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The dynamics of paramagnetic impurities in a superconductor in an external magnetic field 
was studied theoretically and experimentally. It is shown that long-wavelength (qgc-', 
where q is the wave vector and 6 is the coherence length) excitations, in contradistinction to 
diffusion of magnetization in a normal metal, have a coherent spin-wave character, even 
in the paramagnetic phase. This phenomenon is connected with the long-range (R-c) 
character of indirect exchange interaction between spins in a superconductor, thanks to 
which the internal exchange field fluctuates slightly. The damping of spin waves is calculated 
and the region of existence of spin waves is determined. Manifestation of spin-wave 
effects in EPR of erbium magnetic impurities in superconducting lanthanum films was observed 
in experiment. Additional absorption is observed on the high-field side of the principal 
resonance. This absorption distorts the resonance line, the distortion depending on the film 
thickness, the direction of the external magnetic field, the temperature, and the 
impurity concentration. Modeling of the spectra, taking into account microwave absorption 
by nonuniform spin-wave excitations, gives a satisfactory description of this behavior. 
The spin rigidity coefficient and the temperature dependence of the uniform spin susceptibility 
of lanthanum were determined. 

(ri) 
The role of magnetic-resonance methods in the study 

of the physics of the superconducting state is well known. can be represented approximately as a sum of two parts 
In particular, nuclear magnetic resonance has been used Jn(R)  +J,(R), the first one, acting at short distances, 
successfully to study subtle questions concerning the qua- 
siparticle spectrum and the symmetry of Cooper pairs. The 
method of electron paramagnetic resonance (EPR), in 
turn, is found to be especially effective for studying spin- 
spin exchange interactions and associated dynamical and 
static correlations of localized spins.' The latter capability 
is important for studying the interrelation of magnetic or- 
der and the superconducting state-a well-known problem 
which is still important today. 

The present work is concerned with the study of the 
spectrum of long-wavelength spin excitations of magnetic 
impurities in a singlet BCS superconductor.') Our work 
was motivated by the following considerations. The EPR 
study made in Ref. 3 of erbium impurities in lanthanum 
revealed an anomalous, almost jumplike narrowing of the 
absorption line at the superconducting transition of the 
sample. This behavior contrasted sharply with the expected 
change in the EPR linewidth. AlekseevskiY et aL3 attrib- 
uted the effect which they observed to a new exchange 
interaction appearing in the superconducting phase via the 
superconducting system of electrons. Owing to long-range 

sin ( 2kFR ) 
2kFR ' I 

(2) 

being the conventional Ruderman-Kittel-Kasuya-Yosida 
(RKKY) interaction, and the second one 

being the "superconducting" correction. In Eqs. (2) and 
(3)  v0 is the volume per lattice site, c is the coherence 
length in the "dirty" superconductor, and kF is the Fermi 
momentum. The quantity 

characterizes the decrease in the static spin susceptibility X, 
of conduction electrons in the singlet BCS state as com- 
pared with the Pauli susceptibility xP. The constant Jo is 
given by the expression 

correlations in the Cooper condensate, the interaction ra- J ~ = J : ~  p ( ~ ~ ) ~ 0 / 2 ,  
dius of this new interaction is large. This idea of an addi- 
tional indirect interaction of local spins in a superconduc- where JSf is a parameter characterizing the exchange inter- 
tor, first proposed by Anderson and suh14 in connection action of a local spin with a conduction electron and P ( E ~ )  
with a possible modification of magnetic ordering in the is the electron density of states at the Fermi level. In Eq. 
superconducting phase, was confirmed by microscopic cal- (2)  the quantity xn (R)  is the normal-metal nonlocal spin 
culations for both "pure"3y5 and "dirtyw6 superconductors. susceptibility and Ax,(R) in Eq. ( 3 )  is the superconduct- 

The spin exchange-interaction integral6 ing correction to the susceptibility. 
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The additional interaction ( 3 )  is of an antiferromag- 
netic character and is small: For example, at average dis- 
tances between impurity spins ravx( we have 

However, owing to the long range ( R ( ( )  and sign alter- 
nation, its contribution to the total molecular field is of the 
same order of magnitude as the normal RKKY contribu- 
tion ( 2 ) .  It is now known7 that the potential ( 3 )  is one 
reason why helicoidal magnetic structures form in super- 
conductors, as was predicted in Ref. 4. 

The expression ( 3 )  means that even when the concen- 
tration x of magnetic impurities is low the number of spins 
N Z X [ ~ / V ~  in the interaction region is anomalously high, 
since the coherence length ( is much longer than the lattice 
constant. This introduces a new factor into spin dynamics 
in an external magnetic field: the mean exchange molecular 
field (Hex) - N(SZ) induced by the external magnetic field 
H. At the same time, the rms fluctuation of the exchange 
field in the para-phase is 

This means that if the coherence length 6 is sufficiently 
large, then even in the paramagnetic region the fluctuations 
of the exchange field are small compared with the average 
value: 

The smallness of the fluctuations suggests8 that the long- 
wavelength excitations of the impurity spins in an external 
magnetic field exhibit magnon behavior, i.e., transport of 
spin excitations is of a weakly dissipative wave character. 

