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Identi ation of avored multiskyrmions with the ground states of known hypernu lei is su essful for several
of them, e.g., for the isodoublet 4 H4 He and isos alars 5 He and 7 Li. In other ases, agreement is not so
good, but as the baryon number in reases, the behavior of the binding energy qualitatively agrees with the
data. Charmed or beautiful hypernu lei are predi ted within this approa h to be bound stronger than strange
hypernu lei. This on lusion is stable with respe t to a ertain variation of poorly known heavy avor de ay
onstants.

PACS: 12.39.D , 21.60.Ev, 21.80.+a
1. INTRODUCTION

One of the a tual questions of nu lear and elementary parti le physi s is the possibility of the existen e of nu lear matter fragments with unusual properties, e.g., with avor being dierent from that of u
and d quarks. This issue an have interesting onsequen es in astrophysi s and osmology. The stellar obje ts RXJ1856 and 3C58, re ently observed at
Chandra X -ray Observatory an be interpreted just
as the strange quark matter stars. Experimental and
theoreti al studies of su h nu lear fragments were rst
performed for strangeness (see, e.g., [1, 2℄ and referen es therein) and to some extent, also for harm and
beauty quantum numbers [36℄. Theoreti al approa hes
vary from standard nu lear potential models to topologi al soliton models (the Skyrme model and its extensions). In the latter ase, extension of the original
SU (2) model to the SU (3) onguration spa e is ne essary. It is known that several dierent lo al minima
in the onguration spa e o ur in SU (3) extensions
of the model [7℄. Quantization of ongurations near
ea h of these minima is possible, leading to the predi tion of the spe trum of quantum states with different avor quantum numbers. Here, the quantization of SU (2) bound skyrmions embedded in SU (3) is
onsidered following [810℄. The physi al interpretation of su h quantum states seems to be simplest in
omparison with the others be ause the lowest-energy
* E-mail: kopelio p .inr.a .ru; kopelioal20.inr.troitsk.ru

states an be identied with the usual nu lei. In this
way, we previously derived some spe trum of avored
multiskyrmions regardless of their interpretation [10℄.
Here, we make an attempt to identify some of these
states with the known hypernu lei.
The hiral soliton models provide a pi ture of baryoni systems outside, at su iently large distan es,
based on several fundamental prin iples and ingredients in orporated in the model Lagrangian. The details of baryonbaryon intera tions do not enter the alulations expli itly, although they ertainly ae t the
results impli itly, via some integral hara teristi s of
baryon systems, su h as their masses, moments of inertia (F and T below), -term ( ), et . The SU (2)
rational map ansatz [11℄, whi h well approximates the
results of numeri al al ulations [12℄, was used as the
starting point for the evaluation of stati properties of
bound states of skyrmions ne essary for their quantization in the SU (3) onguration spa e. The knowledge
of the avor moment of inertia and the -term then
allows estimating the avor ex itation energies [8, 10℄.
The masses of the lowest states with strangeness, harm
or beauty are al ulated within the rigid os illator version of the bound state approa h, and the binding energies of baryoni systems with dierent avors, s; or
b, are estimated.
Within the rational map approximation, at suiently large B , the hiral eld onguration has the
form of a bubble with universal properties of the
shell where the mass and baryon number of the baryon
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systems are on entrated. The width of the shell and
its average mass density are independent of the baryon
number [13℄. This pi ture an be a eptable for not
large B (where B = A is the atomi number of the
nu leus), e.g., up to B  16, and therefore, we here
dis uss the hypernu lei not heavier than hyper-oxygen.
2. LAGRANGIAN AND THE MASS FORMULA

The Lagrangian of the Skyrme model, whi h in its
well-known form depends on the meson de ay onstants
F and FD , the Skyrme onstant e, et ., has been presented previously [9, 10℄, and we here give its density
for ompleteness,

L = L(2) + L(4) + L(6) + LSB ;

(1)

whi h involves the term of the se ond order in the hiral
derivative
2
L(2) = F Tr l l ;

