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The cross sections for elastic scattering, excitation and ionization of electrons colliding with hydrogen atoms
in a strong magnetic field (fiw, > E,, where o, is the cyclotron frequency and E, the Bohr energy) are
obtained. The results are asymptotically accurate with respect to the parameter 1n(#iw./E;»1 in the
essential energy ranges of the incident electrons. The rate of the energy loss is determined. The bound states of

two electrons in the Coulomb field of a nucleus are found.
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The behavior of atomic systems in a strong magnetic
field is of interest for solid-state physics and astro-
physics. By strong we mean here a magnetic field such
that the magnetic length A is much less than the Bohr
radius a, i.e., hw_ > Ey, where w, is the cyclotron
frequency and E, is the Bohr energy. The spectrum
and the wave functions of the hydrogen atom in a strong
magnetic field were obtained with asymptotic accuracy
by Hasegawa and Howard.! We consider here only
states that pertain to the lower Landau band. Under
these conditions, the transverse motion of the electron
is determined entirely by the magnetic field and is
characterized by the quantum number -M,, which is the
projection of the angular momentum on the direction
of the magnetic field. Motion along the field takes
place in an effective one-dimensional potential whose
form depends on M,. Thus, for each M, there is a
series of levels corresponding to longitudinal motion.
The lowest level of the atom corresponds to M, =0 and
is located below the bottom of the Landau band at an
energy distance E, /vj, where v,=(1/2)In(a/)). In the
present paper we assume that y,< 1, i.e., the ioniza-
tion energy of the atom greatly exceeds the Bohr ener-
gy. The electron localization region then takes the
form of a needle with a characteristic transverse di-
mension X and a longitudinal dimensional v,a. The ex-
cited levels with M, =0 have the usual Bohr spectrum
E,=-Ey/v*,v=1,2,3. .., and to each level there cor-
respond two states, even and odd. The wave functions
of these states have a length ~a in the field direction.
The first excited level of the atom corresponds to the
ground state in the well with M, =1 and lies at an ener-
gy ZEB/V(, higher than the ground state. It corresponds
to a longitudinal wave function that is practically the
same as the function of the ground state of the atom.
The entire energy interval from the ground level with
M, =0 to levels with binding energy =E, is filled with
levels corresponding to ground states in one-dimension-
al wells with different M,.

The motion of the incident electron is essentially one-
dimensional, so that the entire collision problem is thus
one-dimensional. In the present paper we obtain the
cross sections for elastic scattering, excitation and
ionization of the atom, and also the rate of energy los-
ses. We obtain asymptotically exact (in terms of the
parameter v,< 1) expressions for the cross sections in
the significant energy intervals of the incident electron,
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while for the elastic-scattering cross section in the
case of slow collisions we obtain an expression that is
valid also at y,~1. It will be shown that there exist
bound states of the electron on the atom, i.e., states
of the negative hydrogen ion. The affinity energies are
obtained as the poles of the scattering amplitude, as~
suming a strong differences between projections of the
angular momenta of the electrons on the direction of the
magnetic field. Under this assumption, the exchange
effects are insignificant and by the same token the mut-
ual orientation of the spins, while the correlation ener-
gy can be calculated exactly.

We note that for shallow donors in indium antimonide,
the condition Zw, = Ey is reached already at relatively
low value of the field H~700 Oe. However, the satis-
faction of the inequality 1< 1 calls for very strong
magnetic fields (for example, in a field H~150 kOe the
donor ionization energy is ~8Ey). Under astrophysical
conditions this inequality can be quite strong.

1. WAVE FUNCTIONS OF AN INCIDENT ELECTRON
IN THE FIELD OF AN ATOM

The Schrodinger equation for two electrons located in .
a Coulomb field of a nucleus and in a magnetic field is

(H+H+V)¥=EW,

where H, is the Hamiltonian of the atomic electron, H,
is the Hamiltonian of the incident electron in a magnetic
field and does not take into account the interaction with
the atom, and V is the interaction of the incident elec-
tron with the atom (i.e., with the atomic electron and
with the nucleus). As will be shown below, the prin-
cipal role in the processes of interest to us are played
by relatively large impact parameters p> A. It is
possible therefore to disregard exchange effects and
assume that the coordinates r; describe the atomic el-
ectron, while the coordinates r describe the incident
electron. The wave function will be sought in the form

