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The wave functions for highly excited states of atoms located in a strong radiation field whose
frequency w is lower than or of the order of the level spacing is found in a quasiclassical approxi-
mation. The wave functions obtained are used to calculate the probabilities W, of radiative
transitions that result in absorption of a photon of frequency {2 (2> ) and of k photons of frequen-
cy w. The calculated W), agree satisfactorily with the measured dependences of W), on k, on the
principal quantum number n of the final state, and on the intensity and frequency of the micro-

wave field.
PACS numbers: 31.50. + w, 32.70. — n

§1. INTRODUCTION

The excitation of hydrogen atoms from a level with
principal quantum number 7; = 10 to a level with n, of the
order of 50 by an infrared laser in the presence of a strong
microwave field was recently’ investigated. Besides the prin-
cipal resonance corresponding to a transition from », to n,
there was observed a large number of satellite resonances
corresponding to absorption of a photon from the infrared
field simultaneously with the absorption (emission) of k pho-
tons of the microwave field. The probability of excitation at
various k was investigated as a function of nf the intensity
and frequency of the microwave field.

To calculate the probabilities of such radiation transi-
tions it is necessary to find the wave function of the highly
excited states of a hydrogen atom in a strong low-frequency
field. The search for such a wave function was first underta-
ken by Blokhintsev.” He found that the basic action of the
low-frequency field on the degenerate hydrogen states re-
duces to a change of the time-dependent part of the wave
function, and that the function takes the form

W (r, £) =Qnnum. (T) exp {it/ 2n*—i M

sin mt} (1)
where @,,,, . (r) is the coordinate part of the wave function of
the hydrogen atom in parabolic coordinates®; n, n,, and n,
are the parabolic quantum numbers; F, and @ are the ampli-
tude and frequency of the alternating field. It can be seen
that the only difference from the unperturbed wave function
lies in the appearance of a sine term in the exponential, pre-
ceded by a factor comprising the ratio of the Stark energy to
the photon energy. The wave function (1) was obtained in the
basis of the wave function of one shell, and can therefore be
used at frequencies @ much lower than the distances between
the levels. Allowance for the influence exerted on the wave
function by states of other shells is based in this method on
perturbation theory.

In Ref. 4 were calculated the probabilities of the radia-
tive transitions between states described by the wave func-
tion (1) under the influence of a second field of frequency (2.
It is typical that the probability of such radiative transitions
with absorption of one photon of frequency {2 and of k pho-
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tons of frequency w is proportional to the square of a Bessel
function whose argument is equal to the factor preceding the
sine functionin (1). In Ref. 4, however, was considered only a
transition from the ground state to the first excited level. In a
recent study’ undertaken to explain the experiment of Ref. 1,
an expression differing somewhat from that obtained in
Refs. 2 and 4 was obtained for the probability of exciting the
k th satellite. The excitation probability on the basis of this
expression oscillates strongly with change of field intensity,
whereas in experiment there is observed only one peak, fol-
lowed by a plateau. In Ref. 5 only one parabolic state of the
final level was taken into account. We note that a wave func-
tion of the form (1) was considered also in Refs. 6 and 7 to
find the spectrum of atoms and in Ref. 8 to find the probabili-
ties of their tunnel ionization in a low-frequency field.

In the present paper the wave function of highly excited
states of atoms in a strong low-frequency field is obtained in
the basis of a quasiclassical approximation. In the case of
multiphoton ionization, quasiclassical perturbation theory®
turned out to be accurate enough even at small n. The wave
function obtained is valid in a larger interval of the frequen-
cies w of the alternating field than the function (1). The wave
function obtained was used in §3 to calculate the probabili-
ties of the radiative transitions of frequency {2 as applied to
the experimental conditions of Ref. 1.

