
Characteristics of reversed photon echo resulting from 
nonsimultaneous four-wave interaction in ruby 

E. I. Shtyrkov, V. S. Lobkov, S. A. Moiseev, and N. G. Yarmukhametov 
Physicotechnical Institute, Kazan ' Branch of the Academy of Sciences of the USSR 
(Submitted 6 April 1981) 
Zh. Eksp. Teor. Fiz. 81, 1977-1986 (December 1981) 

The results are reported of detailed theoretical and experimental investigations of reversed echo in ruby at 
2 "K. A prediction is made of an oscillatory dependence of the echo intensity on the degree of overlap of the 
opposite pump waves and on the intensity of the standing wave field. Reversal of the wavefront of the signal 
wave is produced by a reversing echo mirror with a correction for the additional aberration introduced into 
the wave. 

PACS numbers: 42.65.G~. 78.20. - e 

INTRODUCTION 

Transformation of the wavefronts of optical fields by 
the four-wave interaction method i s  currently the sub- 
ject of extensive investigations in nonlinear optics and 
dynamic holography. A signal due to  the four-wave 
simultaneous interaction was first  demonstrated ex- 
perimentally in the forward geometry1 and in the geom- 
etry of complete wavefront r e v e r ~ a l , ~ ' ~  where the re- 
sult of generation of a complex-conjugate wave was 
considered in terms of dynamic holography. The inter- 
action signal appears simultaneously with the arrival  
of three coherent light pulses in a recording medium 
and its wave vector i s  k = k, + k, - k,, where k, i s  the 
vector of the wave being transformed, whereas k2 and 
k, a re  the vectors of plane pump waves. This process 
is coherent and if the medium loses coherence rapidly, 
then all the three pump waves must be applied simul- 
taneously. 

However, under resonance conditions when the i r re-  
versible relaxation channels a re  suppressed, an atomic 
system may have a fairly long phase memory of the ex- 
citation coherence. Then, the condition of simultaneity 
of the action of all three waves need no longer be satis- 
fied. Then, during the transient stage we can expect 
various coherent optical quantum phenomena such a s  
the photon echo,4 induced transient coherent population 
gratings in space,5 optical n ~ t a t i o n , ~  self-induced trans- 
parency,' etc. In particular, a complete analog of the 
simultaneous four-wave interaction is the three-pulse 
photon echo,' which i s  a coherent response of a medium 
to the action of three laser pulses arriving at different 
times and generally noncollinear. The ability of a me- 
dium with phase memory to  "remember" the wave 
characteristics of optical pump waves can be used in 
dynamic holography. The feasibility of recording, re- 
constructing, and transforming optical wavefronts 
(complex conjugacy, doubling of fronts, etc.) in the 
photon echo geometry (echo holography) was considered 
theoretically in Ref. 9 and then in Ref. 10. The three- 
pulse nonsimultaneous excitation in the special case 
when the second and third pump waves are  directed op- 
posite to one another generates a polarization wave in 
the medium and this wave satisfies the phase matching 
condition" and it serves a s  a source of a coherent elec- 
tromagnetic echo wave. This case of the opposite pump 
waves (k3=-h) can ensure a complete wave reversal  

of the wavefront in respect of the direction (kt =-k,) 
and time because the medium "remembers" not only the 
information on the fronts but also the order of arrival 
of the optical pulses.9 

The first experimental observation of the three-pulse 
reversed photon echo was made in ruby1' and then in 
sodium vapor.13 Another special case of this geometry 
was considered theoretically in Ref. 14,  where an anal- 
ysis was made of the situation of a complete overlap of 
the opposite pump waves, i.e., in the case when the 
second and third pulses act simultaneously on a medium 
and are  oppositely directed. In this case the pump field 
in the medium has a periodic spatial inhomogeneity 
(standing wave) and this al ters the nature of the nonlin- 
e a r  interaction. The more general and more complex 
case when the opposite waves act on a medium nonsim- 
ultaneously but overlap partly has not yet been investi- 
gated. In this case after a time T > 6, where 6 i s  the 
pulse duration, from the arrival  of the first pulse a 
medium is excited first by a traveling wave (homogen- 
ous excitation by the leading edge of the second pulse), 
then by a standing wave (inhomogeneous excitation by an 
interference field), and finally again by a traveling 
wave (homogeneous excitation by the trailing edge of the 
third pulse). We shall describe a detailed investigation 
of the influence of the degree of such overlap of the op- 
posite pump waves on the characteristics of the three- 
pulse reversed photon echo. 

