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An:llyticall11ethod is applied [ог tlle description of small angle Bhabha scattering at LEPl. 
Inclusive event selection for aSYI111netrical wide-narrow circular detectors is considered. The QED 
correction to the Воrn cross section is calculated with leading and next-to-leading accuracy in 
second order оС perturbation tlleory and witll leading accuracy in third order. АН contributions in 
the second order due to the pllOtonic radiative corrections and pair production аге calculated 
starting [гош essential Feynman diаgгашs. Third-order correction is computed Ьу means о[ 
the electroll structure [unction method. Secolld and third-order leading corrections suitable [ог 
саlогiшеtег event selection are investigated. Numerical results illustrate the analytical calculations. 

1. INTRODUCTION 

@1997 

Tlle smаll-апglе Bhablla sсаttегiпg (SABS) process is used to measure the luminosity 
of еlесtroп-роsitroп colliders. At LEPI ап experimental accuracy оп the luminosity of 
DO-jCJ < 0.1% has Ьееп reacl1ed [1]. However, to obtain .the total ассигасу, а systematic 
theoretical епог must also Ье added. Accurate determination of the SABS cross section 
therefore direct1y affects some pl1ysical values measured at LEPl experiments [2,3]. 
Considerable attention lшs tllerefore Ьееп recently devoted to the Bhabha process [3-11]. The 
accuracy that has Ьееп attained 11Owever, is stiII iпаdеquаtе. According to these evaluations, the 
theoretical estimates аге still il1complete апd t11eir ассигасу is [аг from that which is required. 

The theoretical calculation of SABS cross section at LEPl iпvоlvеs two slightIy different 
problems. The first опе is the description of ехрегimепtаl restrictions used [ос event sеlесtiоп in 
terms of final particles phase space. Tlle second сопsists in the writing of matrix element squared 
with the required accuracy. Tllere аге two methods [ос tlleoretical investigation of SABS at 
LEP1: а method based оп Monte Сагl0 calculation [3-5,7] and analytical method [6,9-11]. 

The advantage of the Monte Carlo method is that it сап model different types of 
detectors and event selection [3]. This method, however, саппоt use the exact matrix еlеmепt 
squared based оп essential Feynman diagrams because of the infrared divergellce. Therefore, 
some additional procedures (YFS factor exponentiation [12], LJtilizаtiоп of еlесtroп strиcture 
fuпсtiопs [13]) must Ье used iп order to eliminate this problem and to take iпtо account the 
leading сопtгiЬutiоп iп the higl1er orders. Careful аttепtiоп must ье givеп at this роiпt because 
of the possibility of double СОllпtiпg. Iп апу case, the пехt-tо-Iеаdiпg sесопd-огdег соrrесtiоп 
геmаiпs uпсеrtаiп, and this is а transparent defect of the Monte Сагl0 method. 

The advantage oftlle апаlуtiсаl method is tl1at it сап use the exact matrix element sqиared. 
Т11е iпfгагеdрroblеm in tlle сопtехt oft11is approach сап Ье solved in the uSllal way Ьу taking into 
ассоuпt tlle virtllal, геаl soft, al1d 11ard рhоtоп еmissiоп апd pair рroduсtiоп in еуегу order of 
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perturbation theory. Апу questions about double соuпtiпg do поt arise iп ana1ytical calculations. 
Tlle defect Oftllis method is its low mobility re1ative to tlle с1шпgе in the experimental сопditiоns 
for event selection. Nevertlleless, the analytical calculations are very important because they 
alIow опе to check тапу Мопtе Carlo calculations for diffегепt «ideal» detectors. 

Analytical formula [ог SABS cross sections at LEPl until 110W were published for inclusive 
еvепt selectiol1 (IES) when circular symmetrical detectors record оп1у fina1 electron апd positron 
епегgiеs [1 о, 111. They define first- al1d second-order corrections to the Вогп cross sectiol1 
witllleadil1g (oftlle order of(aL)n) al1d next-to-leadil1g (oftIle order ofanLn- l ) ассисасу, 
as well as third-order correctiol1 with leading ассисасу only. These contributions will have to 
Ье computed in order to reacll the required per тillе ассисасу [ог SABS cross section at LEPl. 
Note that such ап ассисасу selects only соlliпеаг (like two-jets, final-state configuration) and 
semi-collil1ear (like tllfee-jets опе) kinematics. 

The case of calorimeter event selectiol1 (CES) called il1 Ref.3 CALOl and CAL02 for 
symmetrical al1d wide-l1arrow al1gular acceptal1ce, was cOl1sidered Ьу the author. Tlle results аге 
beil1g preparil1g [or publicatiol1. The latters il1clude the first-order correction witll leadil1g al1d 
l1ext-to-leadil1g ассигасу, as well as secol1d- al1d tl1ird-order correctiol1s with leading ассисасу 
опlу. Thus, the CES рroЫет of the al1alytical method is the calculation of пехt-tо-lеаdiпg, 
second-order correction. 

In this рарег we perform [иН analytical calculation [ог IES with the wide-narrow angular 
acceptance. Тl1е first- апd secol1d-order corrections аге derived with пехt-tо-lеаdil1g accuracy 
startil1g [гот tl1e FeYl1mal1 diagrams [ог two-Ioop elastic electrol1-positron scatteril1g, Оl1е-lоор 
siпglе-рllОtОI1 emissiol1, two-photon emission al1d pair ргоduсtiоп. The third-order correctiol1 
is obtail1ed with lеаdiпg ассисасу with the 11elp oftl1e electrol1 structure function method. The 
results [ог lеаdiпg secol1d- апd tl1ird-order correctiol1s il1 tlle case of CES аге also givel1. 

Тl1е сопtепts of tl1is рарег сап Ье outlil1ed as foIIows. 111 Sectiol1 2 we il1troduce the 
<<Observable» cross sectiol1 (J" схр' witl1 allowal1ce [ог the cuts at al1g1es al1d el1ergies, al1d obtail1 
the first-order correctiol1. 111 Sectio11 3 we il1vestigate the secol1d-order correctiol1s. They 
iпсludе the contributio11S of the processes of pair productiol1 (rea1 a11d virtual) c011sidered 
il1 Sectiol1 3.1 al1d two-рllОtоп (геаl апd virtual) emissiol1. 111 Section 3.2 we consider the 
correction due to the ol1e-side two-photol1 emissiol1 and il1 Sectiol1 3.3 we consider the 
correctiol1 due to opposite side two-рllОtоп emission. Тl1е expression [ог second-order photo11ic 
correctiol1 is givel1 il1 leadil1g approximation опlу, while пехt-tо-lеаdil1g conribution to it is 
wгittеп in Appel1dix А [ог symmetrical апd widе-пагrow detectors. The latter does not сопtаiп 
ап auxiliary illfrared parameter. In Sectiol1 4 we derive tlle [иН, leadi11g, third-order correction 
USi11g tlle ехрапsiОI1 of electro11 structure fUl1ctiol1s. 111 Section 5 we present the numerical 
results suitabJe [ог IES. In Appendix В we give some relatiol1s whicl1 were used in the ana1ytical 
calculations al1d which аге very useful [ог numerical calculation. 

2. FIRST-ORDER CORRECТION 

We iпtroduсе the dime11siol1less quantity 

(1) 

where QT = E2B~ (Е is tl1e Ьеат епеrgу al1d 81 is tlle minimal al1gle of tlle wide detector). The 
«ехреrimепtаllу» measurabIe cross sectiol1 а ехр is defined as follows: 
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_ J 2 1. 2 1. с с dcт(e+ + е- -t е+ + е- + Х) 
СТехр - dXldx28dqjdq28182 21.21.' 

dXldx2d ql d q2 
(2) 

wllere Х is uI1detected final particles, and Хl (Х2), and qr (qr) are the energy fraction and 
the traI1sverse component of the momentum of the electron (positron) in tlle final state. The 
fUI1ctions 8i take iI1to account the angular cuts and the fuпсtiоп 8 takes iпtо ассоuпt cutoff 
оп tlle invariant mass of the detected electrol1 al1d positron: 

lп the case of symmetrical aI1gular acceptance 

but for wide-l1arrow acceptance 

For numerical calculatiol1 Оl1е usually takes 

81 = 0.024, 8з = 0.058, 
0.034 

82 = 0.024 + 16' 
0.034 

84 = 0.058 -16' 

(3) 

Tlle first-order correctiol1 1:1 il1cludes the cOl1tributions of the virtual and real soft and 
hard pllOtOl1-еmissiоп processes 

(4) 

The contribution due to tlle virtual and real soft photol1 (with el1ergy less than М, /::,. « 1 ) сап 
Ье written as follows ( il1 this case Хl = Х2 = 1, qr + qt = О): 

2 

а JP4 dz [ 3] Lv+s = 2- - 2(L -1)ln/::"+ -L - 2 , 
1г Z2 2 

pi 

where z = qt 2 / Qf , and т is the electron mass. 

