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The cross section for the bremsstrahlung of a relativistic charged particle scattered by an atom is 
calculated. In contrast with the customary use of the screening approximation, the effect of an 
atomic electron on the bremsstrahlung is taken into account exactly. The atomic electron is 
treated as a moving particle interacting with the electromagnetic field, not simply as a source of a 
static external field. As a result, a new (dynamic) term appears in the transition amplitude in 
addition to the static term, which leads to the Bethe-Heitler expression. The corresponding cross 
section-the cross section for dynamic bremsstrahlung-is significantly larger than the cross 
section for static bremsstrahlung in certain intervals of the frequency and of the photon emission 
direction. 

Bethe and Heitlerl*' derived a theory for the brems- 
strahlung of a relativistic charged particle in a given external 
field. Their formulation of the problem is exact for the 
bremsstrahlung of an electron in the field of a bare nucleus, 
since the large mass of the nucleus in comparison with that of 
the electron allows us to assume that the nucleus remains 
fixed before and after the collision. Bethe and Heitler also 
treated the effect of an atomic electron on the bremsstrah- 
lung by a charged particle in a given field. They introduced 
the static field of an atomic electron which screens the nu- 
clear charge Z /el in the relativistic Hamiltonian of the inci- 
dent particle. This is the screening approximation. This for- 
mulation of the problem has the obvious shortcoming that it 
does not allow us to take the limit Z = 0 to deal with the 
bremsstrahlung of an incident particle in a collision with a 
free electron. (At Z = 0, when the field of the nucleus disap- 
pears, the scattering of the incident particle by an atom goes 
over to scattering by a free electron. This is of course also 
true of scattering accompanied by the emission of a photon, 
i.e., bremsstrahlung.) Just how important this shortcoming 
is can be seen from the following discussion. We assume that 
the incident particle (of mass ml and charge el) is heavy-a 
meson or a proton. In scattering in a given static field, classi- 
cal electrodynamics and quantum electrodynamics then 
lead to identical bremsstrahlung cross sections, which are 
smaller by a factor of (m,/m)2 than the cross section for the 
bremsstrahlung of an electron (of mass m) in the same field if 
the electron velocity is the same as that of the incident heavy 
particle. We now transform to a frame of reference in which 
the heavy particle is at rest. In this frame the atom is incident 
on the heavy particle. Under certain  condition^,^ the atomic 
electron may be treated as free. The bremsstrahlung which 
arises when the atom collides with the heavy particle should 
then be roughly the same as the bremsstrahlung in the scat- 
tering of an electron in the prescribed Coulomb field of the 
heavy particle. The cross section which is calculated in the 
screening approximation for the bremsstrahlung of a heavy 
charged particle scattered by an atom thus turns out to be 
substantially too small by a factor of (ml/m)2. 

The inadequacy of the screening approximation was re- 
cognized a long time ago, apparently first by Landau and 
R ~ m e r . ~  In their 1938 paper,4 the atomic electrons were 

treated as free, with the result the factor of Z ' in the brems- 
strahlung cross section is replaced by a factor of Z (Z + 1). 

There is accordingly a need for a systematic formula- 
tion of the problem of the bremsstrahlung in scattering by an 
atom, with the atomic electron treated on an equal footing 
with the incident particle, i.e., as a moving particle which is 
interacting with a quantized electromagnetic field. The 
problem of the bremsstrahlung of a nonrelativistic charged 
particle scattered by an atom has been solved rigorously in 
several recent The familiar static term in the 
bremsstrahlung amplitude becomes supplemented with a 
new-dynamic-term. The bremsstrahlung amplitude now 
consists of two terms, which describe static bremsstrahlung 
and dynamic bremsstrahlung. In a certain frequency inter- 
val the dynamic term turns out to be larger than the static 
term, giving rise to new results in the theoretical description 
of bremsstrahlung. In particular, when the frequency of the 
bremsstrahlung photon is near an atomic absorption fre- 
quency resonant bremsstrahlung, a resonant structural fea- 
ture in the bremsstrahlung cross section,  occur^.^ Particu- 
larly noteworthy in this regard are Refs. 12-14, where 
experimental data were interpreted as evidence of dynamic 
bremsstrahlung. Wendin and Nuroch12 start from the equa- 
tions of the nonrelativistic theory of resonant bremsstrah- 
lung, while a more comprehensive theory is used in Refs. 13 
and 14. 

