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The range of applicability of the quantum (with respect to the internal degrees of freedom)
kinetic equation for ions in an equilibrium plasma is found. The Dicke absorption line
narrowing is calculated in the limiting cases of long and short wavelengths compared to the
ion mean free path. The line shape and the autocorrelation function are obtained. In

the intermediate case, a simple interpolation formula for the line center intensity is proposed,
which agrees with numerical results. The inclusion of Chandrasekhar’s monotonically
decreasing velocity dependence of the collision frequency is shown to increase the Dicke effect
by 60% in the short-wavelength limit while reducing it by 40% in the long-wavelength

limit.

1. INTRODUCTION

The observation of Doppler broadened spectral lines
has traditionally been a means for measuring gas or plasma
temperatures. If one can neglect collisions and the finite
lifetime of excited states, the shape of the spectral line
depends on the velocity distribution of the particles. The
line contour I({) is known to be given by the Fourier
transform of the correlation function ®(z) (Wiener-
Khinchin theorem)

1 © .
I(Q)=1—T Re fo D (1)1, (1)

where () is the mismatch of the field relative to the Bohr
transition frequency. In turn, the autocorrelation function
is found by averaging over the ensemble of atoms,

D (1) = (F8x0)y, (2)

Here the x axis is directed along the wave vector k. If the
motion is free (Ax==vt) and the distribution over velocities
v is Maxwellian with a thermal velocity v;, then

& (1) =exp(—Kki2/4), (3)

and from (1) a Doppler line shape with a characteristic
width kv is obtained.

In a sufficiently dense plasma, the Doppler diagnostics
may lead to erroneous results, however. In elastic collisions
there is no slip in the phase of the optical electron, so the
wave trains from one and the same atom will interfere as
before. At the same time, if the atom mean free path is less
than the radiation wavelength, then there is not enough
time between collisions for the Doppler line shift to form
for each one of the atoms. In the short mean free path limit
the atom is localized and does not in fact change its coor-
dinates. As a result, the autocorrelation function (2) tends
to a constant, and the line width to zero.!

The effect of line narrowing in the model of weak col-
lisions, when the change in velocity of a Brownian particle
in every single collision is small and the collision frequency
v does not depend on v, has been investigated by Rautian
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and Sobel’man.? In this case the average variation of the
coordinate x vanishes and the variance is found from

2 — U§'~ _ —wt
(Ax (t)>—'2—vz (vt—14e™"). (4)

Before the first collision (v£<1) the motion differs little
from the free one, so that the variance is quadratic in time,
(Ax?) = (th/2)2. After several collisions (v>1) the mo-
tion of the Brownian particle becomes a random walk, and
the variance grows according to the diffusion law

_ (Ax})=2D, Dx=v2T/2v. The coherence time, during

which a substantial reduction of the correlation function
(1) =e~ KB, (5)

takes place, depends on the radiation wavelength and is
given by

1/kvy, v<kvr;
= v/kzvzr, v>kur. (6)

For short-wavelength radiation, when v< kvr, the
time 7 is determined by the Doppler shift of the frequency
of a single atom, and the function ®(#) is close to (3). But
if the wavelength exceeds the mean free path, vy kv, the
time 7 is controlled by diffusion, ®(z) =exp(— D,k*t/2).
Therefore the spectral width, §Q ~ 1/7'~k2v27/v, becomes
much less than Doppler. Since ®(0) =1, the area under
the line contour (1) does not depend on the parameters of
the problem, so the width of the line can also be assessed
from the value of I(0). A more slowly decreasing ®(¢),
taking collisions into account via Eq. (6), leads to a greater
I(0) and hence to a narrower line.

Similar line narrowing results from other constraints
on the free translational motion of a particle that do not
disrupt the phase, such as walls at a distance L<1/k in
hydrogen maser frequency standards; a transverse mag-
netic field, which splits the ion line into a set of cyclotron
resonances if the ion Larmor radius is sufficiently small,
pr<1/k (see Ref. 3); or the restoring force in an electro-
static trap.*

When the scattering of a radiating ion in a plasma is by
buffer charged particles, small velocity changes dominate.
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The effective collision frequency falls off sharply for v> v
(v 1/0) and therefore the weak collision model can only
be employed for approximate plasma calculations."