THEORY 

A calculation of the nonequilibrium polarization in- 
duced in a medium will be made by a quasiclassical 
method in which the field i s  regarded in the classical 
form but the behavior of the system is described using 
the formalism of the density matrix operator. In the 
interaction representation the equation of motion of this 
operator j3 i s  

where* is the Hamiltonian of the system of two-level 
atoms. The interaction with a coherent field of ampli- 
tude %' is described by 

1041 Sov. Phys. JETP 54(6), Dec. 1981 0038-5646181 11 21 04 1 -06$02.40 O 1982 American Institute of Phvsics 1041 



In the interval between the pump pulses the Hamiltonian 
becomes 

where N i s  the number of active centers; 2i~ii is the 
Planck constant; Aj = wi - w;  wf is the natural frequency 
of the j - th  atom; w is the pump field frequency; 4 is the 
dipole moment of the transition; =fill + a,,; RIj,  
a,,, and fi3j a r e  the transverse and longitudinal com- 
ponents of the Dicke ? is the relaxation 
operator defined by 

r is the half-width of the function representing a homo- 
geneous broadening of the transition; I, is the electric 
field of the p-th pump pulse. This field can be repre- 
sented in the form of rectangular pulses with p =1, 2, 
3, and 4 which are  all  plane waves: 

1 )  OGt<6,,  E , = b ,  exp { i ( o t - k , r ) ) + c . c . ;  2 )  6 ,< t<r ,  E=O; 

3) r<t<.r+6?, E , = b ,  exp { i ( o t - k , r ) ) + c . c . ;  

4 )  ~ + 6 ~ < t < . r + 6 ~ + 6 ~ ,  Es=EP3 cos k,reiY'+c.c.; (4) 
5 )  ~ + 6 ~ + 6 ~ < t < r + 6 ~ + 6 ~ + 6 ~ ,  EI=g l  exp { i ( o t + k Z r ) } + c . c . ;  

6 )  t>r+6,+6,+6,, E=O. 

In these calculations we a r e  assuming that the opera- 
tor  p of a system of noninteracting two-level atoms has 
the usual form for optical transitions (before arrival  of 
the pump fields): 

The solution of Eq. (1) for nondiagonal elements of the 
density matrix i s  

p i n t ( t ) = t ( t ) p ( ~ ) ~ - ' ( t )  exp [ - r t ] ,  (6) 

where e(t) i s  t h e  familiar unitary operator composed of 
the product of unitary operators corresponding to each 
time interval and taken in the interaction representa- 
tion. Using the resultant expressions, which describe 
cophasal polarization waves responsible for the forma- 
tion of radiation in the direction -ki, we then obtain 
from Eq. (6) the required polarization: 

where P,,, is the operator of the dipole moment of the 
transition. It is interesting to consider the behavior of 
the polarization in a real  situation when the pump wave 
pulses a re  symmetric and identical (g, = g, = I3 = I d ,  
6, = 6,) and the laser frequency coincides exactly with 
the center of an inhomogeneous transition line (w = wo) 
described by the Gaussian function 

where N o  is the concentration of the atoms and A, is the 
line half-width. 

After averaging over the distribution g ( ~ ) ,  we find 
that Eqs. (6) and (7) yield the following expression for 
the polarization: 

+ 
A sin A ( t - t ' )  

exp [ i (o , t+k , r )  ]+c . c ;  

0  0  B = ~ ~  sin' > [ l - ~ ~  (ZOO,) 1-7" sin 0 ,  s inZL J ,  (2003: 
2 2 

52=@K-l I is the Rabi frequency, and Jo,i,2(2803) is a 
Bessel  function of the first kind. Equation (9) may have 
a simple solution for certain usually made assumptions. 