It should be noted that the dynamic theory is required 
not only for bremsstrahlung in scattering by an atom but also 
for bremsstrahlung in a plasma or a condensed medium. An 
effect analogous to this dynamic bremsstrahlung-transi- 
tion bremsstrahlung in a plasma-was proposed and studied 
in Refs. 15 and 16. Ter-Mikaelyanl' has pointed out a defi- 
ciency of the screening theory in condensed media. 

With the tools which have been developed in quantum 
electrodynamics it is now possible to systematically formu- 
late and solve the problem of the bremsstrahlung of a relativ- 
istic charged particle scattered by an atom. 

We thus consider the relativistic problem of the brems- 
strahlung in scattering by a hydrogen atom or a hydrogen- 
like ion. For definiteness we assume that the incident parti- 
cle is described by the Dirac equation. We assume that the 
nucleus is immobile and is the source of a static Coulomb 

930 Sov. Phys. JETP 61 (5), May 1985 0038-5646/85/050930-07$04.00 @ 1985 American Institute of Physics 930 



field, while the initial and final velocities of the incident par- 
ticle satisfy the condition u , ~  ) Z lee, I .  (We are using a sys- 
tem of units with f i  = c = 1 .) The operators representing the 
electron-positron field and the field of the incident particle 
must then be expanded in the wave functions which are the 
exact solutions of the Dirac equation in the external field (the 
Furry representation). We will use this representation only 
for the atomic electron; we assume that the incident particle 
is free (i.e., we use the Born approximation). 

We use standard perturbation theory. Figure 1 shows 
the Feynman diagrams for the spontaneous emission of a 
single photon when a charged incident particle is scattered 
by an atom in first-order perturbation theory. Here a thin 
solid line corresponds to a free incident particle, and a thick 
solid line corresponds to an atomic electron in the nuclear 
field. The sloping lines represent the initial and final states of 
the incident particle ( 1  pi ) and ( p 1 )  and of an atomic elec- 
tron (Ini ) and ( n  I), and horizontal lines represent particle 
propagators. A thin line represents a free incident particle, 
and a thick line an electron in a nuclear field. The vertical 
dashed lines in the first two diagrams represent the interac- 
tion of the incident particle with the nuclear field, while 
those in the other diagrams represent the photon propaga- 
tor. The vertical wavy line represents an emitted photon. 
The first four diagrams describe the "emission of a photon 
by the incident particle" in scattering by a nucleus (the first 
pair of diagrams) and in scattering by an atomic electron (the 
second pair). The last two diagrams describe the "emission 
of a photon by an atomic electron" in the scattering of the 
incident particle by this electron. When the incident particle 
is an electron, it is generally necessary to also consider the 
terms in the transition amplitude which are described by 
exchange diagrams ( ( n  1 ++ ( p 1 ) .  In the Born approxima- 
tion, however, with the velocity of the atomic electron signif- 
icantly less than that of the incident electron, such diagrams 
need not be considered. If there is no atomic electron we are 
left with only the first two diagrams, which describe the 
bremsstrahlung in the field of the nucleus. If there is no nu- 
cleus (2 = O), the last four diagrams describe the brems- 
strahlung in the collision of an incident particle with an elec- 
tron. For this case, the electron propagator in the nuclear 

field must be replaced by the propagator of a free electron. 
Consequently, the limiting case Z = 0 is included in the ex- 
act formulation of the problem. 