¥(,n= Y e.0)F.0). M

Here a is the aggregate of the quantum numbers that
characterize the atomic-electron state described by
the function y,(r,). The function Z(r), which pertains
to the incident electron, is to be determined. Sub-
stituting the sum (1) in the Schrodinger equation, we

© 1982 American Institute of Physics 657



obtain an infinite system of equations for &, (r):
(HyA V() — (E—E) 1F o) == Y, Ve ) F (1), @)

where E, is the energy of the atomic electron in the
state @, and V- are the matrix elements of the inter-
action on the atomic-electron functions. The prime on
the summation sign means that a’#a. The set of quan-
tum numbers a includes the angular -momentum projec-
tion =M, on the direction of the magnetic field (which we
take to be the z axis) and the principal quantum number
v, which depends on M, and is connected by definition
with the level binding energy by the relation E,= =Eg/
V2. All the considered states pertain to the lower Lan-
dau band, the bottom of this band is taken to be the null
of the energy.

The matrix elements V- that are not diagonal in M,
are small compared with the diagonal ones if p> A.
They can therefore be neglected if scattering without
a change of M, is considered. At a fixed M,, by virtue
of the axial symmetry of the problem, the projection of
the angular momentum of the external electron on the
z axis (=M) is also fixed. We can therefore write

Fo(x)=F.(2) Ou (p),

where ®,(p) is the wave function for the free electron in
a magnetic field. Averaging Eq. (2) over the trans-
verse motion of the incident electron, we obtain a sys-
tem of one-dimensional equations:
R & !

—z—m-d—z;—(E—-Ev)+Vw(z)] F,(z)_—;" V@ Fe().  (3)
The system (3) pertains to definite values of M and M,.
Here

. . 1 1 2. 3,

Vo (5)=¢" [ " () Ouc*(p) (——r—+—h_h|) Vor () Qo (0) ipPr,. (4)
If the atom is in a state with M; =0 or M, of the order
of unity, and the incident electron is characterized by

a large value of M, then the matrix element (4) can be
written in the form

_ 1 1
(p1+zz)‘h [p'+(z—z,)’]'/‘

Vo () =e? j'. ¥ @) ) | }az, ()

where §,(2,) describes the longitudinal motion of the
atomic electron. (The functions y,(z) are written out

in Appendix I.) In the derivation of the formula we took
into account the fact that M> 1, i.e., the wave function
®,(p) of the transverse motion is quasiclassical and has
a sharp maximum (of width ~\) at p=(2M)*/2x. The
function & ,(p,), on the contrary, is concentrated in the
region p, ~A. Under these conditions the matrix ele-
ment of the potential depends on M only through p and
on M, only via the value of v.

Without the right-hand side, Eq. (3) for v=y, de-
scribes the scattering of an electron by a potential
Vuwo(2). This potential is shallow (see below) in the
sense that n = (mV/h?)(Az)*«< 1; here V is the charac-
teristic value of the potential and Az is the characteris-
tic radius of its action. In this case, as is well known,
the scattering amplitude is determined in first-order
approximation by the value of the integral of the poten-
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tial over all of z. In our case, however, it follows
from (5) that

| V(@ az=o. (8)
It is therefore necessary to take into account the next
approximation in the parameter n. But terms of the
same order arise when account is taken of the right-
hand side of Eq. (3) (this corresponds to taking into ac-
count the polarization of the atom by the incident elec-
tron). For the functions F,.(z) that enter in it we can
confine ourselves to the first nonvanishing approxima-
tion in the potential®’ (it is assumed that |E =E,0I
< |E, |, i.e., E=E, ), i.e., we can attempt to deter-
mine them from the equation

¢
g~ EnE) | P () ==V @) Fula). (7

Equation (7) is easy to integrate,?’ and when its solution
is substituted in the right-hand side of (3) we obtain

d. . -~
- (.d?+ k’)vF(z)+U(z)F(z) =0, ®

where the v labels have been left out for simplicity, &
is the wave vector of the incident electron 72k3/2m
=E-E,), U is a nonlocal potential®’ in the form

