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We propose a semi lassi al theory of d magnetotransport in a two-dimensional ele tron gas modulated along
one dire tion with weak ele trostati modulations. We show that os illations of the magnetoresistivity jj orresponding to the urrent driven along the modulation lines observed at moderately low magneti elds an be
explained as ommensurability os illations.

PACS: 73.21.Cd, 73.40.The theory of d magnetotransport in modulated

2D ele tron gas is well developed at present and most

of the ee ts observed in su h systems at low magneti
elds have been explained by both quantum me hanial (in a semi lassi al limit) [17℄ and lassi al [812℄
transport al ulations, giving onsistent results. One
of a few ex eptions is the ee t of os illations of the resistivity omponent jj that orresponds to the urrent
driven parallel to the modulation lines. These os illations were observed along with the ommensurability
os illations of the other resistivity omponent ? orresponding to the urrent driven a ross the modulation
lines. The k os illations have the same period as the
? ones and the opposite phase. The os illations of
jj have been explained as an ee t that originates in
quantum os illations of the ele tron density of states in
the applied magneti eld [ ; ℄.
On the other hand, the observed oin iden e of periods of the low-eld ommensurability (Weiss) os illations of the resistivity omponent ? and the weaker
anti-phase os illations of jj provides grounds for the
assumption that these os illations have the same nature and origin for both resistivity omponents. The
purpose of the present paper is to demonstrate that the
most important hara teristi features of the low-eld
os illations of the resisitivity jj an be qualitatively
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reprodu ed within the semi lassi al transport theory.
To simplify the following al ulations, the anisotropy
ee ts in ele tron s attering are negle ted and the relaxation time approximation is used. It is also assumed
that the external magneti eld is moderately weak,
su h that the ele tron y lotron radius R is onsiderably smaller than the ele tron mean free path lpbut
larger than the period of modulations ; and R  l:
This provides preferred onditions for observation of
ommensurability os illations of transport oe ients
of the D ele tron gas.
We onsider ele trostati modulation with a single
harmoni of the period 
=g along the y dire tion
given by

2

=2

dV (y)
:
dy
reened modulation potential V (y ) is parameter-

E (y) =

The s
ized as

eV (y) = EF sin gy;

2

where EF is the Fermi energy of the D ele tron gas.
We examine weak modulations, and hen e jglj  :
The ele tron urrent density in the D ele tron gas
modulated along the y dire tion also depends on y and
an be written as

2

j(y) = Ne

E-mail: nzimbovphyslab.s i. ny. uny.edu

2

Z2 d
0

714

2 v(y; )(y; );

1

(1)

ÆÝÒÔ,

òîì

124, âûï. 3 (9), 2003

Magnetotransport in a modulated two-dimensional ele tron gas

=

where N
m=~2 is the ele tron density of states on
the Fermi surfa e, and m and e are the ee tive mass
and harge of the ele tron. The ele tron velo ity ve tor v y has the dire tion u
;
and the
magnitude

()

(

( ) = ( os sin )

v(y) = vF

p

(y;

1 +  sin gy;

2

where vF is the Fermi velo ity in the unmodulated D
ele tron gas. The distribution fun tion y; satises
the linearized Boltzmann transport equation

( )

D[℄ + C [℄ = E  v;

(2)
ollision term C [℄ is

where E is the ele tri eld. The
written in the relaxation time approximation with the
relaxation towards the lo al equilibrium distribution,

)

or larger than gR 2 , we obtain the approximation for
the distribution fun tion  y;

( )



) = v2F glj0y Q os sin 

 sin(gR os + gy)
1 gR os(gR os ) os2gy
2
1 sin(gR os ) sin 2gy;
2

where

Q=

( )

1

J0 (gR)
J02 (gR)

(7)

(8)

os + )  ; (4)

and J0 gR is the Bessel fun tion. Using the obtained
distribution fun tion, we an easily al ulate the ele tron urrent density given by (1).
Keeping only the leading terms in the expansion
of  y;
in powers of the small parameter  1 , we
obtain that only the jx omponent re eives a orre tion
due to the modulations along the y dire tion, whereas
the omponent jy remains equal to jy0 and does not
depend on spatial oordinates. This agrees with the
ontinuity equation

where is the ele tron y lotron frequen y. The linearized transport equation (2) with the ollision and
drift terms of form (3), (4) was used in [8℄ and agrees
with the transport equations in [911℄.
Following the standard approa h [10℄, we write
y; as

whi h is ne essary in order to obtain orre t results for
ele tron transport oe ients in modulated D ele tron gas [10℄.
To pro eed, we dene the ee tive ondu tivity tensor eff as