Treating the nucleus as fixed before and after the colli- 
sion (i.e., ignoring the recoil of the nucleus), and restricting 
the analysis to a nondegenerate initial state of the atomic 
electron, Ini ), we find the following expression for the differ- 
ential bremsstrahlung cross section: 

E i  
dofi= I T f i  1 6 (ci+En t-cf-En, -o )  dp, dk. (1) 

(an) I pi l 
Here w and k are the energy and momentum of the photon, E 

and p are those of the incident particle, k andp are the corre- 
sponding 4-momenta, and En is the energy of the atomic 
electron. The subscripts i and f specify the initial and final 
states. All quantities refer to the laboratory frame of refer- 
ence, in which the nucleus is at rest. Here dufi  is the differen- 
tial cross section for the emission of a photon into the inter- 
val of states d k and for the simultaneous scattering of the 
incident particle into the interval of states dp f .  The ampli- 
tude Tf, depends on the final state of the atom. Expression 
(1) refers to the case in which the atomic electron remains in 
its initial state or is excited into a state of the discrete spec- 
trum in the course of the bremsstrahlung. If In ) is a state of 
the continuous spectrum of the atomic electron, then expres- 
sion (1) must be changed in the usual way: The right side 
must be multiplied by the final-state density of the atomic 
electron. 

The 6 function in (1) expresses conservation of energy. 
If the atom is excited beforehand, e.g., by light, then the 
incident particle may, as it collides with the excited atom, 
emit a photon with an energy greater than its own energy E~ 

by an amount equal to the atomic excitation energy Eni 
- E n , f .  

The amplitude Tf corresponding to the diagrams in 
Fig. 1 is 

T ~ ~ = T , ~ ~ ~ + T , ~ ~ ~ ,  

FIG. 1. Feynman diagrams describing the 
bremsstrahlung in scattering by an atom. 

931 Sov. Phys. JETP 61 (5), May 1985 Astapenko eta/ 931 



4nj& J,, jEni A:* 
+ 

q E~~ - o- E,,C ie 

q=pt-pi; qI=q+k; pz=pt+ k; ~ i = ~ i - k .  

Here 

XI1 
jnm,=e(nz I y"e-'"'I nI)=inrn, ( x ) ,  (3) 

ab=aab,=aObo-ab, a= (a" = (a0,  a ) ,  x= ( t ,  r ) ,  

The metric, normalization, and notation in (3) are taken 
from Ref. 18: g,, is a metric tensor with zero off-diagonal 
terms and with the diagonal terms goo= 1 and 
g, , '  = g,, = g,, = - 1; ab is the scalar product of the 4- 
vectors a and b; x is the 4-coordinate; y!' are the Dirac matri- 
ces; u = u( p,s) is the bispinor of the relativistic incident par- 
ticle (s is the spin variable); and E=u+yO.  The 
normalization of the bispinors, Eu = 2m1, corresponds to 
the normalization of the wave function of the incident parti- 
cle, Il, (x), to a single particle in the main region with a unit 
volume. The photon wave function A z(x) is normalized to a 
single photon in the main region, and e, a is the polarization 
4-vector which corresponds to the polarization a ,  for which 
we will be using the 3D-transverse gauge e; = (O,ez), 
ezk = 0. To calculate the amplitude T f i  we express the pro- 
pagator of the atomic electron as an expansion in the relativ- 
istic stationary states In) of the electron in the nuclear Cou- 
lomb field ($27 in Ref. 19), where n is the set of quantum 
numbers determining the stationary state of the atom, and 
the sum is over all the states n and also over a repeated index 
p or v. For the photon propagator we use the Feynman 
gauge ($76 in Ref. 18). We first write the amplitude in the 

coordinate representation, after we have carried out all pos- 
sible integrations over the time and the spatial coordinates 
we find that the amplitude has the form (2). The equations 
and the calculations can be simplified substantially, and the 
equations can be made considerably more graphic, by using 
the particle transition currents J and jnLn2 : the transition 
current densities of the incident particle and of the atomic 
electron in the momentum representation without time fac- 
tors [Eq. (43.1 1) in Ref. 181. 