The purpose of the present work is to calculate the
Dicke narrowing in a plasma and to investigate the influ-
ence of the v(v) dependence on this narrowing. Section 2 is
devoted to the derivation of the quantum kinetic equation
for the spectroscopic density matrix in the case of a Cou-
lomb interaction between the particles. A brief derivation
of the kinetic equation is given in Ref. 6, but the range of
applicability of the equation is not discussed in sufficient
detail there. In Sec. 3, we calculate the narrowing from
perturbation theory for v« kv,, when the Dicke effect is
small; and an expression for the function ®(¢), which may
prove useful for comparison with experiment, is obtained.”
A more complicated limiting case of a high-density plasma
is analyzed in Sec. 4. The complexity of the calculation has
to do with the decreasing nature of the v(v) dependence.
Even when slow ions are highly collisional, the fast ions,
because of the strong dependence of the Rutherford cross
section on the velocity, are as before in the rare collision
regime. In Sec. 5. the results of the numerical line narrow-
ing calculation are presented and an interpolation formula
valid for v~ kv is obtained.

The limiting cases of Secs. 3 and 4 have been given in
a recent Note,9 where for the sake of brevity we restricted
ourselves to an exposition of the calculation scheme used.
In the present study we discuss in detail a somewhat dif-
ferent approach to high-density plasma calculations, one
that makes it possible to increase the accuracy of the pre-
vious result obtained by the collision frequency renormal-
ization method. What is new is the analysis in Sec. 5 of an
intermediate case presumably realized in experimentally
measuring the line width of an x-ray laser'® on multiple
selenium ions. In such a system, plasma is obtained by
exploding foil in the focus of a high-power solid state laser.
The hypothesis of appreciable collisional narrowing in such
a plasma has been introduced in Refs. 11 and 12, in which,
for estimation purposes, weak collision formulas are em-
ployed. While calculating the line narrowing using the
Landau integral is more accurate than for weak collisions,
application to the selenium plasma should be made with
great caution because a high-density laser plasma is, ac-
cording to estimates, a weakly nonideal and strongly tur-
bulent plasma.

2. QUANTUM KINETIC EQUATION IN THE CASE OF THE
COULOMB INTERACTION

There are three types of quantum effects recognizable
in the problem of the interaction of light with plasma ions:
the quantum fluctuations of the field; the quantization of
the translational motion, particularly with inclusion of the
exchange interaction; and transitions between the internal
states of the ion. In plasma spectroscopy, as in the case of
atomic or molecular gases,'® it is usually this last effect
which is of importance. Therefore in what follows we de-
scribe the derivation of a quantum kinetic equation for the
spectroscopic density matrix, which is a matrix for the
internal ion states and the Wigner function for its transla-
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tional states. The field will be considered classical, and the
spontaneous decay of the states will be accounted for by
introducing relaxation constants.

Like its classical prototype, the quantum kinetic equa-
tion is derived by the method of Bogolyubov.'* For a short-
range interaction potential that is weak compared to the
kinetic energy of structureless Bose particles, the corre-
sponding kinetic equation was first developed by
Bogolyubov and Gurov.' The equation for the long-range
Coulomb potential was found by Klimontovich and
Temko'® and solved by Silin.!’

A collision term for the classical kinetic equation for a
plasma, which generalizes the Landau integral'® to the
multiparticle interaction, was found by Balescu,"
Lenard,20 and Guemsey21 simultaneously. However, as
shown by Kogan,?? the inclusion of the effect of many
perturbing particles on the probe particle does not alter the
binary character of the scattering, i.e., on the average mul-
tiple scattering imitates pair scattering. This equivalence is
a consequence of the overlap of the ranges of applicability
of the pair and multiple scattering concepts.

Let us derive a collision integral for the quantum ki-
netic equation for ions with internal states by considering
transitions between the levels while neglecting exchange.
The condition for nondegeneracy is fulfilled in gas-
discharge, thermonuclear, and cosmic plasma. To zeroth
order in the plasma parameter 1/N,; (N;=47Nry/3>1 is
the Debye number, r; the Debye scale), the equation for
the one-particle density matrix reduces to the quantum
Vlasov equation

A

ap n A a0 oA
ﬁ—'&g= [Ha’ﬁa]’ Ha=H2+H;+Teraprb’ (7)

where the p,, are the number density operators of a- or
b-type particles, a is the probe ion, b refers to the buffer
ions and electrons, H° is the internal Hamiltonian of the
a-type particle, and H1 the operator for the energy of the
ion in an external field. This last may be represented as a
sum of the operator V the resonance interaction with the
light wave field inducing transitions between the internal
states, and the operator U of the ion energy in the external
static (or quasistatic) electric and magnetic fields, which
does not affect the internal degrees of freedom but changes
the ion’s translational velocity. The interaction of the
probe ion with buffer charged particles enters as the trace
of the product of the Coulomb interaction energy W, and
the number density of the field particles (the mean field).