I. Very powerful and short pump pulses (a>> A, and 6 
< 2n52/~;), when all  the isochromates of an inhomogen- 
eously broadened transition line are  excited. In this 
case we have y = 1 and 8, = Oo,, and the amplitude of the 
polarization in Eq. (9) becomes 

9 f t - t ' )  ='/%p sin O,, ( ' /2( l+cosZ eOz)  [1-Jo (ZOO,) ] - ' I2 ~ i n " ~ ~ J z  (2O0,) 

+sin 2OO2J, (ZOO,) + ~ i n " ~ ~ J ,  (2Oos)}S ( t - t ' )  , (1 0) 

where the function representing the shape of the echo 
signal is 

N tg(Oo, /2)  Ad  ( t - t ' )  Ap ( t - t ' )  
~ ( t - t ' )  = 2 

Apnmlz [I + 2 8  ]ex+ (11) 

0 s  OO3 c a b ;  6 = 0  + 63 i s  the duration of the pump pulse; 
is the delay of one opposite wave relative to  the other 

(within the region of overlap of the opposite waves B 
< a). 

We shall f irst  consider two limiting cases. 

a)  Complete overlap (only a standing wave is obtain- 
ed), i.e., P = 0, eoz =0. We can see from Eq. (10) that 
in this case the polarization reduces to  the expression 
obtained in Ref. 14: 

b) Complete nonoverlap of the opposite waves (P> 6). 
We then have Oo3 = 0 and the polarization is described 

by 

9 . ( t - t ' )  ='lzp sin O,, sin2 O,,S(t-t ') ,  (13) 

i.e., by the well-known expression for the three-pulse 
echo. 

c)  We shall now deal with the more general case of 
partial time overlap of the opposite waves (0 < P < 61, 
when the echo polarization is the result of interference 
of several  terms in Eq. (10). As P increases to 6, the 
polarization generally decreases, i.e., Po PC',. How- 
ever, the echo intensity does not fall monotonically but 
oscillates and the oscillation depth depends on the in- 
tensities of the opposite pump waves. Figure 1 shows 
this dependence calculated from Eq. (10) for different 
values of the areas  under the pulses representing the 
opposite waves. The echo pulse profile i s  governed by 
the function S ( t -  t l )  and, a s  can be seen from Eq. (111, 
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I,. rel. units 

FIG. 1. Influence of the degree of the time overlap of the oppo- 
si te pump waves on the intensity of the reversed echo for dif- 
ferent values of O2 (theory). 

it either has a symmetric Gaussian form with the de- 
phasing parameter Tf = 2 ~ ; '  on condition that tan(9,,/2) 
>> ~1/2h, or it becomes asymmetric and i ts  maximum is 
subject to an additional delay which is ,  for example, 
approximately 51-' in the case when Ooi =7r/2. 

11. We shall now consider an equally important case 
a<< h, which is frequently encountered in experiments. 
This case corresponds to  partial excitation of the spec- 
t r a l  transition line, when out of the whole ensemble of 
atoms only some isochromats a r e  excited and they have 
detunings A < A,,. Then, in the case of the atoms satis- 
fying the condition A < A. = (21r52/6)"~ the behavior of the 
polarization remains coherent but the spectral weight of 
the separate components i s  different because y f  1. Un- 
der these assumptions we can, a s  before, assume that 
9, =go, in Eq. (9) and this allows us to obtain an analy- 
tic solution 

C=Jo[Q  (6'-tZ) '"]  [ 1 - l o (2003 )  ] +  2 sin 0,, sin 0,,J, (200a)e-"'l 
+2" sin O p t  sin'(€lor/2) [3J0(280s) -l-cos 002J,(2801) ] 

X[1+2'"Qltl ] e ~ p ( - 2 " Q l t l ) - 2 s i n 0 ~ ,  sin €lea sinz-% ~ ~ ( 2 0 ~ ~ )  (I+Qlt l )e-o l t l  
2  

D=sin O,, { [ I - ] ,  (20,,)  ] e-''"+2~h sin 0,,J, (ZOO,) 51 1 t I e s p  (-2"'Q I t  I ) 
+[3J0(20, , )  -1-cos 0,,,.7,(20,,)] sin2 (0 , , /2)  01 t  1 e-'l'l 

-?-'h . sin A O 3  sin3 (OO2/2) J, (2RO3) Q 1 t / ( 1 +3L11) 1 t 1 ) C Z ~  ( - I ) " ' ( >  It 1 ) 
+I/, sin"0,,/2)Q1 t 1 (I+Ql t  1 ) [ i -51 , , (20 , , )  +2J, (28 , , ) ]  e - O " ' } .  