282 
L=ln~ 

m 2 ' 
(5) 

The second term оп tlle right side of Eq. (4) represents the correction due to the hard 
photol1 emission Ьу the electron. lп this case we have 

Tl1is expression сап Ье derived Ьу integration of the differel1tiaJ cross section of single-photon 
emission over the regiol1 

2 2 
Р2 < z < Р4' -1 < cos'P < 1, (7) 
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wllere <р is tlle al1gle betweel1 the vectors qr al1d qr, in the same way as it was dOl1e in Ref. 10 
[ос the symmetrical al1gular acceptance. But at this point we would like to indicate the main 
features oftlle metllOd Wllicll is used largely in the Section 3 and which is based оп tlle separate 
calculation ofthe contributiol1s due to соlliпеас kinematics al1d semi-collinear kinematics [14]. 

In соl1iпеас kinematics ап emitted photon moves il1side the сопе within polar angles В'У < 
< Во ~ 1 centered аlопg tlle electron mоmепtum direction (initial: kllP[ ос fil1al: kllql). In 
sеmi-соlliпеаг геgiоп а photol1 moves otltside this сопе. Because .such а distinction по lопgег 
has physical mеапiпg, the depel1del1ce оп the аихiliасу parameter Во disappears iп the total 
сопtгiЬutiоп. Tl1is is valid [ос IES al1d [ос CES. 

Inside соlliпеаг kiпеmаtiсs it is l1ecessary to keep the electron mass in the differential cross 
sectiol1 

(8) 

where q =])[ - k - q[, В1 = 2(kq[), t[ = 2(k])[), s = (2])1])2), and ])[(])2) is the 4-momentum 
of the initial electron (роsitюп). lf the photon moves iпsidе the initial electron соnе 

(9) 

and опе сап derive the fоllоwiпg expressiol1 after il1tegration оуес 'Т}: 

(10) 

ТЬе right side о[ Eq. (1 О) correspol1ds to tlle cOl1tributiol1 of tlle narrow strip with the width 
2vГzл(1- х) сепtегеd, агоuпd the Iiпе Z = Z[ iп (z,z[) plane, where л = Bo/B j • Iп fact, the 
conditiol1 В7 < Во [ос the il1itial electron СОl1е сап Ье formulated as follows: 

'VГZ - vГzIl < л(1 - х), 

If рhоtоп moves iпsidе tlle final electron сопе 

l-X2 22222 22 в[ = --т (1 + (), t j = -(1 ..:... Х)I': В_, q = -1': В_ = -1': В+, 
Х 

апd iпtеgгаtiоп оуег ( leads to 
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(13) 

ТЬе rigl1t side of Eq. (13) соrrеspопds to the сопtгiЬutiоп of the strip with the width 2..jZ х 
• хх2 (1 - х).\ around the liпе Zj = x 2z in рlапе (Zj, z). The condition В"( < Во [ог the fina1 

electron сопе сап Ье formulated аэ Irl < ВО, where r = k/w - Qj/fl, and the 1atter reads as 

.\2 х2(1 - х)2 - (yГz!-: x..jZ)2 
- 1 < cos <р < - 1 + 2 г.;-:;-; • 

Xy ZZ l 
IvГzI - xvzl < ХО - х)л, (14) 

Наviпg contributions due to the соШпеаг regions, we now must find the contribution due 
to the semi-co1linear regions. If т = О оп the right side of Eq. (8) then the differential сгоэs 
section suitable [ог this case сап ье written as follows: 

drт = a:\l<p dz dZ I (1 + х2 ) [ 1 _ х ] dx (15) 
1ТQТZ(ZI-ХZ) Zl+z+2yГziZcos<p Zl+x2z+2xyГziZcos<p . 

When integrating the first term in the brackets оп the right side of Eq. (15) опе must иэе the 
restriction В"( > ВО ог . 

IvГzI- vzl > (1 - х).\, -1 < СОэ<р < 1, 

IvГzI- vzl < (1 - х)Л, (16) 

and for iпtеgгаtiоп of the sесопd term опе must uэе the геstгictiоп Irl > Во ог 

IvГzI- xvzl > x(l- х)Л, -1 < СОэ<р < 1, 

IvГzI- xvzl < х(1 - х)Л, (17) 

ТЬе iпtеgгаtiоп (15) over the геgiоп (16) gives 

p~ 1-6 

2а:З J dz j' 1 +х2 [( Z ) (х) .,,;{х)] rтa = QI -;2 l_x dx lп л2 +L2 Вз + LзВз . (18) 

p~ Же • 

Апаlоgоuslу, the il1tegratiol1 of right side of Eq. (15) оуег the region (17) gives 

(19) 

ТЬе values L i which enter into Eqs. (18) and (19) are defined аэ fo\lows: 

1 
X:2(Z - 1)(P5 ...,. z) 1 

L 1 = 111 2' 
(х - z)(хрз - Z) 

L 2 = 111 3 
1 

(z - х2 )(х2 р2 - z) 1 

х2(х - z)(xp~ - z) , 
Lз = lп 1 (z - x2)(xp~ - z) 1. 

(х - Z)(X2p~ - z) 
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Iп addition, the foBowing notation for tIle 8-functions is used: 

()~X) = 8(т2 Р5 - z), l!зХ) = 1 - e~x) = ()(z _ :r2 p~), 

Тlшs, tlle r,H тау Ье гергеsепtеd as tl1e sum о[ (10), (13), (18), and (19) divided Ьу the 
factor 471'0:2/ QТ ОГ 

p~ 1-6 

r,H = 2: J ~~ J ~ ~ х: [(1 + 8~x»(L --- 1) + К(х, z; Рз, 1)] dx, (20) 

P~ Х(; 

" . _ (1 - х)2 {j(Ж) L п(Х) п(Х)L 
l\.(:r,z,рз,l)- 2 (1+17з )+ 1+17з L2+8з 3· 

l+х . 

Несе the short поtаtiоп [ос tl1e B-functions is used: 

В(Х) = 8(х2р2 - "/) В = 8(р2 - z) ff,x) = 1 - В(Х) 8. = 1 - 8 •. 
" • 1. ""', 1. t '1. 1.'" .. 

lt is easy to эее that r,H for the wide-narrow detectors сап ье derived [сот 'ЕН [ос 
symmetrical detectors (see Ref. 1 О) Ьу changing the z-integrations limits 

(21) 

and Ьу stlbstituting Рз for р ипдег integral sign. 
The third term оп the right side of Eq. (4) describes the photon emission Ьу а positron. 

lt сап Ье derived Ьу [иВ analogy with 'ЕН ехсер! [ос the restrictions оп the variables z and ZI: 

(22) 

The contribution of соl1iпеаг kinematics (kllp2 and kllq2) to the single hard photon emission ccoss 
section corresponds to the integration оуег the regiol1s inside the strips with а width 2y'z(1-х)л 
and 2~.T2(1 - х)л, respectively. It сап Ье writtel1 as follows: 

(23) 

where 

(24) 

The сопtгiЬиtiоп ofthe semi-col1inear kinematics сап Ье derived Ьу integration (15), taking 
into ассоuпt tl1e restrictiol1s (16), (17), and (22). The latter соrrеsропds to regions outside the 
narrow strips пеаг ZI = Z al1d Zl = 1;2 z, respectively. The result i8 
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where 

p~ ]-8 

20:3 J dz J 1 + х2 [Z (Х) - (Х) -
G"a+b= Qf ;т l_x dx 1п л2(~42+~42)+L2~42 +(L]-21nx)~42+ 

] Х" 

+ Lз(~Х) - oix » + LДJ4 - 02)] , 

L] = 1п I (z - p~)(p~ - Z)X2
1 

(xp~ - z)(xp~ - z) , 

L, = 1п I (z - x2p~)(xp~ - z) I 
. (х2 p~ - z)(xp~ - z) , 

The r.H is the sum of (23) and (25) divided Ьу 4lГ0:2 /Qf: 

(25) 

(26) 

(27) 

As опе сап see, the auxiliary parameter 00 disappears in the expressions for r.H and r.H, 
and t11e large logarithm acquires t11e correct appearence. T11Us, the separate investigation of 
сопtгiыliопss due to соlliпеаг and semi-collinear kiпетаtiсs simplifies the calcu1ations апd 
gives а dipper understanding ofthe underlying physics. This approach is very imроrtапt for the 
stt1dy of CES when it пееds to describe events that Ьеlопg to the e1ectron (or positron) cluster 
in а different way compared with evel1ts that do not belong to it. 

