄÛ(kh!1)Ïîëó÷åííîå íàìè óðàâíåíèå (66) îáëàäàåò ðàñõî�äÿùèìèñÿ êîý��èöèåíòàìè â ïðåäåëå kh!1. Ýòîîòíîñèòñÿ ê êîý��èöèåíòàì íåëèíåéíîé äèñïåðñèè�32, �33 è �34 (ñì. òàáëèöó è ðèñóíîê). Äëÿ ïðèìå�íåíèÿ àñèìïòîòè÷åñêèõ ðàçëîæåíèé íåîáõîäèìà ìà�ëîñòü ñëàãàåìûõ âûñøèõ ïîðÿäêîâ ïî îòíîøåíèþ êíèçøèì. Òàêàÿ èåðàðõèÿ íàðóøàåòñÿ äëÿ ðÿäà íóëå�âîé ãàðìîíèêè'0 = "'00+"2'01+"3'02+"4'03+"5'04+O("6):Äåéñòâèòåëüíî, â ïðåäåëå kh!1 ñîîòíîøåíèÿ (18)è (19) ñòðåìÿòñÿ ê ñëåäóþùèì âûðàæåíèÿì:'02 ����!kh!1 A02 + k22! ���z + h2 + 18k� ��x1 jA10j2; (75)'03 ����!kh!1 A03 � i k8! ���z+h2� 18k� ��x1 �A10 �A�10�x1 �A�10 �A10�x1 � : (76)Òîãäà ïðè óñëîâèè êîíå÷íîñòè çíà÷åíèé A10 èA01 â ãëóáîêîâîäíîì ïðåäåëå ñëåäóþùèå ïî ïîðÿä�êó ìàëîñòè ÷ëåíû '02 è '03 îêàçûâàþòñÿ íå ìàëû(áåñêîíå÷íû). Ñåêóëÿðíûå ÷ëåíû ìîæíî êîìïåíñè�ðîâàòü, èñïîëüçîâàâ ñâîáîäó çàïèñè A02 è A03, âû�ïîëíèâ çàìåíóA02 ! A02 � k2h4! ��x1 jA10j2; (77)A03 ! A03+i kh16! ��x1 �A10 �A�10�x1 �A�10 �A10�x1 � : (78)Òàêîé âûáîð áûë ñäåëàí â ðàáîòå [12℄, õîòÿ îí íååäèíñòâåííî âîçìîæíûé. Èñïîëüçîâàíèå ïîäîáíûõïðåîáðàçîâàíèé íå èçìåíÿåò âèäà è êîý��èöèåíòîâçàìêíóòîãî óðàâíåíèÿ, íî ìîæåò èçìåíÿòü êîý��è�öèåíòû â ñèñòåìå óðàâíåíèé äëÿ ïåðâîé è íóëåâîéãàðìîíèê.1068



ÆÝÒÔ, òîì 128, âûï. 5 (11), 2005 Íåëèíåéíîå óðàâíåíèå âûñîêîãî ïîðÿäêà : : :Êîý��èöèåíòû óðàâíåíèé â ÷àñòíûõ ñëó÷àÿõ×àñòíûå ñëó÷àè îáîáùåííîãî óðàâíåíèÿ ÍÓØ (66) ÎáîáùåííîåóðàâíåíèåÄèñòà (81)kh! 0 kh = 1:363 kh!1V k=! 1 0.6793 1/2�1k2=! (kh)2=2 0.2657 1/8�1=k2=! (�9=16)=(kh)4 0.0002 1/2�2k3=! (kh)2=6 �0:1114 �1=16�21=k=! (�9=8)=(kh)4 0.6833 3/2�22=k=! (�27=16)=(kh)4 �0:2678 1/4�3k4=! (19=72)(kh)4 �0:0066 �5=128�31=k4=! (81=1024)=(kh)10 0.3864 1/2�32=! (�15=16)=(kh)2 �0:4433 kh=6 �5=8�33=! (9=4)=(kh)4 0.7798 kh=6 3/32�34=! (9=8)=(kh)4 0.2394 kh=3 �3=16�35=! (�9=16)=(kh)4 �0:6467 �19=321!=k3 (�3=4)=(kh)2 �0:4935 �1=(2kh) �2!=k2 (�3=4)=(kh)2 �0:1351 1=(8kh) �31!3=k7 (�81=64)=(kh)4 �0:6239 �1=(8kh) �32!=k (3=4)=(kh)2 0.1343 �kh=12 �33!=k (�3=4)=(kh)2 �0:3705 �kh=6 �r01=k (�3=4)=(kh)3 �0:4479 �1=(4kh) 0r02 (�3=4)=(kh)3 �0:3116 (�1=32)=(kh)2 0r21=k (3=4)=(kh)3 0.8265 1/2r22 (�3=2)=(kh)3 �0:2669 1/2r32=k2 (27=64)=(kh)6 0.8250 3/8Åñëè ðàññìîòðåòü êîìïîíåíòó '04 â ïðåäåëåkh!1, òî ïîëó÷èì'04 ����!kh!1 A04 + k68!3 �z + h2 + 2k� ��x1 jA10j4 ++1!P1�k2h3; kh2; k2h2z; h; khz; k2z2h;1k ; z; kz2; k2z3��
� ��x1 �A10 �2A�10�x21 +A�10 �2A10�x21 �++ 1!P2 �k2h3; kh2; h; khz; k2z2h; 1k ; z; kz2; k2z3��� ��x1 ��A10�x1 �A�10�x1 � ; (79)ãäå P1 è P2 � ìíîãî÷ëåíû, âêëþ÷àþùèå óêàçàííûåâ ñêîáêàõ ñëàãàåìûå. Î÷åâèäíî, ÷òî ñ ïîìîùüþ ïîä�áîðà âèäà A04 ìîæíî äîáèòüñÿ îãðàíè÷åííîñòè '041069



À. Â. Ñëþíÿåâ ÆÝÒÔ, òîì 128, âûï. 5 (11), 2005âñåãäà, íî ïðè kh!1 áóäóò íåîãðàíè÷åííûìè, íà�ïðèìåð, çíà÷åíèÿ ïðîèçâîäíûõ îò '04 ïî z. Èñïîëü�çîâàíèå ïðåîáðàçîâàíèé òèïà (77), (78) íå èçìåíÿåòïðèíöèïèàëüíî âèäà (79). Ïîýòîìó â ýâîëþöèîííîåóðàâíåíèå âîéäóò ñëàãàåìûå ñ áåñêîíå÷íî ðàñòóùè�ìè â ïðåäåëå kh ! 1 êîý��èöèåíòàìè, à ñ òî÷êèçðåíèÿ àñèìïòîòè÷åñêîé òåõíèêè ýòî áóäåò îçíà÷àòüðàñõîäèìîñòü àñèìïòîòè÷åñêîãî ðÿäà.Ïðè÷èíîé íåîãðàíè÷åííîñòè ÷ëåíîâ ðÿäà ÿâëÿ�åòñÿ íåâûïîëíåíèå óñëîâèÿ ìàëîñòè ãëóáèíû h ïîñðàâíåíèþ ñ õàðàêòåðíîé äëèíîé èçìåíåíèÿ íóëåâîéãàðìîíèêè L. Ýòî óñëîâèå íåîáõîäèìî äëÿ ïðåäñòàâ�ëåíèÿ íóëåâîé ãàðìîíèêè ðåøåíèÿ óðàâíåíèÿ Ëà�ïëàñà â âèäå ñòåïåííîãî ðÿäà (çàïèñè (15)). Åñëèäëÿ êëàññè÷åñêîãî ÍÓØ èëè óðàâíåíèÿ ñ ó÷åòîìäâóõ ïîðÿäêîâ ìàëîñòè ýòî óñëîâèå íå ìåøàåò íà�õîæäåíèþ ïðåäåëà kh ! 1, òî äëÿ óðàâíåíèÿ (66)ýòî íå òàê, óðàâíåíèå (66) íå ïðèìåíèìî ê ñëó÷àþáåñêîíå÷íî ãëóáîêîé âîäû.×òîáû çàïèñàòü ýâîëþöèîííîå óðàâíåíèå äëÿñëó÷àÿ kh!1, ìîæíî âîñïîëüçîâàòüñÿ ïóòåì Äèñ-òà, âûâîäÿ óðàâíåíèå îãèáàþùåé, ïîäîáíîå ïîëó�÷åííîìó â ðàáîòå [11℄. Ïðåäïîëîæèì, ÷òî h � L(L=h = O(�)), à ìîäîâóþ ñòðóêòóðó íàâåäåííîãî òå�÷åíèÿ íå áóäåì îïðåäåëÿòü çàðàíåå:'0m = A0m(z; xi; ti); m � 0: (80)Ñëåäóÿ àíàëîãè÷íî âûâîäó îáîáùåííîãî óðàâíå�íèÿ ÍÓØ (66), ïðèõîäèì ê ñëåäóþùåìó âèäó îáîá�ùåííîãî óðàâíåíèÿ Äèñòà:i���10�t + !2k ��10�x �+" !8k2 �2�10�x2 +"!k22 j�10j2�10��i"2 !16k3 �3�10�x3 +i"2 3!k2 j�10j2 ��10�x +i"2!k4 �210 ���10�x ��"3 5!128k4 �4�10�x4 +"3!k42 j�10j4�10�"3 5!8 j�10j2 �2�10�x2 ++ "3 3!32 �210 �2��10�x2 � "3 3!16 �10 ��10�x ���10�x �� "3 1932��10���10�x �2 + k�10 �A02�x = 0; (81)�A02�z = !2 ��x j�10j2; z = 0; (82)�2A02�z2 + �2A02�x2 = 0; �h < z < 0; (83)�A02�z = 0; z = �h: (84)

