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A model-independent theory has been developed for the energy spectrum of weakly bound states
of a particle in a short-range potential in external fields. On the basis of this theory we have
obtained equations which determine the shifts and widths of shallow levels (E = x2 /2, x.r. <1, 7,
is the radius of the center) in a uniform electric field F<r;*. The cases of weak fields F<x2 and
strong fields F>x; are studied. For a weak field we have obtained the hyperpolarizabilities and
the corrections to the classical expressions for the widths of the states, and in a strong field we
have obtained expressions for the shifts and widths. We have solved the problem of ionization of a
shallow p-level by the electric field of a circularly polarized wave. Over a wide range of frequency
and amplitude of the field we have found analytic expressions for the shifts and widths of all three
quasienergy states arising from the initial level under the action of the wave. We have shown that
in the antiadiabatic case the three widths have substantially different values. For a strong field we
have found the shifts and widths of the levels in the adiabatic case. We have discussed the question
of numerical calculations of the width of an s-level. In the high-frequency region we have obtained
for the widths of states with arbitrary / expressions which relate them to the asymptotic behavior

of the Fourier component of the potential.

The zero-range potential method'= has been used to
solve a large number of problems on the effect of external
fields on a particle with angular momentum / = 0 weakly
bound in a short-range potential. In Refs. 6-9 attempts have
been made to generalize this method to the case 17#0. How-
ever, in the framework of the approaches proposed it was
possible to consider only an extremely limited group of ques-
tions.

In this paper we develop a model-independent method
of calculating the spectra of weakly bound states of a particle
with arbitrary angular momentum / in external fields, and on
the basis of this theory we discuss the problems of the shift
and broadening of levels in a uniform electric field and in the
field of a monochromatic circularly polarized electromag-
netic wave (some results on application of the method to the
case of an external magnetic field are given elsewhere'?). The
method consists of direct solution of the Schrodinger equa-
tion at large distances and at small distances, and for joining
the wave functions, which is the most important aspect in a
problem with a noncentral external field, we have general-
ized the approach in Landau and Lifshitz'! in discussing the
scattering of slow particles by a short-range center. Here the
spectrum does not depend on the specific form of the poten-
tial of the center and is determined by the two parameters—
the scattering length and the effective range.

1. EQUATION FOR THE SPECTRUM OF WEAKLY BOUND
STATES OF A PARTICLE IN AN EXTERNAL FIELD

We shall consider the problem of determining the ener-
gy spectrum of weakly bound states (shallow real or quasi-
discrete levels) of a particle characterized by a Hamiltonian
A=m=e=1)

H=—',A+U(r)+V;(x)=H+U(r), (1)

where U (r) is a short-range central potential of radius 7, and
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V(r) describes both the action of the external field and the
interaction with other centers which themselves can bind the
particle. By weakly bound we mean states with energy
E =k?/2«<r.*. The interaction ¥, in the region rSr, is
assumed to be weak (¥, <r.” ), varying substantially only at
distances L,>r,, and to permit exact solution of the Schro-
dinger equation with the Hamiltonian H,. Assuming that in
the potential U there is a shallow level with arbitrary angular
momentum /, we obtain an equation which determines its
shift and width under the action of v,.

In the problem under discussion the Schrodinger equa-
tion permits exact solution both at large distances (r>r,)
where U=0 and at small distances (<L), where it is possi-
ble to neglect ¥, so that the problem becomes spherically
symmetric and we can use the idea of the effective-range
approximation. The energy spectrum is determined from the
condition of matching of the solutions in the region of over-
lap,

re&r<min {L;, k~*}. (2)

For a solution of the problem of matching which takes
into account the specific feature of the problem—the pres-
encein the field U of a shallow level, we introduce a complete
system G [, (r,E) of solutions of the Schrédinger equation
with the Hamiltonian H; as follows. We shall require that in
addition to satisfying the boundary condition at infinity
these solutions at »—0 contain singular terms of the form
r=!"~1¥,,.(n)only with /' =/, and m’ = m; here in the re-
gion (2) we have

Gl=r"='"Yim(@)+...+ 2 A (B ) (VY e () F ).
o
m (3)

These conditions uniquely determine both G /, and 4 ™.
For r>r, the wave function of the described state is
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represented in the form ¥ = 2C,.,,.G /., and in the region
(2) it is possible to use the asymptotic behavior (3). At the
same time in this region if we approach from the direction of
small 7 we have!!
Y= ComYym [V +By(E) (FM'+...)],
) [ B0
Q@I—-1) N 2IH1)NB=k** ctg 6,(k) =—1/a,+1E,

whered,, a,, and r, are the phase shift, scattering length, and
effective range for the potential U. Ifin U (r) there is a shallow
level with angular momentum® /, then in this partial wave
the scattering is anomalously large, but the phase shifts §,. .,
are small and in Eq. (4) we can omit the singular terms pro-
portionaltor ~'"~ ! with /'3 1. Matching the wave functions
in the region (2), we find that ¢,.,,. #0 only for /' =1, and
here ¢,,, =¢,,, and

im ~
B[sz_ E A,,,.'c,,,.'=0, Bl’Cl M= E Cim' Alm y *|.
m

The condition of existence of a nontrivial solution of this
system

det{[—1/a,+7E]8mm—A m (E, )} =0 (5)
is the relation which determines the energy spectrum; here
A= (21—1) 11 (21+1) 1A m-.