The differel1t parts оп tl1e rigl1t side of Eq. (4) depend 011 the auxiliary infrared parameter 
~ bt1t the sum does not. lt 11as the [огт 

о: J dz J ( (х) 1 + х2 
-) { ~ [ ] ] r.] = 2lГ ] ;т -~42 + х, (L - 1)P](x)(~42 + ~42 ) + 1 _ х К dx + 

, 

JP4 dz 
+ -

Z2 [-1 + j «L - I)p,(x)(l Н\")) + ~ ~: К) dX]}' 
where 

1 + х2 3 
Р](х) = l_x0(1-х-~)+(21П~+2)8(1-Х), ~-O. 

In order to eliminate the ~-dependence, 011е сап t1se the relations 

Jl P](x)dx = _ JX " 1 + х2 dx, 
l-х 

Х С о 

] ..;z / Р4 ..;; / Р, 2 

J -(X)d О -о(Х,) j' 1 + х2 d О -;;{о Х,,) J 1 + х d 
P](X)~42 х= 44 -- х- 22 l-х Х, 

I-x 

406 

(28) 

(29) 

\ 



ЖЭТФ, 1997, 112, выn. 2(8) Sma// ang/e Bhabha scattering . .. 

-(х) (х) 
where д42 = д42 - д42 . 

The right side of Eq. (28) is t11e [иН first-order QED correction to the Вот SABS cross 
section at LEPl for IES witll switched-off уаСииm polarization effect. The latter сап Ье taken 
into aCCOUl1t Ьу illserting the quantity [1 - п( -zQm-2 under the sign of the z-integration. 
(For П see Ref. 3 and tlle bibliography cited there). 

3. SECOND-ORDER CORRECTION 

The secol1d-order correctiol1 contains the contributions due to two-photon (real and 
virtual) emission апd pair рroduсtiоп. As in the symmetrical case, опе needs to distinguish 
between tlle situations in which additional photons attach only опе fermion line (one-side 
emission) al1d two fегmiоп lines (opposite-sides emission) in the corresponding Feynman 
diagrams. 

3.1. Тhe contribution of pair production 

Consider at first the сопtгiЬutiоп of the electron-positron pair production ~pa·jr to the 
second-order correctiol1: 

(3О) 

То avoid writing some formulas which Iшvе tl1e same structure for symmetrical and wide-narrow 
angular ассерtапсе we wil1 often refer the reader to Ref. 11 in which the details of computation 
are given for the symmetrical case. 

From Sectiol1 2 we сап write the expression for ~e + е - when the created еlесtroп-роsitгоп 
pair moves in the electron mоmепtum direction, using the result of Ref.ll for ~e + е-. It needs 
only to change the z-iпtеgгаtiоп limits: (р2 , 1) --t (p~, p~) апd substitute РЗ for Р everywhere 
under tlle integral sign. We сап write the result as follows: 

р; {( 1) е+е- 0:2 . dz 4 2 . dx ~x) 17 8 ~ = - j -L L 1 + -In(l- хс ) - - j --()з - - - -(2 -
47Г 2 z2 3 3 1 - х 3 3 

P~ х с 

I 

40 8 2 J dx ~x) (20 8 ) - 9" 111(1 - хС> + '3 In (l - хс ) + 1 _ х ()з 9" - '3 In(1 - х) + 

R(x) = (1 + х) Inx - - + --(4 + 7х + 4х2 ), ( 1) l-х 
3 6х 

113 142 2 2 4 4 2(1 + х2 ) 
C1(x, z; Рз) = -- + -х - -х - - - -(1 + х) lп(1 - х) + х 

9 9 3 3х 3 3(1 - х) 

х [21111 х2р} - Z 1_ 3Li2 (1 - х)] + (8х2 + 3х - 9 _ ~ __ 7_) lпх + 
.ТРз - z х 1 - х 
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2(5х2 - 6) (х2р2 - z)2 
+ 1112 Х + R(x) 111 3 4 ' 

1 - х рз 

122 133 4 2 2 4 - 2(1 + х2 ) 
С2 (х) = -- + -х + -х + - - -(1 + х) 111О - х) + Li2(1 - х)+ 

9 9 3 3х 3 (l - х) 

(32) 

- 2 
R(x) = 2R(x) + з(1 + х), 1 ( 8 13) 2 +- -8х2 -32:1:-20+-+-- Il1x+3(l+x)111 х, 

3 х 1 - х 

d ( .". ) = 2(1 + х2 ) 1 \ (z - x 2)(pj - z)(z - [) \ R() 1 \ (z - x 2)(pj - z)(z - 1) \ 
-2 Х, N, р, 11 2 2? + х п 2 2 • 

. , 3(1 - х) (z - х) (х рз - z) х рз - z 

Tlle right side of Eq. (31) does 110t cOl1tail1 il1frared auxiliary parameters because it includes 
tlle СОl1tгiЬutiопs due to tlle геаl апd virtLlal pair production. Tlle contribution ofthe hard pair 
takes il1to account tlle collil1ear and semi-collil1ear kil1ematics. 

If tlle created electrol1-positrol1 pair is emitted il1 tlle positron momentum direction, the 
correspol1dil1g expressiol1 requires тоге modificatiol1s. The source of such modifications is tlle 
semi-collil1ear kil1ematics, as we saw il1 Sectiol1 2 for the sil1gle-photon emission. 

Tlle straightforward саlculаtiоп slюws tlшt for tlle СОl1tгiЬutiоп ofthe semi-collinear геgiоп 
Р+ IIp- (we use 11еге 110tation Р± for tlle 3-mОmеl1tLlm oftlle positrol1 (electrol1» we must include 
il1 Eq. (28) of Ref. I1 tlle expressiol1 

(642 + 6(Х) 111 z + 642111\ (z - pi)(p~ - z) \ + 6(Х) 111\ (z - x2pi)(X2p~ - z) \ + 
42,\2 (,:; _ xp~)(xp~ - z) 42 x 2(z - xpi)(xp~ - z) 

+(84 - (2) 111\ (z - pi)(xp~ - z) \ + (8~X) _ О(С» Iп\ (z - x2pi)(xp~ - z) \ ' (33) 
(z - xpi)(p~ - z) 2 (z - xpi)(z - х2 p~) 

il1stead of t11e expressiol1 il1 curved brackets al1d сlШ11gе t11e иррег limit of t11e z-il1tegration: 
р ~ рз· 

For the cOl1tribLltiol1 of t11e semi-collinear region p+llq, the соггеsропdiпg expressiol1 is 
(see Eq. -(33) il1 Ref. 11) 

~2 (111 z + 111 \ (z - pi)(p~ - z) \) + (84 _ (2) In \ p~(z - pi) \ ' 
,\2 xip~p~ pi(z - p~) 

(34) 

al1d for t11e semi-collil1ear regiol1 p_llp, (see Eq. (38) il1 Ref. 11) tlle correspo11ding expression 
IS 

111 tlle symmetrical 1imit we have Рз = Р4 = р, Р2 = 1, al1d 

(36) 

a11d Eqs. (33)-(35) reduce to tlle correspol1di11g expressio11s derived i11 Ref. 11. 
The modificatiol1 of tlle c011tributio11s dLle to virtLlal, real, soft a11d Iшгd соШпеаг pair 

prodLlctio11 i11clLldes tlle с1Ш11gе of t11e z-il1tegral иррег limit: р ~ Рз and а trivial change of 
the O-fLl11СtiоI1S ul1der tlle il1tegral sigl1: В(х2р2 - z) -+ 6~~), 1 ~ 642. Tlle sum of aIl the 
сопtгiЬutiОI1S Iшs tlle form 
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; {[ 1] 2 3 . 