§2. WAVE FUNCTION OF HIGHLY EXCITED STATES OF
ATOMS IN A STRONG HIGH-FREQUENCY FIELD

We use as the basis of the quasiclassical theory devel-
oped in Refs. 9 and 10 for the description of an electron
moving simultaneously in a Coulomb field and in a periodic

radiation field. The wave function for the electron is sought
in the form

I W fr(r)

" Y (0, @) exp{—it(E+No) }, (2)

y—
N==—oo |=|M]|
fa(r)= ?i—k—;ll-ﬁ;)—{am* (r)expli(Sy: (r) +n/4)]

—ayi~(r)exp[—i(Sw: (r) +n/4) 1}, 3)
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Sy (r)= jdr ki (1), (4)

Ty
1 2
i (r) =2[ E+No+ —:— _ (—Hz'—ﬂ/i)—] , (5)
where E is the electron energy, Y,,, are spherical functions;
M is the magnetic quantum number which is a conserved
quantity for the linear field polarization case considered
here.

The quasiclassical approximation is valid when the ac-
tion Sy, is large. It becomes greatly simplified if it is possible
to separate from among the quantities S, in all the channels
that make a noticeable contribution to the considered pro-
cess a large term S, that is common at all N and /. Physically,
separation of such a term means that it is possible to separate
in the electron motion the classical motion along a certain
trajectory in the Coulomb field (this motion predominates).
In this case one can neglect the influence of the alternating
field on the classical motion of the electron, but account
must be taken of the transitions, due to the alternating field,
between the states with different N and /. It follows from (5)
that separation of such a general motion is possible if two
conditions are satisfied. First, the orbital momenta / in all
the channels must differ insignificantly from a certain mean
value L> 1. Second, either E + Nw must be considerably less
than the last two terms in (5), meaning motion along a pa-
rabola, or | N |@ is considered smaller than |E |, meaning mo-
tion along an ellipse. In both cases

Syi=S;+Not—me(T), (6)
m=I—L<L, (7)

and for the slowly varying amplitudes we obtain the follow-
ing simple equations®:

z—L"";T(‘L = ‘T) (A=/22)" ¥ expli(N'~N) ot

+i(m—m') @ () laym (7). (8)

Here 7 and ¢(7) are the classical time and angle, while ay,, (7)
is equal to ay,, *(7) and ay,, ~(7) at 7> 0 and 7 <0, respec-
tively. The summation in (8) is over all N'=N + 1 and
m' =m + 1. In the case of multiphoton ionization it was
shown in Ref. 9 that under the condition @»n ~ it suffices to
consider motion along a parabola. At w of the order of or less
than n 3 the energy in all the channels differs insignificantly
from E, and we must consider motion along an ellipse, de-
fined by the following parametric equations'":

r=vo*(1l—ecosu), T=v,'(u—esinu

)'
1te\" u L\
Y Vi 2], e=(1-5) . 0
? 2"mg[(1—s) € 2] ¢ ( ve? ©)

Vo= (—ZE) —'ha

—N<UST.

To ensure the correct behavior of the functions fy,(r) in
the classically forbidden regions, the following condition

must be imposed on a,, (#):
(10)

(11)

aym(—m) exp (—2invy) =ayxm(7),
vy=(—2E—-2Nw) ™"
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The solution of such first-order differential equations as
(8), in which the matrix elements depend only on the quan-
tum-number differences N — N' and m — m’, can be ob-
tained with the aid of a generating function.'>'* The general
solution of the system (8) takes the form

@@ =R Y bl yoyrracs (b (@) oo (e (0)

X expliy-(u) (N—N'+s—s") +iy, (u) (s"—s) ], (12)

h.(u)=[c.*(u)+d.*(w)]", tgy.(u)=c.(u)/d.(u), (13)
Fovo® M3\
cs(@)=—5 (1_F)

XJ' du'r(u’) (1—ecosu’)cos[ot()xp(u’)], (14)