We note that Eq. (5) is greatly simplified if V(r) has
certain symmetry properties. For example, in the case of
axial symmetry it breaks up into 2/ + 1 independent rela-
tions

—1/al+r1E=Alm (E, f) N Z[::EAlmamm'- (6)

However, if ¥, commutes with the operator I of reflectionin
the x, y plane, then the condition (5) breaks up into two
independent equations which contain values of 7.2 and m’ of
definite identical parity.

Calculation of the spectrum on the basis of Eq. (5) in
specific problems requires knowledge of the coefficients
A'!m . determined by the asymptotic relation (3) of the func-
tions G £,. The latter can be found from the known Green’s
function G § of the Hamiltonian H, according to the formula

27

f—-.—
Gim @i—nN

{Ylm(v )Gof(l"r E)}f '=0y (7)

where the diﬁ'érential operator Y}, (V) is obtained by re-
placement of n; by d/9x; in the spherical function

Yim(n)=¢es x(l,m)n;...n,

(€:x 1s a tensor of rank / symmetric in any pair of indices
with zero trace £;; , = 0). However, in specific problems it
is sometimes possible to express G £, directly in terms of
G{(r,0,E).

2. PARTICLE IN AN EXTERNAL FIELD V, = Fz,Fri<1

For an electric field the general relation (7) is simplified
since from the integral representation for the Green’s func-
tion it follows that d/dx' = — d/dx, d/dy’' = — 3/dy, 3/
0z' = — 3/0z — FJ/JE, and therefore
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w'= (1) ———— Y. (V) Gy (x, 0, E),

(zz 1)u
~ a a4 0 7]
v—(ﬁ’a_y’a_z-wa?)’
G/ (r,0, E) = (8x%i) " j Q(t,r, E, F)t-* dt,

P 1
—exp [i (Et+— L Fa— )1,
¢ exP[l( 2% 27 4“)]

1. The function G £, is expressed particularly simply for

the case m = [:
d !
G.'=N, (—+i——) Gy
ox dy

=N, (87%) =" (z+iy)* j Q(t,r,E F)yt-'-"dt, (9)

where N, is a normalization factor; since in an electric field
the energies of states differing only in the sign of the projec-
tion of the angular momentum m are identical and the wave
functions are connected by the relation ¥y _,,(r)
=Y, (x, — y,2), in what follows we shall consider only
states with m>0.

Separating from the integralin (9) in accordance with (3)
and (6) the constant term in its expansion in powers of z* 7"
we find 4, and in accordance with (6) obtain an equation
which determines the spectrum:

1
—_—t rlE=All

a;

bed 1+1 1
—1—_It"” d exp[i(Et——ths)]dt. (10)
Vn ' dett! 24

a) We shall consider first the case of a weak electric field
F«}; here E'Y = — »2/2 is the energy of the level in the
absence of the field. Calculating the integral in (10) by the
method of steepest descent (this method was used in Ref. 12
for /=0), we obtain the equation [x=(—2E)?
|arg x| < /6]

= (-—-2i) 1+

L pe (e
a;

1 ' 1
x(i —— gV Py +?gz(

: ”F‘x-‘=+...) (11)

i) [1 - —11—2(3l’+15l+17)Fx"+ . ]

Fl+! 2)‘3
> 2n) exp(— 3F )

g = %(21—3) (@r—1),

2= ——-(2l+1) (21—1)..

21-9).
128 { )

The first term is determined by the beginning of the integra-
tion contour, and the second by the saddle point. Represent-
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ing the energy in the form

Em=E"—1/,8,(l, m) F*—/,B,(l, m) F*~*/5iT

and solving (11) by an iterative method, we find the polariza-
bilities, the hyperpolarizabilities of second order, and the
widths of states with m = [:

2 .
B.(l, l)=—(—1)'gz( ’

Cu™%0™", (12)
B2 (0, o>——<105 10Cs+Coe) Ca'%o (13)
B. (1, z)_—( 1) +1g® Cutng ) 150, (14)

.= [1—51(1, 1) Fo —1—2-(3l2+15l+17)Fxo'3] T (15)

Here I'{) coincides with the result of a calculation of the
width in the quasiclassical approximation'>-'4

O a0 (214+1) (I+m)! (L) m+t " (

2%
fm T ekt (1—m) | oxp 3F ) (16)

For /=0 and 1 the expressions for the polarizability
coincide with the well known results.'>%® For />3, as fol-
lows from (12) (see also Footnote 1), B, o (%7, )*> —0 as
#,—0; this means that for these / values the polarizability
already is not related to large distances'® but is determined
by the action of the field on the particle in the region of
localization of the wave function 7 S r,, has an order of mag-
nitude (me®/#?)r?, and depends on the specific form of the
potential U (r).