Changing to the energy representation for the internal
variables and to a classical picture for the translational
motion by making use of the Wigner representation allows
one to replace the commutator of the density matrix and
the quasistatic field by the Poisson bracket. As a result one
obtains an equation, with a self-consistent field
U=U+Tr,(W,p;), for the spectroscopic density matrix
P=Pa:

Pp -~ B
E+{U,P}=—I[V’P]’ (8)
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where {.,.} is a Poisson bracket. If the perturbing particles
are ground-state ions, then p, goes over into the classical
distribution function f,, and the trace operation, into a
phase space integration and a summation over the perturb-
ing species. Let us consider the case of a nonrelativistic
plasma with no external fields, i.e., a Hamiltonian account-
ing for the interaction of the probe particle a with the
plasma microfield, U =Dp2/2m+ (W), in which the par-
ticle interaction potential obeys the Coulomb law

Z,Zé

Wab= 'ra_rb| .

(9
Here Z, and Z,e are the charges on the probe ion in
question and the perturbing ion.

In order to obtain the matrix density kinetic equation,
let us take an average of Eq. (8) over fluctuations follow-
ing, for example, the technique discussed in detail in Refs.
23, 23, and 25 for the classical equation, and in Ref. 26 for
the (translationally) quantum mechanical equation for the
Wigner function. These procedures can only be applied
when characteristic fluctuation times are much less then
other characteristic times involved.

Let us present estimates for the characteristic times for
various processes in a gas-discharge plasma with an elec-
tron concentration of N,=10' cm™? and electron and ion
temperatures of T',~5 eV and T';~1 eV, respectively. The
characteristic fluctuation time over which the average is
taken is of the order of the reciprocal of the electron
plasma frequency szmp_el = (4mwe*N/m,) =/ ~1 ps. This
interval is much less than either the time of the change in
the ion momentum, szv ~(Novy) '=1 us or the
time of interaction of an excited ion state with the light.

In fact | V|, the characteristic magnitude of the probe
ion-light interaction matrix element is of the order of the
Rabi oscillation frequency Qg=Q>+4|G|?> (for
Q <kvr). Here G=Ed/24 is the frequency of the induced
transitions due to the atom-light interaction at the exact
resonance; E is the amplitude of the light field; and d the
matrix element of the field-induced dipole moment. At an
exact optical-wavelength resonance in the field of a rela-
tively high-power (but not maximally so) cw laser with a
flux density of 3Xx10*> W/cm? we have |V|~10° s7,
hence the induced transition time 7,~1 nsec. If the fre-
quency mismatch becomes comparable to the Doppler
width (Q~kvy), then for an ion mass of 40 a.u. in a
gas-discharge plasma we will obtain 7,~0.1 nsec, which is
also much longer than the characteristic electron fluctua-
tion time in a plasma.

In the plasma of a laser with neon-like selenium ions
(Z,=24) (Ref. 10), one achieves ion and electron densi-
ties of N;~2X 10" cm~3 and N,~5X% 10%° ¢cm—3 (about
six orders of magnitude higher than in a gas discharge),
and temperatures of 7;~400 eV and 7,~900 eV. Never-
theless, the time scales for momentum changes, spontane-
ous radiation (7,~7,~1 ps), and Doppler dephasing
(1/kvy~0.1 ps) remain substantially greater than the
characteristic plasma fluctuation times 7 f=wp'e1~l fs.

Because the characteristic times of photon emission
and absorption processes are far in excess of plasma fluc-
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tuation times, Eq. (8) may be treated in the continuous
medium approximation, i.e., by considering that plasma
particle interactions reduce to instantaneous (relative to
the optical times) screening. In this case the derivation of
the quantum equation is analogous to the derivation of the
classical one. As for the resulting equation itself,® it differs
from the classical one by having on its right-hand side a
commutator describing transitions between the internal
states of the particle:

d d\, .. .
(E+V5)P+dIVVQ=—I[V,p]; (10)
. (ZaZl;é‘z)2 1 dfp(vp)
94o= % J-dvaaB(v»vb) (mb avbB

So(vp) 9,
B %)p, (11)
dodk kokg
UaB(v’vb)=f 0] kzls(w,k)li
X6(w—Kkv)d(w—Kkvp). (12)

Here U, is the Lenard-Balescu kernel and f;(v,) is the
buffer particle velocity distribution.

Only in sufficiently strong fields, when Q3> 10'% sec™ !,
or under the action of picosecond pulses, when the pulse
duration is comparable to plasma oscillation frequencies, is
it impossible to average over the microfield fluctuations
assuming all other processes in the system to be slow. In
this case the applicability of the kinetic equation (10) is
violated.

For an isothermal plasma the Lenard-Balescu kernel
reduces to the Landau kernel®

2

Ugmtnt Lo a8 (13)
Here u=v,—v, is the relative velocity and the Coulomb
logarithm L arises from the cutoff of the integral at large
k=N"3, corresponding to small impact parameters for
which the continuous medium assumption for the plasma
breaks down. The collision operator S= —div,q on the
left-hand side of (10) is the divergence of the ion flux § in
velocity space and may be represented as a sum of two
terms describing damping and diffusion,

_ F, . 3p
= b= Das

The Maxwell distribution renders the ion flux zero. Be-
cause of its divergence form the operator conserves the
number of particles.