Ïðè çàïèñè (81) áûëî èñïîëüçîâàíî óñëîâèå (59), àòàêæå A00 � 0, A01 � 0 è�A03�z = �i !8k ��x ��10 �2��10�x2 � ��10 �2�10�x2 � ;z = 0: (85)Îòìåòèì, ÷òî ðåçóëüòàòû (82) è (85) ñîâïàäàþò ñîçíà÷åíèÿìè ïðîèçâîäíûõ, ñëåäóþùèìè èç (75) è(76). Ñëàãàåìîå ñ íàâåäåííûì òå÷åíèåì (ïîñëåäíåå â(81)) èìååò òàêîé æå âèä, êàê è â êëàññè÷åñêîì óðàâ�íåíèè Äèñòà, ÷òî ñâÿçàíî ñ âûáîðîì áîëåå æåñòêîãîóñëîâèÿ L=h = O(�) (ïðîòèâ L=h = O(1)), ÷òî ïîòðå�áîâàëîñü äëÿ ïîëó÷åíèÿ áîëåå ïðîñòîé �îðìû óðàâ�íåíèÿ. Äëÿ ïðèìåíèìîñòè (81) äîëæíî âûïîëíÿòüñÿñîîòíîøåíèå kh � 1="2.Ïðåíåáðåãàÿ âêëàäîì ïîñëåäíåãî ñëàãàåìîãî âóðàâíåíèè (81), ïîëó÷àåì óðàâíåíèå ÍÓØ ñ ó÷åòîìñëàãàåìûõ òðåõ ïîðÿäêîâ ìàëîñòè â ïðåäåëå áåñêî�íå÷íî ãëóáîêîé âîäû. Êàê âèäíî, åãî êîý��èöèåí�òû ñîâïàëè ñ ïîëó÷åííûìè íàìè ðàíåå êîíå÷íûìèêîý��èöèåíòàìè óðàâíåíèÿ (66) (ñì. òàáëèöó). Îò�ìåòèì, ÷òî âêëàä íóëåâîé ãàðìîíèêè (íàâåäåííîãîòå÷åíèÿ) íå îãðàíè÷èâàåòñÿ ïîñëåäíèì ñëàãàåìûì âóðàâíåíèè (81), îí âõîäèò â äðóãèå íåëèíåéíûå êî�ý��èöèåíòû óðàâíåíèÿ.Ïîëíîå ïîëå îãèáàþùåé ñìåùåíèÿ, îïèñûâàåìîéóðàâíåíèåì (81), îïðåäåëÿåòñÿ âûðàæåíèåì (67).Êàê ñëåäóåò èç ïðåäåëîâ êîý��èöèåíòîâ rij ñ ó÷å�òîì ìàëîñòè (kh)�1, âêëàä íóëåâîé ãàðìîíèêè îêà�çûâàåòñÿ âíå ðàìîê âûáðàííîé òî÷íîñòè îïèñàíèÿ,õîòÿ â ìîäåëè Äèñòà åå âêëàä ó÷èòûâàåòñÿ [13℄.7. ÑËÓ×ÀÉ ÌÅËÊÎÉ ÂÎÄÛ (kh! 0)Â ïðåäåëå kh! 0 ïîâåäåíèå êîý��èöèåíòîâ ïðè�âåäåíî â òàáëèöå, îíè ñòðåìÿòñÿ ê áåñêîíå÷íîñòè (âèñïîëüçîâàííûõ íîðìèðîâêàõ), íî àñèìïòîòè÷åñêèåðÿäû îñòàþòñÿ ìàëûìè. Êîý��èöèåíò �31 ïðè óõî�äå ñ ìåëêîâîäüÿ ìåíÿåò çíàê ñ ïîëîæèòåëüíîãî íàîòðèöàòåëüíûé, à çàòåì ñíîâà ñòàíîâèòñÿ ïîëîæè�òåëüíûì (ñì. ðèñóíîê).ÍÓØ äëÿ ñëó÷àÿ kh ! 0 ìîæåò áûòü âûâåäåíîè íà îñíîâå óðàâíåíèÿ äëÿ âîëí íà ìåëêîé âîäå �óðàâíåíèÿ ÊäÂ [5℄���t+pgh ���x+3pgh2h � ���x+h2pgh6 �3��x3 = 0: (86)Òàêîé ìåòîä âûâîäà óðàâíåíèÿ äëÿ îãèáàþùåéáûë èñïîëüçîâàí íàìè äëÿ òåñòèðîâàíèÿ ïîëó÷åí�íûõ êîý��èöèåíòîâ. Ïðè ýòîì áûëî ïîëó÷åíî ïîë�íîå ñîîòâåòñòâèå. Íàéäåííîå íàìè óðàâíåíèå ñ ó÷å�òîì ñëàãàåìûõ òðåõ ïîðÿäêîâ, îïèñûâàþùåå ñëàáûå1070



ÆÝÒÔ, òîì 128, âûï. 5 (11), 2005 Íåëèíåéíîå óðàâíåíèå âûñîêîãî ïîðÿäêà : : :ìîäóëÿöèè âîëí â ðàìêàõ ÊäÂ, èìååò âèä (66), íî âíåì �32 = 0, îñòàëüíûå êîý��èöèåíòû äàíû â òàá-ëèöå (äëÿ kh ! 0). Âûðîæäåíèå êîý��èöèåíòà �32ñëåäóåò èç òàáëèöû (îí èìååò äðóãóþ ñòåïåíü çàâè�ñèìîñòè îò kh).