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A mahod is proposed for calculating the contributions of the higher states of the discrete spectrum and the 
continuum in the twocenter problem to the binding energy of a system of three bodies. The method makes it 
possible to find the energy levels of mesic molecules with accuracy -lo-' eV. The convergence of the 
expansion of the wave functions of mesic molecules of the hydrogen isotopes with respect to an adiabatic basis 
is investigated numerically. 

PACS n u m b :  36.10.Gv, 3 1.15. + q 

1 .  INTRODUCTION i h - ~ , , , ( ~ ) ) ~ ,  ,<r: I t )  -0. (4a) 

The Schradinger equation for the three-body problem (h -k '12 )~ , , ( r ;  k .  n )  =n. (4b) 

with Coulomb interaction with two positively charged with Hamiltonian 
particles (nuclei) a and b with charges and masses - 1 Z . &  
(2.M.) and (Z&fb) and a negatively charged particle c ),=--A ---- 

2 ' r. r, ' (4c 
(electron or  p-meson, 2, =- I ,  m, =m, o r  m,) has the 
form1 corresponding to the discrete spectrum and the contin- 

uum, 8 and + are the angular variables of the vector - 
( f t - E . , )  Y.,(r. R I  =o. (1) R = { R , ~ ,  +), and the Wigner functions D:,,(+, 0 , 0 )  are  

Here, R i s  the distance between nuclei a and b, Y i s  the normalized to unity. 

distance from particle c to the middle of the segment R,  Substituting the expansion (3) in Eq. (1) and averaging 
and n and 7 are the quantum numbers characterizing the over the coordinates r , 8 ,  +, we arrive at the system of 
state of the three-body system. ordinary differential equations1 

The set of quantum numbers n = (Nlm) of a hydrogen- d -  .* I 

like atom with charge Z =Z, +Zb, to which the three- ( &I- , - t i J  ( U ( R )  =x L U ( ~ ~ ) h ( ~ ~ )  

body system goes over in the limit R - 0: characterizes 
1 

2-8 

the motion of particle c in the field of the nuclei a and Tt j dkD.,,(L R)x,( / ; .  R ) .  
b. The set 7 = (vJm ,A) characterizes the relative mo- F I  k n  

tion of the nuclei: J i s  the total angular momentum of 11 

the three-body system, m, i s  its projection, X=*( -1)"  -T dl? 2M~, , - ( i . . ~  ( k ,H )  1 ~ ~ ( l r . H ) =  i US,(/;. 1 0 ~ . ( 1 1 )  

is the total parity of the system, and v i s  the vibrational I I 

quantum number. + bl(iu (k,  x , .R)x . -  ( k J  H I .  (5b) 

The Hamiltonian of the three-body system has the . - 3  *, 

form3 (in units of e =R=m, = 1) where we have introduced the abbreviated notation j 

I  2. Z* Z . Z b  --A,----+-, 
2 r. r R 

1 I l l  AI.-M. ( + )  ---+-, x=- 
M M. Mb m. m, M. , l l , ,+ .~ .  ' 

where Y, and vb are  the distances from particle c to  nu- 
c l e i a  and b. 

In the adiabatic representation of the three-body 
problem, we seek the wave function @,,I(r,R) of the sys- 
tem in the form of the expansion'wS 

where 6 = min(2, J), the functions (PN#,(~;R) and cp,,(r; 
k,R) a re  regular and bounded solutions to the two-cen- 
te r  problem of quantum rnechani~s ,~  

and the effective potentials Utj(R), Ui,(k,R), Usj(k,R), 
U,,,(k, kl,R) are  defined in Ref. 1 and calculated in 
Refs. 4-8; the energy 

of the three-body system i s  measured from the energy 
E ,  =-i of the ground state of the isolated atom (Ma, 
me). 

InthelimitN,-m, N,-m, k o - 0 ,  k,-m, R,-0, 
the system of equations (5) with the boundary conditions 

and the normalization condition 
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is equivalent to  the original equation ( I ) ,  the expansion 
(3) in this limit being exact since the solutions (4) form 
a complete set. 

In our previous investigations,' the system of equa- 
tions (5) was used to calculate the energies of the s ta tes  
of p-mesic molecules of the hydrogen isotopes for Ni 
=13, N,=6, ko=O, &,=lo ,  R,=60. 

The accuracy achieved in the calculations, -0.1 eV, 
was insufficient for detailed description of the process 
of formation of p-mesic  molecule^,^ and must be im- 
proved by at least an order  of magnitude. For  this, it 
i s  above all necessary to calculate the contribution to 
the energy cJ, of the higher states Ij) and Iks) of the 
two-center problem, i.e., to calculate in the limit 
N ,  - 00, ko- 0. To solve this problem in the present 
paper, we used the values Ni =23, N, =6, ko=0.2, k, 
= l o ,  R,=100. 