Simple estimates show that for T,~ T';, the sum over
the species b in the expression (11) is dominated by scat-
tering by ions.?® Scattering by electrons is small in terms of
the parameter vr/vr, because only a small fraction
(~vg/vr,) of electrons whose velocity components along
the wave vector are small [kv.=kv—kvy;, Eq. (12)] can
take part. The electron contribution to the collision term
might only show up in an extremely nonisothermal plasma.

(14)

Podivilov et al. 655



Thus, for an electrically neutral plasma with equal ion
and electron concentrations, the quantum (for the inner
degrees of freedom) kinetic equation has the same
Balescu-Guernsey-Lenard type collision integral as the
classical equation. The integral has proven to be the same
in the equations for the populations and for the off-
diagonal density matrix elements. Since the main contribu-
tion to the effective cross section comes from small-angle
scattering in the impact parameter range N~} <b<r,,
where both pair and multiple scattering concepts are ap-
plicable, there are two ways to interpret this fact. From the
pair collision viewpoint, it is explained by the equality of
the Coulomb scattering amplitudes (whose cross section
depends on the total charge alone) for different internal
quantum states of the atom. From the point of view of
multiple scattering, it results from the acceleration of the
ion as a whole in the chaotic plasma microfield. The mo-
mentum of an ion changes adiabatically slowly compared
with the Bohr frequencies of transitions between levels, so
that the acceleration has no effect on the state of the inter-
nal Hamiltonian.

3. SHORT-WAVELENGTH APPROXIMATION

Intra-atomic transitions will be considered in the two-
level approximation, in which case the matrix element for
the dipole interaction with the field of a traveling mono-
chromatic wave is described by the function

Ed,,,

Vin=—G exp(ikr—iQt), G= .
2h

Let us complete the kinetic equation (10) with terms ac-
counting for radiation and collision relaxation, and for the
excitation of the levels usually produced by electron impact
from the ground or a metastable state. Denoting the relax-
ation constants of the levels by I';, and that of polarization
by I', for the off-diagonal matrix element p,,,(v,r,?)
=p(v)exp(i/kr—i€)¢) and the diagonal matrix element p;;
we obtain the following stationary homogeneous equations:

(14°)

(C—i2+ikv) p—S[p] = —iGAN, AN=ppm— P>
(15)

LrPmm—S[ pmml =Am(V) —2 Re(iG*p),

Tnpnn—S[pnn]=An(v)+2 Re(iG*p). (16)

Here 4;(v) is the excitation function of the jth level. For
weak ﬁelds (|G2| <IT;), one can neglect saturation and
consider only the polarlzatlon equation (15), with
the population density AN=A,(v)/T,,—A,(v)/T,,
A j(v)=Q;W(v) on the right-hand side. The central prob-
lem of plasma spectroscopy reduces to the evaluation of an
off-diagonal element of the density matrix p, the integral of
the element over velocities being expressed in terms of the
observable absorbed power per unit volume as

Z(Q) = —2%w f d*v Re(iV*,pmn)
= —27#iw|G|*N,,I(Q),

(16’)
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v _Qn O
mn—rm Fn .
As shown in Sec. 2, in the Coulomb interaction case
the collision integral in Eq. (10) may be written in the
form of a differential operator

s 0 (_Fa 4 b, 2P0 17
[pij]—ava (_m Pij+ Dqp av,;)' (17)

If the velocity distribution of the buffer particles and
excitation function 4, has, or differs little from, a Maxwell-
ian form, it is poss1b1e to obtain explicit expressions® for
the dynamic damping and diffusion tensor corresponding
to the Landau integral (13). Setting 7T,=T;=T,
m=m;,=m;, in the following analysis, from Egs. (11),
(13), and (14) we obtain

F,=—vmvr€,®/§),

2
D=5 |06 S 0,65

§ab, e
aﬁ) ,

aﬁ_?

where §,=v,/vy is the a-component of the dimensionless
velocity,

16 ymLN(Z,€*)?
- 3Imv;

(19)

is the effective transport frequency of ion—ion collisions,
and N;is the ion concentration. If the plasma contains ions
of different degrees of ionization Z,, then the frequency v
involves the effective charge N;=X,ZN,. The functions

1
O(E)=3 j Ae=MEd),
° (20)

1
<I>,,(§)=§’_- fo (1—A2)e~P8dy

are expressed in terms of the Chandrasekhar function
g(&) =[erf(£) —& erf’ (£)]/2€* and are related by

1 d<I>,+ @, q>, 2 3 exp(— ).
PR — =3 ex —_
26 dE £ g TOTIT P

(21)

At high velocities, the damping force and the longitudinal
(with respect to the velocity) diffusion become unimpor-
tant and a dominant role is played by the transverse (with
respect to angles in velocity space) diffusion. In a coordi-
nate system with the z axis along the probe ion velocity, the
diffusion tensor (18) is diagonal, and for £«1 it is also
isotropic.

