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We onsider the gravitational properties of a global monopole on the basis of the simplest Higgs s alar triplet
model in general relativity. We begin with establishing some ommon features of hedgehog-type solutions with a
regular enter, independent of the hoi e of the symmetry-breaking potential. There are six types of qualitative
behaviors of the solutions; we show, in parti ular, that the metri an ontain at most one simple horizon. For
the standard Mexi an hat potential, the previously known properties of the solutions are onrmed and some
new results are obtained. Thus, we show analyti ally that solutions with the monotoni ally growing Higgs eld
and nite energy in the stati region exist only in the interval 1 < < 3, where is the squared energy of
spontaneous symmetry breaking in Plan k units. The osmologi al properties of these globally regular solutions
apparently favor the idea that the standard Big Bang might be repla ed with a nonsingular stati ore and
a horizon appearing as a result of some symmetry-breaking phase transition at the Plan k energy s ale. In
addition to the monotoni solutions, we present and analyze a sequen e of families of new solutions with the
os illating Higgs eld. These families are parameterized by n, the number of knots of the Higgs eld, and exist
for < n = 6=[(2n + 1)(n + 2)℄; all su h solutions possess a horizon and a singularity beyond it.
PACS: 04.90.+e
1. INTRODUCTION

In a ordan e with the Standard osmologi al
model [1℄, the Universe has been expanding and ooling
from a split se ond after the Big Bang to the present
moment and remained uniform and isotropi in doing
so. In the pro ess of its evolution, the Universe has
experien ed a hain of phase transitions with spontaneous symmetry breaking, in luding the Grand Uniation and ele troweak phase transitions, formation of
neutrons and protons from quarks, re ombination, and
so forth. Regions with spontaneously broken symmetry
that are more than the orrelation length apart are statisti ally independent. At interfa es between these reE-mail: kbrgs.m me.ru
E-mail:
meierovi hyahoo. om;
//geo ities. om/meierovi h
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gions, the so- alled topologi al defe ts ne essarily arise.
A systemati exposition of the potential role of topologi al defe ts in our Universe was given by Vilenkin and
Shellard [2℄. The parti ular types of defe ts  domain
walls, strings, monopoles, or textures  are determined
by topologi al properties of the va uum [3℄. If the va uum manifold is not shrinkable to a point after the
breakdown, then the Polyakovt'Hooft monopole-type
solutions [4; 5℄ appear in quantum eld theory.
Spontaneous symmetry breaking plays a fundamental role in modern attempts to onstru t parti le theories. In this ontext, a symmetry is ommonly assoiated with internal rather than spa e-time transformations, e.g., the isotopi , ele troweak, Grand Uni ation symmetries, and supersymmetry, whose transformations mix bosons and fermions. Topologi al defe ts
that are aused by spontaneous breaking of internal
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K. A. Bronnikov, B. E. Meierovi h, E. R. Podolyak

symmetries and are independent of spa e-time oordinates are said to be global.
A fundamental property of a global symmetry violation is the Goldstone degree of freedom. For the
monopole, the term related to the Goldstone boson in
the energymomentum tensor de reases rather slowly
away from the enter. As a result, the total energy
of a global monopole grows linearly with the distan e,
or in other words, diverges. Without gravity, this divergen e is a general property of spontaneously broken global symmetries. In his pioneering paper [4℄,
Polyakov mentioned two possibilities of avoiding this
di ulty. The rst one was to ombine the monopole
with the YangMills eld. This idea was independently onsidered by t'Hooft [5℄. This, among other
reasons, gave rise to numerous papers on gauge (magneti ) monopoles. The se ond possibility was to onsider a bound monopoleantimonopole system, whose
total energy would be large (proportional to the distan e between the omponents) but nite.
One more possibility is to take the self-gravity
of global monopoles into a ount; this an in priniple remove the above self-energy problem and is
also ne essary for potential astrophysi al appli ations.
Su h a study was rst performed by Barriola and
Vilenkin [6℄, who found that the gravitational eld outside a monopole is hara terized by a solid angle de it
proportional to the energy s ale of the spontaneous
symmetry breaking. Harari and Lousto [7℄ showed that
the gravitational mass of a global monopole, al ulated
using the Tolman integral, is negative. Solutions with a
horizon for supermassive global monopoles were found
by Liebling [8℄, who also onrmed the estimate in
Ref. [9℄ for the upper value of the symmetry breaking energy ompatible with a stati onguration. The
existen e of de Sitter ores inside global monopoles and
other topologi al defe ts have led to the idea of topologi al ination [1012℄.
For global strings in at spa e, the energy per unit
length (without gravitation) also diverges with growing
distan e from the axis, but only logarithmi ally. But
in general relativity, integration over the ross-se tion
yields a nite result [13; 14℄. The gravitational intera tion thus leads to self-lo alization of a global string.
Does a similar ee t o ur for a global monopole? An
attempt to answer this question, whi h does not appear to be answered in the existing papers, was one
of the motivations for re onsidering the gravitational
properties of a global monopole.
The previous studies have used the boundary ondition a ording to whi h the symmetry-breaking potential must vanish at spatial innity. Our approa h
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is dierent: we do not even assume the existen e of a
spatial asymptoti s, but require regularity at the enter and try to observe the properties of the entire set
of global monopole solutions. In doing so, among other
quantities, we dis uss the behavior of the total s alar
eld energy, whi h turns out to be nite in stati regions of supermassive global monopoles.
In Se . 2, we present the omplete sets of equations for a stati spheri ally symmetri gravitating
global monopole in two most onvenient oordinate
systems, those with quasiglobal and harmoni radial
oordinates. The general properties of stati global
monopoles are summarized in Se . 3. In Se . 4, we
analyti ally and numeri ally analyze the spe i features of a global monopole in the parti ular ase of the
Mexi an hat potential. Se tion 5 ontains a general
dis ussion of our results, in luding their possible osmologi al interpretation.
2. EQUATIONS AND BOUNDARY
CONDITIONS

