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On the plot of the lifetime of a metasable state vs temperature there is a point T, near which an
abrupt transition from classical to quantum decay takes place. The vicinity of this point is investi-
gated at arbitrary viscosity. The pre-exponential factor at arbitrary temperature is obtained in the

limit of high viscosity.

1. INTRODUCTION

The influence of dissipative processes on the probability
of quantum-mechanical tunneling through a potential bar-
rier has been actively investigated in the last few years. Such
effects were observed in experiments on the lifetimes of me-
tastable states of superconducting tunnel junctions."? The
phenomenological theory of this phenomenon was devel-
oped in the paper by Caldeira and Leggett.? The microscopic
derivation of the effective action for a superconducting tun-
nel junction was obtained in Refs. 4 and 5. The lifetime of the
metastable state is determined, with exponential accuracy,
by the extremal value of the effective action. Its temperature
dependence was obtained in Refs. 6 and 7. It was shown that
a temperature T, exists above which the temperature depen-
dence of the tunneling probability is determined by the clas-
sical formulalI" <exp(— U /T). At T < T, an important role
is played by the process of quantum tunneling, and the char-
acter of the temperature dependence of I" changes. A sec-
ond-order phase transition takes place on the point 7, It is
shown in the present paper that the quantum fluctuations
wash out this transition in a narrow temperature region near
T,. The transition from the quantum to the classical decay
regime was considered without allowance for dissipation in
Ref. 8. At temperatures T < T, the quantum fluctuations de-
termine the pre-exponential factor in the I" (T") dependence.
We obtain below this factor for the important particular case
of high viscosity and for a potential in the form of a cubic
parabola. In this limiting case the argument of the exponen-
tial is determined by the viscosity and does not depend on the
mass. A large contribution to the pre-exponential factor is
made by the high-frequency fluctuations, whose spectrum
depends on the mass even in the limit of high viscosity. The
tunneling probability increases with decreasing viscosity
like m-2.

2. INFLUENCE OF QUANTUM FLUCTUATIONS ON THE
TUNNELING PROBABILITY

At zero temperature the lifetime I" ~! of a metastable
state is determined by the value of the imaginary part of the
ground-state energy

I'=2ImE. (1)

At low temperatures T < T, when the decay of the metasta-
ble state is determined by quantum-mechanical tunneling,
the lifetime is 810

I'=2ImF, (2)
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where F is the free energy:
F=TWnZ, Z=Z+iZ= IDq('r)exp{-—A[q]}. (3)

In (3), Z is the partition function and A [g] is the effective
action. Since the imaginary part Z, of the partition function
is small compared with the real part Z,, Eq. (2) for I" can be
represented in the form

I'=2TZ,/Z,=2TZ,~* Im J‘Dq(«z) exp{—A[ql}. 4)

The functional integral in (4) is with respect to the function
q(7) defined on the interval [ — 1/27T, 1/2T] and satisfying
the condition g( — 1/2T) = ¢q(1/2T).

To calculate Im Z we use a method developed in Refs. 9
and 10. There exists a function g(7) on which the action 4 [q]
assumes an extremal value. The function g(7) is obtained
from the equation

84 [q]1/8¢=0. (5)

Near the extremal trajectory, the function g(7) can be repre-
sented in the form

(=GR H Y Catn (@), 6)

where g,, (7) are the normalized eigenfunctions of the opera-
tor 624 /5%, i.e.,

(6°4/84%) gn=~Angn, (7)
with  periodic = boundary  conditions g,(1/2T)
=gq,(—1/2T).

One eigenvalue A, is negative. The contour of integra-
tion over C, must be shifted to the imaginary axis, so that an
imaginary part appears in the partition function.

At T < T, the function g (7) differs from a constant, and
at an arbitrary 7, the periodic (with period 1/7T) function
g(r — 7,) is also a solution of Eq. (5). It follows therefore that
the function 3§/ satisfies Eq. (7) with zero eigenvalue. For
each function ¢(7) we choose 7, such as to approximate as
close as possible g(7) by the function g (7 — 7,), i.e, we deter-
mine from the condition for the minimum of the func-
tional'!:

1/2T
D(v'lg)= Idr[q(r)—i(r—r')]’;

—1/2T

oD

’
(7 & 2

=0. (8)

The quantity Z, can be written in the form
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i/2T
=1Im j' dv’ J‘Dq(r)exp{—A[q]}ﬁ(T'—To[Q(T) D
-1/2T

1/2T

_ Im.J'dr'juq(r)exp{—A[q]}a(a

D(7'lg) ) |6’D (<'lg)

o’ at"?
—1/2T7 .
&)
It follows from (6) and (8) that
1/2T
! aq
D) e, [ § ae(52 )] :
at’ ot
—1/2T
, 1/2T 95\ 2
M=25 dt(—l) . (10)
ot ks