—n

Fw’ M2\
w.==5(1- )
Xj:du'r(u') (1—ecosu’)sin[et(u’) £ ()],
m=N+2s. (15)

Here R is a normalization factor, and the arbitrary constants
by, must be determined from the boundary condition (10).
Since 4, (— 7) = 0 and Bessel functions of zero argument
differ from zero only if the index is zero, it follows from (12)
that

ans(—n) =Rby,. (16)

Substituting (12) and (16) in (10) and recognizing that
d , (IT) =0, we obtain the following infinite system of alge-
braic equations:

bys exp[—2in (votNowv,®) ]

_ i SN T s (em (1)) T (e () bawr. (17)

N'§g'==—o

Since Nw is assumed small compared with | E |, the quantities
vy in (17) are replaced by the first terms of the series in Nw.

Assume that the system (17) can be satisfied if by, is
chosen in the form

by=Jn+:(8-)1(8+) exp [{(Noits¢2)]. (18)
The constants g—, g™, @,, @,, and v, should be so defined
that the system (17) turns into an identity. Substituting (18)
in (17) and using the addition theorem for Bessel functions,'*
we find that the system is indeed satisfied if

vo=n, @=ntnenr’®, @.=mn,

(19)

g.=C.(m)/2sin nwn?.

Here n is an integer and according to the definition (9) it
corresponds to the principal quantum number.
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Substituting (18) in (12) and using again the addition
theorem for Bessel functions, we obtain ultimately

ans (W) =RJyi (w-(u)) s (ws(u))
xexp{IN Y- () +- () ]

Fis[y-(u) =y (u) - (u) = (u)+al},  (20)
w, (u)={h.(u)+g."—2h.(u)g. cos[y. (u) —non’}*,

(21)

g.sin[y.(u) —nor’]=w. sin ...

Expressions (2), (3), and (20) determine the sought qua-
siclassical wave function of a highly excited state with large
quantum numbers n, L, and M in a radiation field. Although
neither the energy nor the orbital quantum number is pre-
served in the presence of a field, they remain on the average
the same as without a field. It follows from (19) that in our
approximation the level with the quantum number n neither
shifts nor splits in the presence of a field, and only quasien-
ergy states are produced, separated from the given level by
No. In the same manner, the field mixes in states with other
orbital quantum number into the given state. The admixture
of the quasienergy states and of states with other orbital
quantum numbers depends substantially on the radiation-
field intensity. The fact that in our treatment the level
neither shifts nor splits is a consequence of the approxima-
tion of equidistant levels.

The derivation of the wave function obtained above is
based on the assumption that the field frequency w is lower
than or of the order of the distance between levels. As can be
seen from (19), at frequencies  that are multiples of n 3, i.e.,
at resonance, it is apparently impossible to use the obtained
wave function, since rapid excitation of the atom takes place.
As a result it suffices to confine ourself to the equidistant-
level approximation used in the derivation of Egs. (17), and it
is necessary to take into account the succeeding terms of the
expansion of vy in terms of Nw. Actually there is a certain
upper bound on the field, but this bound is difficult to deter-
mine, since it depends on the proximity to resonance. In
practice it is convenient to formulate this bound in the form
of the following requirement: it is necessary that those effec-
tive N that make a substantial contribution to the wave
function (2) be such that N 4 remain in the region where the
levels are equidistant. The closer the frequency o to reso-
nance, the weaker the fields at which this requirement is
violated.