Ó÷åò ñëåäóþùèõ ïî ïîðÿäêó ìàëîñòè ñëàãàåìûõâ óðàâíåíèè ÊäÂ âåäåò ê ìàëûì (ïî ïàðàìåòðó kh)ïîïðàâêàì ê êîý��èöèåíòàì óðàâíåíèÿ äëÿ îãèáàþ�ùåé. Òàê, ïîïðàâêè ê êîý��èöèåíòó �1, ñâÿçàííûåñ âêëþ÷åíèåì â óðàâíåíèå (86) ñëàãàåìîãî êóáè÷å�ñêîé íåëèíåéíîñòè, ìîãóò â îáùåì ñëó÷àå ñìåíèòüòèï óðàâíåíèÿ îãèáàþùåé íà �îêóñèðóþùèé [20℄.Äëÿ âîëí íà âîäå ýòîò ñëó÷àé, îäíàêî, íå ðåàëèçóåò�ñÿ. Óðàâíåíèÿ äëÿ îãèáàþùåé âûñîêîãî ïîðÿäêà âû�âîäèëèñü äëÿ îáîáùåííîãî óðàâíåíèÿ ÊäÂ ñ ó÷åòîìäîïîëíèòåëüíîãî ñëàãàåìîãî êóáè÷åñêîé íåëèíåéíî�ñòè â [16, 20℄. Â ïåðâîé ðàáîòå èñïîëüçîâàëîñü ìî�äè�èöèðîâàííîå ñîîòíîøåíèå ìåæäó ìàëûìè ïàðà�ìåòðàìè, ñëåäóÿ [15℄, è ÿâíî èñïîëüçîâàëîñü óñëî�âèå âûðîæäåíèÿ íåëèíåéíîñòè â óðàâíåíèè îãèáà�þùåé ïåðâîãî ïîðÿäêà. Íàìè áûëî ïîëó÷åíî óðàâ�íåíèå îãèáàþùåé äëÿ âîëí â ðàìêàõ îáîáùåííîãîÊäÂ áåç ïðåäïîëîæåíèÿ îá óïîìÿíóòîì âûðîæäå�íèè (êëàññè÷åñêîå ñîîòíîøåíèå ìåæäó ìàëûìè ïà�ðàìåòðàìè) è ïîëó÷åíî ñîîòâåòñòâèå ñ ðàáîòîé [16℄â îáëàñòè âûðîæäåíèÿ êîý��èöèåíòà �1. Âî âòîðîéðàáîòå [20℄ ðåøåíèå èñêàëîñü â âèäå ðÿäà ïî ñëàãà�åìûì äâóõ ïîðÿäêîâ ìàëîñòè, õîòÿ, êàê ñëåäóåò èçíàñòîÿùåãî âûâîäà, âêëàä â êîý��èöèåíò �31 äàþòïîïðàâêè è òðåòüåãî ïîðÿäêà.
8. ÑËÓ×ÀÉ ÂÛ�ÎÆÄÅÍÈß ÊÓÁÈ×ÅÑÊÎÉÍÅËÈÍÅÉÍÎÑÒÈ (kh � 1:363)Íåëèíåéíîå ýâîëþöèîííîå óðàâíåíèå äëÿ ìîäó�ëÿöèè îãèáàþùåé â ñëó÷àå kh! 1:363 áûëî âïåðâûåïîëó÷åíî â ðàáîòå [14℄, à çàòåì â [15℄. Â ïåðâîé ðàáî�òå áûëè ïðèâåäåíû ÷èñëåííûå çíà÷åíèÿ êîý��èöè�åíòîâ ïðè kh = 1:363, âî âòîðîé � âûðàæåíèÿ äëÿêîý��èöèåíòîâ êàê �óíêöèè ãëóáèíû (êîòîðûå äà�âàëè îòëè÷íûå îò ïåðâîé ðàáîòû ðåçóëüòàòû è ðàñ�õîäèëèñü â ïðåäåëå áåñêîíå÷íî ãëóáîêîé æèäêîñòè).×òîáû çàïèñàòü ýâîëþöèîííîå óðàâíåíèå äëÿñëó÷àÿ kh � 1:363, óäîáíî ïåðåïèñàòü (66), ÿâíî îáî�çíà÷èâ ìàëûå ìíîæèòåëè, ñâÿçàííûå ñî ñëàáîé íåëè�íåéíîñòüþ (Æ) è äèñïåðñèåé (�):

i�"��10�t +�V ��10�x �+�2�1 �2�10�x2 +Æ2�10j�10j2�10++i�3�2 �3�10�x3 +iÆ2��21j�10j2 ��10�x +iÆ2��22�210 ���10�x ++�4�3 �4�10�x4 +Æ4�31j�10j4�10+Æ2�2�32j�10j2 �2�10�x2 ++ Æ2�2�33�210 �2��10�x2 + Æ2�2�34�10 ��10�x ���10�x ++ Æ2�2�35��10���10�x �2 = 0: (87)Îòáðàñûâàÿ ñëàãàåìîå ñ �1 è òðåáóÿ ó÷åòà ñëåäó�þùåãî íåëèíåéíîãî (ñ �31) è ïåðâîãî äèñïåðñèîííî�ãî (ñ �1) ÷ëåíîâ â îäíîì ïîðÿäêå ìàëîñòè, ïîëó÷à�åì íîâîå ñîîòíîøåíèå ìåæäó ìàëûìè ïàðàìåòðàìèíåëèíåéíîñòè è äèñïåðñèè: Æ2 � �. Òîãäà, ó÷èòûâàÿòîëüêî ïåðâûå ïîïðàâêè ê âîëíîâîìó óðàâíåíèþ, ïî�ëó÷àåì ìîäè�èöèðîâàííîå óðàâíåíèå:i���10�t + V ��10�x �+"�1 �2�10�x2 +p" �1j�10j2�10++ i"�21j�10j2 ��10�x + i"�22�210 ���10�x ++ "�31j�10j4�10 = 0: (88)Â íåì " = � = Æ2, à ñëàãàåìîå ñ êóáè÷åñêîé íåëè�íåéíîñòüþ óäåðæàëè, ïîëàãàÿ �1 ìåíüøå èëè ïîðÿä�êà "1=2.