From Eq. (13) for the case CZ = 1 we obtain the well
known result for the hyperpolarizability in a potential of
zero range.'” Since B, (%7, )*!!, the features of the be-
havior of weakly bound states in an electric field appear
more distinctly in the hyperpolarizability values than for the
polarizability values also for larger values of angular mo-
mentum (/<5).

b) Up to the present time we have been discussing a
weak field. The case of a strong field F>x} (but as before
Fr} <1) also permits analytic study. For such fields the shift
and width of a level with / #0 satisfy the condition AE,
T<F?*3(AE,I'~F*?for | = 0), so that in calculation of the
integral in (10) we can make use of an expansion in powers of
E /F*3 We shall give the final results:

QI—-1)"Vx o Fh
F= Qg ((2+1)/6) (T) w120, 117)
BT (5 F
sB—- T o (srer D) P 19
T Ao

AE2,2=—

CHEIP (ﬂ)suoz. (19)

4Tl ™

0

For />3 the contribution to the level shift from large dis-
tances (AE, ~(r, F'/3)*-5F%r%), asin the case of a weak field,
is unimportant in comparison with AE, ~ F 2r*—the contri-
bution from the region r Sr,.

The properties of the width which follow from (17)—its
independence of the binding energy (see the first footnote)
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and the power dependence on the field—reflect the quasi-
classical nature of the situation In fact

2 2
T ~Zexp { [(l+ /) u’—2Fz] dz}

c
~rc‘2 (TCFV’) 2141

(the term 2 in the square root is a correction, in contrast to
the weak-field case when the centrifugal barrier is unimpor-
tant). Note that our discussion of a strong field assumes the
weakly bound nature of the state (x5 <F<r.” ). In the oppo-
site case the condition FX xj corresponds to atomic fields,
which destroy the system in an atomic time ~72.

2. In the case m = /-1 in accordance with (8) we have

O\ i1-1/ 0@ i)
o) (e )
==, oz dy 6z+ oE G/
21+1 i
=(—1 l+l( ) 20
(=1) 8n%i(21—1)! (20

x(ztiy) = (z + %th) t-1-%Q (t,r, E, F) dt.
0

The equation for the spectrum can then be converted to the
form

1 9
At rE=A, = (1+3F—517)A,,. (21)

a;

Using the expression obtained previously for 4,, we find
from (21)in case a) of a weak field and case b) of a strong field:

a) Bi=TB:i(L, 1), I=1,2; B.=13p.(], 1), 1I<I<5, (22)

Toimr=[1—"/4, (32—31—T7) Fx,=*1Ts;

(23)
b) AE,=2AE,,, AE,,=6AE,., T ,.,=2(I+1)Ty
[see Egs. (17)~(19)].
3. In the case m = [-2 we find
9 ik 3 9*
=1+ 2 24
Aria (1 s ar o 6F6E)A” (24)

and according to (6) and (11) for weak and strong fields we
obtain

981—121

2) Bi(2,00=95:(2,2), Bi=—p— (b)), 2<ISS,
(25)
3P—242+321—11 I TP
U [ i b VIS §
T | 21 " e
b) AE,,=6AE,,, T ,_,=1(2l—1)T. (26)

We can carry out a similar discussion of the case of
other values of / and m. However, to find the hyperpolariza-
bility such calculations are unnecessary. In fact, since
B,(l,m) = a + bm? 4 cm*, on the basis of the three values of
this expression calculated above for m =/, /-1, and /-2 we
can find a, b, and ¢ and with them we can find also the values
of 3, for the remaining m values.
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3. PARTICLE IN THE FIELD OF A CIRCULARLY POLARIZED
WAVE

The Hamiltonian H (¢ ) of a charged particle acted on by
a central potential U in the field of a monochromatic circu-
larly polarized electromagnetic wave in the dipole approxi-
mation on transformation to a rotating coordinate system
takes the form'®

w=—/,A+U(r)—oL+Fz, V;=—oL,*Fz, (27)

where w and F are the frequency and amplitude of the elec-
tric field of the wave and the z axis is directed along ®. The
spectrum of complex quaisenergy levels of the operator H (¢)
coincides with the spectrum of ordinary quasidiscrete levels
of the static Hamiltonian H,, . Therefore in determining the
shift (splitting) and width of a shallow real level with angular
momentum / in the potential U under the influence of the
wave field one can use the method developed in Section 1.
1. The case ! = 0. Taking into account the form of the
Green’s function of the operator H, = — 1/24 + V;

G/ (r,0,B) =i" | (2mt) ™
0

% exp{i[Et+%+cp‘(t):c+(pz(t)y+cp(t)]} at,

@=(cos wt—1) Flo%, ¢,= (0t—sin of) F/o’, (28)
p=[1—cos ot—!/z(0t)*]F*/w't,

according to Eq. (6) we obtain the equation for the energy of
an s-level

— ai + roE=(2ni) ""j: t~% {exp[iEt-+ip(t)]1—1}dt. (29)

The results obtained from Eq. (29) for F<x} reproduce to a
significant degree the corresponding results for a state with
I = 0in a short-range potential obtained by various methods
in Refs. 19-25, 13, and 17. However, a number of statements
which exist in the literature require clarification.