The foregoing considerations concerning the possibil- 
ity of spin-wave oscillations of magnetic impurities in a 
superconductor actually require a more accurate argumen- 
tation. Local field fluctuations which are connected with 
the short-range part of the potential ( 2 )  and the dipole 
interactions, as well as with the spatial disordering of im- 
purities, can in principle give significant damping of mag- 
nons and limit the range of temperatures, magnetic fields, 
and wave vectors where a spin-wave description is possible. 

Thus, the object of the present work can be formulated 
as follows: to investigate, theoretically and experimentally, 
spin-wave oscillations in a system of paramagnetic impu- 
rities in a superconductor in an external field. The condi- 
tions under which magnon excitations exist are determined 
in Sec. 1. The results of an experimental search for spin 
waves in superconducting Lal _,Er, films are presented in 
Sec. 2. Data that make it possible to estimate the required 
parameters of the experimental samples are also given in 
Sec. 2. In Sec. 3  the experimental results are compared 
with theory and the results obtained are discussed. 

1. THEORY 

We are interested in the dynamics of the transverse 
magnetization S+ of magnetic impurities coupled by the 
Heisenberg interaction ( 1 ) . Since the latter interaction 

conserves the total spin of the system, the magnetization 
averaged over larger distances than the average distance rav 
between spins is a quasi-integral of the motion and the 
long-wavelength excitations are, evidently, hydrodynamic 
diffusion modes and are described by Bloch equations with 
the diffusion term i ~ ~ ~ ,  where q is the wave vector. The 
spatial disordering of magnetic impurities introduces well- 
known difficulties in the calculation of the diffusion coeffi- 
cient D. Care must be exercised in averaging the kinetic 
transport equation for the nonequilibrium magnetization, 
in order that a physically reasonable result be obtained: 
The diffusion coefficient is determined by the interaction of 
the spins at average distances rav ,9,10 and not by the inter- 
action of close random exchange pairs. 

In an external magnetic field the diffusion coefficient 
becomes complex: D' +iDW; the imaginary part is related 
to the appearance of a static molecular field, proportional 
to the spin polarization (SZ). As far as short-range poten- 
tials of the RKKY type ( 2 )  in normal metals are con- 
cerned, thermal fluctuations of the exchange field are much 
larger than its average value (we emphasize that it is the 
paramagnetic phase that is referred to everywhere below). 
For this reason D"/D1 - (Sz) -4 1 and the diffusion regime 
is preserved. The basic idea of the calculations presented 
below is that the "superconducting" correction ( 3 )  to the 
potential makes a large contribution to D, and for certain 
values of the parameters the coefficient D becomes almost 
imaginary: D / D 1 )  1; this indicates the appearance of 
transverse rigidity and of real dispersion of spin excita- 
tions. 

Dipole-dipole interactions between impurities must 
also be included in the calculations: they determine the 
damping of excitations in the limit of small q, and they 
limit the "window" for spin waves at low momenta. A 
good calculation of this damping, which determines the 
EPR linewidth, in magnetically dilute systems has not yet 
been performed. The classical work of Anderson and 
weissll on exchange narrowing of the EPR line cannot be 
applied directly to disordered systems, and the standard 
method of moments simply leads to incorrect results. The 
qualitative c o n c l ~ s i o n ~ ~  is that the interaction of spins at 
average distances determines how effectively the dipole 
contribution to damping due to exchange fluctuations is 
suppressed. 

The kinetic equations can be derived by Zubarev's non- 
equilibrium statistical operator method.13 For this, the 
quantum-mechanical equation of motion for the local spin 
s,: 

must be averaged with the help of the nonequilibrium sta- 
tistical operator 
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a 
F' (t+t)S, ( t )  +h.c. , E--, +O. I I 

The notation is as follows: wo=gPH is the Zeeman fre- 
quency, g is the g-factor, SSZ=SZ- (SZ), Jij is the 
exchange-coupling potential ( 1 ), Z is the partition func- 
tion, and 

is the dipole interaction constant at distance rij. The 
Hamiltonian A? in (6) includes the Zeeman, dipole, and 
exchange interactions of the spins; F ( t )  are conjugate ther- 
modynamic parameters.13 The summation in Eq. (5) and 
in what follows below extends over the impurities. It is 
assumed that at average distances between impurities the 
exchange interaction is stronger than the dipole interaction 
(Jij > A;,), and this results in averaging of the dipole fields 
(exchange narrowing of the EPR line). This condition is 
quite typical for metals. To avoid details which are not 
important for our purposes, terms resulting in the standard 
Korringa relaxation of local spins into conduction elec- 
trons are dropped from Eq. (5). The corresponding con- 
tribution to the damping of spin excitations in the para- 
phase does not depend on the wave vector and can be 
simply taken into account as natural broadening. 

We note, finally, that our choice in Eq. (6) of the 
transverse components of the spins as the parameters for 
describing the weakly nonequilibrium state of the system is 
motivated by the following qualitative considerations. We 
are studying the response of spins to a weak transverse 
magnetic field, having in mind magnetic resonance mea- 
surements. Owing to the presence of a quite high spin- 
lattice (Korringa) relaxation rate of local moments, there 
are no saturation effects in EPR experiments in metals. As 
a result, the possible nonequilibrium of the longitudinal 
component of the spins and the spin-spin subsystem can be 
neglected, and the problem can be studied within the 
linear-response theory. 