This expression can be analyzed quite simply in the two 
limiting cases of: a) complete overlap of the opposite 
waves (p = 0, OO2 = 0, OO3 = a6);  b) consecutive action of 
the opposite waves (P > 6). Figure 2 shows examples of 
the shape of the polarization, pulses calculated from Eq. 
(14) for these two cases in the approximation of small 
areas under the pulses (sin Oo, = go,). We can see that 
the nature of phase matching depends strongly on the 

FIG. 2 .  Profile of the 
echo pulses: 1) P = 0; 
218 > 6 .  

delay P. In the first  case (curve 1) the echo duration 
and its leading edge a r e  much shorter than in the sec- 
ond case (curve 2) and there is no additional shift of the 
echo maximum. In the second case the echo pulse is 
more symmetric and it is  delayed by about ST'. 

EXPERIMENTS 

The reversed photon three-pulse echo was investi- 
gated using apparatus described earlier.12* '' The only 
modification was that in the present experiments a 
beam 111 was formed independently using an additional 
OLZ-2 optical delay line, which made it possible to  
compensate accurately the path difference between op- 
posite beams I1 and 111. The resonant medium was a 
ruby single crystal with a Cr3* concentration of -0.03 
at.%. The sample was a cube with a 10-mm edge and 
it was cooled to 2 OK in an optical cryostat in order to 
increase the duration of the phase memory of the medi- 
um. A resonance at the 4A2(*$) - 2 ~ ( E )  transition in 
ruby (A = 6934 at 2 OK) was excited by a ruby laser 
which was cooled to 77°K and generated the second 
component of the same *A2(4)  - 2 ~ ( E )  doublet at X 
=6933.97 A. Single-pulse emission was ensured by ac- 
tive Q switching of the resonator cavity, which made it 
possible to suppress the stray optical coupling between 
the resonator elements and generate pulses of 10 nsec 
duration and about 1 MW power. The sample was pump- 
ed approximately along the optic axis of the crystal, 
and the polarizations of all the beams were perpendicu- 
lar  to  the plane of their incidence on the sample. The 
angle between the beams I and Il was 5", which ensured 
a satisfactory spatial decoupling between the pump and 
echo signals. A weaker longitudinal static magnetic 
field (0-250 Oe) was applied to the sample by Helmholtz 
coils and it lifted partly the degeneracy of the ground 
state 4 ~ 2 ,  SO that the signal echo became stronger. The 
coherent echo response was detected with wide-band 
~ L U - F T  photomultipliers and a Tektronix-466 oscillo- 
scope. 

L -50; 740; 450 crn 
b c 

FIG. 3. Angular divergence of the beam after reflection by: 
a) ,  b) reversing echo mirrors ;  c) plane mirror  located in the 
plane of the sample; 1) without a phase plate; 2) with a phase 
plate. 
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The beam divergence was minimized by employing a 
confocal configuration with a 4 m base in both delay 
lines. A system of conjugate lenses with f =50 cm (Ref. 
12) made it possible, on the one hand, to  increase the 
intensity of the pump field in the sample and, on the 
other, to combine automatically the caustics of al l  the 
beams in the same region. Moreover, because of the 
small  divergence of the laser  beam, the opposite beams 
11 and 111 obtained in this geometry had approximately 
complex-conjugate wave front^,'^ which made it possible 
to reduce the distortions of t k  reversed echo wave- 
front representing the complex conjugate to  the wave- 
front of a beam I. In fact, the reversed echo beam IV 
had the reverse divergence relative to  the first beam. 
This is demonstrated in Fig. 3a, which shows photo- 
graphs of the transverse cross  section of the echo beam 
at different distances I from the sample. Away from 
the sample the echo beam converged to an angle approx- 
imately equal t o  the divergence of the pump beam (-8'). 
At a distance 1 equal to the path from the exit mirror  of 
the laser to the sample, the echo beam cross  section 
was identical with the cross  section at the exit from the 
laser. For greater values of I the echo beam c ross  
section increased again. The quality of the wavefront 
reversal  was checked by introducing deliberate aberra- 
tions into the signal beam I by inserting an etched phase 
plate directly in front of the sample. 