Let us discuss first the question of calculation of the
total width of the level I"= X, I', . The expression for the
width of n-photon ionization which follows from Eq. (29)
(Refs. 20, 13, 17, and 22)

B
Pn‘=%o(x)2 uozF'_1 jlzn (z) dz7
o (30)
B=2%(no—E)"F|e* E=—E,—AE+F*[20?
on expansion of the Bessel function in series takes the form
_ (n—K,+8) 2F
2n+3 o®

ﬁﬂ"’%(%)’L} (31)

r,=r,” { 1

where
o 2Y2x%,00"
" (2nt1)!

2

2 2 n
c,f( o ) (n—K,+8) ",
oY
2
K= [(—EO—AE +i—) m“+1] , (32)
20

509 Sov. Phys. JETP 59 (3), March 1984

F2
5=K,+ (E.,+AE - ——-) 0!
20° ,
where AE is the level shift, K, is the threshold number of
absorbed photons, and ¥ = wix,/Fis the Keldysh parameter.
Analysis of Egs. (31) and (32) shows that in calculation
of the total width it is convenient to introduce three different
overlapping regions of values of the parameters » and ¥ in
which ionization channels corresponding to different
numbers of absorbed photons » contribute substantially to
I (w,y).
1) The asymptotic region?:

<%, Y21 0<%, 21In y>K>1. (33)

For an arbitrary fixed frequency and y— « the width of the
level is completely determined by the ionization channel
with n=K,= [%}/20 + 1], so that I'=IQ <y~
o F % which is the result of perturbation theory in the first
nonvanishing order in the electric field. However, the ap-
proach of I'" (w,y) to this asymptotic regime usually is highly
protracted. This is due to the kinematic suppression of the n-
photon ionization channels I, «p2” *! with decrease of n
(p, is the momemtum of the photoelectron in the corre-
sponding channel). This suppression leads to the result that
at a large but finite value of ¥ absorption processes with
n > K, which occur in higher orders of perturbation theory
can contribute substantially to the total width. Here, as can
be seen from Eq. (31), I, =I"'°, which corresponds essen-
tially to the possibility of calculating I, in the first nonvan-
ishing order of perturbation theory. It is easy to see that
under the conditions (33) we have I',, , , €[, for n> K, so
that a kinematic enhancement can appear only for
n =K, + 1 and the total width is

T~T % +T 5o (34)

We note that for K,~ 1 (few-photon ionization) a sup-
pression of the dominant channel with » = K, can occur
only near threshold, i.e., at frequencies for which <1 [in the
opposite case in Eq. (34) it is possible to restrict the discus-
sion to the one term with n =K,]. Here for values
y~8 ~Ko+ 4=y 51 the two terms in (34) are of the same
order. The approach to the asymptotic region I'=I" oc-
curs for ¥>¥,> 1. For values 1€y <y, in (34), on the other
hand, the term I"Q) , | is dominant.

2) The intermediate region:

@K%, Y >1, but eKi<2In Y<K, where e<1. (35)

For a fixed frequency o with decrease of ¥ the kinematic
enhancement of channels with larger » values leads to an
increase of their role. Here there is an increase both in the
most probable number of absorbed photons 7, and in the
number A7 of ionization channels in the vicinity of n, which
contribute substantially to the toal width. As long as the
number of such channels is small, the efficient method of
calculating the total width is direct summation of the contri-
butions of these channels. However, the case An>1 corre-
sponds to the quasiclassical situation.
3) The quasiclassical region:

o<, 1<1, or y>1, but 21n <K, (36)
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In this region of parameters a large number of ionization
channels contribute to the total width. However, in calculat-
ing I (w,y) there is no need to sum the partial widths, since
Eq. (29) can be used directly. Calculating the integral in this
equation by the saddle point method, as in the case of an
electrostatic field, we obtain for the total width of the level

C.2 . 2 E
P=ﬂ—[0h2n—(1+f)]-”exp[—'”—"f(wr 2 To],
27 ® ®

(37)
where
F() =21, (1+y~*) —y~2 sh 27,, 38)

v2=1,"* sh 27to+ (1—ch 27,) /21°—1,

and ¢, = 2it,/w is the saddle point. These expressions in par-
ametric form solve the problem of determining the total
width of an s-level. For w<x} the level shift is
AE~ — C2,F?/8x} and it is easy to see that |AE |7,<Cw;
here Egs. (37) and (38) coincide with the results obtained in
Refs. 20 and 13.

As an illustration of the dependence of the level width
and the role of the various ionization channels on the ampli-
tude of the electric field of the wave, we have shown in Fig. 1
the results of a calculation of the total width as a function of
y for @ = 0.065} [the results of a numerical calculation of
the width of an s-level according to Eq. (29) with r; =0
which are shown in Figs. 2 and 3 in Ref. 17 must be consid-
ered erroneous]. The straight line 1 gives the extrapolation of
the relation ., = I'Q o<y ~ 2% from the region of large
values of ¥ and was calculated on the basis of Eq. (32) with
K, =9 and § = 2/3. The portion of curve 2, which repre-
sents the total width, for values ¥ <5 was constructed ac-
cording to Egs. (37) and (38), and for ¥> 5 the curve was
calculated on the basis of the formulaI"= 3, I", . Fory =5
(here I" /I ¢rap = 12) there is a substantial contribution to
the total width from the ionization channels withn = 10-13,
the relative probabilities of which are

To:Ty:Ty : Ty : T,=2-10"*:0.48:1:0,44: 0,08 : 0.01

[we note that for this value of  in calculation of the partial
widths I, in (31) it is necesary to take into account correc-

-y
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tions proportional to F?]. Although in the present case
An = 3-4 the result of the quasiclassical calculation differs
from the exact calculation by about 25%.