а dz 4 2 dx -;(х) 17 8 
= - J -L L ~42(1 + -ln(1 - хс» - -J --~42 + ~42 (-- - -(2 

47r2 Z2 3 3 1 - х 3 3 
1 х с 

1 

40 8 2 ) J dx -(х) (20 8 ) 9 IH(l - хс ) + з 1н (1 - хс> + 1 _ х ~42 9 - 3 ]п(l - х) + 

+ j [LR(X)( д" +А\; ,)+ "\;' с, (х, о; р,)+д" (с, (х )+<I,(x, '; р,)) +(0;"' -0\" ,) х 
х (2(\ + х2 ) ]н I (:г2p~ - z){xp~ - z) I + R(x) In 1 (x2p~ - z)p~ 1) + (04 - 04) х 

3(1 - х) (x2p~ - z)(xp~ - z) (x2p~ - z)p~ 

х (2(1 + х2 ) IH I (xp~ - z)(z - p~) I + Щ.Т) In I (p~ - z)p~ 1)] } , 
3(\ - х) (xp~ - z)(z - p~) (p~ - z)p~ 

2(\ -+ х2 ) (z - ji)2 Z _ р2 
d2(x,Z;P2) = 3(1 )]п(_ \)2+ 2R(x)ln--2-2. 

- х '" - ХР2 Р2 

(37) 

Using Eq. (36) we сан verify tllat the right side of Eq. (3О) goes оуег to the corresponding 
expressiOH [ог symmetrical angular acceptance. 

3.2. Thе contribution of the one-side two-photon emission 

In this section we give tlle aHalytica] expressions [ог аН contributions to the second-order 
correction which арреаг due to tlle one-side two-photon (геаl and virtual) emission. The master 
[огто1а, Wllich does not cOl1tain the infrared аихШагу parameter ~, is written only [ог the 
]eading.approximation, and next-to-Ieading cOlltributioll to it is givеп iп Appendix А. 

As before we differelltiate between the radiation a]ong the e]ectron and роsitroп momentum 
directiol1s: 

rTY = r(s+V)' + r(S+V)H + rH н , 

(38) 

The сонtгiЬutiоп of tlle virtual and геаl soft рhоtопs is the same [ог electron and positron 
emission: 

, 
2 Р. 

(s+V)' а! dz 
r(s+ V)' = L = - - L х 

7r2 . Z2 

Р; 

(39) 

The virtllal and геаl soft photon correction to the single hard photon emission differs [ог а 
photon that moves along tlle electron momentum direction апd positron direction. In the first 
case the сorгеsропdiпg contribution сап Ье derived with the he]p of the resu]t [or а symmetrical 
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detector (see Eq. (50) in Ref. 10) using the substitutions (p~, p~) instead of (р2 , 1) for the z­
integration limits and Рз instead of р under the integral sign. Therefore, 

р; 1-6 

y:,(S+V)H = 2:2 J ~~ L J II~X: dx { (2Ind-Inx+~) [К(х, z; Рз, 1)+(L-1)(1+0~"'»] + 
р; Х С 

+ ~ lп2 Х - (l - х)2 + (1 + B~"'»(-2 + lпх - 2lnd) + в;Х) [~ыnx + 
2 2(1 + х2) . 2 

2 Х(1":"Х)+4ХlПХ]} 
+ 2Indlnx-Inxln(l-x)-ln X-L i2(1-X)- 2(1+х2) • (40) 

In order to obtain the expression for y:,(S+V)H we must change in the right side of Eq. (39): 

i) the limits of z-integration: (p~, p~) ...... (p~, 1), 

") К( 1) }-'{( ) В(Х) (Х) ~B Х) 71х) 11 Х, Z : Рз, ...... х, z : Р4, Р2, з ...... d42 , з ...... d42 , 1 ...... ~2. (41) 

Thе contribution of two hard photons emitted in the electron momentum directon mау ье 
obtained in the same way as y:,(S+V)H, using the kI10wn result for symmetrical detectors (see 
Eq. (54) in Ref. 10): 

(42) 

(43) 

where 
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Unfortunately, it is impossible to give such а simple prescriptio11 as (41) in order to obtai11 
"f, н н [сот Eqs. (42) and (43). 111 the case of radiatio11 of two hard photo11s alo11g the positro11 
momentum direction additional detailed analysis of semi-colli11ear ki11ematics is required. АН 
essential points of such ап analysis аге givel1 il1 Section 2, and the reader са11 make аН 
calculations with the 11elp of the formulas given il1 Appendix В of Ref. 10. The final result 
is 

(44) 

а = 1'/31111 (p~x(1 - х,) - z)(p~X2 - z) 1 ь = 1'/31111 (рЮ - Х,) - z)(p~ - z) 1 
(p~x(l - х,) - Z)(p~X2 - z) , (p~(1- хl) - z)(p~ - z) , 

д = 1'/3 (L+ In 1 х2(р~(I-х,)2_z)2(РЮ-Хl)2_z)2 1) -
(l-x, )4(p~x(l-:r, )-z)(р~х(l-х,)-z)(рЮ -Х,)-Z)(РЮ-Хl)-Z) 

- 2(1 - х,)(/3 + .1:1'). 

As Оl1е сап see, the separate contributiol1s to tlle rigllt side of Eq. (38) depend оп tlle infrared 
аuхШагу parameter д but р1' and "f,1'1' do поt. TIle elimination of Ll-dependence analytically 
required considerable effort. The leadil1g terms аге givеп below (for tlle next-to-Ieading terms 
see Appendix А): 

(45) 

(46) 

where 
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Р,(х) ~ Р, ., Р, ~ j ~' ?,(t)P, Ш ~ l~ { [ (21П6+~) 2 - 4('] б(I - х) + 
х 

[ 1 + .т;2 ( 3 ) 1 ] } +2 -- 2In(l-x)-lnx+- +-(l+x)lnx-l+x B(l-x-A) 
l-х 2 2 ' 

1 

J P2(x)dx = о. 
() 

(47) 

The expressions (45) апd (46) are not сопvепiепt for numerical calculations. The suitable 
expressions сап Ье wгittеп as follows: 

where 

у2 
g(y) = У + 2 + 2lп(l - у), т23 = тax(p~, x~p~), 

ml4 = max(l, x~p~), ml2 = max(l, x~p~). 

Тhe last two formulas сап Ье derived witl1 the help of tl1e relations given in Appendix В. The 
iпtеgгаtiоп over the x-vагiаbIеs iп Eqs. (45) and (46) сап Ье performed with the help of the 
formulas 

х х х 

J P2(y)dy = Р2(х), J P1(y)g (:с ) dy = Fg(x), J P1(y)dy = -g(x), х < 1, (50) 

х2 х2 х3 Х 
Р2(х) = -2х - - + (х + -) ln + 41n(l - х) ln -- + 4Li2(X), (51) 

4 2 (l - х)4 1 - х 

Fg(x) = _ x~ +(2х+х2)lпх + (Хс + x~) In х + (2Хс + x~ _ 2х _ х2 ) Х 
2х 2 (1 - х)2 2 2 

х 111(Х - хс ) + 4Li2 (X) + 4Li2 (11_ :с)' ХС < Х < 1. (52) 
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Tllerefore, tlle second-order leading contribution to the SABS cross section at LEPl сап Ье 
expressed in terms of опе iпtеgгаl оуег the z-vагiаbIе. 