Let us investigate the change in the shape of the spec-
trum due to ion-ion scattering. The collision integral (17)
is most conveniently written using a spherical coordinate
system with the z axis along the wave vector k:

S[pl=vZLp,
IR LR AT
2 ?(51 333 sin 38 tsin? o 8_§)
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(22)

G agg ¢’(3§+2§)

where ¥ and @ are angles in velocity space.

A solution to the quantum kinetic equation (15) for an
off-diagonal element of the density matrix for a two-level
system may be obtained in the form of a series in powers of
the parameter n=v/kvr<1

d , i " Q4+
o= 27 (o) P e
where
GN ., —&
_ exp(—£%) 24)

P kor(urym)} z—E cos 9

is the off-diagonal element of the density matrix in the
absence of collisions. The power absorbed by the two-level
system can also be represented in the form of an expansion
in powers of the parameter 7:

i iv\"
n=0 Ur
where
Wo=—2hm|G!2Nm,,-k‘{)—;-,
T
1 [ < \'exp(—§)
Tn= Jdg(z—gcos 8) z—§&cos ¥’ (26)

The coefficient of the zeroth term in the expansion (25)
can be expressed in terms of the probability integral of a
complex variable,

2 [z
iJO(Q)=w(z)=exp(—zZ)(l+—\7; J; exp(tz)dt),
(27)

and describes the Voigt line contour for a collisionless
plasma.

For a tenuous plasma, the frequency of Coulomb col-
lisions is small compared to the Doppler line width and we
need to keep only the terms n=0,1 in the expansion (25).
Substituting the collisional integral .#°, Eq. (22), into the
integral J, defined by Eq. (26) and integrating by parts,
the coefficient of the first power of the small parameter 7
can be written in the form

w d€ ®;cos? ¥+, sin® ¥

_ )
—hi= o 2™  (z—Ecos¥)? exp(—¢£7)
(e d*E ®2£ cos 9 exp(—£?)
~ Jo 37  (z—Ecosd)’ (28)

Here ®cos? 8+ ®,sin? 9 is a component of the diffusion
tensor (18) along the wave vector k, and the last equality
is obtained with the aid of the identities (21). Making the
substitution 1/z23=(1/2) [ $drr%”" for Im z>0 and per-
forming the Gaussian integration over the velocities, we
obtain for the collision correction to the line shape
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dAA?
A+1)7?

drr’
—J1<n)=f0 f

Xexp( m+l1’2)

J‘ drr® f]/ﬁ

7'2 2
Xexp(—z(l—x )+i7'z). (29)
To first order in v/kvr, the autocorrelation function can be
expressed in terms of the Fourier transforms, with respect
to Q, of the integrals J, and J|,

2
q)(t)=(l+;:—T (y—F(y))exp(yz))ew(—f‘t—?-yz),
(2r)
tkUT
y—ﬁ )

where F(y) =exp(— %) [¥dx exp (x?) is the Dawson inte-
gral. In the limit |z|=]|il+Q|/kvy <1, the integral
Jy=—(2/m) (VZ—In(vZ+1)), so that the inclusion of
collisions somewhat increases the absorption intensity at
the line center:

P=Pl1 2 ¥
_°(+%7cv_r)’

v=(V2—In(v2+1))v=0.53v. (30)

Since the area under the line contour is independent of v,
an increase in amplitude at the maximum implies a nar-
rowing of the line.

For the weak collision model with a constant collision
frequency Eq. (32), in the same limiting case
P=Ps(142v/3 \/;va). The question naturally arises as
to how to explain the increase from 0.33 to 0.53 in the
coefficient for the correction. One would expect that the
dropping velocity dependence of the Coulomb collisions
should reduce rather than increase the coefficient. The
point is that a correct comparison of the models requires
that the friction forces of the probe ions be compared. For
this purpose let us turn to Eq. (14) for the particle flux in
velocity space. The first term, corresponding to the dy-
namic friction force, describes the damping of the probe
particle. The second term, the diffusion flow in velocity
space, arises if the probe particle distribution f(v) has a
nonzero gradient. Consider the one-dimensional case. In
the weak-collision constant-diffusion-coefficient model, the
flows marked by arrows in Fig. 1 compensate each other,
so that the average velocity of the probe particles decreases
only because of the friction force. If the diffusion coefficient
D(v) decreases with increasing absolute velocity, the flow
toward lower velocities exceeds that directed toward
higher velocities. As a result, the damping force increases.
For the case of a narrow distribution function, the correc-
tion term is proportional to the derivative of the diffusion
coefficient at the center of the distribution. If d D/d|v| >0
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FIG. 1. One-dimensional probe-particle distribution function in velocity
space (curve I), and the diffusion coefficient (curve 2) with a decreasing
velocity dependence. Arrows indicate the direction of diffusion flows.