For y = 10 the relative contributions of the important
channels to the width are

Io:Ty: Ty : T.=0.06:1:0.29 : 0,02

and I" /T .y;ap =6.2. For y = 40 only the contributions of
two channels areimportant, and here I'y/I",= 1.9, while I" /
I oyirap = 1.4. With further increase of y the relative contribu-
tion of the channel with n = 10 decreases in proportion to
772, and the level width in accordance with (34) reaches the
asymptotic region I'=I ., (1 + C /%) with

O [ (Kot 1—n,2/2) %ot _ 2K, +1
(Ko t1) (2K +3) (Ko—ne*/20) %t 4(Ki—%6t/20)
22
o

and in this case C=680. This large numerical value of C
reflects the kinematic enhancement mentioned above of the
channel with n = K; + 1 for K> 1.

Note that the quasiclassical formula (37) correctly re-
produces the dependence of the width on the field over a
wide range of y: the ratio I /I", rises only to 2.5 on change
of ¥ from 1 to 1000, while the value of I" itself changes by 54
orders of magnitude.

Finally we note that the relation for the total width of an
s-level I'« 0 ™>/2 for w>x3, obtained in the zero-range po-
tential model'”?? reflects the specific properties of the mod-
el, since it is strongly related to the behavior of the wave
function ¥ « 1/r at small distances and has a natural region
of applicability w <7, * [see Eq. (44) below].

2. Thecase/ = 1 and m = 0. We shall turn to discussion
of the influence of a circularly polarized wave on a level with
angular momentum / = 1. This triply degenerate level in the
potential U will correspond to three quasidiscrete levels of
the Hamiltonian (27). Since the reflection operator
I(z— — z)commutes with the operator H, according to Eq.
(5) one of these levels is characterized by m = 0, and the
other two are superpositions of states with m = + 1.

The function G {, is expressed in terms of the Green’s
function (28):

a
Gi‘{o="‘i (3m) h— Gy (r,0,E).

dz
Separating from it for »—0 the term proportional torY,, « z,
we obtain an equation which determines the energy of the

quasidiscrete level with/ =1 and m = 0:
— i +r E=—3i(2ni)~" 5 {exp[iEt+ip(t) ] —1—iEt}t=">dL.
ay

’ (39)

Still restricting the discussion to the case of a weak field
F«x}, in the lowest approximation in F2 we obtain

C.°F? 15 1 s
E,—E"— 5%:0)‘ [ms + 5 Ho®*— —2‘(20)+K02) &
+ é—(zm—MZ)’/z] . (40)
Andreev et al. 510



From this for o< it follows that

(41)

E—E"~ C“‘ZFZ(H of )
, 1~

8xo* 2%,
fforw = 0 Eq. (41) coincides with the shift in an electrostatic
field of a level with angular-momentum projection on the
field direction® |m| = 1].
For @ > x% /2 there is an imaginary part in E |, which
determines the width of one-photon ionization of the state
considered:

C. 2P ,

| PREd —(20—x%) "2 (42)
5%0(0

The behavior of the width I |,«xp;, where

Pr = (20 — %2)'/? is the momentum of the emitted electron,
is related to the transmission of the centrifugal barrier
wp*! since an electron in the state with/ = 1 and m = 0,
having absorbed a dipole photon with j, = 1, has angular
momentum /, = 2.
In the high-frequency region >3 we have according
to (40)
2C, 2 F*
= =——0
5% "

2'/: CMZ 2
—_—

AE, =
e 5%0({)%

o Ty, o (43)
However, these relations have a limited region of applicabi-
lity: x5 €w<r.*. The physical reason for this is that a parti-
cle with low energy, having absorbed a photon of frequency
@ r; % acquires an energy E X .~ 2 and is no longer slow, so
that the assumptions of Section 1 are not satisfied.