Óðàâíåíèå (88) îïèñûâàåò íåëèíåéíóþ äèíàìèêóïîâåðõíîñòíûõ âîëí â îáëàñòè kh � 1:363 è äîëæ�íî èñïîëüçîâàòüñÿ âìåñòî (37) â óêàçàííîé îáëàñòè.Õîòÿ ñëàãàåìûå â óðàâíåíèè (88) ïîëó÷åíû ñ èñïîëü�çîâàíèåì ðàçëîæåíèé äî ïîðÿäêà "5 âêëþ÷èòåëüíî,ïî ñóòè, ýòî óðàâíåíèå ïåðâîãî ïîðÿäêà. Â íàñòîÿ�ùåé ðàáîòå åãî êîý��èöèåíòû îïðåäåëåíû, â îòëè�÷èå îò [14℄, äëÿ ëþáîé ãëóáèíû kh è âñåãäà èìåþòêîíå÷íîå çíà÷åíèå, â îòëè÷èå îò [15℄. Äëÿ ñëó÷àÿkh = 1:363 îíè ïðèâåäåíû â òàáëèöå. Ñìåùåíèå ïî�âåðõíîñòè îïðåäåëÿåòñÿ �îðìóëîé (38).Èññëåäîâàíèå ìîäóëÿöèîííîé óñòîé÷èâîñòè ïðî�ñòåéøåãî ðåøåíèÿ óðàâíåíèÿ (88) � ïëîñêîé âîë�íû � ïðîâîäèëîñü â ðàáîòàõ [15, 16℄. Åñëè çàïèñàòüðåøåíèå â âèäå�10 = A exp (i((
 + !)t� (K + k)x)) ; (89)ãäå K è 
 � âîëíîâîå ÷èñëî è ÷àñòîòà îòñòðîéêè,òî êðèòåðèé ìîäóëÿöèîííîé íåóñòîé÷èâîñòè áóäåòèìåòü âèä�1�1 +D > 0; D = �1K(�22 � �21) ++A2 �2�1�31 � 12�222� : (90)1071



À. Â. Ñëþíÿåâ ÆÝÒÔ, òîì 128, âûï. 5 (11), 2005Îáëàñòü íåóñòîé÷èâûõ âîçìóùåíèé âîëíîâûõ ÷èñåëîïðåäåëÿåòñÿ ñîîòíîøåíèåì0 < �K < ���� A�1 ����p2(�1�1 +D) (91)(ïîëíîå âîëíîâîå ÷èñëî âîçìóùåíèÿ ðàâíîk +K + �K), à ìàêñèìàëüíûé èíêðåìåíò íåóñòîé�÷èâîñòè ðàâåí(Im
)max = A2�1 (�1�1 +D)ïðè �Kmax = ���� A�1 ����p�1�1 +D : (92)Â çàâèñèìîñòè îò çíàêà ïàðàìåòðà D ðåàëèçóþò�ñÿ ðàçëè÷íûå òèïû íåóñòîé÷èâîñòè. Ïî äàííûì òàá-ëèöû ìîæíî ïîëó÷èòü, ÷òî ïðè kh = 1:363D � !2��0:2527Kk + 0:2311(kA)2� : (93)Êîý��èöèåíòû â ñîîòíîøåíèè (93) îòëè÷íû îòíàéäåííûõ â ðàáîòå [15℄, îäíàêî äëÿ âîëíû Ñòîêñà(K = 0) çíàê D ñîâïàäàåò ñ îïðåäåëåííûì â ýòîéðàáîòå, à ïîòîìó ñäåëàííûå â íåé âûâîäû î õàðàê�òåðå íåóñòîé÷èâîñòè ñîõðàíÿþòñÿ: â ñâåðõêðèòè÷åñ-êîì ñëó÷àå (kh > 1:363) âñåãäà ñóùåñòâóåò îáëàñòüíåóñòîé÷èâûõ âîçìóùåíèé âîëíû Ñòîêñà, à â äîêðè�òè÷åñêîì ñëó÷àå (kh < 1:363) äëÿ ñóùåñòâîâàíèÿìîäóëÿöèîííîé íåóñòîé÷èâîñòè íåîáõîäèìî âûïîë�íåíèå óñëîâèÿ D > ��1�1 > 0; (94)êîòîðîå ñäâèãàåò ïîðîã âîçíèêíîâåíèÿ íåóñòîé÷èâî�ñòè kh = 1:363 äëÿ èíòåíñèâíûõ âîëí â îáëàñòü áî�ëåå ìåëêîé