Figures 3b and 3c show examples of compensation of 
the aberrations in the reversed echo signal. Clearly, 
in the case when the signal wave I had a wider spatial 
frequency spectrum (in the presence of the phase plate), 
the echo reproduced more accurately the pump beam 
geometry. This was clearly associated with the more 
favorable mixing of the spatial frequencies, a conse- 
quence of which was a more homogeneous excitation of 
the sample. Information on the wavefront of the pump 
beam I was reproduced accurately in the echo wave and 
this made it possible to  regard the system a s  a revers- 
ing echo mirror.  The wavefront reversal occurred due 
to a characteristic time reversal, i.e., at those points 
in the sample where the vibrations of the dipoles were 
advanced in phase during the application of the first  
nonplanar wave, and exactly the same phase lag ap- 
peared after the action of the pulse 111. In accordance 
with the general principle of holography, this should 
produce a pseudoscopic image of the object. This can 
be illustrated clearly by the simple example of collin- 
ear  three-pulse excitation (Fig. 4a) on the assumption 
that the signal wave I i s  characterized by a small  phase 

FIG. 4. Reversed echo of a wavefront in the three-pulse 
pumping case: a) before pumping; b) after echo response. 

perturbation of the wavefront, and that the opposite 
waves I1 and 111 are  plane. The echo is generated in 
such a way that the time lag in the axial part of the 
beam by 70-  7 results  in reversal  of the wavefront rel- 
ative to  the initial direction of propagation of the echo 
wave (Fig. 4b). It is worth recalling that in the general 
case described by Eq. (9) the moment of phase matching 
depends on many conditions, for example, there i s  a 
shift of the echo in the case of pumping by long pulses 
when it is no longer possible to neglect dephasing of the 
dipoles during the action of the pump pulse. This may 
result in distortion of the wavefront of the complex- 
conjugate replica of the signal wave if the intensity of 
the signal wave has a strongly inhomogeneous spatial 
distribution, so  that in some parts of the sample there 
may be an additional induced dephasing of dipoles (local 
lag and advance). Distortions of the wavefront can be 
ignored in the case of excitation by short pulses (6 
< 2nCJ/h:) discussed above. 

When the condition CJ>> A, i s  also satisfied, the wave- 
front distortions a re  again slight because the delay o r  
advance of the echo i s  the same at al l  points in the 
sample. We observed a shift of the echo maximum de- 
pending on the excitation conditions. For example, in 
the /3 > 6 case (Fig. 5), i.e., when all  the three pump 
pulses (the first two correspond to 1 and the third one 

-1 i- 
40 nsec 

FIG. 5. a) Three-pulse echo obtained for different delays of 
the opposite pump waves: 1) pump pulses I and II for T = 27 
nsec; 2) ,  4), 6) pulse nI, P = 50, 150, 200 nsec; 3) .  5), 7) 
reversed echo (pulse IV). b) Autocollimation photon echo in 
the direction - k l  for T =  54 nsec (the first two pulses are the 
pump waves and the third one i s  the echo). 
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I 

0 7s 

11 5 

8 15 

u oz ou o r  u a  t o  
~I/I~)'' '  

p nssc FIG. 8. Dependence of the echo intensity for fi = 0 on the in- 
tensity of the field of a stand~ng pump wave. The dashed 

FIG. 6. Intensity of the four-wave interaction signal in the curve is the theory for  the >>A, case; the continuous curve - 
case of pump pulses noncoincident in time: a) T =  27 sec; b) is experimental. 
T =  0. 

t o  2, 4, and 6 f o r  0 = 50, 150, and 200 nsec ,  respec-  fective lifetime of s u c h a  grat ing w a s  governed by the 
tively) a r e  separa ted  on the t i m e  ax is ,  we observed- decay t ime  of the  level  populations and by the  diffusion 
inaddi t ionto?-anechodelayofapproximate ly6nsec .  o f t h e a c t i v e c e n t e r s .  
The echo profile was  then fair ly  symmetr ic .  T h i s  was  
in  reasonable agreement  with the calculations ( ~ i g .  2). 
In the c a s e  of complete  overlap of the  opposite waves 
(P = 0) t h e r e  w a s  no additional delay and the  echo pulse 
became shor te r .  T h i s  appeared part icular ly c lea r ly  in 
the c a s e  of pumping by weak pulses  (Fig. 5b). The  echo  
pulse in Fig. 5b was  obtained in the  c a s e  when the  pump 
pulse 111 was  not applied a t  a l l  and the  opposite pump 
wave was formed by reflection of the beam 11 f r o m  the 
r e a r  sur face  of the  sample.  The  echo  was  then observ-  
e d  only in the c a s e  of exact autocollimation of t h e  beam 
11 and it corresponded t o  pract ical ly  complete  overlap 
of the opposite waves (0 = 0). The  dependence of the  
echo intensity on 8 in the c a s e  of complete separat ion 
of a l l  the t h r e e  pump pulses  on the t i m e  axis (P> 6) was  
fair ly  s imple ( ~ i g .  6) s ince the  fal l  of the  intensity of 
th i s  induced echo was governed by t h e  longitudinal re-  
laxation with a t ime  constant T i  sec) .  