16



the antisymmetri 4th order, or Skyrme term

L(4) = 321e2 Tr[l l ℄2 ;
the 6th order term

L(6) =

F 2 m2
=   Tr (U + U y 2) +
16
p
FD2 m2D F2 m2
Tr(1
+
38 )(U + U y 2) +
24
p
F 2 F2
38 )(Ul l + l ly U y ): (2)
+ D
Tr(1
48

The physi al values of these onstants are as follows:

part of the Lagrangian depends on meson masses, the
pion mass m , and the mass of the K , D or B meson,
whi h we all mD . The avor symmetry breaking part
of the Lagrangian is of the usual form and is su ient
to des ribe the mass splittings of the o tet and de uplet
of baryons [14℄ within the olle tive oordinate quantization approa h with onguration mixing. It is important that the avor de ay onstant (pseudos alar de ay
onstant FK ; FD or FB ) is dierent from the pion deay onstant F . Experimentally, FK =F  1:22 and
FD =F  2:28+11::41 [15℄. The B -meson de ay onstant is
not measured yet. In view of this un ertainty, we take
two values of r = FD =F for our estimates, r = 1:5
and 2, and similarly for rb = FB =F , also following
theoreti al estimates [16℄.
We begin our al ulations with a unitary matrix of
hiral elds U 2 SU (2), as mentioned above. In the
most general ase, the lassi al mass of SU (2) solitons
and other stati hara teristi s ne essary for our purposes depend on 3 prole fun tions, f; , and . The
general parameterization of U0 for an SU (2) soliton
that we use here is given by

U0 = f + s f   n
with

LSB

Here,

l =  UU y

is the left hiral derivative of the unitary matrix
2 SU (3). The 6th order term L(6) , whi h an also
be presented as a baryon (topologi al) number density squared, was not in luded in the original Skyrme
model, and we omit it here as well. Re ent al ulations of avor ex itation energies performed by Shunderyuk provide the results that are lose to those obtained in [10℄ and in the present paper. The Wess
Zumino term in the a tion, whi h an be written as a
5-dimensional dierential form, plays a very important
role in the quantization pro edure, but it does not ontribute to most of the stati properties of skyrmions,
see, e.g., [8, 10℄.

U
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F = 186 MeV and e is lose to e = 4, and we here take
the value e = 4:12 [14℄. The hiral symmetry breaking

6 Tr([l l ℄[l l ℄[l l ℄);

and the symmetry ( hiral and avor) breaking terms

òîì

nz = ; nx = s
ny = s s ; sf = sin f;

f

;
= os f; et .

For the rational map ansatz, f = f (r), and the prole therefore depends on one variable only; the omponents of the ve tor n are some rational fun tions of two
angular variables that dene the dire tion of the radius
ve tor r [11℄.
The quantization of solitons in the SU (3) onguration spa e was done in the spirit of the bound state
approa h to the des ription of strangeness, proposed
in [17℄ and used in [18, 19℄. We here use a somewhat
simplied and very transparent variant, the so- alled
rigid os illator version proposed in [8℄. The details of
the quantization pro edure an be found in [810℄, and
we do not reprodu e them here. We only note that
the (u; d; ) and (u; d; b) SU (3) groups are quite similar
to the (u; d; s) one; a simple redeniton of hyper harge
must be made for the (u; d; ) group.
The following mass formula has been obtained
for the masses of states with denite quantum numbers: the baryon (topologi al) number B , avor F
892
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(strangeness, harm or beauty), isospin I , and angular momentum J [8, 10℄,

Y

F;B = 1 +

16F;B m
 2D B + (FD2
(N B )2

F2 ) ~ B

 #1=2

;

m2 :

The terms N B=8F;B in (4) arise from the Wess
Zumino term in the a tion, whi h does not ontribute
to the masses and momenta of inertia of skyrmions
[17, 8℄. In terms of the quark models, the dieren e

NB
! ! =
4F;B
is the energy ne essary for the produ tion of an additional q q pair. The hyperne stru ture onstants F;B
and F;B are given by [8℄
F;B

=1

F;B = 1

T;B (F;B 1)
;
2F;B F;B
T;B (F;B 1)
:
F;B (F;B )2

(5)