âîäû. Îöåíèì ýòîò ñäâèã, ïîëîæèâK = 0è kA = 0:1 (òèïè÷íàÿ êðóòèçíà ìîðñêèõ âîëí), òî�ãäà ïîðîãîâîå çíà÷åíèå ãëóáèíû ðàâíî kh � 1:3508;ïðè âûáîðå kA = 0:4 ñëåäóåò çíà÷åíèå kh � 1:2520.9. ÇÀÊËÞ×ÅÍÈÅÏîëó÷åíî îáîáùåííîå óðàâíåíèå ÍÓØ ñ ó÷åòîìïîïðàâîê òðåõ ïîðÿäêîâ ìàëîñòè äëÿ âîëí íàâîäå êîíå÷íîé ãëóáèíû. Îíî ÿâëÿåòñÿ îáîáùåíèåìóðàâíåíèÿ, ïîëó÷åííîãî â ðàáîòå [12℄. Ïðè ýòîìíå èñïîëüçîâàëîñü ïðåäïîëîæåíèå î ñîâïàäåíèèñêîðîñòè íàâåäåííîãî òå÷åíèÿ ñ ãðóïïîâîé ñêîðî�ñòüþ �óíäàìåíòàëüíîé âîëíû â âûñøèõ ïîðÿäêàõòî÷íîñòè. Äëÿ ïðèìåíèìîñòè íàéäåííîãî óðàâíåíèÿòðåáóåòñÿ âûïîëíåíèå óñëîâèÿ ìàëîñòè ãëóáèíûïî ñðàâíåíèþ ñ äëèíîé ìîäóëÿöèè, ìàëîé êðó�òèçíû âîëí è óçîñòè ñïåêòðà. Ïåðâîå èç óñëîâèé

íàðóøàåòñÿ ïðè �îðìàëüíîì ïåðåõîäå ê ïðåäåëókh ! 1 (ñòåïåííîå ïðåäñòàâëåíèå êîìïîíåíò íó�ëåâîé ãàðìîíèêè ïîòåíöèàëà ñêîðîñòè ñòàíîâèòñÿíåàäåêâàòíûì), è â ýòîì ñëó÷àå ïîëó÷åíî îáîáùåíèåóðàâíåíèé Äèñòà ñ êîíå÷íûìè êîý��èöèåíòàìè,ñîäåðæàùåå ñëàãàåìûå òðåõ ïîðÿäêîâ ìàëîñòè èó÷èòûâàþùåå ñëàáîå íàâåäåííîå òå÷åíèå. Â ïðåäåëåìåëêîé âîäû ïîëó÷åííîå îáîáùåííîå óðàâíåíèåÍÓØ ñîãëàñóåòñÿ ñ óðàâíåíèåì äëÿ îãèáàþùåéâîëí â ðàìêàõ óðàâíåíèÿ ÊäÂ. Â ÷àñòíîì ñëó÷àåâûðîæäåíèÿ êóáè÷åñêîé íåëèíåéíîñòè (kh � 1:363)ïîëó÷åíî îáîáùåíèå óðàâíåíèÿ ÍÓØ ïåðâîãîïîðÿäêà, îïðåäåëåíû åãî êîý��èöèåíòû. Ïðîâåäåí�íûé àíàëèç ìîäóëÿöèîííîé óñòîé÷èâîñòè âîëí âýòîì ñëó÷àå ïîêàçàë, ÷òî äëÿ èíòåíñèâíûõ âîëí ïî�ðîã âîçíèêíîâåíèÿ ìîäóëÿöèîííîé íåóñòîé÷èâîñòèñäâèãàåòñÿ â îáëàñòü áîëåå ìåëêîé âîäû.Àâòîð áëàãîäàðåí Þ. Â. Ñåäëåöêîìó çà ñòèìó�ëèðóþùèå äèñêóññèè è Å. Í. Ïåëèíîâñêîìó çà âíè�ìàíèå ê ðàáîòå. Èññëåäîâàíèå âûïîëíåíî ïðè ïîä�äåðæêå ÈÍÒÀÑ (ãðàíò �04-83-3032), �ÔÔÈ (ãðàíò�05-05-64265) è âåäóùåé Íàó÷íîé øêîëû Â. È. Òà�ëàíîâà (ãðàíò �ÍØ-1637.2003.2).Ï�ÈËÎÆÅÍÈÅÊîý��èöèåíòû óðàâíåíèéÂ ïðèâåäåííûõ íèæå âûðàæåíèÿõ êîý��èöèåí�òû ïðè ñëàãàåìûõ âûñøèõ ïîðÿäêîâ ìàëîñòè âûðà�æåíû ÷åðåç êîý��èöèåíòû ïðè íèçøèõ ïîðÿäêàõ.Òàêîå ïðåäñòàâëåíèå óäîáíî äëÿ ïðîâåðêè âûêëàäîêè ïîíèìàíèÿ âêëàäîâ ðàçëè÷íûõ ý��åêòîâ. Âûðà�æåíèå äëÿ ñêîðîñòè V â íåêîòîðûõ óðàâíåíèÿõ ïîä�ñòàâëåííî â êîý��èöèåíòû, à â íåêîòîðûõ íåò ñ öå�ëüþ ñîêðàòèòü ðàçìåð �îðìóë.Êîý��èöèåíòû âûáîðà êîìïîíåíò ïîëÿp1 = h� + V! ;p21 = �1! + k2h2 3�4 � 2�2 + 14k2�2 + kh2k2� + 14k2 ;p22 = ~�1! + k2V �2 � !k!2 1 + k2��4 � 2�2 + 1!(�2 + 1) �1 ++ k4�2(5�2 � 8)8!2 :1072