2. METHOD OF SOLUTION 

The system of equations (5)-(6) was solved by means 
of the VAAR program,l%hich i s  based on algorithms 
which employ the continuous analog of Newton's meth- 
od.11n13 The matrix O(R) of the effective potentials of 
the system of equations (5) has the form given in Ref. 
1. It consists of 2 x 2  blocks Uij(R), Ui,(k,R), U,,(k,R), 
and U,,,(k, k', R ) ,  for example, 

etc., where the states lig) and {iu) in the limit R-  
form pairs with the same set  of parabolic quantum num- 
bers  [nlnzrnp], differing only in the parity1': p =g, u 
= (-1)'. 

In the VAAR program, we used a matrix fi@) consist- 
ing of the "rows" Ui,@) and U,(k,R), "diagonals" Ujj@) 
and U,,(k,R), and "columns" U,,(R) and U,,(k,R). The 
special investigation made in Ref. 1 showed that the in- 
clusion of the potentials Uij(R) for i *  j# 1 in the system 
of equations (5) does not change the results  of calcula- 
tions of the energies EJ, of mesic molecules to  relative 
accuracy -loq4. 

Solving the system of equations (5) with the normaliza- 
tion condition (6), we find the energies cJ, and the wave 
functions xi@) and &(k,R) with relative accuracy 
(Ref. I ) ,  after which we can determine the contribution 
made to cJv by each of the s ta tes  J j )  and Iks). For  this, 

TABLE I. Binding energies -&  J ,  (eV) of mesic molecules 
and the corrections* -dcru (eV) to them. 

*All calculations were made for the masses  m p  = 206.769, 
M* = 1836.152, kf,, = 3670.481, Mt = 5496.918 of the particles 
and 2Ry= 27.2107 eV. 

we represent c,, in the form 

I. N - I  c 
e , / = E  E N .  e N = z  em-7 

The relations (8)-(9) a r e  an exact consequence of the 
system of equations (5). They a r e  obtained after mul- 
tiplication of the f i rs t  pair of equations from the left by 
the function = (x,,, xlu) and integration over R .  
These relations, in contrast t o  those used ear l ier  in 
Ref. 1 ,  which were obtained using perturbation theory,13 
a r e  obtained without any approximations and make pos- 
sible a numerical investigation of the convergence of 
the adiabatic expansion (3). This approach replaced the 
investigation of the convergence of the expansion (3) by 
the solution of the system of equations (5) with a suc- 
cessively increasing number of these equations. 

In Table I, we give the binding energies - EJV found by 
numerical integration of the system (5) using the VAAR 
program; they a r e  equal to the values calculated in ac- 
cordance with Eqs. (8) and (9). The value of R, was 
taken to be R,=20 for  the states (J=O, v =0),  (J= 1, v 
=0)  andR,=100 for the states ( J = l ,  v = l )  of the mes- 
ic molecules pdp,  ddp,  and dtp. 

In Table 11, we give the contributions - cN t o  -&:, of 
the various states of the mesic molecules pdp, ddp,  
and dtp .  In calculating the contribution cN from the 

TABLE 11. Contributions cN (eV) of the s ta tes  U) of the dis- 
cre te  spectrum of the two-center problem to the binding 
energies -&,, (eV) of mesic molecules. 
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TABLE III. Contribution -E(k) (eV) of the continuum states 
Iks) of the two-center problem to -Ej,. 

shells N = 7,8,9, we took into account only some of the 
states with different 1 and m (their total contribution i s  
given in the table). 

In Table 111, we give the analogous contributions -&(k) 
to -cS, from the continuum states of the two-center 
problem. In calculating E:,, we took into account all 
contributions &,,(k) with m =0, 1 = 0,1, . . ., 7 and m = 1, 
1 =1,2,3,4. The ignored contributions 

Am 

elma ~,rn(k)dk 
k. 

from the higher 1 do not exceed 0.01 e ~ . '  

3. CALCULATION OF ti&$ AND ti&$, 

In calculating the contributions bed, and 6&E,, from the 
higher states 1 j) and I ks) of the two-center problem, we 
take into account in the first place the circumstance that 
the wave functions xj(R) and xZ(k,R) are  damped expon- 
entially outside the region R = 3 (at large c,,) or R = 7 
(for weakly bound states)." l3 This means that in the 
calculation of cj and &,(k) it is sufficient to know the ma- 
trix elements Ul,(R) and Ul,(k,R) only in the restricted 
region R s 7. In this region, the two-center functions 
cp,(r;R) and cp,(r;k,R) can be approximated with good 
accuracy by the single-center functions of a hydrogen- 
like atom with charge Z =Z, +Zb of the nucleus provided 
the conditions2 

R RZ 
pj= {-2Ej (R) } "= - kR 

G i ,  c = - 6 1  
2N 2 

are satisfied, i.e., for N 2 7 and k s 0.3. For these val- 
ues of N and k, the wave functions of the discrete spec- 
trum and the continuum of the hydrogen atom go over in- 
to each other when the substitution Z / N - i k  i s  made.14*15 

The relations (9) for N >> 1 and k << 1 can be represent- 
ed in the form 

where E =-z2/2iV2 and E =k2/2, respectively, for the 
discrete spectrum and the continuum of the hydrogen 
atom, and the functions 

are equal in the limit N - - and k - 0: 