Averaging Eq. (5) with the help of Eq. (6) by the 
standard rnethod,l3'l4 we arrive at the following kinetic 
equations for the local nonequilibrium magnetization 
SIT ( t )  : 

as; ( t )  
i-- 

at  
-w&i ( t )  + C ( Wij+ v;j)s;(t) 

J 

Here the second and third terms on the right-hand side 
describe the efflux and influx of nonequilibrium magneti- 
zation because of the coupling between the spins. The cor- 
responding transport coefficients 

w.. = w . .= J.. ( sz )  - iw i r i j  , 
'I Jl 'J 

are expressed in terms of equilibrium correlation functions 

and the spin polarization (Sz) in the local field 

wi=w0+ x J;,(s'). 
j 

We are studying the para-phase, where wi-wo and the 
site-number dependence of (Sz) is not important. The scale 
of W in Eq. (9) is evidently determined by the exchange- 
interaction energy. The quantity r (10) is the exchange- 
fluctuation time of the spins. The equation (8)  in the fre- 
quency representation is 

or, which is the same thing, 

The solution of Eq. (12) is a directly observable physical 
quantity, and it is this quantity that must be averaged over 
the random distribution of the magnetic impurities in the 
sample. There is no known rigorous procedure for per- 
forming this averaging exactly; here we confine ourselves 
to the simplest approximation, uncoupling the configura- 
tional averaging (designated below by the symbol (...)imp) 
of the second term: 

After this, we can transform in Eq. (12) into momentum 
space: 

It should be noted that the approximation (13) and the 
subsequent equation ( 14) make sense, strictly speaking, 
only in the long-wavelength limit qr,,( 1. 

The spin-excitation spectrum is determined by the 
poles w, of Eq. ( 14). They are found from the relation 

For small momenta the difference w,- wo is much smaller 
than the characteristic values of the exchange energy 
W(R); this makes it possible to neglect the frequency de- 
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pendence in the denominator of the expression ( 15 ) . Then 
the dispersion law for spin excitations is determined (for 
small momenta) by the relation 

For q=O the contribution of exchange interactions in Eq. 
(16) vanishes owing to the isotropic character of the 
Hamiltonian ( 1 ); only uniform precession with frequency 
wo and damping determined by the dipole interaction [the 
imaginary term V(R) in Eq. ( 16)] remains. 

The expression ( 16) is still too complicated because of 
the presence of the nontrivial configurational averaging. It 
simplifies significantly if the correlation function in ( 10) is 
factored and independent configurational averaging of the 
exchange-fluctuation time T is performed. Factorization in 
Eq. (10) is not too rough an approximation, because we 
are concerned only with the paramagnetic phase, where 
local high-frequency fluctuations of different spins are in- 
coherent. The presence of long-wavelength low-frequency 
spin-wave oscillations is insignificant for calculation of the 
correlation function in Eq. ( 10) because the corresponding 
phase volume is small; local correlation functions of the 
type (Sy(t)Sy(O)) decay exponentially in the para-phase 
over times determined by the short-range RKKY potential 
(2).  Then 

We note that in Eq. ( 17) the correlation function is eval- 
uated at zero frequency; in the para-phase with (SZ) (1 the 
average thermodynamic values of the local fields wi in Eq. 
( 10) are significantly smaller than the instantaneous values 
of the exchange fields. In other words, the correlation func- 
tion in the integrand in the expression ( 10) decays, owing 
to exchange fluctuations, over times much shorter than 
- 

of ', and there is not enough time for precession around 
the local field to appear. The local spin fluctuation times T 

(17) are calculated as in Refs. 12 and 15: The function 
f (t)  is assumed to be Gaussian and its decay is calculated 
by the method of moments: 

Then this function is averaged over the random positions 
of the impurities using the technique employed in the sta- 
tistical theory of EPR lineshape:16 

Here n=x/vo is the spin density. The averaging method 
adopted gives for the frequency of spin fluctuations T-' a 
value of the order of the interaction of impurities at aver- 
age distances. This is especially important in the case of 
short-range potentials, when averaging of the moments 
themselves of the correlation function f (t)  results in seri- 
ous errors. For a specific form of the potential J ( R ) ,  de- 
termined by the sum of the expressions (2)  and (3), pre- 
liminary averaging of fast oscillations of J ~ ( R )  and the 
integration in Eqs. ( 19) and ( 17) give 

Now the expression for o, (16) assumes the form w, 
= E~ - i( yy + d ) ,  where the dispersion E, and the damping 
yq are, respectively, 

/ 
imp 

('Pi) imp (21) 

+ q i ~ ~ ? i )  /(~i)imp, 
i imp 

Generally speaking, the denominator in the expression for 
cpi also contains a term proportional to (SZ), but it was 
dropped because in the para-phase it is numerically small. 
The algorithm for calculating the averages in these formu- 
las is as follows: 

k imp 

(9; Aij)  imp 

The main approximation in the derivation of the relations 
(23)-(25) reduces to independent averaging over the po- 
sitions of different impurities and ignoring "excluded vol- 
ume" effects, a procedure admissible for low spin density. 