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À. Â. Ñëþíÿåâ ÆÝÒÔ, òîì 128, âûï. 5 (11), 200531 = k2�2 � 18V 2d (~�21 + ~�22) + VV 2d (~�21 + ~�22) 1 �� 2 VV 2d ~�12 � 1V 2d ~�11�1 + k! + 3k2V (�2 + 1)4!V 2d ~�1 � 3 V2V 2d 21 +�k3h�4 � 14�V 2d � k2�2 + 12V 2d � 1 ++�!k2h (�2 � 1)(�7�4 � 2�2 + 1)2�(�2 + 1)2V 2d + !k 3�4 � 6�2 � 52(�2 + 1)2V 2d ��21 ++�k4h (�2 � 1)2(7�2 + 1)4�(�2 + 1)V 2d + k3�2�4 + 5�2 + 12(�2 + 1)V 2d ��1 + k6h�(�2 � 1)(�3�2 + 11)32!V 2d + k5�2(3�2 � 23)32!V 2d ;32 = �2 VV 2d 2�1 + 2 VV 2d 1�2 � 1V 2d 1�21 + h2V 2d � 2V 26V 2d 1 + k2�2 � 14V 2d �2 + k2V �2 + 12!V 2d �1 + !k3h3 (�2 � 1)432k�3V 2d ++ 3!k2h2 (��2 + 1)332k�2V 2d + !kh (�2 � 1)(3�2 + 1)32k�V 2d � !�2 + 332kV 2d ;33 = 4 VV 2d 2�1 � 2 VV 2d 1�2 + 2V 2d 1�21 + h2V 2d � 2V 23V 2d 1 + k2��2 + 14V 2d �2 + k! � k2V (�2 + 1)2!V 2d �1 ++ !k3h3 (�2 � 1)3(�2 + 1)32k�3V 2d + !k2h2 (�2 � 1)2(�3�2 + 1)32k�2V 2d + !kh (�2 � 1)(3�2 � 1)32k�V 2d � !�2 + 132kV 2d :Êîý��èöèåíòû óðàâíåíèé~�11 = k2 �4 � 32(�2 + 1)�1 + k4�5�4 + 16�2 � 316! ;~�12 = 2!k � k2V (�2 � 1)2! ;~�1 = ~�11 + ~�121;P21 = �k2h2�4�6 + 7�4 � 2�2 � 18�2 + kh4�4 � 9�2 + 34� + �4�2 + 198 � 1 + k2 ��4 + 32(�2 + 1)�2 ++�k2h�3�6 + 7�4 � 9�2 � 34�(�2 + 1) + 3k �4 � 54(�2 + 1)��1 + k4h11�6 � 23�4 + 9�2 + 316!� + k3�11�4 + 40�2 � 916! ;P22 = ��k2h2 (�2 � 1)28 + kh�4 � 5�2 + 24� + ��2 + 88 � 1 ++�k2h (�2 � 1)(�4 + 3)4�(�2 + 1) � k �4 + 34(�2 + 1)��1 + k4h�3�6 � 5�4 + 11�2 � 332!� + 3k3�4 � 132! ;~�21 = P21 + s�11; ~�22 = P22 � s�11;s = k2�2 � 12! ;~�21 = ~�21 � ~�122; ~�22 = ~�22 + ~�122;1074
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P32 = 2! ~�1�1 + V 2d � 2!h�V!2 ~�1 +��k2h2 (�2 � 1)28 + kh�4 � 5�2 + 24� + ��2 + 88 � 2 ++ k2V (�2 � 1)� 2!k2!2 1�1 +��k3h3 (�2 � 1)2(12�4 + �2 + 1)16k�3 ++ k2h2 24�6 � 53�4 + 16�2 + 516k�2 + kh�12�4 + 27�2 � 716k� + 316k� 1 + k2��2 + 12! �1�1 ++ k4 5�4 � 16�2 + 38!2 �1 + k2 �4 � 32(�2 + 1)�32 +�k2h�3�6 + 7�4 � 9�2 � 38�(�2 + 1) + 3k �4 � 58(�2 + 1)��2 ++�k2h2�7�8 + 5�6 + �4 + 11�2 � 28�2(�2 + 1) + kh3�6 � 4�4 + 9�2 + 44�(�2 + 1) + �4 � �2 + 68(�2 + 1) ��1 ++ 3k4h2 (�2 � 1)(11�6 � 17�4 � �2 � 1)32!�2 + k3h (�2 � 1)(�17�4 + 28�2 + 3)16!� + k2�4 � 10�2 + 332! ;