At frequencies @ ~ . > the shift and width of the level
will depend substantially on the form of the wave function in
the region rr,. However, for o>r,”? simple regularities
again appear. According to the perturbation-theory formula
for the width

T, = _32}_]«"2 Z Kslztiyllm> 28 (0—wos)

[the summation is carried out over the complete set of states
in the potential U (r)] we obtain for w»r, >

2l 4+mi—1
@l—1) 2+ 3)
2 Bltmi—1 oy (9 ]2
—woa—nary’ 20 [p = (Iﬁ) IO e
(44)
where @, (p) = ¥, ()Y, (p/p) is the wave function of the
state under discussion in the momentum representation and
R, is related to the function ¥, (r) = r ' R,(r)Y,,, (). In deri-
vation of (44) it is necessary, after making use of the relation
iw,, (s|r|n) = (s|p|n), to replace the wave function |s) in
the matrix element by a plane wave (this substitution can be
carried out just in the matrix element of the momentum, but
not of the coordinate), to integrate over the angles of p, and
to take into account the relation which connects the asymp-
totic behavior of the wave function in the momentum repre-
sentation with the Fourier component of the potential U ( p)
in the case in which it falls off according to a power law as
P02

Ty, =2 w1 P22 (Y 20)
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By continuing the iterations it is possible to find the
shift and width of the level in higher order in ¥ 2 In particu-
lar, the expression for the width of #-photon ionization has
the form

B z
_ 3Ck0° S (n—K,+8) 2F
T o [ 2] 1 T
(2r+3) (n—K,+6)* 2F* )2 (45)
4(n+1) (2r+5) (2rn+7) ( ®® }’
where
27:30%C,? 282\
(9 — faid — —_ nt+¥;
o (2n+3)(2n+1)!x0( ms) (n=Kik8)™™,  (46)

and the values of B, K, and § are determined by Egs. (30) and
(32).

The calculation of the total width in the regions of vari-
ation of the parameters @ and y 1)-3) given above is carried
out in exactly the same way as in the case / = 0. Here in the
quasiclassical region the calculation of the integral in (39) by
the method of steepest descent gives for the width

3o’

4t no”

Tuo Cutloh 2m— (1) 1 exp| = 2 1(n) | 14)
[see Egs. (37) and (38); the level shift is negligible in this case].
3. The case /=1 and m = + 1. To determine the pa-
rameters of the quasidiscrete levels corresponding to / =1
and representing superpositions of states with angular-mo-
mentum projections m = 4 1 on the direction of propaga-
tion of the wave, it is necessary to know the functions G, ;.
These functions can be expressed directly in terms of the
Green’s function (28). For this purpose we introduce the op-

erators
a a F

Hi=—=*i—=+—,
* oz 9y o

so that for 7#0

(Hf_E:tOJ) HiGof (l', 0, E) =0.
The functions G{,, =11, G{(r,0.E +w) differ from
G{ ., only in one respect: they contain an extra singular
term o 1/r corresponding to / = 0. After compensating this

term by addition to G { +1 of a term proportional to G §, we
obtain

2
Gt By=i () {160 (1,0, B0) F -6/ (5,0,) ..

(49)
The quantities 4 |72 which enter into Eq. (5) are found
from Eq. (3) and have the form

Ay (B, F,0)=A,", (E,F,—0)

[, H,]=%0ll., (48)

- ( 2_;.) v’:j t—%{ 1+i (E+e)t

—giFiFied [e“‘" — —-in (1+iot—e™")? ] } dt,
20
ALTNE R, 0) =42 (B, F, 0)
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1 F7

= o) e (ot (—tot—e )

(50)
The energies of the levels are given by the equation

[ - 71 +r(E+e)—34.% (E,F, o) ] [ ~ Lt (E-0)
. a, (51)

34 (E,F, —m>] —9[4,, (E,F,0)l},

the difference of which from Eq. (5) (the terms + r,w) corre-
sponds to the fact that in solution of the Schrddinger equa-
tion in the region 7 S r, in the Hamiltonian H,, only the term
Fx has been neglected, while the term — oL, has been taken
into account. This refinement of Eq. (5) permits inclusion in
the discussion of the high-frequency case 2 »3. For a weak
field a solution of Eq. (51) can be obtained in the form of an
expansion in powers of F /x}.

For w<x} in the lowest approximation in this param-
eter we obtain

o 2% iF? -1 i

A= (Ete) =, -
1,1 ( ) T 1,1 8’

and in accordance with Eq. (51) we obtain

A
El(t)‘=E1(o) +—1 [Lszo‘S:i: (rizmz+_g_tho—e) ] . (52)
Ty 2 64

Hence for w<F %% *r, <o it follows that

E S =E©4 _1_ [_4:;:_3172

ry

4
—St E—r,’xo""m’F"z] (53)

{for = 0 Eq. (53) goes over into the results for an electro-
static field], and for F2x; *r, <w<x% we obtain

1 9
El(t)=Ef(0)q:m+7r‘_1xn_an:FH§rl_z ~ly "R (54)

[for the condition w<(r, )5 inclusion of the term propor-
tional to F* is legal in spite of the fact that the result was
obtained in lowest order in (F /x})?]. The last two terms in
Eq. (54) determine the dynamic polarizabilities
Bi*!' = (|r|#3) ", which are identical for the two states (for
a discussion of the difference in these terms see below) and
which have the order of magnitude of the static polarizabili-
ty and hyperpolarizability B = + 9(FPwx$)~'/32, the
value of which greatly exceeds the static value.