In the  region of overlap of the  opposite pump waves 
(P < 6) the intensity of the r e v e r s e d  s ignal  increased and 
the  behavior of the echo p a r a m e t e r s  became much more  
complex. T h i s  is demonstrated by the  r e s u l t s  in  Fig. 
7, which shows the dependences I,(P) obtained f o r  ruby 
using opposite pump waves of different intensi t ies  I. 
Here ,  depending on the  degree of overlap of the oppo- 
s i t e  waves, t h e r e  were  oscillations of the echo inten- 
s i ty  I*(@ and the oscillation amplitude changed a s  a re-  
su l t  of an increase  in the pump power. T h i s  was in 
qualitative agreement  with the behavior of the echo cal- 
culated in the approximation of a s t rong  field (Fig. l ) .  
The somewhat unsat isfactory quantitative match was 
due t o  the fact  that the s t rong  field condition a>> A, was 
not sat isf ied in the experiments ,  i.e., only par t  of the 
inhomogeneously broadened line of the 4 ~ z ( & + )  - 2 ~ ( E )  
t ransi t ion was  excited. T h i s  was  indicated by the above 
comparison of the r e s u l t s  in F igs .  5 a  and 5b with those 

IJ ,  re1 unlts 

1 

0 5 -& - --- 
u 15 

1 2 4 6 d I0 I /I, nsec 
f 'E. I. Shtyrkov, Pis'ma Zh. Eksp. Teor. Fiz. 12, 134 (1970) 
6 [JETP Lett. 12, 92 (1970)l. 

FIG. 7. Influence of the degree of the time overlap of the o p  '5 P. Woerdman, Opt. Commun. 2, 212 (1970). 
posite pump waves on the echo intensity (experimental 3 ~ .  I. Stepanov, E. V. Ivakin, and A. S. Rubanov, Dokl. Akad 
results): 0) ebz; A) o.71eO2; 0) 0.530,~. Nauk SSSR 196, 567 (1971) [SOV. Phys. D ~ k l .  16, 46 (1971)l. 

A s i m i l a r  dependence w a s  observed f o r  P > 6 a l s o  in  in  Fig. 2. The agreement  between t h e  experiment and 
the c a s e  of simultaneous four-wave interaction, i.e., in  calculation considered i n  the  s t rong  field approximation 
the  = 0 c a s e  ( ~ i g .  6). F o r  the t i m e  in te rva l s  P > 6 th i s  should improve on increase  in the  field intensities of the 
signal could be regarded a s  a resu l t  of diffraction of the opposite waves. 
beam III by a grat ing of populations fo rmed by the  si- T h i s  was indeed observed a t  high pump intensities. 
multaneous action of two noncollinear beams.' The ef- The dependence of the reverse echo signal on the stand- 

ing wave intensity (in the /3 = O  case)  had the f o r m  shown 
in Fig. 8. An es t imate  of the  Rabi frequency f r o m  the 
echo shift  ( see  Fig. 5) and f r o m  t h e  minimum of t h e  I, 
curve  gave -2x  lo8  HZ, which was  much l e s s  than the 
half-width of the  R, absorption line of the  sample ,  a- 
mounting t o  - 3 X  lo9  Hz under our  conditions. 

Consequently, the  nature of the nonlinearity of the 
interference field in the c a s e  of par t i a l  t i m e  overlap of 
the opposite pump waves gave rise t o  fundamentally new 
fea tures  of the  behavior of the p a r a m e t e r s  of t h e  r e -  
versed  photon echo. 
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