P33 = V 2d � 2!h�V2!2 ~�1 +�k2h2 (�2 � 1)28 + kh��4 + 5�2 � 24� + �2 � 88 � 2 ++��3k3h3 (�2 � 1)2(�2 + 1)16k� + k2h2 5�6 � 18�4 + 3�2 + 216k�2 + kh��4 + 13�2 � 416k� + ��2 + 216k � 1 ++ k2�4 + 6�2 + 12!(�2 + 1) �1�1 + k4�7�4 � 4�2 + 316!2 �1 +�k2h2 (�2 � 1)(�5�6 � 4�4 + 3�2 � 2)8�2(�2 + 1) ++ kh (�2 � 1)2(�2 + 2)4�(�2 + 1) + 3�4 � 5�2 � 68(�2 + 1) ��1 + k4h2 (�2 � 1)(21�6 � 43�4 + �2 � 3)64!�2 ++ k3h (�2 � 1)(�5�4 + 10�2 � 3)32!� + k2�11�4 + 46�2 � 964! ;1075 13*



À. Â. Ñëþíÿåâ ÆÝÒÔ, òîì 128, âûï. 5 (11), 2005P34 = 2! ~�1�1 + 2V 2d � 2!h�V!2 ~�1 +�k2h2 (�2 � 1)2(3�2 + 1)8�2 + kh (�2 � 1)(�3�2 + 1)4� + 3�2 � 118 � 2 ++��k2h (�2 � 1)(3�2 + 1)4!� + 3k�2 � 14! � 1�1 +��k3h3 (�2 � 1)2(7�2 + 3)8k� ++ k2h2 13�6 � 38�4 + 11�2 + 68k�2 + kh�5�4 + 25�2 � 88k� + ��2 + 28k � 1 ++�k2h (�2 � 1)(�4 + 3)4�(�2 + 1) � k �4 + 34(�2 + 1)��2 +�k2h2 (�2 � 1)(�7�6 � 33�4 � 9�2 + 1)8�2(�2 + 1) ++ kh��6 + 11�4 � 11�2 + 94�(�2 + 1) + (�2 � 1)(9�2 + 5)8(�2 + 1) ��1 + k4h2 (�2 � 1)(21�6 � 41�4 � 7�2 + 3)32!�2 ++ k3h (�2 � 1)(��4 + 18�2 � 3)16!� + k2�19�4 + 44�2 � 332! ;P35 = 1! ~�1�1 + V 2d � 2!h�V!2 ~�1 +��k2h2 (�2 � 1)2(3�2 + 1)8�2 + kh (�2 � 1)(3�2 � 1)4� + �3�2 + 118 � 2 ++�k2h (�2 � 1)(3�2 + 1)4!� + 3k��2 + 14! � 1�1 +��k3h3�(�2 � 1)22k + k2h2 (�2 � 1)(2�4 � 3�2 � 1)2k�2 ++ kh��4 + 3�2 � 12k� � 1 + k2 �4 � 32(�2 + 1)�33 +�k2h�3�6 + 7�4 � 9�2 � 38�(�2 + 1) + 3k �4 � 58(�2 + 1)��2 ++�k2h2�7�8 + 5�6 + �4 + 11�2 � 28�2(�2 + 1) + kh3�6 � 4�4 + 9�2 + 44�(�2 + 1) + �4 � �2 + 68(�2 + 1) ��1 ++ k4h2 (�2 � 1)(47�6 � 51�4 � 17�2 � 3)64!�2 + k3h (�2 � 1)(�27�4 + 28�2 + 9)32!� + k2 7�4 � 40�2 + 1564! ;~�31 = P31 + s�2 ~�1 � 1 ~�21 + ~�222 � ; ~�32 = P32 + s(2�1 � 1�2);~�33 = P33 + s(2�1 � 1�2); ~�34 = P34 + s(1�2 � 22�1); ~�35 = P35;~�31 = ~�31 + ~�1231; ~�32 = ~�32 + ~�1232; ~�33 = ~�33 + ~�1232;~�34 = ~�34 + ~�1233; ~�35 = ~�35:Êîý��èöèåíòû ïîñòðîåíèÿ ïîëíîãî ïîëÿ~r01 = �kk2(�2 � 1) + 4V 14!2 ;~r02 = k�V!2 2 + k �!2�11 + k2�! � kV (1 + �2)4!3 ;~r21 = 2k �!�1 + k3�(�3�2 + 1)4!2 ;~r22 = �2k �!�2 +�kh��4 + 8�2 + 1!(�2 + 1) + �!��1 + k3h (�2 � 1)(3�2 + 1)4!2 + k2�(�3�2 + 1)4!2 ;~r32 = k3�(��4 � 6�2 + 1)!2(�2 + 1) �1 � 3k �!�1 + 3k5 �58!3 :1076
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