However, at frequencies w>r, %, >F? (this region over-
laps with the frequency region w<x? discussed above) the
right-hand side of Eq. (51) can be set equal to zero. This
corresponds to the fact that the states considered in the zero
approximation already correspond to definite values of the
angular-momentum projection m = -+ 1 on the direction of
propagation of the wave. After calculating A4 | we find from
(51)

E=E"—o+ ———[150"%—100%:"+4x*

P
10,0
(55)

— (20" " (30

—20%>+2%,") Fi2 (20 —x,2) 4],
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Eg,—g=E1(0 +(D+

F?
10r,@ [150%2%,t100%° +4%,"—2 (20 +x,) 2
+i(20—%%) " (30*+20%.2+2x%04) 1.

Since the regions of applicability of the formulas (52)
and (55) overlap, they completely solve the problem of the
influence of the wave field on the energy of the states with
accuracy to terms proportional to F*. Here (55) permits im-
provement of (54) and enables one to find the difference of
the polarizabilities AB'*' ~ + 3/4w/r,x;. This result corre-
sponds to the known smallness of the antisymmetric polariz-
ability ' ww for w<x3.%* In the frequency region @ ~ 2
according to (55) the polarizabilities are substantially differ-
ent; for example, for o = x5 /2 we have S{*)/8{'=0.2.

For frequencies w > %3 /2 there appear in E |, imagi-
nary parts which determine the probabilities of one-photon
ionization of the corresponding states:

25
Pi,i‘ n (2(0_“02)5/’1
5lnlot (56)
F?
| e 5o ——— (B0’ +20x%:"+2%,") (20—x")".
1

These formulas do not reflect the shift AE, ., of the decay
level and the change of the free energy of the particle by F2/
27 in the wave field, which are effects of higher order in F 2
(it must be kept in mind that part of the shift of the levels in
E, . .,equalto Fw, is a purely kinematic effect associated
with the transformation to a rotating coordinate system and
has no direct relation to the change of the binding energy of
the particle). The threshold behavior of the widths
I, «<pi, I'y —,«p; as p,—0is consistent with the rela-
tion I« pi”‘ *1 where I, is the angular momentum of the
electron in the final state [compare with Eq. (42)].

In the frequency region x2 €w<r.” * [regarding frequen-
cies w>r; ? see Eq. (44)] it follows from (55) and (56) that

o _ (11¥5) F
8 2 F?
Iy= 5 Ty-= R (57)

Let us turn to discussion of ionization processes with n > 1.
Rather simple expressions for the partial widths can be ob-
tained for frequencies w>r,x; *F? (this condition is equiva-
lent to > (r. %)/ %%, so that it includes the region ¥  1). In
this case, as was pointed out above, the angular momentum
projection m is a good quantum number, Eq. (51) for the
energy breaks up, and in the first nonvanishing approxima-
tion in F? we obtain

= (D) Ty 8, (58)
n(2n+3) n(2n+1) (2n+3) ©
n—K,+6  4(n—K,+6)? ] o

e

where K, 8 and I" ), , are given by the expressions (32) and
(46).

The general reasoning regarding the possibility of using
these expressions for calculation of the total ionization
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width in regions 1) and 2) of the parameters w and y are
exactly the same as those given above in relation to the ioni-
zation of states with / =0 and / = 1, m = 0. In the case of
multiphoton ionization (K> 1) for y— o it follows from (46)
and (58) that

I‘g.o : Fi,‘ : Fi,—1=1 . Ko . Kos/ﬁz. (59)

We note that this substantial difference of the widths of the
three states is preserved in order of magnitude over the entire
region of variation of the parameters ¥ > 1, K> 1 (a proof of
this for the quasiclassical region will be given below) and
indicates the limited applicability of the quasiclassical ap-
proach developed in Ref. 21 to the photoionization of weakly
bound states with 1#0.

To determine the width in the quasiclassical region it is
necessary to carry out a calculation of the imaginary parts of
A 1™ in (50) by the method of steepest descent. After this we

obtain from Eq. (51) the width of the levels [their shift AE (*
is given by (52)]

3 - 9
= Im(4y +4,70) F ( riet + — %~ F
Irxl 64

=Y
) (60)
><[4i %P+ Im Ay +rie Im (A0 —A7T)) ]} ,
where

2
1,41 (O
Im Ai,'tg ==

+27, %o” +270) 2
[e o+ 7 L (1£27,—e**%) ]S,

HoTo’ DT
O Ao
871,

ImA,'=— S, (61)

(£)
1

S=[ch 27— (147?) ]-* exp[Z To —%’- f('y)]

o)
[7o and f(y) are given by (38)].

Let us discuss the properties of the widths I"{*). In the
case |r,|w<F?/xy, which is equivalent to the condition
y<(r.2%0)(Fxy *)<1, Eq. (60) goes over into the results for an
electrostatic field (16). Here the state which corresponds to
the energy E | corresponds to angular momentum projec-
tion m = 0 on the field direction, and the corresponding
E ™) corresponds to superposition of states (with identical
amplitudes) withm = + land I'{*)> (7.

However, already for |r,|@ ~F?/x3 (but such that we
still have y<F /x} <1) the static relation between the widths
is strongly violated, although the difference of the argument
of the exponential in S in (61) from the static value can be
neglected. Now

@ _ 3F 64, , . A\ 20
T [“(Hg rioinF ) ]e"p(_ 3F )

(62)

so that I"{*) and I" |~ are quantities of the same order and
'\t 4+ 'Y=, ie.,thevalue of the width aveaged over
the states ( + ) is unchanged.