If we use the expansion (6) and the asymptotic represen-
tation for the Legendre functions at large /, the sums over /
and N in (2) can be convoluted with the aid of the addition
theorem for the Bessel functions, and ¢,,;,, can be expressed
in terms of elementary functions. But since the arguments of
these functions have a very complicate form and the varia-
bles in them are entangled, it is convenient not to do so in the
calculations that follow. It is easy to find the normalization
function: it coincides with the unperturbed value (27n)'/2.
We note that the wave function obtained does not go over
into the function (1) at wn®<1, for in contrast to (1) our wave
function was obtained in spherical coordinates and in a qua-
siclassical approximation.
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§3. PROBABILITIES OF RADIATIVE TRANSITIONS IN THE
PRESENCE OF A STRONG MICROWAVE FIELD

We calculate now the probabilities of radiative transi-
tions between the states obtained in the preceding section, as
a result of the action of a field with frequency 2 and unit
polarization vector e whose direction relative to the z axis
(the direction of the polarization of the field of frequency )
is given by the polar angles ¢, and ¢, . The probability of
this transition is determined by the matrix element

My

1
T--—ij <%, . | (er) e““'l‘l’:‘:z.i 2, (22)
[']

where the indices i and f pertain respectively to the initial
and final states. Substituting (2) in (22), carrying out a simple
integration with respect to the angle variables,” and using
time-dependent perturbation theory, we find that the transi-
tion probability per unit time, summed over M, is

aW= Y 8(t/2ni~1/2n -Q+ko)WadQ,  (23)
R 00

v=2ralaf{(3 cos® Ba—1) (1—M#/L2) | Ry+Ry-|?
+2 sin® a( | R* |*+| Ra-|?)},
Ryt= Y\ [drrfe ans st

Nelg

(24)
(25)

where I, is the intensity of the field of frequency £2, and a is
the fine-structure constant. Since M, and L, differ little from
the corresponding M; and L,, whereas these quantities
themselves are large, the factor, 1 — M }/L} was replaced
everywhere in (24) and (25) by 1 — M ?/L 2. Expression (23)
has a structure typical of multiphoton processes. The pres-
enceofad functionin(23) means that the transitions occur at
frequencies equal to the energy difference between the final
and initial states of the atom plus kw.

We calculate now the radial integrals (25). Inasmuch as
the experiment' dealt with radiative transitions between
states widely spaced in energy (n; = 10 and n, of the order of
50) we continue the analysis subject to the following restric-
tion on the frequency £2:

Q>n, (26)

When this condition is satisfied, the calculation of the radial
integrals is greatly simplified, since a noticeable contribu-
tion to the transition probability between states widely sepa-
rated in energy is made only by states with L&n (¢~ 1), and
by the region of variation of 7 near the turning point closest
to the nucleus.>¢ If ¢ is replaced by 1 — L ?/2n?, a new vari-
able v = un,/ L, is introduced, and account is taken of (3),
(6), and (9), we have in this case

1 ’
R*= T 2 j d-r'r('r )aN‘ 1y (U)au‘ +h,lg -.ﬂ(v)

Nl

Xexp[—iQt xip(t) ], (27)

r=L&(1+v?)/2, '=L&(v+v*/3)/2, g=2arctgv. (28)

The amplitudes a,,(v) in the integral (27) also depend on the
variable v, but at small # and at L <n this dependence can be
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neglected. Indeed, in this case the functions (14) take at
® = 0 the form

3nFon® M2\ L? L
y =O S — — — — E————
¢ (v, 0=0) 4 .(1 L‘) [ ( 2n2+ 6:m“v)] ’
M\hr L (29)
d* (U, (D=0) -==FF.,n‘L ( 1 —_L—’ ) [ 1— o 2] .

It follows therefore that the second terms in the square
brackets of these functions can be neglected both at small
and at large values of the parameter 2L * (2»n~?) which
determines the value of the integral (27). At nonzero w it is
more difficult to obtain such an estimate, but it can be shown
that if wn? is less than or of the order of unity it is still possi-
ble to neglect in the integral of (27) the dependence of the
amplitudes ay, on v. As a result the amplitude ay, (0) takes

the form
2 \% w
ax o, (0)= ( p— ) JNi+.‘.(—2—‘cos ﬂ)
x1,,( 55 cos ) exp(i@Nagetsm)),  (30)
w=c; ctg non'—d;, (31)
ci=—Fon? ~fclu(i— cos u)?cos on’(u—sinu),
[ )
(32)
di=Fn 5 du (1— cos u)?sin on® (u—sinu),
- [
tg yi=ci/di, sinB=M/L. (33)
A similar expression holds for the amplitude a,  (0).