2.1. General setting of the problem

We begin with the most general form of a stati
spheri ally symmetri metri , without spe ifying the
radial oordinate x1 = u,

ds2 = g dx dx

= e2F0 dt2 e2F1 du2 e2F d 2 : (1)
2 = d2 + sin2 d'2 is the linear element on a

Here, d
unit sphere and F0 , F1 , and F are fun tions of u. The
nonzero omponents of the Ri i tensor are (the prime
denotes d=du)

R00 = e 2F1 [F000 + F00 ( F10 + 2F 0 + F00 )℄;
R11 = e 2F1 [F000 + 2F 00 + 2F 0 2 + F00 2
F10 (2F 0 + F00 )℄;
R22 = R33 = e 2F +
+ e 2F1 [F 00 + F 0 ( F10 + 2F 0 + F00 )℄:

(2)

We onsider the Lagrangian des ribing a triplet of
real s alar elds a (a = 1; 2; 3) in general relativity,

L=

1 g a  a V ();
R
+
16G 2

(3)

where R is the s alar
p urvature, V () is a potential depending on  =  a a , and G is the gravitational
onstant. We use the natural units su h that

~=
460

= 1;

(4)

ÆÝÒÔ,

òîì

122, âûï. 3 (9), 2002

Global monopole in general relativity

and therefore, G = mP l2 , where mP l = 1:22  1019 GeV
is the Plan k mass.
To obtain a global monopole with unit topologi al
harge [2℄, we assume that the metri has form (1) and
a omprise the following hedgehog onguration:

a = (u)na ; na = fsin 

os '; sin  sin '; os g :

8GT~ = 8G

R =



T

1
2 Æ T



d2
A()

r2 ()d 2 :

ds2 = A()dt2

;

Z
p
0
3
g T0 d x = 4 eF0 +F1 +2F 
E=
Z

2F1 0 2 + e 2F 2 + V



du; (9)

where g is the determinant of the metri tensor.
In what follows, we make some general inferen es
without spe ifying the potential V () and then perform a more detailed study for the simplest and most
frequently used symmetry-breaking potential

1
4

1
4

V () = (a a 2 )2 = 4 (f 2

1)2;

(10)

where  > 0 hara terizes the energy of symmetry breaking,  is a dimensionless onstant, and
f (u) = (u)= is the normalized eld magnitude playing the role of an order parameter. The model has a
global SO(3) symmetry, whi h an be spontaneously
broken to SO(2) by potential wells (V = 0) at f = 1.
We now expli itly write the Einstein equations and
the boundary onditions in the two oordinate frames
to be used.

(12)

where  = r r is the d'Alembert operator, and ertain ombinations of the Einstein equations are given
by

(7)

at the orresponding value u of the oordinate x1 = u.
The last ondition is ne essary for lo al atness and ensures the orre t ratio of the ir umferen e to the radius
for oordinate ir les at small r = eF .
The s alar eld energy, dened as the partial time
derivative of the s alar eld a tion, E = S=t, is a
onserved quantity for our stati system,

 12 e

(11)

a + V=a = 0;

(6)

The onditions for metri (1) to be regular at the
enter are that
eF ! 0; F0 = F0 + O(e2F );
(8)
e F1 +F jF 0 j ! 1





The s alar eld equation

where T is the energy-momentum tensor and the
nonzero omponents of T~ are

T~00 = V; T~11 = V e 2F1 0 2 ;
T~22 = T~33 = V e 2F 2 :

oordinate

The rst hoi e is the oordinate u =  spe ied by
the ondition F0 + F1 = 0. Setting e2F0 = e 2F1 = A()
and eF = r(), we obtain the metri

(5)

The Einstein equations an be written as

2.2. The quasiglobal

(Ar2 0 )0 2 = r2 dV=d;

(13)

(A0 r2 )0 = 16Gr2V;

(14)

2r00=r = 8G02 ;

(15)

A(r2 )00 r2 A00 = 2(1
A0 rr0 +Ar0 2

1 = 8G



8G2 );

1 2 02
2 Ar 

(16)


2 r 2 V ;

(17)

where the prime denotes d=d. Only three of these ve
equations are independent: s alar eld equation (13)
follows from the Einstein equations and Eq. (17) is a
rst integral of the others. Given a potential V ('), this
is a determined set of equations for the unknowns r; A,
and .
This hoi e of the oordinates is preferable for onsidering Killing horizons, whi h orrespond to zeros of
the fun tion A(), be ause su h zeros are regular points
of Eqs. (13)(17); moreover, in a lose neighborhood
of a horizon, the oordinate  dened in this manner
varies (up to a positive onstant fa tor) as the manifestly well-behaved Kruskal-like oordinates used for
analyti ontinuation of the metri [15; 16℄. Therefore,
the regions at both sides of a horizon an be simultaneously onsidered in terms of  and the entire range
of  an ontain several horizons in general. For this
reason, the oordinate  an be alled quasiglobal.
The regularaity onditions at the enter, Eq. (8),
are satised if
p
A() = A +O((  )2 ); r()  (  )= A (18)

near some value  of the oordinate .
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In regions where A < 0 (sometimes alled T -regions [1℄), whenever they exist, the oordinate  is
timelike and t is spa elike. Changing the notation as
t ! x 2 R and introdu ing the proper time of a omoving observer in the T -region,



=

Z

p

d= jA()j;

ds2 = d 2

jA( )jdx2 r2 ( )d 2 :

(20)

The spa e-time geometry then orresponds to a
homogeneous anisotropi osmologi al model of the
KantowskiSa hs type [17; 18℄, where spatial se tions
have the topology of R  S2.
2.3. The harmoni

oordinate

MONOPOLES

3.1. Monopoles in Minkowski spa e-time

The Minkowski metri written in the usual spheri al
oordinates,

ds2 = dt2 dr2

su h that u
written as

= 0.