On further increase of the frequency, when
|ri|@> g *F? [i.e., ¥>(r.xo) Fxg °)), the states ( + ) corre-
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spond already to definite angular-momentum projections
m = + 1, the widths I" {*' become equalized, and amount to
(172)I" {5 so long as the argument of S'in (61) can be restrict-
ed to its static value [i.e., for y*/15¢Fx, * (Refs. 20 and 13)].
At larger values of ¥

3 oo [e¥— (122w ™)
16 |rlqt,® [ch 2to— (1+y2) ]"

1,217~

exp[ 210 . 63

sothat I, _, begins to exceed I'", ; and for 7,>1 we have
I“_o . F"‘ : Fg’-.gzi . Ko : 41:02](0 (64)

[I",, is given by (47)]. As follows from (38), for 7,> 1 we have
In ¥ =7, and for values 2 In ¥ ~ K| (i.e., in the transition re-
gion) Eq. (64) agrees qualitatively with (59).

Let us consider now a strong field: F>»x3, F>»?'? (but
as before F<r. ). In calculation of the integrals for 4 |77, as
in the case of an electrostatic field we can make use of an
expansion in the small parameters E /F '3 and w/F*'?. For
states with / = 1, m = 0 according to Eq. (39) we find

F I'(*/s) o°
Fl = 1- ’
* 3% ry [ ]

T30 B
3*T(°/s) ., F\.
o) _ 8\ _
o [(3 7))

(65)
I (‘/s) ®? .I

A= T2 F

ry

(inI", o we have taken into account the correction only in the
small parameer »?/F*/3). For » = 0 these expressions go
over to the results (17) and (18) for an electrostatic field in the
case / =1, |[m| = 1 (see the third footnote).

Calculating the integrals in (50) by this means, we have

. S/6T (5
A= %_ (3%—i) %‘%EF"',
(66)
- iF w o TCle)
Al =—3.,—,4+(3'—l)3./.4ﬂ-/. EF*,

Substituting these expressions into (51), we obtain in explicit
form an equation for determination of the energies of the two
quasienergy levels corresponding to superposition of states
with m = + 1 [in the expressions (66) we have omitted cor-
rections of order w/F?/3, since in the case considered the
most important dependence on frequency is determined by
the terms + r,@ in (51)]. Analysis of this equation shows
that for frequencies |7,|w<F the expressions for the shifts
and widths of these levels are described by the formulas (17),
(18), and (23) for a static field. With increase of the frequency
the values of the widths come together:

F
p;azz_‘v_g [57F (9—48r @ F—2) "] —. (67)

| T’f'

However, it must be kept in mind that according (65) and (67)
at w ~r.F the lifetime of the state is comparable with the
period of the oscillations, and the probability of ionization
by a pulse of electromagnetic wave will depend substantially
on the means of turning on the field and requires discussion
of the specific experimental situation.
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In conclusion we note that the method developed per-
mits also discussion of the effect of an electric field on quasi-
discrete levels with />1 in a potential U (), and also discus-
sion of the case in which in U there are several shallow levels
with different / values. In this connection we shall make sev-
eral remarks.

1) In a strong electric field the shift and width of an
unperturbed quasidiscrete level

E‘ © ~ (rzal) _‘>0, I‘, © ~ 2t (a,r,) """’/Ir;l

(now a, <0) in a potential U are described by Eqgs. (17)—(19),
(23), and (26) with the substitution

(0) 1-21 - (0) (0) \ 7y
—x2/2—E; >0, %,  Cui=lrl|-t—1,T (2E, )",

(68)
Here the electric field, which contracts the centrifugal bar-
rier, broadens the initial quasistationary states.

Cim~T" (F*/E ) +>T("

2) However, in the case of a weak field the situation
becomes complicated, since in addition to the levels which
exist in the potential U (r) the electric field generates new
quasidiscrete levels. The appearance of these levels is due to
the fact that the combined action of the centrifugal potential
and the potential of the electric field leads to appearance
near the center of an effective potential well (as in the one-
dimensional problem of a particle in an electric field, the
motion of which is restricted by an inpenetrable wall, the
role of the latter is played by the centrifugal potential).

3) In the case of existence in the potential U (r) simulta-
neously of two shallow levels, the influence of the field on the
particle is described by the well known formulas for an iso-
lated two-level system. Here the approach which has been
developed permits calculation of the phenomenological pa-
rameters of such a model with application to the problems
considered.

The authors express their gratitude to F. I. Dalidchik,
G. K. Ivanov, M. A. Kozhushner, V. S. Popov, and V. L.
Ritus for helpful discussions.

YHere r, can be expressed in terms of a dimensionless coefficient in the
asymptotic expression for the normalized wave function of a state with
E= —x*/Z

Cu= —rx " 4 (= 1)@ + 1)+ O(r)* ).
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YAt frequencies w S x7 values ¥ S 1 correspond to a strong field.
3n states with / = 1, m = 0 the projection of the angular momentum on
any direction perpendicular to the z axis takes on only values m, = + 1.
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