We note that the description provided by the kinetic 
equation (8) is too "abbreviated" to contain the spectra of 
strongly coupled close exchange pairs. However, there are 
few such random pairs; moreover, under the averaging 
procedure adopted the contribution of short distances 
rgr , ,  is insignificant and the long-wavelength kinetics is 
controlled by the interaction at average distances. 
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For specific calculations, using exchange potentials of 
the form (2) and (3), it is found that the damping 4X (22) 
of spin excitations due to exchange fluctuations and the 
correlation time 7 (19) are mainly related with the short- 
range RKKY potential (2); conversely, the dispersion &, 

(21) for small q is determined virtually completely by the 
interaction (3) arising at long distances in the supercon- 
ducting phase. This is a consequence of the different scales 
of the interaction region: the Fourier transform 

changes sharply over the scale q- c-', while J,,(q) a xn(q) 
changes sharply over the scale q - 2kF. 

Substituting Eqs. (2) and (3)  into Eqs. (21)-(25) 
gives ( q ~ f - ' )  

where a is the lattice constant. The coefficient D" in the 
dispersion relation (26) is defined so that D" > 0. (Note 
that (Sz) < 0 if wo > 0). Comparing the spin rigidity coef- 
ficient D" and the diffusion coefficient D' we find that the 
condition for the existence of coherent spin motion 

is easily satisfied in superconductors with long coherence 
length ( (compared with r,,) in magnetic fields of the 
order of a kilogauss and at liquid-helium temperatures. For 
q >  c-' spin excitations are incoherent. The minus sign in 
the dispersion relation (26) reflects the antiferromagnetic 
nature of the potential (3);  as the temperature decreases, 
the spectrum E, will soften and magnetic order will appear 
at nonzero wave vectors q-c- ', as predicted by Anderson 
and ~ u h l . ~  For small q the damping is determined by the 
dipole contribution 4; a "window" for spin-wave excita- 
tions 

exists if the width of the magnon band is greater than the 
damping yd 

I=x(Sz) (6*)Jo> yd. (31) 

This condition can also be satisfied, since in metals ex- 
change interactions are usually significantly stronger than 
the dipole-dipole interactions. Thus when the conditions 
(29) and (31) are satisfied, the long-wavelength spin dy- 
namics has a magnon character. Of course, the contribu- 
tion of these excitations to the thermodynamic parameters 
is negligible; the main fraction of the spectral density of 
spin fluctuations in the para-phase is incoherent and deter- 
mined by the short-range RKKY potentials. Spin-waves 
can appear in the long-wavelength response of a supercon- 
ductor with magnetic impurities. 

We present below the experimental evidence, obtained 
in EPR studies performed in La, -,ErX thin films, for spin- 
wave effects in a superconductor with magnetic impurities. 

2. EXPERIMENT 

2.1. Sample preparation 

Films of Lal-,ErX with x=0.008-0.02 and thickness 
L =2500-5000 A were prepared by separate thermal evap- 
oration of the components from tantalum crucibles. The 
initial components were 99.88 wt.% lanthanum and 99.95 
wt.% erbium. The substrates consisted of polished 15 
x 4 x  1 mm3 wafers of optically pure quartz. Just before 
each film is sputtered, a 100 A thick sublayer of silicon 
monoxide was deposited on the substrate. The prepared 
film was coated, immediately after sputtering, with a pro- 
tective layer of silicon monoxide with a thickness of the 
order of 3000 A. The thickness of the films and the depo- 
sition rate were monitored with the help of a KIT-1 quartz 
thickness meter. The distance from the evaporator to the 
substrate was 15 cm. In order to decrease the content of 
volatile impurities in the initial material the crucibles were 
heated, prior to sputtering, for a long time at temperatures 
close to the evaporation temperatures. Sputtering was 
started after the evaporation chamber was outgassed and 
when a vacuum of 5 - lo-' Torr was obtained. The erbium 
evaporation rate required in order to obtain a given impu- 
rity concentration was established first. Next, the lantha- 
num evaporator was heated, and sputtering was conducted 
after the time required for establishing a constant evapo- 
ration rate had elapsed. In a number of cases the vacuum 
achieved could not be maintained during the sputtering 
process, and by the end of film deposition the pressure in 
the chamber rose to the value 5 .  Torr. The film sput- 
tering rate was - 2 a lo3 A/min. 

It is well known that lanthanum crystallizes as a mix- 
ture of two modifications with face-centered cubic (P-La) 
and hexagonal (a-La) lattices. X-ray structural analysis of 
the samples showed that the Lal-,Er, films have mainly 
(270%) an fcc structure with lattice parameter a z 5.304 
A, corresponding to P-phase lanthanum. As far as the hex- 
agonal a-phase is concerned, its presence is not revealed by 
EPR measurements, since the EPR signal of ~ r ~ +  ions in 
the polycrystalline a-phase is suppressed by the strong 
g-factor anisotropy in a hexagonal crystal field.3 

Twenty samples with different erbium concentrations 
and thicknesses were prepared. For detailed studies six 
samples were chosen: C7 (L=2500 A, x=0.014), C12 
(L=2900 A, x=0.02), H5 (L=3380 A, ~ = 0 . 0 2 ) ,  C9 
(L=4030 A, x=0.009), N6 (L=4800 A, x=0.016), N9 
(L=4800 A, x=0.014), which were prepared without de- 
stroying the vacuum, and H1 (L=2400 A, x=0.008) 
from the group sputtered with a vacuum of 5 .  loe6 Torr. 
The remaining samples were rejected, because they were 
prepared under variable conditions. 
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TABLE I. Technological and superconducting parameters of film and 
bulk samples [P-pressure in the evaporation chamber, AT,-width of 
the superconducting transition, p(T,)-residual resistivity]. 