for v=u, the correction decreases the friction force. In
three dimensions, the total force acting on probe particles
with the distribution f(v) is

af(v)
aUﬂ )

f d’v(Faf(v) —mD,g

3 9dD,g
=fd U(Fa+m —)f(v). (30")
al)ﬁ

The additional damping force is determined by the diver-
gence of the diffusion tensor and vanishes for
9D,g/dvg=0. Using the identities (21), we obtain that
dD,g/dvg=F ,/m, that is, the damping force on a probe
particle in a plasma doubles because of the dropping de-
pendence of the diffusion tensor on tiie magnitude of the
velocity. The total force on particles with nonzero veloci-
ties is still less than 2F,(0) because of the decrease in
collision frequency with increasing velocity. As a result,
the coefficient ¥ for the correction to the work of the field,
Eq. (30), was found to be less than 2v/3 but about 60%
larger than in the constant-coefficient model.

Using Egs. (27) and (29), one can obtain an asymp-
totic expansion of Z for |z|»1:

P kvp [T K2 3T+vv2 I3 3
=% mlet s ot ot BV

658 JETP 78 (5), May 1994

In the far wings of the curve one obtains a power-law
decrease in intensity. Note that the integral J, increases the
coefficient of z~*. The intensity distribution in the wings as
obtained here differs from the weak collision result of Ref.
2 by a factor of 1/v2 (at collision frequency v), which
reflects the velocity dependence of the diffusion coefficient.

Note that for vkzva>I‘3, the terms in the series (23)
for p(v) diverge for velocity values close to resonance (kv
={1). Rather than proving the cancellation of terms that
diverge as I' -0 in each order of the expansion (23), we
may re-sum this series so as to make the divergences van-
ish. In fact, take for a zeroth approximation, instead of p,
a solution of the kinetic equation with velocity-
independent but nonzero diffusion and friction coefficients
(thus approximately accounting for particle collisions). In
this model, in contrast to Eq. (22), the collision integral
has the simpler form

Slpl=v<0p,
0 1 /1 9 . 1‘)a 1 &
282 (sin 350 V55 s’ g’
9 (24, 32

A quantum kinetic equation with such a collision term can
be solved exactly to give

Of gy 3e1 &0 ’ —IGN g2
P(§)—fd§9 (§,§)WCXP( &),

L0 e pr o dre”"
g (§,§)=f0 [(l_e—2nf)ﬂ.]3/2exp
(g_gle——’rrr)Z E (gl_ge—'rrr)
x(— (I—e- 2™ "ok (1+e- ™)
(177'/2—tanh(171'/2)))
- ol ,
n
v
%oy’ (33)

If in Eq. (15) we make the substitution p=p°+Ap, we
obtain the equation for Ap, which differs from (15) only
on the right-hand side,

(C—iQ+&V)Ap—vLAp=v(L —Lp°  (34)

and hence Ap can again be found in an approximate way.
Repeating the above procedure we obtain the solution in
series form:

p®)= 2 1" (&), (35)

p(n+1)(§)= fd3§190(§’§r)(j_jo)p(n)(gl).
(36)

The terms in this expansion remain finite as I' -0, and
the corrections to the work of the field, to first order in
n=v/kvr, are identical to Egs. (30) and (31).
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4. LONG-WAVELENGTH APPROXIMATION

In the long wavelength limit kvy<v, 7> 1, it is conve-
nient to expand the distribution function in terms of
Legendre polynomials in a coordinate system with z axis
along the vector k. Thus

0

ik !
p®1= 3 () Yotcos )

iGN (&
XR(E) ™ exp( =3 )

2/+1

12
Yp(x)= (7) Py(x).

Then Eq. (15) reduces to a system of ordinary differential
equations

37

§ (IR;_,(8)
]
FRE+ B ( RI-1

_ (k_:q)z (1+l;ﬁ+3l(§)) =6n;27‘exp( 52)
E_qu—éz((“; ¢)ero g+g)

—1(1+1)<1>,,), 1=0,1,2,....