It is useful to note tlшt [ог CES the leading сопtгiЬutiопs in аll orders of perturbation 
tlleory take iпtо ассоuпt tlle еmissiоп of рhоtопs iп initial state опlу. Thus, the соггеsропdiпg 
соrrесtiоп due to tlle опе-sidе two pllOton (real. and virtual) еmissiоп is 

3.3. Second order couection due to the opposite-side photon emission 

lп tl1is sectiol1 we calculate analytically the expression [ог 

(53) 

(54) 

Ч = L~:~ + Lff+v + LY/V + L~. (55) 

ТЬе quапtitу Ч does l10t depend 011 the il1frared auxiliary parameter ~ because it contains аll 
сопtгiЬutiОП8 due to tI,e virtual, real, 80ft апd hard photon emi8sion. 

ТЬе fir8t term оп Нlе right side of Eq. (55) takes il1to account only the «opposite-sidеlJ> 
virtual апd геаl 80ft pllOtol1 correcti0l18 

2 
р, 

'" а2 J dz [2 9 2 ] L~:V=2 '2 L L(41J1 ~+6111~+-)-6-141J1~-8111 ~ . . ~ z 4 
р; 

(56) 

Tlle СОJ1tгiЬutiоп of опе-Iоор virtual al1d геаl 80ft pllOtOJ1 correctiol1s to the hard single­
photoJ1 emission сап Ье wгittеп а8 follows: 

1-8 

J 1 + х2 [ (х) ] Х 1 _ х (1 + ()з )(L - 1) + К(х, z; Рз, 1) , (57) 

2 

S+ V а2 ;Р! dz [ 3] LH =- - 2(L-l)IJ1~+-L-2 х 
2~2 z2 2 

1 

1-8 

/
. I + х2 [ (х) - ] 

х -- (~42 + ~42 )(L - 1) + К(х, z; Р4, Р2) dx. 
. l-х 

(58) 
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In order to find tl1e contribution of the two opposite-side hard photon emission to Ч, 
it is сопvепiепt to use the fасtогizаtiоп theorem for the differential cross sections of two-jets 
pcocesses iп QED [16]: 

00 1-.'. 1-.'. 

а2 J dz J j' 1 + х2 1 + х2 r% = -4 2 "2 dX1 dX2 -1--1 -1--2 Ф(Х1, z; Рз, I)Ф(Х2, z; Р4, Р2), 
11' Z - Х1 - Х2 

О Х С ~ 
:1:1 

Ф(Х, z; Рз, 1) = (д31 + д~~»(L - 1) + (1 - x~2 (дЗ1 + д~~» + дЗ1L1 + д~~) L2 + 
l+х 

+ (о(Х) _ B(x»L + (О _ в ) 1 I (ХР5 - z)(z - 1) I 
3 1 3 3 1 П ( )( 2 )' Z - Х Рз - z 

Ф(Х, z; Р4, Р2) = (д42 + д~~})(L - 1) + К(х, z; Р4, Р2), 

дЗ1 = Вз - В 1 , д~~} = B~X) .:... В\Х}, В 1 = B(l- z), В\Х} = В(х2 - z). 

(59.) 

(60) 

(61) 

The д-dерепdеl1се of the sepacate terms оп the right side of Eq. (55) сап Ье eliminated 
апаlуticаllу iп the wl101e SLlffi. Tl1e lеаdiпg СОl1tсiЬutiоп is expcessed iп terms of the electron 
structure fUl1сtiопs as follows: 

(62) 

The пехt-tо-lеаdil1g сопtсiЬutiоп to Ч is givеп il1 Аррепdix А. 
The focm of Ч suitable for numerical соuпtiпg сап Ье wгittеп in terms of the functions 

F2(x) and Fg(x) il1 the same таппег as it was done at the end of Section 3.2: 

Р4 

L . а2 dz 2 y'z ;;-(Х с } { , 

4; ~ 4.' -1 z' L [4(1)F,(x,) + 2(1) (F, ( р, ) - F,(x,») о, -

~ ~ -J ~~ L22(1) (Fg (~ -Fg(Хс )) O~X')+ J ~~ L22(l) (Fg (~) -Fg(Хс)) е;Х с)+ 
1 1 

, 

+ ] ~~ L2 [Fg (~) - Fg (Xfi1) + g (~) (g (~) - g (x1z))] + 

1 

+ / ~~ L2 [Fg(Jz) - Fg (X:fi2) + g (~) (g(Jz) - g (X:fi2))] -
Х(;Р2 

-j ~~L2[Fg(~)-Fg(fi)+g(Jz)(g(~)-g(fi))]-
Н ;:) -9 ( х;. ) )] } 

Х С Р1Р2 

(63) 
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Оп the right side of Eq. (63) the quantities in brackets аге suitable [ог CES, when only the 
initial state radiation is taken into accOlll1t. 

4. TНIRD-ORDER СОRRЕСТЮN 

Within the required ассшасу only the leading contribution to the third-order correction 
must Ье kept. Тl1e latter becomes тоге important than the next-to-Ieading опе [ог LEP2 
because of tl1e increase in the energy. In order to evalulate it, опе сап use the iteration ир to 
third order ofthe master eqllation [ог the electron structure function[13]: 

D(x, aeff) = D NS (х, aeff) + D S (х, aeff)' 

The iterative [огт of ПОI1-sil1glеt component of Eq. (64) is 

NS _ ~ 1 (aeff)k 0k 
D (x,aeff)-б(l-Х)+L.Jk! 27r Р1 (х) , 

k=1 

1 

Р\(х) С9'" с9 Р\(х) = p\(x)0k , 
, " v 

Р1 (х) с9 Р1 (х) = / Pl(t)Pl (т) ~t. 
k х 

Up to the third-order the singlet component of Eq. (64) is [13] 

DS(x,aeff) = ~ (~е~/R(Х) + ~ (~е~)З [2Р! С9R(х) - ~R(X)], 

(64) 

(65) 

(66) 

where R(x) is defined Ьу Eq. (31). Tl1e effective coupling ае!! in Eqs. (64)-(66) represents the 
integral of the rllnl1ing QED constant 

L 1 

ае!! _ J adt - 3 1. (1 aL) -
211" - 211"(1 - at/311") - "2 n - 311" 

(67) 

() 

The nonsillglet structllre functiol1 describes tl1e photon emission and pair production 
witl10ut allowallce [ог the idel1tity of final fermions, while tl1e singlet structure function is 
respol1sible jl1st [ог the idel1tity effects. 

Up to the third order tl1e electrol1 structure fUl1ction has the [огт 

For the flJnctiolls Рз(х) alld R" (Х) see Ref. 13. 
Tl1e factorization [огт of the differel1tia! cross section [16] leads to 

00 1 1 

r.L = J ~~ J dXl J dX2C(Xl, L)C(X2, L), (69) 

О X f : ~ 
:1:1 
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1 1 

J dt (XI) (t) C(XI, L) = TD(t)D т D.зI , J dt (Х2) (t) С(Х2, L) = TD(t)D т Д42 · 

Х, Х, 

Tlle expansion of C(XI, L) is 

(70) 

1 1 4 2 1 l' 
Сз(х) = -Рз(х) + -Р2(х) + -P1(x) + -R(x) + -R (Х), 

6 3 27 9 3 
(71) 

and the same for С(Х2, L) with the substitution Х2 instead of ХI and д~~') (д42) instead of 
А(Х') (А ) 
UЗI UЗI· 

Because of the O-functions under integral sign опе Iшs to distinguish between 
1 1 

J dtt-IА(t)В(х/t)D.~? and J dtt-IВ(t)А(х/t)D.~? 
Х х 

In the case of CES опе must take into account tlle initial-state radiation опlу. Therefore, 
il1stead of (70) we сап write 

and likewise for С(Х2, L). 
The last step is to write the third-order cOl1tributiol1 оп the right side of Eq. (69): 

I 

Z - (2 + (х) (Х»С () J dt ( (t) (t) )С ( ) I - д42 д42 D.ЗI + D.З1 ~2 3 Х + т D.42 D.ЗI + D.З1 д42 3 Х, t , 
х 

416 

(72) 

(73) 



ЖЭТФ, 1997, 112, выn. 2(8) Sтall ang/e Bhabha scattering . .. 

Z2 = [(.131 + .11~»)(.!l42 + .1~~'» + (.131 + .1~~'»(.142 + .1~~»] Pj(X)C2(Xj) + 
1 ( J [ (t) (t) (х) (t) ("') (t)] dt - ( ) + Р1 :1::) .131 ~2 + .142 LlЗI + .131 .142 + Ll42 .131 ТС2 Xj, t . 