The first term in (2), T;, corresponds to the sum of the 
first four diagrams in Fig. 1. It describes the "emission by the 
incident particle" in a collision with a nucleus and an atomic 
electron (Ty ,  a ece). This is static bremsstrahlung. If the 
state of the atomic does not change as a result of the collision 
("pure bremsstrahlung"), the cross section for the static 
bremsstrahlung is that given by the familiar Bethe-Heitler 
expression. l s 2  The second term in (2), T d;l corresponds to the 
sum of the last two diagrams and describes the "emission by 
the atomic electron" in a collision with the incident particle 
(Td): a e,e2). This term arises only in the systematic formu- 
lation of the problem of bremsstrahlung in scattering by an 
atom, in which the motion of the atomic electron is taken 
into account. This is dynamic bremsstrahlung. The brems- 
strahlung cross section contains terms which corresponds to 
the square modulus of each of the components (the cross 
section for static bremsstrahlung and that for dynamic 
bremsstrahlung) and also an interference term. The struc- 
ture of the amplitude for the dynamic bremsstrahlung is 
demonstrated clearly by the diagrams in Fig. 2, which corre- 
spond to the various components in the sum over n. The 
lower vertices in each diagram correspond to the atomic cur- 
rents, and the upper vertices to the current of the incident 
particle. Relativistic expression (2) for the amplitude T?. 
can be found from the nonrelativistic expression (2) in Ref. 8 
by replacing the charges and 3-currents in the latter expres- 
sion by relativistic Ccurrents, while replacing the 4-momen- 
tum transfer q in the denominator in expression (2) by the 4- 
vector q (in the normalization of the present paper, the 
charge density is numerically equal to the charge; in Ref. 8, it 
is necessary to transform to the system of units used here). 
When this replacement is made, the Fourier transform of the 
Coulomb potential 477/q2 becomes, to within a factor ofg,, , 

I I 
Y7T 1 
3 t k$ FIG. 2. Diagrams corresponding to the various 

I I terms in the amplitude for dyanmic bremsstrah- 
I lung. 

/ - - 

I n > < n l  I n > < n l  
Enf + w - E n ?  io E - w - E , ? i ~  

"i 
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the photon propagator in the momentum representation (the 
tensorg,, becomes the scalar product of 4-vectors). The pro- 
duct of currents and the product of the atomic electron and a 
A :* (the "photon potential") must be understood as four- 
dimensional scalar products. The sum over the intermediate 
states n runs over both electron and positron states. 

Formally, expression (2) is completely relativistic: Both 
the incident particle and the atomic electron are described 
by Dirac bispinors. We restrict the present paper to the ap- 
proximation in which the atomic electron is nonrelativistic 
(Z g 137; )En, - ml, JE,, - m J g m), while the incident 
particle is relativistic. If the condition w ( m also holds, the 
amplitude for the dynamic bremsstrahlung simplifes sub- 
stantially: 

Td,, - hzP1 zli I eg*jnin (k) IC,,2 (0 - vijnll, ( 4 1  ' &  qL ~ ; , ~ + ~ - - E ; , i i r  

In (4), In) is the nonrealistic Schrodinger vector of the sta- 
tionary state of the atom (without the time factor), the opera- 
tor 8,  represents the velocity of the atomic electron, and vi is 
the velocity of the incident particle. In the derivation of (4) 
from (2) it was assumed that J f i ,  the transition 4-curent of 
the incident particle, can be replaced by the 4-current Jii 
under the condition / q /  ( /pi 1 ,  which we assume holds. The 
same approximation is used in the theory for the excitation 
of an atom by a relativistic particle ($82 in Ref. 18). In this 
approximation, the terms containing Pauli matrices drop 
out, so that the effects due to the spin of the incident particle 
also drop out. Expression (4) can be derived from (2) by 
breaking the sum over n in (2) into the two sums 2 + and 2-, 
over states with positive energy and over states with negative 
energy. The calculation of the sum 2-  is exactly the same as 
that for the corresponding sum in relativistic dispersion the- 
ory ($27 in Ref. 19). Since I E ;, , I E ;, I ( m,  we can assume 
that lE ; / ( m also holds (other states do not make much of a 
contribution to 2- because of the small oscillator strengths 
of the corresponding transitions). The denominators in the 
various terms of the sum 2- are then equal to 2m, and intro- 
ducing a projection operator we find a convolution in n, 
which is equal to the last term in (4). To find an expression for 
the sum Z +  which is nonrelativistic in the atomic electron, 
we must replace the relativistic currents of the atomic transi- 
tions in it by non-relativistic currents [Eq. (82.6) in Ref. (IS)]. 
The nonrelativistic current can be found from the relativistic 
current by replacing the bispinors by spinors and by ignoring 
the l/c terms. In this manner we are ignoring effects asso- 
ciated with the spin of the atomic electron. 