The integral (27) can now be expressed in terms of an
Airy function and its derivative.'” Using also the addition
theorem, we obtain ultimately a representation for the radial
integrals:

RyY=P. Ty (_:c_ cos )]x (—:52- cos ﬁ) explik (p+2y,) +ixnl,

2
(34)
r=[wi+tw—2waw; cos 2 (711",
“w; sin 2 (YY) =z sinp, (33)
P.=(nin;) =" (2Y/Q°) " [—AY (y) £y"Ai(y) ], (36)
k= (Li—L—k+1)/2,  y=(QL/2)". (37)

The radial integral R ,~ is obtained from (34) by replacing x
by x — 1 and P by P_. x takes on only integer values.
After substituting R  in (24) we must carry out a num-
ber of averagings and summations. First, summation over
L, which reduces to summation over all the integer x. We
assume next an equiprobable population of the initial states.
The averaging of the obtained expression over all M; can be
replaced by integration with respect to Sbetween — 7/2 and
+ /2, and averaging over L, by integration with respect to
» (Ref. 9). Integrations of the squares of the Airy function
and of its derivative entail no difficulty, so that we obtainas a
result the following expression for the probability of the ra-
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diative transition per unit time with absorption of k micro-
wave photons:

ol
Wym — 221 (3 cos® a—1) Fy (2) +25in* 0Ga(2) ], (38)
3 n; n,“Q
/2
Fo(z)= Z j dp cos® pU (Ur—U,t,/3), (39)
® —a/2
n/2
Gi@)=Y" | dBoosp(UM?, (40)
he x =z
U, .lk+x( 2cosB) J,‘( 3 cosB). 41)

We shall consider next only the case ¢, =0, i.e., the
case when the polarizations of both fields coincide. The
probability of radiative transition with absorption of k pho-
tons is then proportional to the function F, (x). If we use for
the squares of Bessel functions the representation'*

a2 (z)= J‘ deJ, (2z sin @) cos 2ke (42)

o
as well as the addition theorem, we can obtain after some

transformations a relatively simple representation for the
function F (x):

Fu(z)=2 jdz(*/3+z2)1h¥(xz). (43)

This function has also the following asymptotic representa-
tion at large x (x> |k|):

Fu(z) =[21n 20— 29 (| k| +/.)

+3—(—1)*-4 cos 22/z+0 (z7%) ] /3nz, (44)

where 1(z) is a psi function."’

As seen from (43), F, (x) are symmetric with respect toa
change of the sign of k and x. The behavior of the functions
F, (x) is the following. At small x and |k | > O they increase in
proportion to x**!, reach a maximum at a certain x,,,, (k ),
and then decrease. This decrease becomes very slow at large
x. The larger |k | the farther from zero the maximum of the
corresponding F; (x). For k = 1,2,7 the functions F (x) reach
their maximum at x_,, (k) equal respectively to 2.38, 3.9,
5.1,6.3,7.5,8.7,and 9.9. Although the functions F; (x) oscil-
late past the maximum, as can be seen also from (44), these
oscillations are relatively small.

The functions F, (x) depend on the intensity and fre-
quency of the microwave field and on the principal quantum
numbers 7, and n, only via one dimensionless quantity x.
This quantity is proportional to the field intensity F, but it
follows from (35), (31), and (32) that its dependence on w, n,,
and n, is quite complicated. If 7> n}, we have approximately

z=c; clg non’—dy, (45)
where ¢, and d, are defined by the integrals in (32). We recall
that our analysis becomes incorrect in the case of resonance,
when wn; is equal to an integer.