FIG. 1. Calculation of the contributions -64, and -6Efr, to the 
binding energy -EJ, of the state ( J  = 1, v = 1) of the mesic 
molecule &A. The open circles a r e  the values of the functions 
-fa(E) and -f,(E) calculated in accordance with (9) and (12). 
The open triangles a r e  the values of the function -f(E) (13) 
with the coefficients given in Table IV. For E = 0, which cor- 
responds to k =  0 or N =  ", f(0) = A. The contributions -d&lf, 
= 0.036 and -d&j,= 0.018 eV a r e  equal to the areas bounded 
by the dashed line and the segments E l <  E 6 0 and 0 -< E S Eo 
of the abscissa, respectively. They a r e  calculated in accor- 
dance with Eqs. (14) for N l=  7, E o =  0.02, and fd(E)= I,(&) 
= f(E). The values of E a r e  given in the units e = 21 = ma = 1. 

i.e., at the boundary of the discrete spectrum and the 
continuum of the hydrogenlike atom, which agrees with 
the well-known propertiesIc l5 of its wave functions. 

In Fig. 1, we give the values of the functions -f , (~)  
and -f,(E) calculated in accordance with the formulas 
(12) for N =4,5,6 and k=0.2, 0.3, 0.4, 0.5, and also 
the interpolation function -f (E), which represents them 
in the region E, -< E -< Eo. The function f(E) i s  chosen in 
the form 

f (E) --A+BE+CE?, (1 3) 

and its coefficients, determined from the values of the 
functions f , ( ~ )  and f , ( ~ )  at the points N =5 and 6 and k 
= 0.2 and 0.3, are given2' in Table IV. 

The corrections bc:, and BE:, a re  calculated in ac- 
cordance with 

for Eo =0.02, N, = 7, N2 = 40, which follow from the de- 

TABLE W. Coefficients of the expansion of the function -f(E) 
and the values of -d&j,, -be:,, - ~ E J , , ,  and n(b~~,) in ev. 
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finitions ( 9 )  and (12)  and Fig. 1 .  

The e r r o r  A ( ~ E ~ , )  in the calculation of the contribu- 
tion 

~ E I ~ = ~ E , ~ ~ + ~ F J I '  (1 5 )  

of the higher states [ j )  and Iks) t o  the energy E j ,  is 
determined by the e r r o r s  in the calculation of the coef- 
ficients A ,  B, and C and the e r r o r s  of the numerical 
integration in the calculation of E ,  and c ( k )  in accord- 
ance with Eqs. ( 9 ) .  

The values of -6cJV for deep levels of the mesic 
molecules a r e  -0.2 eV, and for the levels (J = I ,  v = 1 )  
of the mesic molecules ddp and d t p  do not exceed -0.05 
eV. The e r r o r s  A(6cJv)  a r e  due mainly to the e r r o r  
AA/A i lo-' i n  the determination of the coefficients of 
the function f ( E ) .  They a re  given in Table IV and a r e  
20.004 eV for the deep levels and =0.001 eV for the 
levels (J = 1 ,  ti = 1 )  of the mesic molecules ddp and d t p .  

4. CONCLUSIONS 

Our investigation gives a regular method of calculat- 
ing the contributions bc,, t o  the energy c J ,  of mesic 
molecules from the higher states I ~ l m )  and ( k l m )  of 
the two-center probletn in the limit N-  - and k -  0 .  It 
follows from the investigation that the use of a restrict-  
ed set of two-center basis functions in the expansion 
(3) of the three-body wave function in  the calculation of 
the energies c,,  of the states ( J r )  of mesic molecules 
is  not an obstacle to the finding of cJ ,  with high accura- 
cy. The obtained result depends weakly on the small- 
ness of the formal expansion parameter (2nf ) - ' ,  which 
in the case of mesic nlolecules i s  -0 .1 ,  and can be used 
to calculate the binding energies of systems such a s  
e'e-c' and H-, for which (Z!1)-' i s  $ and :: 1 ,  respective- 
ly. 

We thank I. V. Puzynin, T. P. Puzynina, and L.  N. 
Sotllov for assistance, N. F. Truskova for supplying 
the program for calculating the effective potentials of 
the three-body problem which couple the states of the 
discrete spectrum of the two-center problem, and D. I. 
Abramov and I. V. Komarov for  numerous and fruitful 
discussions of the formulation and results  of the paper. 

') The correspondence rules  a r e  

2, The values of f d ( E )  for  N = 7, 8, and 9 a r e  less  than the 
corresponding values of the  function f ( E )  because C, was 
calculated using only some of the s ta tes  IMm) : for  N =  7. 
only seven out of the 1 3  s ta tes ,  for  N =  8 only four of the 15, 
and fo r  N = 9 only one of the 17. Therefore, i n  the construc- 
tion of f(E) the values of f,(E) fo r  N = 7. 8, 9 were  not used. 
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