2

R(w)=0, Ry(&)|¢.0~E" (38)

In this system, equations for different / are coupled by
terms that are small with respect to the parameter kvy/v.
Thus, the contribution to the equation for R;(§) from the
term in R, ; (&) has a smallness of order kv /v. To leading
order, the only nonzero term is

2

v
Ro(§)=— —a exp( 2),

and the velocity distribution function becomes Maxwell-
ian. (Since the collision term is exactly zero for the
Maxwell distribution, the expression H#°Ry(£)
=((C=iQ)/v)Ry(£) acquires an additional smallness
when |T'—iQ)| €v, so for the zeroth approximation to be
applicable, Eq. (38) for /=0 indicates that (kvy/v)? must
be small not only compared to 1 but to |I'—iQ|/v as
well.) To first order in kvy/v, or for kvy » || T —iQ|v, one
needs to retain only the first two terms in the expansion
(37), with /=0 and /=1. As a result, we are left with a
system of two differential equations.

The differential equations (38) can be reduced to an
infinite system of algebraic equations for the coefficients in
the expansion of R'(£) over a basis of orthogonal func-
tions; for these, it is convenient to take Laguerre polyno-
mials R!,(£), which are the eigenfunctions for the problem
with a velocity independent collision frequency for k=0.
We have

(38"

1 — 3 1 ! pl
R(©= 2 aaR, &),
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2

Al=[n12/T(n+143/2)1"72, (39)

d
L£1+V2(x)=n'x - Ex_” [xn+1+l/2e—x1.

The Laguerre functions satisfy the boundary conditions
and, for P’s equal, are orthogonal on the real half-axis,

fo " EdERL(E)R., (£) =By (39)

If we multiply the /th equation in the system (38) by
R!(£) and integrate with respect to £ we obtain

2 o (l+1 \/n+1+3/2a1+‘+ \/—a”'I
n'=0 e 7 @) (@21+3)

_ Jn+1+1/72a71+ n+la,,+, _5.5 (40)
JQI+1)(2I-1) o
where the matrix element
H= [ 7 deRIO R © (41)

can be expressed in terms of I" functions of a half-integer
argument. The absorbed power depends only on the coef-
ficient @3, namely,

P (@)= Po L Re dl (42)
=70 W; €4

and we can find this coefficient in the limit kv;/v=1/1<]1,

to terms of order 1/7% Since for the matrix elements we

have H%=HY,=8,,(—iQ)/v, the equation for & in-

volves the coefficient @) only with the factor 1/%?

r—iq , 111,
—;—ao—? §a0=l.

Hence this coefficient can be obtained to zeroth order in
1/7. In this case the system of equations (40) divides mto
mdependent subsystems with different /. All coefficients a
except aJ are small in 1/%% and for @) one obtains the
equation

1
z Hnn’an’ —5’10\/-

(43)

(44)
n' =0
From this,
(Hi)
a)= lim ———,—}M al, (45)
M—n:o M

where M is the number of terms retained in the series (39),
S}, is the matrix that results in this case from (41), and
(Hpo) % is the algebralc complement to the element H, of
the matrix #°},. Substituting (45) into (43) we find

Q= —V———, A=v lim dit,z—/‘-—’. (46)
(k T) Meo (Hoo)¥

224
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TABLE 1.

M| 0 1 2 3 4 5 6

v/r{0.7071{0.5992|0.5942{0.5942|0.5942{0.5942|0.5942|0.5942

Because of the rapid decrease of H',, with |[n—m|, one
can calculate A by approximating R""(g ) by the first M
terms of the series (39). If only the term with n=0 is kept,

r—-iQ v
HYy= , /1=vH3,0=ﬁ+r—iQ,
k kvr)? -1
@(n)=@07"111e F—i0+—T(—T2——
i 2(V—§+r—m)

(47)

At the line center | —i€Q | <v, the coefficient A -v=v/V2
plays the role of the effective collision frequency. The value
v=v/V2 for the effective collision frequency was obtained
by the frequency renormalization method in Ref. 9. This
means that the renormalization of frequency is, in this
problem, equivalent to retaining the leading term in the
Laguerre polynomial expansion.
Retaining two terms in the expansion (39)

v r_i 92
=at =Gy rsor—in))’
kvr (kv (v ]
@(Q):@oTRe F—IQ+T (6—4-1"—10
m

9 -
—59V§v+80(1“—iﬂ)) ] ' (48)
At the line center |['—iQ|<v, the coefficient A—v
=0.599v. If the number M of terms retained in the expan-
sion (39) is increased, the value of v will decrease. How-
ever, starting with M =2, it remains virtually unchanged as
illustrated in Table I. As is seen, at M =1 the value of ¥
differs from its limiting value by as little as one percent.*
Thus, the formula (48) provides the contour of the spec-
tral line in the limit v»kv,. This contour is depicted in
Fig. 2 for two values of the parameter v/kv;. The asymp-
totic behavior of the absorbed power at the line center is, in
the limit 1/9«<1, I"¢v, of the form

kUT 1

.@=@07;m, v=0.594v. (49)

In the far wing of the line (|T"'—iQ|> 1), to terms of order
v/|T —iQ| the expression (46) takes the form

A=vHj+O0(v/|T—iQ|)
=r—m+v—v§+0(v/|r—m| ). (49")
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Substituting this into (42) and expanding in 1/Q, we ob-
tain for the work of the field the expression (31).