Evidently,  ! 1 as  ! 1. The ontributions of the
order of 1=  N 1 that depend originally on angular velo ities of rotations in the isospa e and the usual
spa e are taken into a ount in (3). This expression
was obtained by quantizing the os illator-type Hamiltonian des ribing the motion of the SU (2) skyrmion
in the SU (3) olle tive oordinate spa e. The lassi al
mass M l  N and the energies !F  N 0 = 1. The
motion along the avor dire tion s; or b is des ribed
by the amplitude D [8, 10℄ that is small for the lowest
quantum states (lowest jF j),


D  16 B F;B m
 2D + N 2 B 2 1=4 (2jF j + 1)1=2 :

b
He

4
∧H

4
∧ He

=1

(

)

p

N is the number of olors of the underlying QCD
(N = 3 in all numeri al estimates), and
F 2 m2
m
 2D = D 2 D
F

4

He

The lo ation of the isos alar state with odd B and
jF j in the upper part of the I3 ; Y diagram (a).
The same for isodoublet states with even B (b). The
ase of light hypernu lei  H and  He is onsidered as
an example

N B (F;B 1)
N B (F;B +1)
; ! F;B =
; (4)
8F;B
8F;B
"

3

I3

where !F;B or ! F;B are the frequen es of avor (antiavor) ex itations,

with

H

3
∧H

E (B; F; I; J ) = MB; l + jF j!F;B +
1 
T (T + 1) + (1 F;B )I (I + 1) +
+
2T;B F;B r r
 J (J + 1)
; (3)
+ (F;B F;B )IF (IF + 1) +
2J;B

!F;B =

a
3

The amplitude D therefore de reases as 1= mD with
in reasing the mass mD and with in reasing the number of olors N , and the method works for any value
of mD , also for harm and beauty quantum numbers.
In (3), I is the isospin of the multiplet with a avor
F , Tr = p=2 is the so- alled right isospin, the isospin
of the nonavored omponent of the SU (3) multiplet
under onsideration, with (p; q ) being the numbers of
the upper and lower indi es in the spinor that des ribes
it. IF is the isospin arried by avored mesons that are
bound by the SU (2) skyrmion,
I

= T r + IF :

Evidently, IF  jF j=2. The states predi ted in the rigid
os illator model do not orrespond to denite SU (3)
or SU (4) representations. How they an be as ribed
to them was shown in [8, 10℄. For example, the state
with B = 1, jF j = 1, and I = 0 must belong to the
o tet of the (u; d; s) or (u; d; ) SU (3) group if N = 3.
Here, we onsider quantized states of the baryon system
that belong to the lowest possible SU (3) irreps (p; q ),
p + 2q = 3B ,

p = 0; q = 3B=2 for even B
and

p = 1; q = (3B 1)=2 for odd B:
 ; 80
 , and 143
 -plets for B = 3; 5, and 7;
These are 35
 , 55
 , and 91
 -plets for B = 4; 6, and 8, et . For even
28
B; Tr = 0 and for odd B , Tr = 1=2 for the lowest
SU (3) irreps (see the Figure).
The avor moment of inertia that enters the above
893
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formulas [8, 10, 17℄ for arbitrary SU (2) skyrmions is
given by [10℄

F =

1
8

Z

f) 

(1








1
FD2 + 2 ( f )2 + s2f ( ni )2 d3 r;
e

(6)

where

( ni )2 = ( )2 + s2 ( )2 :
It is simply related to (0)
F for the avor symmetri
ase,

2 2
F = (0)
F + (FD =F 1) =4;
with dened in (7) below. The avor inertia in reases
with B almost proportionally to B . The isotopi mo-

ments of inertia are the diagonal omponents of the
orresponding tensor of inertia; in our ase, this tensor
of inertia is lose to the unit matrix multiplied by T .
The quantities (or the -term), whi h dene the
ontribution of the mass term to the lassi al mass of
solitons, and ~ in F;B are given by
Z
F2
=  (1 f )d3 r;
2Z
(7)

1
2 + s2 ( n )2 d3 r:
~=
(

f
)
i
f
f

4

For the rational map ansatz, formulas (6) and (7)
an be slightly modied [10℄, but they already look suf iently simple in su h a general form. The masses of
solitons were al ulated in [12℄ and [10℄, the moments
of inertia and ~ were al ulated in [10℄ for several
values of B , and the missing quantities are al ulated
here.
The ontribution to F;B proportional to ~ B is suppressed in omparison with the term of the order of
by the small fa tor of the order of FD2 =m2D , and is more
important for strangeness.