The eld equations an then be

00 2eF0+F1  = e2F1 dV=d;
F000 = 8Ge2F1 V;
F100 2F 0 (F 0 + 2F00 ) = 8G(0 2 + e2F1 V );
F 00 e2(F0 +F ) = 8G(2 e2(F0 +F ) + e2F1 V );
e 2F

+ e 2F1 (F 0 2 + 2F 0 F00 ) =
= 8G 12 e 2F1 0 2 e 2F 2

(24)
(25)



V ; (26)

where the prime denotes d=du.
It is straightforward to obtain that the regularity ondition at the enter an only orrespond to
u ! 1; we hoose u ! 1, where we must have

eF

(27)

and A is the same as in (18).
1) A ylindri al version of the harmoni radial oordinate has
been used previously in the analysis of gravitational properties
of urrent- ondu ting laments [20℄ and osmi strings [21; 22℄.

f 2 ) = 0:

(30)

1 0 2 + 2 + V  dr:
(31)
2
r2
ase where V ()  0, its onvergen e implies
E = 4

Z

r2



In the
that all the three terms must vanish as r
iently rapidly:

 = o(r 1=2 ); 0 = o(r 3=2 ); V

! 1 su-

= o(r 3 ):

(32)

This a tually implies that a nite-energy onguration
is only possible with V (0) = 0, ontrary to the symmetry breaking assumption a ording to whi h V has
minima in nonsymmetri states,  6= 0. In parti ular,
potential (10) does not give rise to global monopoles
with a nite energy. A onsideration of self-gravity of
the eld triad a is one of the ways to over ome this
di ulty.
In at spa e-time, the harmoni oordinate u is related to r as u u0 = 1=r, where u0 is an arbitrary
onstant; hoosing the minus sign, we nd that u ranges
from 1, whi h orresponds to the enter r = 0, to u0
orresponding to spatial innity.

p

 1=juj; eF0 = A (1 + O(u 2 ));
eF1  1=u2;

2fr 2 + 2 f (1

The energy integral in Eq. (9) takes the form

(22)
(23)

(29)

For the parti ular potential in Eq. (10), we have
dV=d = (2 2 ) and the s alar eld equation an
then be written in terms of f = = as

r 2 (r2 f 0)0

(21)

(28)

(r2 0 )0 2 = r2 dV=d:

u

+ F0 ;

r2 d 2 ;

is a spe ial ase of (11) with r   and A  1. In at
spa e-time, the only unknown is (r) and the only eld
equation is (13), whi h be omes

Another onvenient variable that allows onsiderably simplifying the form of the equations is the harmoni oordinate u spe ied by the ondition [19℄1)

F1 = 2F
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3. GENERAL PROPERTIES OF GLOBAL

(19)

we an rewrite the metri as

òîì

3.2. Solutions with

onstant



Under the assumption that  = 0 = onst, the
orresponding value of the potential V (0 ) = V0 (times
8G) plays the role of a osmologi al onstant, and the
Einstein equations an be integrated expli itly.
Indeed, in the region where  = onst, Eq. (15)
redu es to r00 = 0, when e r =  + r0 , where
462
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; r0 = onst. It remains to nd A(r), and this is
immediately done by integrating Eq. (16),
A(r) =

1  2GM + Cr2 ;  = 8G2;
0
2
r

(33)

where M and C are integration onstants. Substituting (33) in (14), we nd

C=

8GV0=3:

(34)

Thus, the solution is essentially determined by the values of 0 , V0 , and M . One more onstant, , ree ts
the freedom in hoosing the unit of time. We note that
this is not a monopole solution. Even if we set M = 0,
whi h is evidently ne essary for regularity at r = 0, this
solution with onstant  6= 0 is singular at the enter:
for A(r) given by (33) with M = 0, the Krets hmann
s alar is K = R Æ R Æ  42 =r4 at small r.
Regarding the global monopole, two ases of the
solution in Eq. (33) are of interest. The ase where
0  0 des ribes the symmetri state and the ase
where V0 = 0 gives a possible asymptoti behavior at
spatial or temporal innity.
In the ase where 0 = 0 (the symmetri state), setting M = 0 (whi h is ne essary for a regular enter),
we arrive at the de Sitter metri




r2
r2 1 2 2 2
ds2 = 1 2 dt2 1 2
dr r d ;
rh
rh
(35)
8
GV0
2
:
r =

3

h

This metri has a horizon at r = rh . At r > rh , outside the horizon, r be omes a timelike oordinate and
t is a spa elike one. Changing the notation as in (19)
and (20), we obtain the metri

ds2 = d 2

sh2 (=rh )dx2

rh2 h2 (=rh )d 2 : (36)

This is the KantowskiSa hs osmology with the
isotropi inationary expansion at late times ( ! 1).
In the other ase, 0 6= 0 but V0 = 0 (the ase of
broken symmetry, su h as  =  in potential (10)), the
metri be omes [6℄

ds2 =



1  2GM  dt2
2



r

1  2GM 
2

r

1

dr2

r2 d 2 ; (37)

where the onstant M has the meaning of mass in the
sense that test parti les at rest experien e the a eleration GM=r2 in gravitational eld (37) at large r.