If wn; <1, then

SFO (n ;2——n;2) [ 3-3 ]
rT=—————F"""""" .

20 t 72 w'n’ (46)
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A
FIG. 1. Relative intensity I of satelliteat k = — 1and n = 44 vs the power

of 2 microwave source of frequency @ = 7.829 GHz. The inset shows this
dependence at low powers. Points and continuous curve—experiment';
dashed curve—the function (43) normalized the experimental curve at the
maximum; dash-dot curve—asymptotic form (44) for the function (43) at
high microwave-source powers.

It can be seen that the quantity in front of the square bracket
in this expression is the difference between the ratios of the
energies of the outermost Stark components for the final and
initial states to the photon energy. The second term in the
square brackets is the first correction in wn;}.

In this limiting case of small wn;} it is possible to estab-
lish a connection with the Blokhintesev theory. As noted
above, calculations with the aid of the function (1) make the
intensity of the & th satellite proportional to the square of a
Bessel function whose argument is the difference between
the ratios of the Stark energies of the initial and final states to
the photon energy. Taking the sum over all valuesof n, — n,,
which at large n can be replaced by an integral with respect
toz = |n, — n,|/nfrom zero to unity, we arrive at an expres-
sion of the type (42). To find the factor preceding the square
of the Bessel function it is necessary, however, to calculate
the dipole matrix elements of the parabolic wave functions in
a quasiclassical approximations for states greatly separated

Bmx(k),w Fnax ”’;W
[

- -
\ b - c (
a.10 —

2 a

1+ - I
0,05 +— —
L - #
| ] J _J B B Y T .
g J 7 15 4 0 00 2 ¢ 5 4
|4} n w,GHz
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inenergy, as was done above and in Refs. 9 and 16 in the case
of spherical coordinates. No such quasi-classical estimate of
the dipole matrix elements in parabolic coordinates has been
obtained so far. Actually, at wn }< 1 there is no need for using
the quasiclassical theory expounded above, and it is better to
perform all the calculations with the aid of the function (1)
which is more accurate in this case.

§4. COMPARISON WITH EXPERIMENT

In the experiment of Ref. 1, n; = 10 and n, is approxi-
mately 50, i.e., the initial and final states are far from each
other. This justifies the approximations on which the calcu-
lations of the radial matrix elements in the preceding sec-
tions are based. Since wn} does not exceed one-fifth in the
experiment, the correction in the square brackets in (46) can
be neglected. The expression for F, (x) was obtained under
the assumption that the initial-state populations are equally
probable. As noted by the authors of Ref. 1, this assumption
is apparently not valid in their experiment. But since the true
distribution is unknown, it makes sense nevertheless to com-
pare the F; (x) obtained under this assumption with the mea-
sured transition intensities.

In Ref. 1 the curves are plotted not as functions of F,, but
as function of the microwave power P. It is noted there that a
power 0.12 W corresponds to a peak field intensity close to 6
V/cm. Although satisfactory agreement with experiment is
observed also in this respect, the agreement is somewhat bet-
ter if the last number is chosen somewhat smaller. We use
hereafter the value 5.23 V/cm.

In Fig. 1 are compared the resonance intensity mea-
sured at k = — 1and n = 44 with the function F,(x) normal-
ized to the experimental curve at the maximum. Here and
elsewhere n,will be designated by ». It must be noted first of
all that the function F(x) has its maximum approximately at
the same values of the power Pas in the experiment. The fall-
off of the resonance intensity on both sides of the maximum
is described with sufficient accuracy by the function F(x).
At high powers the experimental and theoretical curves di-
verge, inasmuch as in the experiment the intensity falloff
slows down with increasing P, and above 7.5 W the intensity
even increases. The cause of this discrepancy is still unclear.
Nor does the theoretical curve show the experimentally ob-

FIG. 2. a) Microwave-source power P, (k) corresponding to the maxi-
mum excitation of the k th satellite: @ (n = 43)and O (n = 44) — k <0; A\
(n = 44)and A (n = 45) — k> 0; b) dependence of P, (1) on the principal
quantum number # of the final state; c) dependence of P, (1) on the
frequency » of the microwave source. Points—experiment,' solid
curves—Eq. (47).
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tained small oscillations of the resonance intensities with
change of P.