B;F = !F;1 !F;B

F;B 1

4F;B F;B
 [I (I + 1) Tr (Tr + 1)℄ +
(
1)(F;B 2)
+ F;B 2
IF (IF + 1): (8)
4F;B F;B

3(F;1 1) 3(F;B 1)
+
: (9)
82F;1F;1 82F;B F;B

Su h states an exist for odd B , with IF = Tr = 1=2,
see Fig. a. For antiavor ex itations, we have similar
formulas with the substitution  ! .
For states with the maximal isospin

I = Tr +

jF j ;
2

the energy dieren e an be simplied to [10℄

EB;F = jF j 




(jF j+2) (F;B 1)2
: (10)
2F;B
F;B F;B 8F;B

 !F;B +Tr 4F;B 1

+

The ase of isodoublets, even B , is des ribed by (8)
with Tr = 0, see Table 2 and Fig. b. It follows from (10)
that when a nu leon is repla ed by a avored hyperon
in a baryon system, the binding energy of the system
with jF j = 1 and Tr = 0 hanges by

B;F = !F;1 !F;B

HYPERNUCLEI

EB;F = jF j!F;B +

123, âûï. 5, 2003

In deriving (3) and (8), we used that the so- alled
interferen e moment of inertia, whose ontribution
to the Lagrangian is proportional to the produ t of angular rotation velo ities in the isotopi and ordinary
3D spa es, is negligible ompared with the isotopi and
orbital tensors of inertia [20℄ for all multiskyrmions exept those with B = 1; 2. We also note that (8) is
independent of T and depends only on F when the
formulas for hyperne splitting onstants are used.
For the state with the isospin I = 0 and the unit
avor number jF j = 1, the binding energy dieren e in
omparision with the ground state of the nu leus with
the same B; (p; q ) and jF j = 0 is

3. STRANGE AND BEAUTIFUL

It is onvenient to al ulate the energy dieren e between the state with a avor F belonging to the (p; q )
irrep and the ground state with F = 0 and the same
B; J , and (p; q) [10℄,

òîì

3(F;1 1) 3(F;B 1)2
: (11)
82F;1F;1 82F;B F;B

For strangeness, Eq. (11) is negative, indi ating
that stranglets should have binding energies smaller
than those of nu lei with the same B .
To obtain the values of the total binding energy of
hypernu lei shown in the Tables, we add the al ulated
dieren e of binding energies given by (9) or (11) to the
known binding energy value of the usual (u; d) nu leus.
For example, for B = 3, it is the average of binding
energies of 3 H and 3 He, for B = 4 it is the binding energy of 4 He (5:3 MeV = (28:323) MeV), et ., see the
Figure. A spe ial are should be taken about the spin
894
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Table 1.

Hypernu lei as hiral solutions

The olle tive motion ontributions to the binding energies of isos alar hypernu lei with the unit avor,
strangeness or beauty, S
or b
, in MeV

= 1

s

tot
s

tot
exp;s

= 1

!brb =1:5

!brb =2

tot
b

b

tot
b

4751

53

61

103

4749

54

81

81

119

4744

59

97

4459

40

97

4773

31

88

4478

21

96

4786

18

93

104

4488

10

106

4793

11

107

118

4515

97

4810

7

108

A

!s

b

1

306

3H

5 He

7 Li

9 Be

11 B

13 C

15 N


289

3

5

2:35

4424

75

83

287

6

33

31:4

4422

76

282

3

29

37:6

4429

291

13

40

63:2

294

16

59

295

18

78

300

23

91

4501

4805

17

!s and !b are the strangeness and beauty ex itation energies, s;b , in MeV, are the hanges of binding energies of
the lowest baryon system with avor s or b, jF j = 1, in omparison with the usual (u; d) nu lei with the same B .
tot is the total binding energy of the hypernu leus. Experimental values tot are taken from [1, 2℄. The energies !

exp
for B = 1 are given for omparison. For beauty, the rst 3 olumns orrespond to rb = FB =F = 1:5, and the last
3 ones to rb = 2.