Furthermore, a nonzero value of 0 leads to a solid angle de it  dened in (33) in the asymptoti region
as r ! 1 (see [2℄ for more detail) and to a linear divergen e of integral (9) at large r.
The general ase of Eq. (33) des ribes the large-r
asymptoti behavior of any solution to Eqs. (13)(17),
provided that su h an asymptoti form exists and 
tends to a onstant value su iently rapidly.
For the monopoles to be studied, metri (37) gives
a large-r asymptoti behavior in the ase where  < 1.
We also onsider solutions with  > 1, for whi h a
stati asymptoti regime is absent. Metri (37) then
des ribes osmologi al evolution at late times.
3.3. General properties of solutions with
varying



We now onsider the general form of Eqs. (13)(17)
with varying , without spe ifying the potential V ().
We rst note that be ause of (15), we have r00  0,
whi h forbids any nonsingular ongurations without a
enter su h as wormholes and horns (see Theorem 1 in
Ref. [16℄ for further details).
Se ond, Eq. (16) an be rewritten as

(r4 B0 )0 = 2(1 8G2); B = A=r2; (38)
and at a point where B 0 = 0, we have r4 B 00 =
= 2(1 8G2 ). Hen e, it follows that as long as
2 < 1=(8G) (i.e., the  eld does not rea h transPlan kian values), B 00 < 0 at possible extrema of the
def

fun tion B . In other words, B annot have a regular
minimum.
Our interest is in systems with a regular enter satisfying onditions (18) with A() > 0 and B () > 0
near  =  . At a possible horizon  = h, both A and
B vanish, and be ause this annot be a minimum of B ,
B < 0 at  > h near the horizon. At greater , the
fun tion B (), having no minima, an only de rease
and never returns to zero; therefore, A = Br2 < 0 at
 > h. We on lude that there an be no more than
one horizon, and if it exists, it is simple ( orresponds
to a simple zero of A()). Be ause the global ausal
stru ture of spa e-time is determined (up to possible
identi ations of isometri hypersurfa es) by the number and disposition of Killing horizons [2325℄, we have
the following result.
Statement

1.

Under the assumption that

2 < 1=(8G) in the entire spa e, our system with

a regular enter an have either no horizon or one
simple horizon; in the latter ase, its global stru ture
is the same as that of de Sitter spa e-time.
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at late times in this ase. On the other hand, lass( 1) ontains models that at late times behave as the
S hwarzs hild spa e-time inside the horizon, ontra ting to r = 0.
This lassi ation is obtained without any assumptions about V (). Solutions with given V () ontain
some of these lasses, not ne essarily all of them.
In the ase V  0, where Eq. (14) leads to one more
important observation: be ause A0 r2 = 0 at a regular
enter, we an write (14) in the integral form

r

ρc

ÆÝÒÔ,

ρ

Possible behavior of r() in global monopole
solutions

The above reasoning is essentially the same as in
the proof of Theorem 2 in Ref. [16℄ on the disposition
of horizons in s alar-va uum spa e-times. It uses only
Eq. (16), whi h does not involve the potential V . The
on lusion is therefore valid for systems with any potentials, positive or negative.
We now return to Eq. (15), a ording to whi h
r00  0. Be ause r0 > 0 at a regular enter, this leaves
three possibilities for the fun tion r() (Fig. 1):
(a) monotoni growth with a de reasing slope, but
r ! 1 as  ! 1,
(b) monotoni growth with r ! rmax < 1 as
 ! 1, and
( ) growth up to rmax at some 1 < 1 and further
de rease, rea hing r = 0 at some nite 2 > 1 .
In ea h ase, a ording to Statement 1, a horizon
an o ur at some  = h within the range of , and
we therefore have a T -region with the geometry of the
KantowskiSa hs osmologi al model at  > h.
We on lude that there are six lasses of qualitative
behaviors of the solutions, i.e., (a), (b), and ( ), ea h
with or without a horizon, whi h we indi ate with the
respe tive symbols 1 or 0. Thus, all solutions with a
spatial asymptoti behavior belong to lass (a0). Class
(b0) in ludes spa e-times ending with a tube onsisting of two-dimensional spheres of equal radii. Solutions
in lass ( 0) ontain a se ond enter at  = 2 , and this
enter an a priori be regular or singular. We thus obtain a stati analogue of losed osmologies. Classes
(a1), (b1), and ( 1) des ribe dierent late-time osmologi al behaviors in the two dire tions orresponding to
S2, whereas the fate of the third spatial dire tion (R)
is determined by the fun tion A(). In parti ular, the
possible de Sitter asymptoti metri in Eq. (36) belongs
to lass (a1) solutions, and the expansion is isotropi

A0 r 2 =

16G

Z

0

V () r2 () d;

(39)

and therefore, A() is a de reasing fun tion unless
 0. Equation (39) leads to the following on lusions.

V

Statement 1a. If V ()  0, our system with a
regular enter an have either no horizon or one simple horizon; in the latter ase, its global stru ture is the
same as that of de Sitter spa e-time.
Statement 2. If V ()  0, the se ond enter in
lass-( 0) solutions is singular.
Statement 3. If V ()  0 and the solution is
asymptoti ally at, the mass M of the global monopole
is negative.