—1/2T

Substituting expressions (10) in (9) we get
y, /2T

2= [ (31) ] T o mpeen(-

—1/21
As
{-2

J oy
1 -
(2“) ] p

n##0 —o

The quantity Z, can be analogously written in the form
of a Gaussian integral over the region of the values of g(7)
near the minimum of the effective action. As a result we
obtain for thelifetime I" ~! of the metastable state the expres-
sion

%’—molb

cnz}es(ci)exp{-—A[q]}. (11)

I'=% exp(—4), (12)
where
A=A[§]—Algmi];
1/2T ~
1 * aq 2711/2
= d —_—
# (2m)/e [~x>z'1' i ( or ) ]
624 /2 s 624
Det | —
\Det( 6¢® )q=71 | ¢ ( 6q® )q=‘1mln (13)

The prime on the determinant symbol in (13) means that the
zero eigenvalue has been left out.

For a particle moving in a potential field and at zero
temperature we have

1/aT ~

| dr(g—z) —A/m.,

-1/2T

(14)

In the presence of viscosity, however, relation (14) is incor-
rect even at zero temperature.

We have derived here the known formula (13) to demon-
strate that it is valid for arbitrary T < T, and for any type of
effective action, including in the presence of dissipation.

3. HIGH VISCOSITY

We consider the important case when the effective ac-
tion is of the form
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1/2T

Alal= [ac{2(22) v

— nj (q(r) q(n)) };

2g
V(q)=3V,(g/g0)* [1—7] (15)

Here ¢(7) is a periodic function with period 1/T:q(r + 1/
T) = gq(7). The effective action has this form in supercon-
ducting tunnel junctions at a current J close to the critical J.. .
In this case

QO=[1“' (J/]c)z]'/.’
m=C"/e?,

—_ Ie 21%
Vo= 3 [1—(T/7.)%]", (16)
n=1/Rshez,

where C * is the effective capacitance of the junction® and
R, is the shunting resistance.

At high viscosity (7°g3>6mV,) the extremal value of
the action 4 [¢] reached on a function § (7) equal to®

Q(T)———nTnZ exp {—blnl+2inT}, (17)

N=w—o00

where tanh b = T/T*, T* =3V, /mq;.
In this case 4 [§] is equal to

Vo3 1T\

—_ -z T =T[1— . 2q.2]. 18
4= TO[Z 2(T0)]’ =T [1-6mVo/nies]. (19)
Substituting expression (17) for g(7) in (7) we get

0 Vv q

e, 6 0(1_2q(1:))q

Tt g’ Qo

aq(Ti 1 1 )
+ =Agq.
_jd Yo, (r,—ﬂ-iv Ty—T—Iv g
(19)

We have retained in this equation the term with m*, which
becomes significant for eigenvalues with large numbers.

We seek the solution of ¢(7) in the form of the Fourier
series:

g(v)= 2 C. exp (i2anT'v). (20)

NEme— 00

For the Fourier coefficients C,, we obtain the equation

C.[1+Inlth b]— 2th bZ C, exp(—bln—n,l)

N==—o00

+—— (2rTn)?C., —A—C

6V, 6V, 1)
For the first eigenvalues, the significant values of the index n
are of the order of unity, and at high viscosity we can leave
out the last term in the left-hand side of (21). We seek the
eigenfunctions in the form
Functions of the type (22) satisfy the system (21) if the follow-
ing relations hold:
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Cthb=—Aq,*/6V,, C*thb=C+2/sh (2b). (23)
From these equations we obtain the first two eigenvalues:
3V, 4 "
Ao,=——[1 (1+ th) ] (24)

To find the remaining eigenvalues, we note that when n is
replaced by — n the system (21) goes over into itself. We can
therefore seek the solutions C, in the form of even and odd
functions of the number n. The solution of even type, corre-
sponding to the eigenvalue A ,, we seek in the form

Co=(|n|+C) exp (—b|n|) +da, (25)

whered, =d _, and is different from zero only at [n|<N.
The equation for n = N with allowance for the equa-
tions for n > N is

(6Vo/qo2+N21Tn) dy=An120x. (26)
Since dy, #0, we have
Aws2=6Vo/q*+21TyN, N=0,1,2, 3... (27)

The odd eigenfunctions with n>1 are of the form (25)
and yield the set of eigenvalues

A=0, A_winy=Awsz, N=0, 1, 2... (28)

For |N |>1 wemust take into account the last term in the left-
hand side of (21). The second term of (21) can then be ob-
tained by perturbation theory. In the zeroth approximation,
the eigenfunction corresponding to the eigenvalue A, is
equal to C, =6, y. Calculating the eigenvalues A y in first-
order perturbation theory, we obtain

Ax=6Vi/q,*+ (| N|=2) 2nTn+m" (2nTN)>. (29)

Since the last term of (29) is small at |V | ~1 and (28) goes
over into (27), we can assume that (29) is the correct expres-
sion for the spectrum at |n|>2.