Table 2.

A
4 H4 He
 
6 He6 Li


8 Li8 Be
 
10 Be10 B


12 B12 C
 
14 C14 N
 
16 N16 O
 

The binding energies of isodoublets of hypernu lei with the unit avor, S

tot
exp
10:52; 10:11

!brb =1:5
4402

b

23

tot
s
5:3

287

22

10:3

31:7; 30:8

288

20

36:5

292

23

294

= 1 or b = 1, in MeV
!brb =2
4735

b

71

tot
b
99

52

tot
b
80

4430

52

84

4752

40

72

46:05; 44:4

4443

43

99

4765

33

89

42

67:3; 65:4

4465

24

89

4778

20

85

24

67

87:6; 84:2

4481

10

102

4788

11

103

299

28

77

109:3; 106:3

4506

14

91

4805

5

100

301

30

97

4521

28

100

4815

14

114

!s
283

s

The rest of the notation and other detailes are as in Table 1.

of the nu leus. For 3 H and 3 H, 4 He and 4 He, 6 Li and
6 Li, 13 C and 13 C, and in several other ases, the spins

of the ground states of the hypernu leus and the nuleus oin ide. For 5 He (J = 1=2) and 5 He (J = 3=2),
9 Be (J = 1=2) and 9 Be (J = 3=2), 12 C (J = 1) and


12 C (J = 0) and in some other ases, the dieren e in
the rotation energies

EJ =

J (J + 1)
2J

must be taken into a ount. For example, this dieren e de reases the theoreti al value of the binding en-

ergy for 7 Li by about 7 MeV, we have 29 MeV instead of
36 MeV. In those ases where the spin of the hypernuleus is not known, this orre tion was not in luded in
Tables 1 and 2. Beginning with B  10, the orre tion
to the energy of quantized states due to nonzero angular momentum is small and de reases with in reasing B
be ause the orresponding moment of inertia in reases
proportionally to B 2 .
Be ause F;B in reases with in reasing B and
FD (mD ), this leads to the in rease of binding with
in reasing B and the mass of the avor, in agree895
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Table 4.

The binding energies of the harmed hypernu lei (isos alars) with unit harm,
, in MeV

=1

A

!r =1:5

1

1535

3 He

5 Li

7 Be

9B

11 C

13 N

15 O


1504

27

35

1505

25

1497

tot

!r =2



tot

1647

24

32

52

1646

25

52

32

70

1641

30

68

1518

11

68

1654

17

74

1525

4

79

1658

13

87

1529

0

96

1660

10

106

1540

11 103

1668

3

117



1673

 , in MeV, and tot are the same as in Tables 1, 2, for

the harm quantum number. The results are shown for
two values of the harm de ay onstant orresponding to
r = 1:5 and r = 2. The hemi al symbol is assigned to
ea h nu leus in a ordan e with its total ele tri harge.

=1

!r =1:5  tot !r =2  tot
A
4 He4 Li 1493
12 40 1639 16 44


6 Li6 Be 1504
9 41 1646 14 46
 
8 Be8 B 1510
7 63 1648 15 71


10 B10 C 1520
0 65 1655 10 75
 
12 C12 N 1526
4 88 1659 7 99
 
14 N14 O 1536
14 91 1666 1 106
 
16 O16 F 1543
19 109 1670
2 126
 

4. CHARMED HYPERNUCLEI

Table 3.
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The binding energies of the harmed hypernu lei (isodoublets), with unit harm,
, in
MeV

ment with [9, 10℄. For beauty (and harm, see below), Eq. (11) is positive for 3  B  12. As follows
from Tables 1 and 2, our method underestimates the
binding energy of strangeness in nu lei beginning with
B = A  9. This means that other sour es of binding should be taken into a ount, in addition to the
olle tive motion of baryon system in the SU (3) onguration spa e.