P, L, H,,Oe T, AT, p(T,), 
Sample Torr A x at 4.2 K K K pR .cm 

H1 5 .  2400 0.008 3700 4.54 0.1 19.2 
H5 5 .  lo-' 3380 0.02 4900 4.80 0.05 4.8 
M-1* - bulk 0.01 2400 5.45 - 4.4 
M-1.75* - bulk 0.0175 1500 5.10 - 6.6 

 h he data for M-1 and M-1.75 were taken from Ref. 3. 

2.2. Electric resistance and superconducting critical 
parameters 

The resistivity p of the sample films was measured by 
the four-contact method using dc and clamped contacts. 
The critical temperature T, and the upper critical field Hc2 
were determined at the points where the resistivity was half 
its value at the start of the superconducting transition. It 
was established that the residual resistivity and the critical 
temperature T, are determined more by the sputtering con- 
ditions than the erbium concentration. This can be verified 
by analyzing the data given in Table I, where, as an exam- 
ple, data are presented for two typical representatives of 
groups of samples obtained with low (5 Torr) and 
high (5 .  Torr) vacuum. Table I also gives data from 
Ref. 3 for bulk samples with close erbium concentrations. 
Figure 1 displays the temperature dependence of the upper 
critical field HC2 for the sample H1 and H5 with the mag- 

FIG. 1 .  Temperature dependences of the upper critical field with the 
magnetic field oriented parallel to the plane of the film for samples H1 
(0)  and H5 (W) .  A-data taken from Ref. 3 for a bulk sample with 
x=0.02. 

FIG. 2. Magnetization curves for sample H5 with the magnetic field 
oriented parallel to the sample plane with T=4.2 K (0)  and T=2.64 K 
(0).  

netic field oriented parallel to the plane of the film. The 
values of Hc2 obtained for the perpendicular orientation 
were found to be 10% lower. 

2.3. Magnetization in the superconducting state 

Apparatus for measuring magnetic susceptibility by 
the Faraday method was used to obtain the magnetization 
curves. When the magnetic field was perpendicular to the 
plane of the samples the magnetization curves were found 
to be significantly irreversible: Increasing the magnetic 
field and then decreasing it to zero resulted in significant 
magnetic-flux trapping by the sample. In the case of par- 
allel orientation the magnetization curves, as a rule, were 
found to be reversible. The form of the magnetization 
curves in the case of parallel orientation is displayed in Fig. 
2 for one of the samples. In a superconductor, after reach- 
ing a maximum near the lower critical field Hcl the mag- 
netic moment usually decreases continuously to Hc2. In our 
films, however, at low temperatures an anomaly is ob- 
served in the magnetization curves in fields H,, < H < Hc2. 
This anomaly could be due to the presence of a large num- 
ber of pinning centers in our samples. The same picture 
was observed previously in bulk lanthanum samples doped 
with erbium.I7 

2.4. Electron paramagnetic resonance 

The EPR measurements were performed on a Brueker 
B-ER 41gS spectrometer at 9.5 GHz at temperatures in the 
range 1.5-20 K. A rectangular cavity of the TE102 type 
was used for the experiments. The magnetic component H1 
of the microwave field was oriented perpendicular to the 
constant external magnetic field H. In order to study the 
angular dependence of the EPR spectrum, the angle 6 be- 
tween the field H and the plane of the sample was varied. 
In so doing, the alternating field H ,  always remained in the 
plane of the sample. 

A single EPR line with g-factor close to 6.8 was ob- 
served for all experimental samples in the normal state. 
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FIG. 3. EPR signal traces for sample N9 at different temperatures 

1.6K with the magnetic field oriented perpendicular ( I )  and parallel ( 2  
and 3) to the plane of the film. The dashed lines are the computed 
spectra. The relative intensities and arrangement of the spin-wave 
resonance lines in the computed spectra are indicated beneath each 
spectrum. 

3,95K ----' 
r 

- 

The derivative of the absorbed power dP/dH was symmet- 
ric. As in the case of bulk samples,3 the EPR line width 
increased linearly with temperature, evidently owing to the 
Korringa relaxation mechanism, and its concentration de- 
pendence at T = const was found to be linear. The position 
and shape of the EPR line remained virtually unchanged as 
a function of the angle 6 between the sample plane and the 
direction of the constant magnetic field. 

As the samples passed into the superconducting state, 
the "zero line," reflecting the magnetic-field dependence of 
the nonresonance part of the surface impedance, behaved 
nonmonotonically and the noise level increased sharply, as 
is usually observed also in bulk superconductors. The most 
interesting observation in the superconducting state is the 
behavior of the line shape of the absorption signal. When 
the constant magnetic field is perpendicular to the plane of 
the films, the width and shape of the lines was virtually 
temperature independent. In a longitudinal magnetic field, 
however, the high-field peak of the resonance signal be- 
came sharply distorted as the temperature decreased. This 
effect is demonstrated by the EPR spectra of sample N9, 
which are displayed in Fig. 3. The same pattern is also 
observed for all other samples prepared in high vacuum 
(see Fig. 4, curves 1-4). The degree of distortion of the 
high-field wing of the absorption signal depended on the 
temperature, on the thickness of the film, and on the er- 
bium concentration in the sample. As for sample H1 (pre- 

pared in low vacuum), its absorption line shape remained 
virtually unchanged right down to the lowest temperatures 
(see Fig. 4, curve 5). 