We wish to emphasize that in order to incorporate in the 
bremsstrahlung cross section the limiting case of a free elec- 
tron (Z = 0) (mentioned at the beginning of this paper), we 
must carry out a summation over all the final states of the 
atomic electron, Inf ), including an integration over the 
continuum, in (1). Only this complete bremsstrahlung cross 
section allows the limit Z = 0. We now consider the case of 
dynamic "pure bremsstrahlung" (Inf) = Ini )). We first cal- 
culate the cross section for dynamic bremsstrahlung in the 
frequency range w ( p a  ui ( p a  = Ze2m, where me2 is the 
atomic unit of momentum; we have pa vi ~ 3 . 7  . lo3 eV for 
Z = 1 and vi 2 1). Below we will prove rigorously that only 
under the condition w <pa vi is the dynamic pure brems- 
strahlung significant. In this case expression (4) can be sim- 
plified substantially by noting that the cross section for dy- 
namic bremsstrahlung is dominated by small values of ( q ) :  
u/ui < 1q1 < p a .  The lower boundary on the Iql range here is 
imposed by energy conservation. The matrix element 
j On,,, (ql) from (4) falls off sharply at Iq/ >pa because of the 
rapidly oscillating exponential function e-lql' in the inte- 
grand. As for the products j z,, (q) j,,, (k) [like 
j,,,, (k) . j;,, (q)], which enter the sum over n in (4) in the case 
v #  0, we note that they also make a small contribution to the 
cross section at Iq/ > p a .  In this case the transition current 
jz{,(q) is significant only for those intermediate states 
In) = lp) whose wave functions contain the "cancelling" 
factor eiP', p z q  (9148 in Ref. [20]). For such states lp), how- 
ever, the second factor, jnnj(k), is small ( / k  ( p a  for 
w ( p, ui ) and the intermediate state lp) contributes a rapid- 
ly oscillating exponential factor. We can therefore carry out 
a series expansion of all the exponential functions in the ma- 
trix elements jtLn2 and retain only the first nonvanishing 
term. In calculating the integral cross section for dynamic 
bremsstrahlung over q we must then set T;.Y(~) = 0 at 
Iql > p a .  It then becomes possible to express the amplitude 
for the dynamic pure bremsstrahlung in terms of the polariz- 
ability pi (w)  of the atom in state ni ) : 

4n T .dY = - 
1 2  (2no)  '12e,pi ( o )  era' (q+ovi) ; 

q2 
(5) 

Is1 <pa; 

Here f ,,, is the oscillator strength of the transition ni -+ n, 
and r, is the width of the discrete level n (here and below we 
are assuming that Ini ) is the ground state of the atom). Un- 
der the condition A > r, we can ignore effects stemming 
from the level width I?, . In order to transform from expres- 
sion (4), in which there is an expansion of exponential func- 
tions, to expression (5), we need to replace the matrix ele- 
ments of the operator representing the velocity of the atomic 
electron by the matrix elements of the coordinate, making 
use of the completeness of the eigenvectors In) and of the 
commutation rules for the momentum and coordinate oper- 
ators. Making use of the spherical symmetry of the state 
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Ini ), we then find expression (5). Substituting (5) into (I) ,  and 
summing over the polarizations of the photon [see expres- 
sion (45.4b) in Ref. (18)], we find the frequency and angular 
distributions of the dynamic bremsstrahlung: 