Statement 1a shows that for nonnegative potentials,
the assumption 2 < 1=(8G) in Statement 1 is unne essary, and the ausal stru ture types are known for
any magnitudes of .
Statement 2 follows from A0 (2 ) < 0, whereas at
a regular enter, it should be A0 = 0, see (18). The
equality A0 (2 ) = 0 ould only be possible with V  0,
but in this ase, the only solution with a regular enter
is trivial (at spa e,  = 0).
In Statement 3, the asymptoti atness is understood up to the solid angle de it, i.e., r =  and A is
given by (33) with C = 0 at large . As  ! 1, we
then obtain 2GM in the left-hand side of Eq. (39) and
a negative quantity in the right-hand side.
To our knowledge, this simple on lusion, valid for
all nonnegative potentials, has so far been obtained
only numeri ally for the parti ular potential (10) [9℄.
We note that Statement 3 is an extension to global
monopoles of the so- alled generalized Rosen theorem [16; 26℄, previously known for s alar-va uum ongurations.
Therefore, even before studying parti ular solutions
with potential (10), we have a more or less omplete
knowledge of what an be expe ted of su h global
monopole systems.
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4. THE MEXICAN HAT POTENTIAL

4.1. Equations and boundary

onditions

In what follows, we analyze the parti ular Mexi an
hat potential in Eq. (10). For numeri al integration,
we prefer to use the harmoni oordinate u and to work
with Eqs. (22)(25). This variable enters the equations
only via derivatives and is therefore invariant under
translations u ! u + onst.
Introdu ing the dimensionless quantities

p

u~ = u=( ); eF~
eF~1 = 2 eF1 ;

=

p

eF ;

(40)

we eliminate the parameter  from the equations. Indeed, omitting the tildes, we obtain

f 00 = e2(F0 +F ) [2 e2F
F000 =
F 00 = e2(F0 +F )

4e
h

1

(1

2(F0 +2F ) (f 2

f2

4

e2F

f 2 )℄f;

(41)

1)2;

(42)
i

(1

f 2 )2 : (43)

Condition (21) is preserved for the newly dened quantities, but the metri be omes

ds2 = e2F0 dt2

e2F1 du2 + e2F d 2
:
2

The boundary onditions as u !

(44)

1 are given by

f = 0; F0 = 0; F00 = 0;
F = ln( u) + o(1=juj):

(45)

They follow from the regularity requirement at the enter and a parti ular hoi e of the time unit (F0 = 0)
and of the origin of the u oordinate (the fourth ondition).
There remains only one dimensionless parameter in
Eqs. (41)(43),

= 8G2;

(46)

whi h is the squared energy of symmetry breaking in
Plan k units.
It is easy to obtain that = 1 is a riti al value
of this parameter. Indeed, if we assume the existen e
of a large-r asymptoti behavior su h that f ! 1, i.e.,
the eld tends to the minimum of potential (10), then
the asymptoti form of the metri at large r is given
by (37) with  = . Consequently, the asymptoti s an
be stati only if  1, whereas for > 1, the large-r
3
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asymptoti s an be only osmologi al (the Kantowski
Sa hs type), and there is a horizon separating su h an
outer region from the stati monopole ore.
On the other hand, if a onguration with < 1
possesses a horizon, there is again the KantowskiSa hs
osmology outside it, but there annot be a large-r
asymptoti form, and in a ordan e with Se . 3, the
solutions belong to lasses (b1) or ( 1).
Now, leaving aside the su iently well studied ase
of solutions with a stati asymptoti s [2; 6; 7℄ belonging
to lass-(a0) in a ordan e with Se . 3, we suppose that
there is a horizon and return to Eqs. (41)(43). The
horizon orresponds to u ! +1. In su h ases, in
addition to (45), we impose the boundary ondition

f (u) ! fh;

jfh j < 1 as u ! +1:

(47)

This ondition is ne essary for the regularity of a solution on the horizon and is appli able to lasses (a1),
(b1), and ( 1).
For lass-(a0) solutions, having a spatial asymptoti
behavior and no horizon, ondition (47) is meaningless.
Moreover, the oordinate u then ranges from 1 to
some u0 < 1 su h that r(u0 ) = 1.
For ongurations of lasses (a0) and (a1), the ommonly used boundary ondition is

f ! 1 as r ! 1:

(48)

It is of interest that in ase (a1), to whi h both onditions are appli able, ondition (47), being less restri tive, still leads to solutions satisfying (48) be ause of
the properties of the physi al system itself.
The set of equations (41)(43) with boundary onditions (45) and (47) omprise a well-posed nonlinear
eigenvalue problem. Its trivial solution, with f = 0 and
de Sitter metri (35), des ribes the symmetri state
(with unbroken symmetry). Nontrivial solutions des ribing hedgehog ongurations with spontaneously
broken symmetry an be found numeri ally and yield a
sequen e of eigenvalues n , n = 0; 1; : : : ; and the orresponding values of the horizon radius rh;n for ea h
given value of fh . Conversely, for a given (admissible)
value of , we obtain a sequen e of values of fh and rh .
4.2. The linear eigenvalue problem

Liebling [8℄ has empiri ally found the upper riti al
value 0  3 for the existen e of stati solutions2) . In
this se tion, we nd a theoreti al ground for this limit.
2)

465

In the notation of Ref. [10℄, 



p=

3 (8 ) :