3. ANALYSIS OF RESULTS 

3.1. Normal state 

At temperatures above T ,  the derivative dP/dH for the 
resonance line with gz6 .8  was approximately symmetric 
in all of the experimental samples. In metals the shape of 
the EPR line is, generally speaking, asymmetric because 
the absorbed power is determined by a mixture of disper- 
sion X' and absorption X" curves, because as it penetrates 
into the metal the electromagnetic field changes in both 
amplitude and phase. As the film thickness decreases to 
values less than the skin depth S, the contribution of X' to 
the resonance signal decreases and the line becomes more 
symmetric. At temperatures close to T ,  in our samples S is 
of the order of 5 pm and L/6<0.1. In this case the con- 
tribution of dispersion is negligible,I8 as is observed in ex- 
periment. 

The value of the g-factor of the EPR signal and the 
absence of angular dependence of the spectrum indicate 
that the resonance signal is due to ~ r ~ +  ions in a cubic 
environment, and the ground state is the isotropic doublet 
r, with g=6.77, just as in bulk samples.3 The dependence 
of the linewidth on the erbium concentration was found to 
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_ _ _ - * -  FIG. 4. EPR signal traces for samples C7 ( I ) ,  H5 ( 2 ) ,  C9 ( 3 ) ,  N9 _- - -  
( 4 ) ,  H1 (5) at a temperature of 1.6 K with the magnetic field 
oriented parallel to the surface of the film. The dashed lines were 
computed. 

4 

_____ - - - - - -  

be close to that observed previously in bulk samples. The 
latter observation confirmed further that the computed er- 
bium content in the samples was close to the real one. 

3.2. Superconducting state 

It is well known that the EPR line shape changes sig- 
nificantly on going from the normal into the superconduct- 
ing state. First, the amplitude of the alternating field in the 
superconductor decreases over a shorter distance than that 
over which the phase changes, and for this reason in a 
superconductor X" determines the absorbed power to a 
larger extent than does X'.'9 Second, since the distribution 
of the constant magnetic field in the sample is nonuniform, 
the lineshape is a convolution of a homogeneously broad- 
ened line ax'+~" and the distribution function of the lo- 
cal fields in a unit cell of a vortical l a t t i ~ e . ~  We shall discuss 
the possibility that in our experiments this distorts the 
EPR lineshape. 

Judging from the magnetization curves (Fig. 2 )  the 
anomalous shape of the EPR signal in the superconducting 
state with the external magnetic field oriented parallel to 
the sample plane cannot be due to the nonuniform distri- 
bution of the magnetic field in the vortex lattice. The point 
is that the degree of nonuniformity can be estimated from 
the values of the magnetization in the corresponding mag- 
netic fields. An estimate of the amplitude of the variation 
of the magnetic field with the external magnetic field close 

in magnitude to the resonance field ( H o z  1000 Oe) in ac- 
cordance with the expression H,,, - Hmi,,= 1.46 .4n-M 
(Ref. 20) shows that, for example, H,,,- H m i , z  50 Oe at 
T=2.6 K (see Fig. 2). This is approximately 1.5 times 
smaller than the corresponding value obtained for bulk 
samples.3 In bulk samples, however, the nonuniformities of 
the magnetic field in the vortex lattice result in inhomoge- 
neous broadening of the resonance line but do not appre- 
ciably distort its shape. It is thus difficult to expect smaller 
nonuniformities of the magnetic field in the film samples to 
lead to the observed distortion of the EPR signal. 

It remains to examine the possibility that the distortion 
of the signal shape in the high-field wing is caused by ad- 
ditional absorption of microwave energy by nonuniform 
spin-wave oscillations of the impurity magnetic moments. 
The energy of a spin-wave with momentum q, is deter- 
mined by the expression (26 ) :  

Hence it is evident that the magnon absorption lines for 
magnons with q,#O should appear on the high-field wing 
of the principal resonance: 

where gPHo is the working frequency of the spectrometer. 
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Using the expression (26) for D and the more accurate 
expression for the Fourier transform J,(q), the resonance 
field Hn can be written as 

As far as the allowed values of the momentum q, and the 
intensity of the spin-wave satellites are concerned, they are 
determined by the boundary conditions at the surface of 
the film and the degree of nonuniformity of the microwave 
field Hl(z) .  In the case of symmetric bilateral excitation 

where H1 is the amplitude of the incident wave and a ( o )  
is the complex conductivity at the resonance frequency. In 
order to find the power absorbed by the spins, it is neces- 
sary to solve the Bloch equation ( D= D' - iD") 

with the boundary condition 

The dimensionless phenomenological parameter 
O<E < cu on the right-hand side of Eq. (35) accounts for 
the loss of nonequilibrium magnetization at the boundary. 
In this case the main physical reason for this loss is un- 
avoidable lattice deformations in the surface layer, since 
the thermal expansion coefficient of the lanthanum film 
differs strongly from that of the silicon monoxide layers 
coating the film on both sides. Lattice distortions result in 
admixing of the upper-lying states of the erbium ion to the 
ground-state doublet I?, in a crystal field and they shift the 
g-factor. Such random shifts of the g-factor of erbium ions 
at the surface detune the ions from resonance, and this can 
be represented phenomenologically as suppression of re- 
sponse due to effective surface relaxation (35). Large val- 
ues of E actually correspond physically to complete detun- 
ing of resonance at the boundary: S-  ( * L/2) =0, and they 
presuppose strong nonuniform lattice distortions near the 
film boundary. 