muZ 2 d o  PaYUi 
~ 2 . o  (d)' [a;- ~i (o )  ] 1n ti0 (I+cos' 0) sin 0 d0, 

Here 8 is the angle between vi and k; expression (7) and also 
expressions (8)-(10) below are written in the absolute system 
of units. It can be seen from (7) that the angular distribution 
of the dynamic bremsstrahlung does not depend on the ve- 
locity of the incident particle: For all vi ) Z /elel, this distri- 
bution is determined by the slowly varying factor 1 + cos28. 
As for the static bremsstrahlung, we note that the denomina- 
tor of the corresponding cross section contains a factor 
1 - vi cos8 ($28 in Ref. [19]), so that the static bremsstrah- 
lung in the ultrarelativistic limit (y ) 1) is concentrated 
sharply in the forward direction, in a narrow cone around 
the direction of vi. The differential cross section for the dy- 
namic bremsstrahlung at w ( p, ui and y ) 1 is significantly 
larger than the differential cross section for the static brems- 
strahlung everywhere outside the cone in which the static 
bremsstrahlung is concentrated. The spectral cross section 
for dynamic bremsstrahlung corresponding to (7) takes the 
following form after integration over all 8: 

In the nonrelativistic limit (y  =: I), expression (8) becomes the 
corresponding expression of the nonrelativistic theory, de- 
rived by Zoa9  For comparison, here is the spectral cross 
section for the static bremsstrahlung of a particle of mass m, 
in scattering by a hydrogen-like ion for vi =: 1 and for the case 
of complete screening, i.e., under the condition w <pa y2 (993 
in Ref. 1181): 

From (8) and (9) we find some characteristic differences 
between the cross sections for dynamic and static brems- 
strahlung: 

1. There are differences in the dependence on the mass 
of the incident particle. The cross section for the dynamic 
bremsstrahlung does not depend on the mass m, at a given 
velocity vi , while the cross section for the static bremsstrah- 
lung is inversely proportional to the square of m ,. 

2. The dynamic bremsstrahlung and the static brems- 
strahlung have different spectra. The frequency dependence 
of the cross section for the dynamic bremsstrahlung is deter- 
mined primarily by the factor f l  :(w)w3. 

3. The cross section for the static bremsstrahlung, (9), 
has a strong dependence on the nuclear charge Z, in contrast 

with the cross section for the dynamic bremsstrahlung, (8). 
4. In the ultrarelativistic limit (y  ) 1) the cross section 

for the dynamic bremsstrahlung increases logarithmically 
with the energy of the incident particle, while the cross sec- 
tion for the static bremsstrahlung does not depend on the 
energy of the incident particle at w < y2pa. 

It follows from (8) and (7) that the cross section for the 
dynamic bremsstrahlung increases significantly if there is a 
resonant intermediate level (T, ( A ( w,,,). A resonant 
bremsstrahlung arises. The situation here is analogous to 
that in the resonant two-photon absorption and the resonant 
scattering of light by an atom: The probabilities for these 
processes also increase significantly when there is a resonant 
intermediate level. This analogy can be pursued in the fol- 
lowing way: Resonant bremsstrahlung, like resonant scat- 
tering and resonant two-photon absorption, is a "direct" 
process; i.e., it occurs without any real filling of an interme- 
diate level. Level n begins to be filled under the condition 
A < T, : The atom is excited by electron impact, and then a 
photon is emitted. A "cascade process" occurs. This case 
requires a more complicated analysis, and we will not con- 
sider it further here. We do wish to emphasize that in the 
case of resonant bremsstrahlung (A ) T,) energy is con- 
served for the direct process [the S-function in (I)]. The rela- 
tion between the direct and cascade processes in the resonant 
scattering of light and in resonant two-photon absorption 
was studied in Refs. (21-23). 

Let us use (8) and (9) to estimate d 8 B  (w)/ddt (w) for the 
case of the bremsstrahlung emitted by an electron as it is 
scattered by a hydrogen atom. From (8) and (6) we find an 
expression for resonant bremsstrahlung: 

In deriving (10) we used an expression for the resonant polar- 
izability of the atom: f l i  (w)=e2 f .,. /2mwA. From (10) and 
(9), and for the parameter values corresponding to the 
1s -+ 2p transition in the hydrogen atom, with y = 10 and 
w/A = lo2, we find the estimate daRB/ddt = lo3 for the ra- 
tio of the cross sections for resonant bremsstrahlung and 
static bremsstrahlung. For these particular parameter val- 
ues, the condition A > T, holds. The corresponding esti- 
mate for a nonrelativistic incident electron was made in Ref. 
(5). 