K. A. Bronnikov, B. E. Meierovi h, E. R. Podolyak

ÆÝÒÔ,

A tually, we analyti ally nd a sequen e of riti al values n ; n = 0; 1; : : : , su h that for < n , there exist stati ongurations with the eld magnitude f (u)
hanging its sign n times.
Only the analysis for f (u) > 0 an be found in the
literature. Our numeri al integration of Eqs. (41)(43)
shows that in addition to solutions with monotoni ally
growing f (u) (whi h exist for < 0 = 3, Fig. 2a),
there exist regular solutions for < 1 = 2=3 with f (u)
hanging its sign on e (Fig. 2b). Solutions with two zeros of f (u) exist for < 2 = 0:3 (Fig. 2 ), et . All
these solutions have a horizon, and the absolute value
of f on the horizon, jfh;n j = jfn (1)j, is a de reasing
fun tion of , vanishing as ! n 0 (Fig. 3).
As ! n , the fun tion f (u) vanishes in the entire
range of u, and it is this ir umstan e that allows us
to nd the riti al values n analyti ally. In a lose
neighborhood of n , the eld f (u) is small within the
horizon, f 2  1, and Eq. (41) therefore redu es to a
linear equation with given ba kground fun tions F0 and
F orresponding to de Sitter metri (35). In terms of
the dimensionless spheri al radius r, Eq. (41) be omes


d 2
r
dr



1



r2 df
rh2 dr



(2

r2 )f

= 0;

1:0

= 0; jf (rh)j < 1:

fn(r) =

k=0

ak



r
rh

2k+1

:

n

3
= (n+1=2)(
n + 2)

0:5

2:0
2:5

0:6

0:4

0:2
2:99
0
1:0

4

2

f1

0

2

u

=0

b
0:5

0

(49)

0:665
0:65

0:5

0:6
0:4

1:0

(50)

1:0

2

f2

1

0

1

2

u
0:17

=0

0:25
0:5

0:28
0:295

0

(51)

Substituting (51) in (49), we nd the eigenvalues

2 = 2(2n+1)(n+2);
rh;n

1:2
1:6

=0

1:0

Nontrivial solutions of (49) with these boundary
onditions exist for a sequen e of eigenvalues = n ,
n = 0; 1; 2; : : : ; and the orresponding eigenfun tions
fn (r), whi h are regular in the interval 0  r  rh , are
simple polynomials,
n
X

f0

0:8

where rh = 12= is the value of r on the horizon.
The boundary onditions are
r=0
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a

p

f
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0:5

(52)

1:0

and the re urrent relation

0:5

0

0:5

1:0

u

The eld magnitude f as a fun tion of the
harmoni oordinate u for dierent values of . Solutions with monotoni ally growing f = f0 (u) (a) exist
for 0 < < 0 = 3: In the region < 1 = 2=3,
there are solutions with f = f1 (u) hanging their sign
on e (b ); in the region < 2 = 0:3, there are solutions with f = f2 (u) hanging their sign twi e ( ). As
! n 0, the fun tion fn (u) vanishes in the entire
range 1 < u < 1 from the enter to the horizon

Fig. 2.

2
(2k 1)(2k+2) rh;n
ak = ak 1
(2k+1)(2k+2) 2 ; k = 1; 2; : : : ; (53)
allowing us to express all ak ; k = 1; 2; : : : ; n; in terms

of a0 . Be ause Eq. (49) is linear and homogeneous, a0

466

ÆÝÒÔ,

òîì

122, âûï. 3 (9), 2002

Global monopole in general relativity

is an arbitrary onstant3) . For xed n, the oe ients
ak in (51) are

(2i 1)(2i + 2) h;n ;
i=1 (2i + 1)(2i + 2) 2
n > 0; 1  k  n:

ak = a 0

r2

k
Y

(54)

The ase where

n = 0; rh;0 = 2; f0 (r) = a0 r=rh;0
gives a monotoni ally growing fun tion f (u) in a lose
vi inity of = 0 = 3, see Fig. 2a. Thus, the upper
limit 0 = 3 for the existen e of stati monopole solutions, previously found by Liebling [8℄ numeri ally, is
now obtained analyti ally.
s

f (u)
As is lear from the aforesaid, the interval 0 < < 3

4.3. Solutions with monotoni ally growing

of the existen e of nontrivial solutions with monotonially growing f (u) splits into two qualitatively dierent
regions separated by = 1.
In the interval 0 < < 1, the solutions have spatial
asymptoti s (37); a ording to our general lassi ation, they belong to lass (a0). The spheri al radius
r(u) = eF (u) varies from zero to innity, f (u) grows
from zero to unity, and A(u) de reases from unity to
its limiting positive value ( f. Eq. (37))

1
=
r!1

=

2 ;

dr
=1
d !1

Z1

20

f 0 2 ()r()d;

(55)

p

2;

"

#



7
r 2
1 5 rh;1
f1 (r) = a0
rh;1
des ribes the fun tion f (u) hanging its sign on e, at
lose to 1 = 2=3,psee Fig. 2b. The ase where n = 2;
2 = 3=10, rh;2 = 2 10, and
"



 #
r 2 99 r 4
18
r
1 5 rh;2 + 35 rh;2
f2 (r) = a0
rh;2
gives the eld fun tion f (u) hanging its sign twi e

r

(Fig. 2 ).
For n  1, the fun tion fn (r) rapidly os illates,
s

r2
2
rh;n

But this semi lassi al
p formula is not valid near the left
turning point4) r = 2, see the dashed urve in Fig. 4.
Its appli ability range is 1  r < rh;n  2n, n  1.
We have not previously met regular monopole ongurations with the eld fun tion f (u) hanging its
sign. It seems that this is their rst presentation.