Knowing x_,, (k ) we can find the power P, (k) corre-
sponding to the maximum probability of excitation of the
k th satellite:

Proe (k) =1.2-10°0"Zmex () / (*—n?) . (47)

Here Pisin watts and w in GHz. The plots in Fig. 2 are based
on (47) and on the values of x,,,, (k) given at the end of the
last section. It can be seen that they duplicate well the experi-
mental dependence of P, (k) on k, n, and w. A possible
exception is the dependence of P, (1) on w, since experi-
ment indicates that P_,_ (1) is proportional to > *°* and not
to w? as follows from (47). Although the correction in wn®
obtained above can raise the power of w in the dependence of
P_.. (1) onw, in this experiment the correction is too small to
require consideration. When the frequency is increased the
dependence of P_,, (k) on the frequency is no longer qua-
dratic and becomes more complicated, as follows from (45)
and (32). It would be of undoubted interest to carry out ex-
periments at frequencies o that approach resonance.

45 Sov. Phys. JETP 58 (1), July 1983

'J. E. Bayfield, L. D. Gardner, Y. Z. Gulkok, and S. D. Sharma, Phys.
Rev. A24, 138 (1981).

?D. I. Blochinzev, Sov. Phys. 4, 501 (1933).

*H. A. Bethe and E. E. Salpeter, Quantum Mechanics of One- and Two-
electron systems, Springer, 1958 [Russ. transl., Fizmatgiz, 1960, p. 542].
*V. A. Kovarskii, Mnogokvantovye perekhody (Multiquantum Transi-
tions), Kishinev, Shtinitsa, 1974, p. 66.

5P. Stehle, Phys. Rev. A26, 2711 (1982).

SN. L. Manakov, V. D. Ovsyannikov, and L. P. Rapoport, Zh. Eksp.
Teor. Fiz. 70, 1697 (1976) [Sov. Phys. JETP 43, 885 (1976)].

"B. A. Zon and E. L. Sholokhov, ibid. p. 887 [461].

5N. B. Delone and V. P. Krainov, Izv. AN SSSR 45, 2331 (1981).

°I. A. Bersons, Zh. Eksp. Teor. Fiz. 83, 1276 (1982) [Sov. Phys. JETP 56,
731 (1982)].

'91. Ya. Bersons, ibid 80, 1727 (1981) [53, 891 (1981)].

"'L. D. Landau and E. M. Lifshitz, Mekhanika, Fizmatgiz, 1958, p. 52
[Mechanics, Pergamon, 1960].

'2L. D. Presnyakov and A. M. Urnov, J. Phys. B, 3, 1267 (1970).

3W. H. Miller and F. T. Smith, Phys. Rev. A17, 939 (1978).

4 A. Erdelyi, ed., Higher Transcendental Functions, McGraw, 1953
[Russ. transl. Nauka, 1966, Vol. 2, p. 54].

SD. A. Varshalovich, A. N. Moskalev, G. K. Khersonskii, Kvantovaya
teoriya uglovogo momenta (Quantum Theory of Angular Momentum),
Nauka, 1975.

168, P. Goreslavskii, N. B. Delone, and V. P. Krainov, Zh. Eksp. Teor. Fiz.
82, 1789 (1982) [Sov. Phys. JETP 55, 925 (1082)].

""M. Abrfamowitz and I. A. Stegun, eds., Handbook of Mathematical
Functions, Dover, 1964 [Russ. trans. Nauka, 1979, p. 264].

Translated by J. G. Adashko

' I. Ya. Bersons 45