х, 

Whеп wгitiпg tJle ехргеssiопs [ог ZI al1d Z2 it is assumed that .13j~2 = ~2' In tlle case of CES 
the expressiolls [ог Zl al1d Z2 сап ье written as folJows: 

Z (х) (Х»С () Z - (А(Х) (Х,) + А(Х')А(Х»Р ( )С ( ) 1 = (Ll42 LlЗl + Llз'j Ll42 з:г , 2 - Ll42 LlЗ1 L142 L1Зl j Х 2 Хl . (74) 

Usil1g t]le геlаtiопs givel1 il1 Appel1dix В we сап гергеsепt the right side of Eq. (73) in tJle 
[огт suitabJe [ог l1umerical calcuJatiol1s as doubJe iпtеgгаJ оуег tJle z- al1d x-variables. lt сап 
ье written as follows: 

(75) 

where the superscript (subscгipt) SJlOWS the пumЬег of additional particJes (геаl and virtuaJ) 
emitted Ьу the eJectroll (роsitroп). TIle опе-sidе emissiol1 cOl1tributes to the right side ofEq. (75) 
as 

wJlere 

1 1 [2 (Хс )] [4 1 (Хс ) Fpr(x, Хс ) = -Рз(Х) + -Р2(Х) - + 9 - + P1(x) - + - f - + 
6 2 3 Х 27 2 Х 

2 (Хс ) 1 (Хс )] [2 1 (хс)] 1 l' + з9 -;- +"2Т -;-; 1 + Щх) "9 +"29 -;- + зR (х), 

1 

J 22 4 (4 ) T(z.l)= R(X)dX=-"9+z+z2+"9ZЗ- з+2z+z2 Inz, 

z 

2 ЖЭТФ, Ng2 (8) 

f(z) = -F2(z). 
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111 tlle case of CES the corresponding contributiol1 сап Ье derived Ьу inserting the functions 
F;, F;, апd F;r оп the rigl1t side ofEq. (76) instead offunctions Fp, Fr , and Fpn respectively, 
where 

The сопtгiЬutiоп of tlle opposite-side emission to the right side of Eq. (75) is 

Р: vГz/p, -J ~~ L3~X,) J (Н(х, хс ) + 2g (:с) h(x; vz/ Р4») dx + 
1 Х,_ 

Р: vГz/p, 

+ J ~~ L3~X,) J (Н(х, хс ) + 2g (:с) h(x; vz/ Р2») dx + 
1 Х,_ 

where 

1 1 1 
. g(a;b) = g(a) - g(b), С(а;Ь) = С(а) - С(Ь), G(z) = "2!(z) + зg(z) + "2r(z), 
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Н(х, хс ) = P1(x) [21 (~) + ~g (:с) + r (:С; 1)] + 9 (~) [Р2 (х) + R(x)] , 

х 

= 1 + х2 (~+ 21п (.Ji/p - хю- х») _ 1 + х _ .Ji + хр _ (1 + х) 1п .Ji. 
l-х 2 (l-.Ji/p)x p.Ji хр 

Note that the substitutions inside t11e straig11t brackets сопсегп either the limits of х­
il1tegration ос the expressions under tlle x-il1tegra1 sign. 

In the case of CES the rigllt side of Eq. (77) requires the following modifications: i) the 
coefficient at JЧх) must Ье reduced eight times, the coefficients at Р2(Х) al1d R'> (х) must Ье 
reduced [оиг times; ii) it must Ье assumed that h = О al1d Н" (х, хс ) must Ье il1serted instead 
of Н(х, хс ), wllere 

5. ТНЕ NUMERICAL RESULTS 

The numerica1 calc1l1atiol1s were carried out [ог tlle Ьеат energy Е = 46.15 GeV, and the 
limited angles of the circular detectors were takel1 [гот Eq. (3). The Воrn cross sectiol1 

(in tlle symmetrical wide-wide case the limits of integration аге 1 and p~) is 175.922 пЬ for the 
ww angu1ar acceptal1ce al1d 139.971 пЬ [ог the пп and WI1 angu1ar acceptances. 

ТЬе reslIlts of ош calcu1atiol1s of tlle QED correction Witll the switched-off уасиит 
polarizatiol1 аге sllOwn in Tables 1-3. For comparsiol1 we give also tlle corresponding numbers 
derived Ьу tlle 11elp of Мопtе Сагl() program BHLUMI [3]. 

As опе сап see [гот Table 1 there is ап approximate1y сопstапt difference оп the leve1 
of 0.3%0 betweel1 ош апа1ytiсаl al1d MOl1te Carlo resu1ts witl1iп first-order correctiOll. ТЬе 
possible reaSOll for tl1is effect is as follows. 111 the al1alytical calcu1atiol1 we systematically igl10re 
tlle terms with 02 ~ Itl/ s as compared witll lI11ity. It is well kl10Wll, however, that such terms 
lшvе double 10garithmic asymptotic [17] al1d parametrically eqllal (аltl/7ГS) 11l2<1t11S) wl1ich 
is just 0.1%0 [ог tlle LEP 1 conditiol1s. MOl1te Carlo BHLUMI program, to the best of оиг 
kllowledge, takes illto ассоuпt аН first-order сопtгiЬutiОllS [18]. 

Table 2 gives tlle absolute values ofthe secol1d-order correctioll to the SABS cross sectiol1, 
witll allowal1ce [ог tlle 1eadil1g al1d l1ext-to-leading contributions. ТЬе correction due to the 
pair prodtlctiol1 is small, in agreement witll the results ofthe Ref. 6. ТЬе second-order photonic 
correction is represented as а sum ofthe leading сопtгiЬutiоп and next-to-1eading опе. As опе 
сап see, t11e Ilехt-tо-lеаdiпg part is not negligible. 
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ТаЫе J 
'ПIе SAВS cross section (in пЬ) with first- and second-order photonic correction 

хС 

0.1 
0.3 
0.5 
0.7 
0.9 

First-order correction Second-order сопесНоп 
BHLUMI ww ww пп wп BHLUMI ww ww пп wп 

166.046 166.008 130.813 134.504 166.892 166.958 131.674 134.808 
164.740 164.702 129.797 133.416 165.374 165.447 130.524 133.583 
162.241 162.203 128.001 131.428 162.530 162.574 128.474 131.127 
155.431 155.390 122.922 125.809 155.668 155.597 123.206 125.225 
134.390 134.334 106.478 107.945 137.342 137.153 108.820 109.667 

ТаЫе 2 
'ПIе second-order аЬsоlцtе correction to the SABS cross section (in пЬ) 

Pair ргоduсtiоп Two-рl1Оtоп emission 
хс ww пп wп ww пп wn 

0.1 0.007 -0.004 0.015 0.742 + 0.208 0.679 + 0.182 0.249 + 0.091 
0.3 -0.033 -0.033 -0.020 0.546 + 0.199 0.556 + 0.171 0.069 + 0.098 
0.5 -0.058 -0.050 -0.041 0.140 + 0.231 0.291 + 0.182 -0.314+0.134 
0.7 -0.090 -0.074 -0.069 -0.027 + 0.234 0.117+0.187 -0.571 + 0.170 
0.9 -0.142 -0.115 -0.115 2.961-0.142 2.458 - 0.116 1.822 - 0.090 

ТаЫеЗ 

Leading third-order correction and SAВS cross section as obtained in this work 

Third-order correction SABS cross sесtiоп at LEPl 

хс ww пп wп ww пп wп 

0.1 -0.055 -0.047 -0.006 166.910 131.623 134.817 
0.3 -0.065 -0.053 -0.018 165.349 10.438 133.545 
0.5 -0.036 -0.040 0.004 162.472 128.384 131.090 
0.7 0.089 0.058 0.124 155.596 123.190 125.310 
0.9 0.291 0.220 0.331 137.307 108.927 109.893 

ТаЫе 3 gives tl1e absolute уаlие of tl1e lеаdiпg tl1ird-order соrrесtiоп and the SABS 
cross sесtiоп witl1 аН соrrесtiопs оЬtаiпеd in tl1is work. The third-order correction takes iпtо 
ассоuпt the thгее-рl1Оtоп еmissiоп апd pair productiol1 wl1ich is ассоmрапiеd Ьу single-photon 
гаdiаtiоп. At large values of хс this соrrесtiоп is сотрагаЫе with the second-order next-to­
lеаdiпg correctiol1. Тl1is effect il1creases ul1der the cOl1ditiol1s o(LEP2. 