As T tends to T, the parameter b tends to infinity. The
system (21) is then diagonalized and all the eigenvalues are
easily found. Comparing the eigenvalue obtained in this
manner with those obtained above, we verify that Egs. (24),
(28), and (29) yield the complete set of eigenvalues. The pro-
duct of these eigenvalues determines the value of Z,. The
value of Z,, is calculated in the same manner.

The minimum value of the action A4 [g] is reached at
q(7) = 0. The eigenfunction equation for this value of g(7) is
the same as the system (21) without the second term. The
eigenvalues of such a system can be easily found and are
equal to
Awv=6Vy/q+2aTn|N|+m* (2xTN)?, N=0, +1, £2... .

(30)
Using Eq. (17) for the function g(7) we obtain the normaliza-
tionlcoeﬁicient that enters in the equation for the lifetime
r —1,

g\: 6aV, nTngo*\ 2
a(5) =1 (5m) 1
j 1 3V, (31)
Substltutmg the obtained value of the spectrum (24),

(29), (30) and of the normalization coefficient (32) in Eq. (13)
we obtain
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(2 T o exp(— A)

where
6V,
H,=H [—(—I?E+2nTnn+m‘(2nTn)’] s

(32)

N—oo,

N
6V,
I,= II [—qo—zo-i-z:rtT'q (n—2)+m*(2rTn) 2] ;
ne=2

The products in (32) are expressed in terms of the Euler
function I" (x), and in the high-viscosity limit we get

n'/lqol
r 6'2‘1'Vom..

We note that the pre-exponential factor in Eq. (33) for the
lifetime does not depend on temperature at 7 < 7,,. The tem-
perature dependence of the normalization factor (31) was
cancelled out by the temperature dependence of eigenvalues
A1 [Eq. (24)]. In the limit of high viscosity the argument of
the exponential in (33) depends little on the mass. The pre-
exponential factor, however, is determined by the eigenval-
ues with large number N and is inversely proportional to the
square of the mass.

The dependence of the pre-exponential factor on the
high-frequency fluctuations can make the frequency disper-
sion of the effective mass substantial. Equation (33) for the
lifetime I" ~! acquires then an additional factor

G=exp {2:\: dm[m-i—m‘rin_(m),/n— 1 1} . (34)

otao*m'/y 1
where m* = m(w = 0). In the case of a superconducting tun-
nel junction we have for m(w) (Ref. 7)

c
m(m)=—;—

exp(—A4). (33)

—ZR___ fd(mgz (01) 128z (@) —gr (0t )

-gr(0s—0)],
(35)

where C is the capacitance of the junction. At frequencies
|o| <4 thesecond termin (35) renormalizes the capacitance
and m(w) = m*. For frequencies 0| >4 the second term is
proportional to ' and leads to renormalization of the vis-
cosity. Accurate to a number of the order of unity we have in
this case

_ 21 n'e’ n
G—exp{ n'ln (1+ AC ) 21n(1+m‘A)} ) (36)

where 7* is the effective viscosity at high frequency:

1
n‘=L( ! +—-)
“\R, R~

4. TEMPERATURE CLOSE TO 7,

An expression for the transition probability near the |
transition temperature can be obtained at an arbitrary form
ofthe potential ¥ (g) and at any ratio of mass to viscosity. The
reason is that the significant values of g(r) are close to the

A. |. Larkin and Yu. N. Ovchinnikov 422



extremal value of g,. Therefore the effective action can be
expanded in powers of g(7) — go.

It is convenient to expand the function ¢(7) in a Fourier
series

(1) =qo+T" Z C.exp2inTtn), C,=C-.".

N=—00

Substituting Eq. (37) for g(7) in Eq. (15) for the effective ac-
tion, we get

_V(QO) 1 - 2 _1__
Algl=—; +?ZA,.IC,.I+,2

(37)

V' (g0) T*[2ClC,I°

n=—o00

1
+C,C_2+C_,C2 1+ T VIV (go) TIC, 1%,

(38)
A,=m* (20Tn)*+ V" (g0) +2nTn|n|.