0
1
2
Z
1
1
A
C [℄ = (y; )

2 (y; ) d ;

(3)

0

and the drift term is given by

D[℄ = v(y) sin


+ (v0 (y)
y

( )

(y; ) = 0 ( ) vv(y) + 0(y; );
F

0( ) = 0 v0  j0
2

des ribes the linear response of the D ele tron gas
to the eld E in the absen e of modulations, and the
fun tion  y;
satises the transport equation

v0 (y)v(y)j0y :

(6)

Here, as before, j0 is the urrent density for the unmodulated D ele tron gas.
To pro eed, we expand  y; in a Fourier series in
the spatial variable y , whi h leads to a system of dierential equations for the Fourier omponents. Solving
these equations and keeping the terms of the order of

2

( )

( )

r  j = 0;

2

(5)

where 0 is the Drude resistivity and  is the relaxation
time. The homogeneous distribution fun tion

( )
D[℄ + C [℄ =

( )

j  hj(y)i 

g
2

Z

2=g

j(y)dy  eff E:

(9)

0

To justify the denition adopted in (9), we note that the
expressions for transport oe ients obtained with either quantum me hani al or lassi al al ulations must
be onsistent at low magneti elds. Quantum me hani al al ulations of magneto ondu tivity [ ; ; ℄ give an
expression that passes to the lassi al ondu tivity tensor averaged over the period of modulations. The latter is therefore an a urate semi lassi al analogue of
the ondu tivity al ulated within the proper quantum
me hani al approa h, and our denition of eff agrees
with this1) . The same denition was previously used
in [11℄.

367

1)
For ele trostati modulations, denition (9) a tually gives
the same results for magnetoresistivity omponents as the alternative denition eff hji = E used in [10℄. But there is a
signi ant dieren e in results based on these denitions when
magneti modulations are onsidered.
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xx is ae ted by
As a result, we obtain that only eff
the modulations,

1 (gR)2 J02 (gR) ; (10)
xx =
+
eff
0
1 + (  )2 4
1 J02(gR)
where 0 = 1=0 is the Drude ondu tivity of the ele 0

tron system. The se ond term in (10) represents the
ele tron diusion along the x dire tion aused by the
guiding enter drift [8℄.
The ee tive magnetoresistivity tensor is here dened as the inverse of the ee tive ondu tivity,

eff

= eff1 :

For the urrent driven a ross the modulation lines, the
orresponding resistivity is

? = yy = 0



2
) :
1 + 41 (gl)2 1 J0J(gR
2 (gR)

(11)

0

Assuming that the urrent ows along the modulation
lines, we obtain

2
) : (12)
1 41 (gR)2 1 J0J(gR
2
0 (gR)
For moderately weak magneti elds (gR  1), the

jj = xx = 0



results in (12) and (13) des ribe os illations of both
magnetoresistivity omponents periodi in the inverse
magneti eld magnitude. The os illations of ? and
jj have the same period in =B and the opposite
phases, whi h orroborates the experimental results
in [1℄. The amplitude of the os illations of jj is onsiderably smaller than that of ? ; and this also agrees
with the experiments of [1℄ and with the results of numeri al quantum me hani al al ulations in the limit of
a weak magneti eld [3℄. The result for the resistivity
? also agrees with the orresponding results in [811℄
obtained within the lassi al magnetotransport theory.
But expression (12) for jj diers from the
well-known result in the urrent semi lassi al theory.
To analyze this dis repan y, we now al ulate the
urrent density with the next terms in the expansion
of distribution fun tion (7) in powers of  1 taken
into a ount. Keeping terms of the order not less
than gR=  2 , we obtain that the grating-indu ed
orre tion to the Drude ondu tivity tensor 0 is
given by

1

( )

(

)

^

(  )2
Æ^(y) =
(
y
)
1 + (  )2

0
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(
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Here, the orre tion y is of the order gR 2 : With
some formal transformations of transport equation (6),
we an represent h y i in the form

()

Z
h (y)i = 21 hv(y) sin G(y; )i d
0
2

where

G(y;