The field dependence of the absorbed power can be 
found by determining the function S-(w,z) from Eqs. 
(34) and (35) and integrating it with the field Hl (z) (33): 

X (x sh x ch xo-xo sh xo ch x), (37) 

where 

We now consider the position of the satellite absorption 
lines [determined by the poles of the expression (36)] and 
their intensity in two opposite situations: 

a)  In the case of "free" boundaries, E=O, the poles of 
the expression (36) are determined by the roots of the 
equation 

and the absorption is due to excitations with momenta 

and is given by the relation 

The relative intensity of the lines of different harmonics is 

where I. is the intensity of the principal line with n=O. 
b) In the other limiting case, E= C U ,  the poles of the 

expression (36) are determined by the zeros of the func- 
tion cosh(kL/2) and only the odd harmonics qn=m/L,  
where n =  1,3,5, ..., participate in absorption; their intensi- 
ties are given by 

In this case satellite lines appear even in a uniform micro- 
wave field, ko=O. However, they are not very noticeable 
because the intensity decreases very rapidly with increasing 
n, since I,, o: l/q; when ko=O. The effect of surface relax- 
ation becomes important for ko#O; it results, as is seen by 
comparing Eqs. (42) and (41), in "transfer" of intensity 
from the principal line to lines corresponding to magnons 
with q- ko. 

The inverse penetration depth k0(33) of the micro- 
wave field is determined by the conductivity o(w). It is 
well known that in type-I1 superconductors with a vortex 
lattice the conductivity is anisotropic and depends strongly 
on the relative orientation of the constant magnetic field H 
and the electric component El  of the microwave field in the 
sample. This is connected with the modulation of the order 
parameter A of the microwave fielde2' Thus, if ElllH (in 
our case this corresponds to H parallel to the film), then at 
low frequencies w(A the conductivity is determined 
mainly by the imaginary part: a(w) -- -ira,(A/w) 
x tanh(A/2T), where an is the normal-metal conductiv- 
ity. In this case the effective skin depth 

is small compared to L, and the intensity of the first spin- 
wave satellite line is comparable to the intensity of the 
principal absorption line. [Here A(0) is the London screen- 
ing length at T=O.] If, however, the constant field is per- 
pendicular to the plane of the film, then E l l  H and the 
conductivity a (@)  is small:22 
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In this case the effective penetration depth of the micro- 
wave field is greater than in a longitudinal field: 

Thus the distribution of the microwave field in a su- 
perconducting film is most nonuniform in the case of a 
longitudinal field. For this reason it is in this geometry that 
spin-wave effects can be expected to be strongest. To cal- 
culate the spectra with the help of the expressions (32), 
(41), and (42) it is necessary to know the parameters of 
the experimental samples: the coherence length f and the 
inverse penetration depth ko of the microwave field. 

The coherence length f can be roughly estimated from 
measurements of the critical field Hc2 of bulk samples.3 In 
accordance to the interpretation given in Ref. 3 for the 
P-lanthanum results, the extrapolated value Hc2 ( T = 0) z 8 
kOe (see Fig. 1 ), whence follows the estimate f (0) ~ 2 0 0  
A. 

According to Eqs. (43) and (44), to estimate ko with 
magnetic fields parallel and perpendicular to the plane of 
the film it is necessary to know the London penetration 
depth A. of the magnetic field in the sample and the upper 
critical field H,, in the perpendicular orientation of the 
magnetic field. As indicated in Sec. 2.2, the latter quantity 
is 10% smaller than the parallel-orientation Hc2, whose 
temperature dependence is displayed in Fig. 1. The quan- 
tity A can be estimated from our experimental data. First, 
this can be done using the diamagnetic susceptibility of 
samples in fields less than Hcl. Extrapolation of the A. ob- 
tained in this manner gave to low temperatures A (0) ~ 7 0 0  
A. Second, the penetration depth can be estimated by com- 
paring the values of the thermodynamic critical fields for a 
film in parallel orientation and for a bulk sample.22 For the 
sample H5 this gives A (0) z 500 A. Finally, the penetra- 
tion depth can be estimated directly from the decrease in 
the EPR signal strength in a transition from the normal 
into the superconducting state. The obtained A(0) ranged 
from 650 to 700 A. Thus the possible values of A.(O) range 
from 500 to 700 A. 