6. CONCLUSION 

111 this paper we give the апаlуtiсаl саlculаtiоп oftl1e QED соrrесtiоп to SABS cross sесtiоп 
at LEPl for the case of iпсlusivе еvепt selectiol1 апd widе-паrrоw апgulаг acceptance. They 

420 



ЖЭТФ, 1997, 112, выn. 2(8) Sma/J ang/e Bhabha scattering . .. 

iпсll1dе t11e leadil1g al1d next-to-leading contriblltiol1s il1 first al1d second orders of реrtшЬаtiоп 
theory апd leadil1g cOl1triblltion in third order. Тl1е leading cOl1triblltions in the case of 
calorimeter evel1t selectiol1 аге obtained [ог апу form oftlle fina! electron and positron cluster. 
Тl1е result is гергеsепtеd iп tlle [огт ofa mШlifоld iпtеgгаl with definite limits, and the fUl1ctions 
ul1der integral sigп lыуе по pllysical sil1gularities. No problem arises with infrared divergence 
and dOllbIe соuпtil1g. 

Tlle selectiol1 of essel1tia! Feynman diagrams, utilizаtiоп of Sudakov's variabIes, relevant to 
tl1is ргоЫеm, impact t'actor representatiol1 of the differel1tia! cross sectiol1 due to the t-channel 
рlюtОl1 eXCI1al1ge, апd tlle еlесtгоп structure fuпсtiоп method and investigation of underlyil1g 
kiпеmаtiсs were уегу l1SefLlI iп tllis work. We emphasize separately the simplifications connected 
witll tlle impact factor гергеsепtаtiоп, which allows LlS to represent the differentia! cross sections 
oftwo-jet processes iп Q ЕО iп factorized form. The !atter allows LlS to llse the cutoff е-fuпсtiопs 
for the fil1al electrol1 апd positrol1 il1depel1dently at tl1e lеуеl of differel1tial cross section. The 
calculatiol1 does поt reql1ire to go to c.m.s. of the l111der!yil1g sl1bprocess (as iп Ref. б) and 
avoids t!le соrrеsропdiпg соmрliсаtiопs. 

At tl1is роiпt, we wisll to соmmепt оп t11e апаlуtiсаl calcl1latioll ofthe leading cOlltributioll 
due to tl1e рlюtоп еmissiоп апd pair productioll carried out in Ref. б. Al1thors of those articles 
used as tlle master fогnшlа for cfеsсriрtiоп of the QED corrections to the SABS cross section 
due to tl1e iпitiаl-stаtе гаdiаtiоп the representatiol1 valid [ог tl1e cross sections of DгеП-Уап 
process [19), еlесtroп-роsitгоп al111il1ilatioll illto muol1s (ог hadrons) [20], and large-angle 
BhabIla scatteril1g [21]. Iп tllis set, lюwеvег, the SABS process has а уегу particular feature: 
опlу [ог it two diffегепt scales exist. The first опе is tlle momel1tum transfer sqlJared t; this 
scale dеfiпеs tlle cross sесtiоп. T!le second scale is the tull C.ffi.S. energy sqllared s = 4Е2 and 
(р '" 1 t 1 / s « ! has tlle statlls of а smal\ correction. 

The t-scale pl1ysics is уегу simp!e апd is defined Ьу the periphera! interaction oftl1e electron 
<ll1d positroll due to t]le опе-рhоtОI1 ехсhапgе, provided that the momentllm transfer is strictJy 
perpendicular: t = _q2. ТЬе s-scale physics is тоге complicated. At tlle Boгn lеуеl it is seen 
as а сопtгiЬLltiОI1 of tlle аппil1i!аtiоп diagram and also permits the el1ergy and !ol1gitlldinal 
momentllm exclblnge [ог tlle cOl1triblltion of the sсаttеriпg diagram. The first-order QED 
соггесtiоп [ог t!le s-scale cross sесtiоп includes tl1e contributions ofthe Ьох diagrams, t11e !arge­
angle рlюtоп emission al1d the IIp-dоwl1 il1terference because both, tl1e eikonal representation 
for tIle scatteril1g amplitllde al1d tl1e fасtогizаtiоп [огт of the differentia! cross section break 
dowl1. 111 the secol1d order !arge-al1gle pair productiol1 al1d two-рhоtОI1 emissiol1 арреаг. 

ТЬе structLIГe functiol1 used il1 Ref. б cOl1trols tlle t-scale cross section опlу and is not 
related to .s-scale cгoss section becallse p!lYsics of different scales evolves Ьу its OWl1 !aws. This 
is well kпоwп [гот tl1e analysis of sllch different problems of physics as, [ог example, higher 
twist correctiol1s il1 QCD [22] апd tLIГbulence Р!lеl10mепоп iп hydrodynamics [23]. 

Оп tl1e otller lblnd, оп!у t!le scattered diagram contribl1tes to the Вот cross sесtiОПllsed in 
Ref. б. But еуегу time whel1 tl1e annil1i!ation diagram as compared witl1 t!le scatteril1g diagram is 
пеg]есtеd, опе must aвtomatically пеglесt (}2 as compared with unity everywhere incl11ding the 
Вот cross sectiol1 al1d tl1e ехрегimепtа! CLlts il1 order to ье сопsistепt. Taking into accollnt these 
агgl1mепts, we mllst simplify the master formula in Ref. б Ьу eliminating the terms proportional 
to ~ '" Itl /.9 « 1 al1d е il1 tlle пumегаtог of Eq. (5) and in tIle clltoff restrictions. It thel1 
becames adequate to t!le опе obtail1ed il1 Ref. 1 О and tlle оне llsed in tl1is work. 

NlImerical evaluatiol1s show а good agreement with Monte Carlo ca1clllations within first­
order correctiol1, bl1t аl1 agreemel1t [ог I1igher-order correctiol1s will reqllire additional efforts. 
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APPENDIXA 

Let us first cOl1sider t11e l1ext-to-leadil1g secol1d order d-il1depel1del1t cOl1tribution due to the 
one-side, two-photon emissiol1. We first give tlle al1alytical expression for the symmetrical case, 
because it was not pubIished ul1til now. (1 do 110t give special notation for the next-to-leading 
contributiol1 to ~, keeping in mind that Оl11у such terms аге considered in this Appendix): 

1 

У=у+ j dx 

1 (0:)2 jP' dz 
~')'')' = ~ = - - -L У 

')'')' 4 7г z2 ' 
1 

_ :с ) ([4 + ()(Х)[3 + 2()O-XJ)[5) + 2(1 + х) ()(l-XJ)] _ 
(1 - Xl)2 Р Р 1 - Хl Р 

_ 4 1 + х2 7/Х) [ jl-X dXl 
1 - х Р 

. l-"Гz/ Р 

( ~[5 + 2 1п _Х_) + 
Хl Х2 1 - Хl 

"Гz// Р-Х dxX
1
1 [6] } , 

45 2 
У = 12(з + 10(2 - 4 - 16111 (1- хс ) - 28111(1 - хс ), 

А = (1 + ()(Х» 2(5 + 2х) + 4(х + 3) lп(1 - х) + 4 --I11Х + [ 1 + х2 ] 

Р l-х 

1 + х2 [( З) 1 2 (l - х)2 + 2 -- - - 111 Х К(х"'· р 1) - -111 Х - + 
l-х 2 ,~" 2 2(I+х2 ) 

+ 2111(1 _ х) (()(Х) 1111 х2р2 - z 1 + 1111 (z - l)(z - х2 )(р2 - z) 1)] + 
Р хр2 - Z (z - х)2(хр2 - z) 

+ () --111(1 - х) + -- - (l - х) II1Х + 
.,,(Х) [ 16 14 
Р l-х l-х 

l+х2 ( 3 2 x(l-х)+4хl11Х 
+2-- --111 х+Зlпхlп(l-х)-Li2(l-х)- 2 + 

1 - х 2 2(1 + х ) 