A

n = 1; rh;1 = 3

p
p
2 1 (r=rh;n )2
2
2ar
sin
os rh;n ar sin
2
2
r
1 2=rh;n
q
4 r2 (r2 2)1 (r=r )2 
h;n
"

fn (r) = a0

The ase where

!#

:

and the energy integral (9) diverges.
In the interval 1 < < 3, solutions with monotoni ally growing f (u) belong to lass (a1). Instead
of a spatial asymptoti s, there is a horizon and the
KantowskiSa hs osmology outside it. The fun tions
A and r inside and outside the horizon are presented in
Fig. 5 for = 2. In the presen e of a global monopole,
the osmologi al expansion is slower than the de Sitter one, Eq. (36). As  ! 1, the radius r( ) grows
linearly, while A tends to the negative onstant value
( 1)= 2.
Within the horizon, f (u) monotoni ally grows from
zero at u = 1 to a value fh = fh;0 ( ) on the horizon,
u ! 1, see Fig. 2a. As a fun tion of , the value fh;0 of
f on the horizon de reases from unity at = 1 to zero
at = 0 = 3, see Fig. 3. Integral (9) taken over the
stati region onverges, and we an on lude that at
1 < < 3, the gravitational eld is su iently strong
to suppress the Goldstone divergen e and to lo alize
the monopole. At > 3, gravity is probably so strong
that it restores the high symmetry of the system.
Outside the horizon, the eld f as a fun tion of the
proper time  grows from fh;0 on the horizon to unity

3) As
! n 0, the general equation (41) has the same solution as (49), with a0  1. To nd the dependen e a0 ( ), we must
take the next terms that are nonlinear in f into a ount.
p
4) We re all that in view of the substitution (40), the distan es are measured in the units (  ) 1 .
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γ
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ρ

The fun tions A() and r() form unied
smooth urves in the regions inside (solid urves) and
outside (dashed) the horizon; = 2

The dependen e of the values of f (u) on the
horizon, fh;n = fn (u)ju!1

Fig. 5.

f · 104

1:0
10

f

0:8

5

0:6

0

0:4
0:2

−5
0

Fig. 4.

40

80

120
r

0

The eld magnitude f as a fun tion of the
spheri al radius r for = 0:001

Fig. 6.

as  ! 1. Introdu ing the proper radial
p length l inside
the horizon by the relation dl = d= A, we an as ertain that the fun tions f (l()) at  < h and f ( ()) at
 > h are two parts of a single smooth urve (Fig. 6).
When the parameter is lose to its riti al value
= 1 separating the (a0) and (a1) bran hes of the
solution, i.e., when

0<

1  1;

h

4

6

8



The fun tion f () inside (solid urve) and outside (dashed urve) the horizon; = 2

region, the expression in square bra kets in (41) must
therefore be small, i.e.,
e2F (1 f 2 )  2:
This relation an be used for further estimates. The
results are

ln rh;0  ln[1=( 1)℄  1;
fh;0  1 C ( 1)2 ;

(56)

the horizon radius rh;0 and the s alar eld value on the
horizon fh;0 an be found analyti ally under ertain additional assumptions on the system behavior that follow from the results of numeri al analysis. In parti ular, there is an intermediate region of the u range,
1  u  u0 = onst, where the rst term f 00 in the
s alar eld equation (41) is very small, whereas the
fun tion e2(F0 +F ) is quite large (despite the fa t that
this fun tion eventually vanishes as u ! 1). In this

2

(57)

where the onstant C an be found by omparison with
the numeri al results; our estimate is C  0:2.
The behavior of the solution in the riti al regime,
= 1, an be hara terized as a globally stati model
with a horizon at innity [8℄, be ause A ! 0 as
r ! 1.
The fa t that monotoni solutions with horizons are
absent for < 1 be omes evident from the analysis of
468
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F

4.4. Solutions with

0:5

=0

2

1:0

1:2
1:6
2:0

1

2:99
0

1

2

1

0

1

2

u

The fun tion F (u) for dierent values of .
At < 1, there is a limiting value umax of u su h that
F ! 1 as u ! umax ( ) (dotted urves). As ! 1,
the value umax ( ) ! 1 (dashed urve); for > 1,
the fun tion F (u) tends to a nite onstant value as
u ! 1 (solid urves)
Fig. 7.

the ine tion point u = uinf of the fun tion F (u).
A horizon, whenever it exists, orresponds to u ! 1,
where F remains nite. Be ause it behaves logarithmi ally as u ! 1, there is (at least one) ine tion
point where the se ond-order derivative is zero, and it
follows from Eq. (43) that

1

f2

2
2F 2
4 e (f 1) = 0;

This is a quadrati equation for 1

1

f 2 = 2e 2F



r

1 1

u = uinf :

f 2, and hen e,

1 e2F



:

(58)

A monotoni ally growing fun tion f (u) orresponds to
greater values of f , i.e., to the minus bran h of (58)
(as is onrmed by numeri al results). But the righthand side of (58) is then negative for < 1, leading to
f 2 > 1, whi h annot o ur be ause f 2 = 1 is the maximum attainable value for the solutions under study.
Therefore, for < 1, all solutions with monotoni ally
growing f (u) belong to lass (a0) and possess a spatial
asymptoti s with a solid angle de it and a divergent
eld energy.
Numeri al integration onrms these on lusions.
The dierent behavior of F (u) for < 1 and > 1 is
shown in Fig. 7.