The effective action was expanded in terms quadratic in
C\, %1 and the small terms of fourth order in C ., were
retained, since the coefficients A , ; vanish at the transition
point

T= (39)

1 no_(n
S (_ -
2’ [ 2 \z "
As before, by shifting the contour of integration with respect
to C, to the complex plane and integrating over all C, .,
we get

exp(—=V(q.)/T)

() "'\] .

dC, . ‘
T T T HzAj exp{—AilCiI*=BIC.I*},
(40)
where
V() [V7(go) I? V”(q,) ‘
B=T{ & 2V"(q0) [H 2, ]} (41)

The partition function Z, [Eq. (31)] is determined by a
Gaussian functional integral near the minimum of the ac-
tion:

Zo= H @2[m* @aTn)™+ V" (0)+2aTnnl}~.  (42)

n=1i

7T

The integral in (40) is expressed in terms of the error
integral @ (x), so that

1 V (q0)

_1 B _Yiq) 4

T > Q[i (I)(x)]exp{xz T }, (3)
where

Cams[ aV7(0) 1" T(3+n/2nTm)
F=4m'n*T, [_ BV”(Qo) r(i-n,)P(i—nz)’
LT
Y T

2 £
O(z)=—- y dt exp(—1t?),
n 0

o e 2 () .
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For potential motion (viscosity coefficient = 0) Eq. (43)
coincides with the result of Ref. 8. In the high-viscosity limit
we obtain from (43)

4n(nTu)"’( n )“
I'(a) 2nTm’
V”(O) Y,
X[~y @) V" (g — (V" (qw] . @

B =

where

4 V”(O) )
=Yg’

200 (T—To)
T (VN () = (V™ (g0))2/ V7" (q0)) "

For a potential ¥ (g) in the form of a cubic parabola we have
V"(0)= — V"(q,) and Eq. (44) goes over into Eq. (33) at
T < T,. For a potential of different form, the pre-exponential
factor has a power-law dependence on the mass and the ar-
gument of the exponential is determined by the form of the
potential.

Just as in the case of temperatures not close to 7, the
pre-exponential factor in (44) depends on the high-frequency
fluctuations. An important role can therefore be assumed by
the frequency dispersion of the effective mass, and in this
case an additional factor in the form of (34) or (36) will ap-
pear in the right-hand side of (44).

The temperature dependence of the lifetime near T, is
determined by an integral with respect to the complex pa-
rameter C; = C * _|. The integrand does not depend on the
phase of C; this is equivalent to separating the zeroth mode
at T < T,. Integration with respect to the modulus of C,
yields the error function @ (x).

At high values of the argument, below the transition
point, the difference between the error function & (x) and

— 1 is exponentially small. Therefore the proximity to the
transition point manifests itself only in the exponentially
small terms. The situation is reversed above the transition
point: the argument of the exponential does not depend on
the proximity of T to T, and the pre-exponential factor has a
power-law singularity. This singularity becomes smeared
out in a narrow region near a point 7, whose width, as fol-
lows from (43), is of the order of

A~2B" or &T|T~(T/V)™.

r=

(45)

It must be noted that when the temperature is raised Eq.
(2) no longer holds, since it does not describe correctly the
passage of the above-barrier excitations. In this temperature
region we have®

I'=2TZ,/Z,. (46)
Near T, Eq. (46) coincides with expression (3) for I". At
T — Ty>To(T/V)"? we get from (46)

V”(0) U
V" (q,) exp(~7) |

" T (=) T (1—xa)

I‘=To[
r{1—n,)r(1—n,)

(47)

where
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(48)

1 n ([ " ”
Xaa= 2nrm-[_7i( i ™7 (q°)) ] '
ng'z ;

el -7 =T o) ],

U = V(g,) — V (0)is the height of the potential barrier. Equa-
tion (47) agrees with the result of Ref. 12.

We have used above for the action expression (15)
which, in particular, yields the effective action of a supercon-
ducting tunnel junction at currents close to critical. At cur-
rents not close to critical, the effective action has a more
complicated form.*” In particular, the damping is nonlinear
in this case. Near the transition temperature, however, ex-
pansion (38) for the action remains valid, but the connection
between the coefficients of this expansion and the physical
parameters becomes more complicated. Therefore the quali-
tative picture of the dependence of the lifetime I" ~' on the
temperature remains the same.

5. CONCLUSION

The plot of the lifetime of the metastable state vs tem-
perature has a point T}, in the vicinity of which the decay
regime changes from classical at 7> T, to quantum at
T < T,. The transition temperature T, is defined by Eqgs. (18)
and (39) and decreases with increasing viscosity. The width
ST ofthetransitionregionissmall,67 /T ~A ~ 12 whereA is
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the argument of the exponential in the decay probability of
the metasstable state. The temperature dependence of the
lifetime near T, is determined by the presence of two soft
modes.

In superconducting tunnel junctions at a current close
to critical, the potential energy takes the form of a cubic
parabola. In such a potential, the pre-exponential factor is
independent of temperature at T < T,
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