+ (l+x)2111I(VZ-ХР)I+2Iпlvz-хрllпlх(хр2-z)I)], 
1 + х2 Р - vz Р х2р2 - Z 

(А.l) 

[3 = 1111 (1 - xJ)2(1 - х - Xl)(X2p2 - Z)21 
X3Xl(X(l - Xl)p2 - z)2 ' 
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[4 = 1111 (1 - Xj)2 XXj (Z - l)(z - x 2)(z - (1 - Xj )2)2! + In 1 (р2 - z)(x(l - Xj)p2 - Z)21 ' 
1:2(Z - (l - Xj»2(Z - x(l - х,»2 (х2 р2 - z)«(l- х,)2р2 - Z)2 

I x«l - XI)2 p2 - Z)2 I 
[5 = 111 , 

(1 - XI)2(x(l - Xt)p2 - z)«l - XI)p2 - z)2 

For the wide-narrow angular acceptance we need to cOl1sider only the case ofthe positron 
emission L-y-y, becallse the correspol1dil1g expressiol1 for the electrol1emissiol1 L ТУ is Eq. (A.l) 
with (p~, p~) as the limits of z-integration al1d рз iпstеаd р under tl1e integral sign. 

The al1alytical ехргеssiоп for L-y-y has the [оrrn 

2 
р, 

_ 1 (а) 2 j' dz w 
L-y-y - 4 -; ?2L A N , 

j 
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13±=O±C)ln! z;x2p~) 21, 14±=(I±C) ln l ~1-P~) 21, 
z - х - Хl Р2 Z - - Х1 Р2 

l5±=(I±C)lnl (Z-(1~Xl)2p~)2 21, 
(z - х(1 - Xl)P2)(z - (1 - Xl)P2) 

i _1 I x2(z - (1 - Xl)2p~)4 1 

6 - 111 (1 - Xl)4(Z - х(1 - Xl)p~)2(z - (1 - Xl)p~)2 ' 

17 = In l6 = -c16 
-! (z-ц~)2(Z-(Х+Хl)2р~)4 1 - ,-

(z - 1·2p~)2(Z - Х(Х + Xl)P~)2(z - (х + Xl)P~)2 ' , 

wl1ere Х2 = 1 - ~T - Xl, al1d с is tl1e operator of the suЬstitutiоп: 

(А.З) 

lt сап Ье verified that iп tl1e symmetricallimit Eq. (А.2) соiпсidеs with Eq. (А.l). 
For the opposite-side еmissiоп tl1e l1ехt-tо-lеаdiпg сопtгiЬutiоп to ~ in the symmetrical 

сме is 
00 

~1' = (~)2 LJ dz Т, 
, 7г Z2 (А.4) 

О 

1 

J [1 + х2 - 3(х) ] 
Т = ABJj\ - dx 2(1 _ х) Н(х, z; р, 1) + .::.(х) + 1 _ х Х 

1 

Х J dXl (А.5) 

х,/х, 
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wllere 

1 

А = -6 - 141n(l - хс ) - 81n2(l - хс ) + / dX{ 7(1 + Х) + 

1 + :1:2 [ , -mx)] х - Хе [ 
+ 2(1-:r) 3It(x,z;p,I)+7Bp +21n-x- (3+x)(l+Bbx »+ 

+ _4_7iX ) + 1 + x2N ( . 1)] + _8_1 х(1 - ХС>} 
1 р 1 х, z, р, 1 n . 

- х - Х - Х Х - Хс 

We introdLlce tlle fоl1оwiпg redLlced notation for B-functions: 

- - е -е b(x)-mв х) '::'(:7:) - р 1 + р l' 
"f:i( ) = в ~в х) _ В ~в х) .... Х Р р 1 1 . 

(А.6) 

(А.7) 

The qLlal1tity К Се, z; р, 1) il1 tlle expression for А is the К -factor for the sil1gle-photon emission, 
al1d tlle qual1tity N(x, z; р, 1) сап Ье derived with the help of Eq. (10) il1 the following way: 

~. _ (-~. (1 - х)2 (Х) ) I N(x, '-', р, 1) - К(х, 4, Р4, Р2) - 1 + х2 (642 + 642) . 
р.=р, р,=l 

(А.8) 

Note t11at N(I, z; р, 1) = О. 

lл tl1e widе-паrrоw case t11e correspol1dil1g formLI1a for L~ mау Ье wгittел as follows: 

(А.9) 

wl1ere 

1 

Х / 

Х,. 

1 

Х / 
(А.I0) 

where 

- . 2 
А = (-6 - 14111(1 - хс ) - 8111 (1- хс ») ~2 + 

/
1 {[ 8 x(l - хс )] + dx 642 7(1 + х) + --111 + 

1 - х х - Хе 
х с 
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al1d 

1 + х2 [3 - 3 -
+ 2(1 _ х) "2642К(Х, z; Рз, 1) + "26З1К(Х, z; Р4, Р2) + 

7 -(х) -(х) .] Х - хс [ + "2(642631 + 6З1 642) + Iп -х- (3 + Х)(6ЗI342(Х) + ~2331(X» + 

4 -(х) -;-(х) 1 + х2 
+ 1 _ .Т (642 6Зl + 6З1 642) + 1 _ х (642Н(Х, z; Рз, 1) + 

+ 6ЗIN(х, z; Р4, Р2»] }, 

-(х) _ (х) 
6З1 - 6З1 - 631 . 

(А 11) 

lt is obvious that il1 tl1e symmetricallimit Еч. (А9) coil1cides with (А4). 

APPENDIX В 

Here we give some relations whicl1 are used in the al1alytical calculations and which тау 
Ье useful for tl1e numerical computations. 

For t11e case of tl1e emissiol1 alol1g tl1e electrol1 momel1tum direction these relations are 

p~ Х С 
(В.l) 

p~ Х С 

For tl1e case of tl1e emission alol1g tl1e positron direction they are 

р; 1 Р; 1 

j j. -;;(х) (х) j j' - -(х) -;;(х) 
dz dx [84 - 82 ] = clz dx [84 - 82 + 8484 + 8282 ] = 

1 Х(" 1 х с 

(В.2) 

+-84(X,J 84 d d + 8 ,. 8 1 d 
VZj

Z /P4 l/-X -(х.) VZj
Z/P2 jl-X } 

х с x
1
_'f!- хl 2 2 х" (X

1
_ VZ/ P2 Х1 • 
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Some additional relatiol1s arise for tlle case of opposite-side emissiol1. Let us cOl1sider first the 
il1tegration-limits restrictiol1s for the product of the O-functiol1s in the symmetrical сме 

О -O(XI)..,,(O Х,) О .,,(0 XI).,,(O Х,) О .,,(0 XI).,,(O Х,) 
3 3 3, I 3 l' I I 1· (В.З) 

At first, we use the formulas (В.l) and eliminate ~X') usil1g the following changes: 1) ~X2) -t 

-t 7!. ~" ), 2) the иррег limit of Х2 integration in the case of о;Х') must Ье replaced Ьу vгz / Рз 
and il1 the case of в;Х,) Ьу vz. 

Thlls we have tlHee геgiопs defined Ьу the qllantities in (z, Xl) plane: 

1 = z, 

1= z, 

z = х2р2 1 , 

Хl 
z=""2' 

хс 

х2р2 
Z=_l_ 

X~ • 

The limits of iпtеgгаtiопs mау Ье transformed as follows: 

(В.4) 

(В.5) 

d fi J О .,,(0 XI).,,(O Х,) fi Ь· . 
ап or I I I tIle ormlllas сап е dепvеd from the аЬоуе formulas Ьу sеttшg р = 1. 
For tIle wide-l1arrow case the prescription is similar: 

(В.б) 

Tlle otller varial1ts of the restrictions in tlle wide-narrow angular acceptance тау Ье written as 
follows: 

I vi Vi/p, J Ol~XI)e;X,) -t J dz J dXl J dX2, (В.7) 

Ж(,Р4 xcp,/Vi х,)ХI 

, 
р, Vi/p, Vi/p, J 02e;XI)e~X') -t J dz J dXj J dX2· 

Х С Р2РЗ x"p,/Vi Х')ХI 
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