5. INTERMEDIATE CASE

The interaction with the electromagnetic field violates
the isotropy of the distribution of ions in velocity space. If
a particle has a nonzero velocity component along the elec-
tromagnetic wave vector, it acquires an additional phase of
A¢=kvy. Collisions change ion velocities in a random
way, thus partially restoring the isotropy. For v~kvz, in
the low-velocity range |v|<vz, the anisotropic portion of
the distribution function is of the order of the isotropic
portion, which suggests a rapid convergence of the
Legendre polynomial expansion. As for the particles with
large velocities |v| > vy, for which the collision frequency
decreases with increasing phase, their contribution to the
work of the field is small because of the exponential de-
crease in the distribution function at high velocities.

The dependence of the work of the field at the line
center on the ratio v/kvr has been determined numerically
by using the system of equations obtained from (40) by
truncating after finite 7 and / values. This was solved by the
Gauss elimination method to give the value of a. Obtained
in this way, a3 represents the solution of the infinite system
(40) only if it tends to some limit as n and / increase. It
turned out that for v/kv;>0.2, the coefficient a) ceases to

FIG. 2. Line contour I(2) in the frequent collision limit. x=Q/kv,
denotes the Doppler-width normalized detuning from the resonance,
Q=w—w,,,. Broken lines represent the narrow Lorentz absorption con-
tour for a single particle (—) and the wide contour of the Doppler
broadened line (.....) for kv;=10T. Solid lines represent the contours
given by Eq. (48) for v=3kv; (curve 1) and v=10kvs (curve 2).
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FIG. 3. The dependence of the normalized absorbed power W=Z/%,
at the line center (2=0) upon the ratio of the collision frequency to the
Doppler line width, z=v/kvr; & being determined by Eq. (26). (—):
numerical calculation; (-----): relative error d in the interpolation formula
(50); (....): weak collision model. a) kv;=10T’; b) kvy=100T".

change for n>4, />6. Results are shown in Fig. 3 (solid
line). They agree well with those obtained analytically for
the limiting cases of long and short wavelengths.

The asymptotic expressions (30) and (49) for the ab-
sorbed power at the line center have the same dependence
on v, kvr, and T as in the weak collision model,? but the
coefficients are different.”> A comparison of the models is
clearly illustrated by Fig. 3, which shows results for the
weak collision model (points) with a velocity independent
collision frequency. As is seen from the figure, the falling
off of the collision frequency with increasing velocity re-
duces the effect by 40% compared to that obtained in the
limit v > kvr > \/ﬁ In the short-wavelength limit the
effect increases by 60% [see Eq. (30)].

We conclude by reproducing a simple interpolation
formula for the absorbed power at the line center,

g g kUT l
I (kvr)? °

r —T——
+2’\_/+ ﬂ'kUT

which goes over into the asymptotic form (49) when
kvr<v. In the limiting case kvy»v, this formula differs
from the asymptotic expression only in the coefficient of
the small correction, namely, ¥/v=0.59 instead of 0.53 as

in Eq. (30):

v=0.5%, (50)
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.@ va 1 f k
e

P = v

Pol 1+ id
0( T kUT)
Also shown in Fig. 3 is the error in the interpolation for-
mula (dashed line). It is seen that even in the intermediate
case kvy~v the error does not exceed 10%, showing the
interpolation formula to be adequate for any interrelation
between the parameters v and kvy.

This work was partially supported by the International
Scientific Foundation.

(50")
for kvy>wv.

DIn Ref. 5 it is shown that for a mixture of atomic or molecular gases, the
Fokker-Planck equation with a constant collision frequency also has a
limited region of applicability. The model can only be employed for an
extremely heavy excited particle, with an atomic weight X200, even
with hydrogen as a buffer gas.

DA number of recent experiments involving the detection of the Dicke
effect in atomic’ and molecular® spectra did include the measurement of
the correlation function.

31n the case of a strongly nonisothermal plasma it follows from Eq. (12)
that there appears an additional term in the kernel (13), which reflects
dynamic polarization effects in the plasma. The spectroscopic implica-
tions of this term were considered in Ref. 27.

“The sharp increase in accuracy due to the use of two Laguerre polyno-
mials, and the slow reduction in error despite a further increase of
number M, have been noticed by workers on the theory of transport in
a plasma.?®

In Ref. 29 it is shown that independent of the particular form of the
collision integral, the absorbed power expression has the form of a Lor-
entz line contour (kvr)?/u, where u~! is the sum of the inverse eigen-
values of the collision operator.
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