In the calculations it was assumed that f and A vary 
with temperature as 

Calculations of the spectra performed for the two lim- 
iting cases of nonequilibrium magnetization at the bound- 
ary showed that in the case a (E=O) the experimentally 
observed spectra cannot be satisfactorily explained for any 
reasonable variations of the London length A. and the co- 
herence length f about the values indicated above. This 
concerns especially the case of thin samples. For strong 
surface relaxation (case b), however, qualitative agreement 
with the EPR data on the changes in the line-shape with 
decreasing temperature and rotation of the sample is ob- 
tained for films of different thickness. In this case the spec- 
tra of all samples can be satisfactorily described by choos- 
ing the same values f (0 )  = 200 A, A. (0) = 600 A, and 
A (0) = 1.75 T,. The main adjustable parameter was 

which entered in the expression (32) and was fitted for 
each spectrum individually. A much better fit of the spec- 
tra was obtained by allowing for the increase in the damp- 
ing of spin waves with increasing wave vector. For this, the 
wave-vector dependence of the linewidth of the satellite 
was incorporated into the computational program in the 
form 

The value of a was chosen for all spectra for each sample 
and it was unchanged by the choice of A. Analysis showed 
that the values of the damping constant yy = Dq2 (27) 
associated with thermal fluctuations of the exchange field 
are patently inadequate for describing the spectra. Thus for 
x=0.01 and T =  1.6 K the ratio of the additional broad- 
ening of the satellite line to its shift is, according to (29), 
D'q2/ D"q2 z 0.0 1, which is several times less than re- 
quired. In reality, the spread in the thickness over the sam- 
ple, which leads to a momentum uncertainty Sq,-SL/L 
and to a corresponding broadening of the satellite by an 
amount - ( ~ q ; )  (26 L/L), apparently makes the main 
contribution to this behavior of the broadening. Thus it can 
be expected that in the case when the evaporator and the 
substrate are separated by a distance - 15 cm and the size 
of the substrate is - 1.5 cm the film thickness will differ 
from the center to the periphery by the amount 6L/ 
L -0.05. The computed values of a varied from sample to 
sample within the range 2 10-~-10-'~ Oe cm2, which 
corresponds to broadening of the first satellite lines by sev- 
eral percent of their shift. 

Thus, when surface relaxation is strong, the tempera- 
ture and orientational behavior of the spectra of all exper- 
imental samples can be accounted for by varying the single 
adjustable parameter A. Examples of such fits are displayed 
in Figs. 3 and 4. Figure 3 illustrates the correspondence of 
the computed and experimental spectra when the temper- 
ature and orientational dependences are described. Figure 
4 displays an example of the description of parallel- 
orientation experimental spectra at the lowest temperature 
for four samples of different thickness (spectra 1-4). Bear- 
ing in mind superposition of the resonance experimental 
spectra on the nonmonotonic "zero" line (the latter is as- 
sociated with the field dependence of the surface imped- 
ance of the superconductor), the figure shows that the 
computed spectra account well for the basic features of the 
experimental spectra in the region of resonance absorption. 
Thus all information about the dependence of the spectra 
on the temperature and orientation is contained in the pa- 
rameter A (46), whose temperature dependence is shown 
in Fig. 5. This figure actually reflects the 6x(T)  depen- 
dence [see the expression (46)]. The solid line in the figure 
corresponds to the temperature dependence SX( T )  for a 
BCS superconductor23 and J&(S+ 1 )/3 ~ 4 0  K. Since the 
constant Jo is determined by the spatial integral of the 
RKKY interaction, the quantity A can be expressed in 
terms of the paramagnetic Curie temperature O as 
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FIG. 5. The parameter A as a function of the reduced temperature for 
samples N9 (m), C9 (a), H5 ( A ), and C7 ( 0 ). The solid line cor- 
responds to SX( T )  of a BCS superconductor. 

whence follows the estimate @(x=  1) ~ 4 0  K. The similar by the Suhl-Nakamura i n t e r a ~ t i o n , ~ ~  and spin-waves in a 
agreement with the paramagnetic temperature for pure er- paramagnetic Fermi liquid in a magnetic field, as observed 
bium (eE,=41 K )  seems accidental, since it is difficult to in EPR experiments.25 
expect 6% in the sample with paramagnetic impurity in a 
magnetic field to come close to unity. Knowing A it is 

"~reliminary results were published in Ref. 2. 
possible to determine the spin rigidity coefficient D" from 
Eq. (26): at T =  1.6 K with x=0.01, D" =0.04 cm2/sec. 

As far as the low-vacuum sample H1 is concerned, in 
our opinion no appreciable spin-wave effects are observed 
in it because, as is evident from Table I, the residual resis- 
tivity of this sample is approximately four times that of the 
high-vacuum sample H5. This means that the mean-free 
path 1 of conduction electrons and correspondingly the ri- 
gidity coefficient of the spin-wave are four times smaller, 
since D" -c2, and the coherence length of the dirty super- 
conductor is c- (coI)"2. This conjecture is confirmed in 
Fig. 4 (spectrum 5 ) ,  which shows the computed spectrum 
with the same interaction constant Jo as for sample H5 but 
with a shorter coherence length c= 100 A. 

Thus we can assert confidently on the basis of the ob- 
served anomalous lineshape and its dependence on the 
temperature and thickness of the samples and on the ge- 
ometry of the experiment that we have observed spin-wave 
effects. 

In summary, it has been shown above that coherent 
spin-wave excitations of a system of paramagnetic impuri- 
ties are present in a superconductor placed in a magnetic 
field. These excitations are a consequence of the strongly 
nonlocal character of the spin susceptibility of the super- 
conductor, and their observation is a direct confirmation of 
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