) satises the equation
2v0(y)v(y) :
D[G℄ + C [G℄ =
vF2

;

(14)

(15)

This gives expressions for eff and eff that are totally
onsistent with the existing semi lassi al theory [812℄.
However, expression (13), whi h is the starting point
in derivation of these results, is obviously in orre t beause it violates the ontinuity equation for the urrent density. This gives grounds to seriously doubt the
results of earlier works [812℄, espe ially those on erning jj :
A detailed analysis shows that simplied transport
equation (2) an be su esfully used in al ulations of
the leading terms in the expansions of transport oef ients in powers of  1 ; and expressions (12)(14)
are therefore valid. To obtain the next terms in these
expansions, we must modify transport equation (2) in
both the drift and ollision terms. For that, we must
onsistently and systemati ally onsider ee ts of the
internal ele tro hemi al eld arising due to grating-indu ed inhomogeneity of the ele tron density. This is
important be ause redistribution of the ele tron density at the presen e of modulations provides the loal equilibrium of the system2) . Considering magneti
modulations, we arrive at similar results [13℄.
Finally, the novel result in this paper is a qualitative explanation of the low-eld os illations of
the magnetoresistivity omponent jj in the D
ele tron gas modulated along one dire tion within a
semi lassi al approa h. We have shown that these
os illations of jj at low mageti elds are ommensurability os illations. At low temperatures, with the
quantum os illations of the ele tron density of states
at the Fermi surfa e resolved, Shubnikovde Haas
os illations an be superimposed on the geometri

( )

2

2)
The method of al ulations adopted in the urrent theory
is mostly based on averaging the transport equation multiplied
by a velo ity omponent with respe t to both and y (see,
e.g., [10; 11℄). This pro edure ignores the ontribution from the
se ond term of ollision integral (3), whi h provides relaxation
of the system towards the lo al equilibrium. As a result, one
arrives at the expressions for transport oe ients orresponding to the relaxation of the system towards the total equilibrium
that ontradi ts the ontinuity equation.

716

ÆÝÒÔ,

òîì

124, âûï. 3 (9), 2003

Magnetotransport in a modulated two-dimensional ele tron gas

6. A. Manoles u, R. R. Gerhardts, M. Suhrke, and
U. Rossler, Phys. Rev. B 63, 115322 (2001).

os illations of the magnetoresistivity. However, this
does not hange the lassi al nature of the ee t itself.

7. J. Grob and R. R. Gerhardts, Phys. Rev. B 66, 155321
(2002).

The author thanks G. M. Zimbovsky for help with
the manus ript.

8. C. W. J. Beenakker, Phys. Rev. Lett. 62, 2020 (1989).
9. R. R. Gerhardts, Phys. Rev. B 53, 11064 (1996).

REFERENCES

10. R. Menne and R. R. Gerhardts, Phys. Rev. B 57, 1707
(1998).

1. R. R. Gerhardts, D. Weiss, and K. v. Klitzing, Phys.
Rev. Lett. 62, 1173 (1989); R. W. Winkler, J. P. Kotthaus, and K. Ploog, ibid 1177 (1989).

11. A. D. Mirlin and P. Wole, Phys. Rev. B 58, 12986
(1998).

2. P. Vasilopoulos and F. M. Peeters, Phys. Rev. Lett.
63, 2120 (1989).

12. A. D. Mirlin, P. Wole, Y. Levinson, and O. EntinWohlman, Phys. Rev. Lett. 81, 1070 (1998); F. v. Oppen, A. Stern, and B. I. Halperin, Phys. Rev. Lett.
80, 4494 (1998); S. D. Zwers ke and R. R. Gerhardts,
Phys. Rev. Lett. 83, 2616 (1999).

3. C. Zhang and R. R. Gerhardts, Phys. Rev. B 41, 12850
(1990).
4. F. M. Peeters and P. Vasilopoulos, Phys. Rev. B 46,
4667 (1992); 47, 1466 (1993).

13. N. A. Zimbovskaya and J. L. Birman, Sol. St. Comm.
116, 21 (2000); N. A. Zimbovskaya, J. L. Birman, and
G. Gumbs, E-print ar hives ond-mat/0204290.

5. Q. W. Shi and K. Y. Szeto, Phys. Rev. B 53, 12990
(1996).

717