f (u)

hanging its sign

For < 1 = 2=3, there are solutions with the
fun tion f () hanging its sign on e, see Fig. 2b. For
< 2 = 0:3, there are solutions with f () hanging
its sign twi e, see Fig. 2 , et . Unlike the monotoni
solutions dis ussed in Se . 4.3, all of them possess a
horizon and in agreement with the general inferen es
in Se . 4.1, belong to lass ( 1). This implies that beginning with a regular enter, the spheri al radius r()
rst grows, then passes its maximum rmax at some 1 ,
and then de reases to zero at nite  = 2 , whi h is a
singularity. The horizon o urs at some  = h < 2 ,
whi h an be greater or smaller than 1 , but in any
ase, the singularity o urs in a T -region and is of the
osmologi al nature. The dependen e r() before and
after the horizon is a single smooth urve (Fig. 8a).
Beyond the horizon, jA( )j grows from zero at  = 0
(the horizon) to innity as  ! s =  (2 ) (the singularity) as a fun tion of the proper time  of a omoving
observer, see Fig. 8b. Beyond the horizon, the s alar
eld magnitude jf j rst grows and then slightly varies
around unity. Approa hing the singularity, f (( ))
hanges its sign and nally jf (( ))j ! 1 as  ! s ,
see Fig. 8 .
5. CONCLUSION AND DISCUSSION

We have performed a general study of the properties of stati global monopoles in general relativity. We
have shown that independently of the shape of the symmetry breaking potential, the metri an ontain either
no horizon or one simple horizon, and in the latter ase,
the global stru ture of spa e-time is the same as that
of the de Sitter spa e-time. Outside the horizon, the
geometry orresponds to homogeneous anisotropi osmologi al models of the KantowskiSa hs type, where
spatial se tions have the topology R  S2. In general,
all possible solutions an be divided into six lasses
with dierent qualitative behaviors. This lassi ation
is obtained without any assumptions about V (). Solutions with given V () ontain some of these lasses, not
ne essarily all of them. This qualitative analysis gives
a omplete pi ture of what an be expe ted of global
monopole systems with parti ular symmetry breaking
potentials.
Our analyti al and numeri al analysis for the Mexian hat potential onrms the previous results of other
authors on erning the ongurations with the monotoni ally growing Higgs eld magnitude f . Among
other things, we have analyti ally obtained the upper
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Solutions with f of alternating sign: the fun tions (a) r(), (b) jA( )j, and ( ) f () for = 0:5
before (solid lines) and after (dashed lines) the horizon

Fig. 8.

limit 0 = 3 for the existen e of stati monopole solutions, previously found numeri ally by Liebling [8℄. We
have also found and analyzed a new family of solutions
with the eld fun tion f hanging its sign, whi h we
have not met in the existing literature.
Of parti ular interest an be the lass-(a1) solutions with a stati nonsingular monopole ore and the
KantowskiSa hs osmologi al model outside the horizon. Its anisotropi evolution is determined by the

òîì
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fun tions of the proper time jA( )j (the squared s ale
fa tor in the R dire tion), r( ) (the s ale fa tor in the
two S2 dire tions), and the eld magnitude f ( ). For a
omoving observer in the T -region, the expansion starts
with a rapid growth of jA( )j from zero to nite values, resembling ination, and ends with A ! onst
as  ! 1. The expansion in the S2 dire tions des ribed by r( ) is omparatively uniform and linear at
late times, i.e., mu h slower than h2 (=rh ) orresponding to de Sitter's spa e-time, see (35). We stress that
all su h models with the de Sitter-like ausal stru ture (i.e., with a stati ore and expansion beyond the
horizon) drasti ally dier from the standard Big Bang
models in that the expansion starts from a nonsingular surfa e and osmologi al omoving observers an
re eive information in the form of parti les and light
quanta from the stati region situated in the absolute
past with respe t to them. Moreover, the stati ore
is nonsingular in our ase, and it therefore provides an
example of an entirely nonsingular osmology in the
spirit of papers by Gliner and Dymnikova [2730℄.
The nonzero symmetry-breaking potential plays the
role of a time-dependent osmologi al onstant, a kind
of hidden va uum matter. Be ause the eld fun tion f
tends to unity as  ! 1, the potential vanishes and
the hidden va uum matter disappears.
The la k of isotropization at late times does not
seem to be a fatal short oming of the model for two
reasons. First, if the model is used to des ribe the
near-Plan k epo h of the Universe evolution, then at
the next stage, the anisotropy an probably be damped
by diverse parti le reation, and the further stages with
lower energy densities may onform to the standard pi ture (with possible further phase transitions). Se ond,
if we add a omparatively small positive quantity  to
potential (10) (slightly raise the Mexi an hat), this
must hange nothing but the late-time asymptoti s,
whi h then be omes the de Sitter one orresponding to
the osmologi al onstant . In our view, these ideas
deserve a further study.
Evidently, the present simple model annot be
dire tly applied to our Universe. It would be too naive
to expe t that a ma ros opi des ription based on a
simple toy model of a global monopole with only one
dimensionless parameter
an explain all the variety
of early-Universe phenomena. Nevertheless, it may
be onsidered as an argument in favor of the idea
that the standard Big Bang might be repla ed with a
nonsingular stati ore and a horizon appearing as a
result of some symmetry-breaking phase transition at
the Plan k energy s ale.
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