We now consider the dynamic bremsstrahlung in the 
frequency interval I < w ( m where I is the ionization poten- 
tial of the atom. In this case we can simplify (4), noting that 
the sum over n is dominated by transitions in the intermedi- 
ate states nearest In, ), for which the oscillator strength has a 
significant value. In the frequency interval under considera- 
tion here, we have w,,, < o for these transitions, and we can 
expand (4) in powers of w,,, /w. In this case the transitions 
corresponding to the resonant terms are linked with states of 
the continuous spectrum of the atomic electron. The integra- 
tion over intermediate states in (4) erases the resonance, and 
the corresponding terms make a negligible contribution to 
the large-w limit because of the small numerator. An analo- 
gous situation arises in the theory of dielectric permeability, 
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because the dielectric permeability of any medium is de- 
scribed in the high frequency limit by the expression for a 
free electron ($78 in Ref. [24]). Retaining only the zeroth 
term in the expansion in powers of a,,( /w, we find that the 
sums over n is eliminated by virtue of the completeness of the 
system of eigenvectors In), and for the amplitude for the 
pure dynamic bremsstrahlung we find 

Calculations show that the correction to (1 1) is of order (I / 
w ) ~ .  Substituting (I 1) into (I) ,  and summing over the polari- 
zations of the photon, we find the following expression for 
the spectral cross section of the dynamic bremsstrahlung: 

( [ k ,  q f o v i ]  ( ' 6  ( o f  qvi) 
d~,,~y=Go --- 

(q2-02)  (1+qt2/4paZ) 
dq dk, 

(12) 

Expanding the integral in (12) in a series in the small param- 
eter w(1 + ui)/2pa vi, and retaining the leading term of the 
expansion, we find 

Let us compare (13) and (8). If we replace Pi (a) in expression 
(8) at w > I  by the polarizability of a free electron,Pi =: - e2/ 
mu2, we find (13) from (8). The condition w < p, vi allows us 
to ignore the factor of 241 + vi ) in the logarithm in (1 3). For 
I < w g pa v, , expression (1 3) is thus the same as (8). It follows 
from (1 3) that the cross section for the pure dynamic brems- 
strahlung of an electron has a significant value, comparable 
to that of static bremsstrahlung, in the frequency interval 
I < w < 2pa vi /(1 + vi ). Analysis of (12) shows that at 
w > 2p, vi /(1 + vi ) the cross section for the dynamic brems- 
strahlung is small, since it is proportional to small param- 
eters: In the interval 2p, ui /(1 + ui ) < w < min {m,2pa vi / 
(1 - vi ) )  the cross section is 

doiidy/do- (2pavi/o ( l+vi)  ) '; 

while in the interval 2pa vi /(1 - v i  ) < w g m it is 

It can be shown that at w > 2pa vi /(1 + vi ) the cross sec- 
tion for the dynamic bremsstrahlung is dominated by an- 
other process: bremsstrahlung accompanied by simulta- 
neous excitation of the atom. 

In summary, a systematic dynamic theory of brems- 
strahlung in scattering by an atom reveals some important 
new results. This derivation can be generalized to the case of 
large Z, where relativistic effects are important for the atom- 
ic electron. At large Z we cannot ignore the effect of the 
nuclear field on the incident particle. The amplitude for the 
dynamic bremsstrahlung is described again in this case by 

the diagrams in Fig. 1, but the Furry representation now 
applies not only to the atomic electron but also to the inci- 
dent particle. 

The dynamic bremsstrahlung has characteristics which 
distinguish it from other types of radiation. There is a clear 
need for experiments designed especially to observe dynamic 
bremsstrahlung in atomic and molecular gases and also in 
condensed media. 

We wish to thank V. L. Ginzburg and V. N. Tsytovich 
for a discussion of this study. 
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