In this se tion, binding energies of harmed hypernu lei are presented for two values of the harm de ay
onstant that orrespond to the ratio r = FD =F =
= 1:5 and r = 2. Although the measurement of this
onstant has been performed in [15℄, its variation in
some interval seems to be reasonable in view of its big
un ertainty. As follows from Tables 3 and 4, the predi ted binding energies of harmed hypernu lei do not
essentially dier for the values r = 1:5 and r = 2.
This dieren e in reases with in reasing the atomi
number. For light hypernu lei, this dieren e is onsiderably smaller than the dieren e between binding
energies for rb = 1:5 and rb = 2 (see Se . 3).
For harmed nu lei, the repulsive Coulomb intera tion is greater than for ordinary nu lei with the same
atomi number. Moreover, be ause a harmed nu leus
has somewhat smaller dimensions than the ordinary nu-

òîì

The rest of the notation and other details are as in Table 3.

lei (the ee t that has not been taken into a ount in
the present analysis), this repulsion an de rease the
binding energies for harm by several MeV. This does
not hange our qualitative on lusions, however. For
B = A = 5 and 13, our results shown in Tables 3
and 4 agree, within 1520 MeV, with the early result
by Dover and Kahana [4℄, where binding of the harm
by several nu lei was studied within the potential approa h. In general, we an speak about a qualitative
agreement with the results of this approa h for B  5
10 [5, 6℄ (the results of the potential approa h have
been reviewed in [6℄).
As in the ase where B = 1, the absolute values
of masses of multiskyrmions are ontrolled by poorly
known loop orre tions to the lassi masses, or the
Casimir energy [21℄. As was done for the B = 2
states, the renormalization pro edure is ne essary to
obtain physi ally reasonable values of the masses of
multibaryons. This generates an un ertainty of about
few tens of MeV; be ause the binding energy of the
deuteron is 30 MeV instead of the measured value
2.225 MeV, approximately 30 MeV hara terizes the
un ertainty of our approa h [10℄. This un ertainty is
mainly an eled in the dieren es of binding energies
 shown in Tables 14.
5. COMMENTS AND CONCLUSIONS

The version of the bound state soliton model proposed in [8℄ and modied in [9, 10℄ for the avor symmetry breaking ase (FD > F ) allows al ulating the
binding energy dieren es of ground states of avored
and unavored nu lei. Combined with several phe896
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nomenologi al arguments, this model is very su essful
in some ases of light hypernu lei, e.g., isos alars 5 He
and 7 Li. In other ases, the a ura y of des ribing the
binding energies is at the level 1030 MeV, expe ted for
the whole method that takes only the olle tive motion
of the baryoni systems into a ount. There is also
a general qualitative agreement with the data in the
behavior of binding energy with in reasing the atomi
number. It should be stressed that it is possibly one
of interesting examples where a eld theoreti al model
provides results that an be dire tly ompared with observation data. This an be onsidered as an additional
argument in favor of the appli ability of the hiral soliton approa h to the des ription of realisti properties
of nu lei. For the harm and beauty quantum numbers,
the results only slightly depend on the poorly known
values of the de ay onstants FD or FB .
The tenden y of the binding energies to de rease
with in reasing the B number beginning with B  10
is related to the fa t that the rational map approximation, leading to the one-shell bubble stru ture of
the lassi al onguration [1113℄, is not good for su h
values of B . At large values of the avor symmetry
breaking mass, we have approximately

Hypernu lei as hiral solutions

for the baryoni systems with avor dierent from u
and d ould shed more light on the dynami s of heavy
avors in baryoni systems.
I am indebted to A. M. Shunderyuk for he king
numeri al al ulations and to V. Andrianov, A. Gal,
and T. Nagae for dis ussions and remarks. The work
was been supported by the RFBR (grant 01-02-16615).
Note added in proof (05.03.03). The variation of the
only model parameter, Skyrme onstant e, has small
inuen e on the results presented here, negligible for
harm or beauty quantum numbers. Both quantities
and inertia F s ale as 1=F e3 , and the avor ex itation energies given by (4) at large mD depend on their
ratio, and are therefore s ale-invariant.
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