2m

2 Views

l7=U...,+Al7, Uw= I

. (9)
AU (2)F(z) =— Z U (2) j 42’ G™ (2,2) Umi(z) F(2'),

where G{"®) is the free Green’s function:

. 1 2
G (2,2') = exp(—%walz—2'1), Hew= (BB
2% ke

Vo

We shall seek the solution of Eq. (8) in the form

F(z)=A,(z) e™, (10)

where A,(z) is a function that varies slowly in the range
of action of the potential (to the extent that the param-
eter  is small). By virtue of the condition (6) it is
nevertheless necessary to take into account the devia-
tion of 4,(z) in this region from a constant. We there-
fore put

4@ =A(0) [1—a(2)],  |an(2) <1, (|z]<A2). (11)
We write down next Eq. (8) in integral form (it is as-
sumed that the electron is incident from the left):
ks i ’ S INTT (o ,
F(z)=¢ ,—ﬁ_j dz’ exp(iklz—2' 1) U (z') F(z') (12)

and substitute F(z’) as given by Eqs. (10) and (11) under
the integral sign. We then obtain for 4,(0) the expres-
sion
4,(0)= [1 +L j' dz'e™1T (') ™ (1—qu(z')) ]-‘ (13)
* 2k
and for ¢,(z) the equation (the increment aUto the po-
tential is neglected here)

w.(z)-=§,;idz' (&) (1=,(2"))

x {exp[ik(z'—z+12"—z1) 1—explik (z'+12"1) 1}. (14)
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The second term in the square brackets in (13) is sig-
nificant only at small 2, when it becomes of the order
of unity. Its exponential can therefore be replaced by
unity and A4,(0) can be represented in the form

A0 =K/ (k—iks), k== [ U(z') (1-qa(2)) dz". (15)

The quantity &,, as a pole of the scattering amplitude,
determineg the binding energy in the one-dimensional
potential U(z). The fact that the potential is shallow
means that ,Az<< 1. The expression for ¢,(z) is ob-
tained from (14) if the small quantity ¢,(z) in the in-
tegrand is neglected. To calculate k, we need ¢,(z’)

at k~k,< 1/Az. We then obtain from (15)

ou(z)=— jdz' J.dz”U.,,v,(z”), k—0. (16)

For k, we have thus*) k, =ky + Ok,,

Fno="/, _(-dz[ I.U,,..,(z’)dz']z,
- 1
Ak,=‘/zz' .’- dzj. dz'Uvw(2) Gs™™ (2,2") Un(2').

We proceed to calculate &, from Eqgs. (17). To this
end we consider first the diagonal matrix element
U,,(2), which is determined by expression (5) (accur-
ate to the factor 2m/#%). In these calculations we use
the functions (AI. 1) from Appendix I. At large p (much
larger than the localization region v of the atomic
electron in the ground state) this is the quadrupole po-
tential

(vea)? p*—22° p>vea. (18)

Ui (2) =— 2 (o)™ )

The width of the region of its action is Az~p, and the
characteristic value is V~e*(vaa)?/p?, so that n~via/
p<1. At small p (0< vya) the potential is represented
as a sum of potentials of a charged filament and a point
charge of opposite sign:

2 1 2 2|zl Vo 1 2z
Um(z)=—a[_ (p*+2z2)™* +;;exp(— voa@ )ln—p—-+ Vo t(—v;z-)] !

(19)

where

t(z) =e"E,(|z|)+e "E*(|z]|)+e~"(2In 2-C),
t(0)=2In2—C, t(|z]|>e)—=2/|z|.

Here E, and E* are integral exponential functions, and
C is the Euler constant. The last two terms in (19) de-
scribe a potential produced at the point z by a filament
whose linear charge density is e[y, (2)]°. The fila-
ment potential has a characteristic effective range Az
~v.a and a characteristic value V ~(e?/vqa)In(vya/p), so
that n~v,In(vea/p). This value of small if

mﬂ'ﬂ<i=2m%‘i. (20)

The point-charge potential prevails over the filament
potential in the region |z | < vya/In(va/p), which in turn
is much smaller than the radius 7, of the bound state in
a one-dimensional Coulomb potential cut off at a depth
e®/p(ro~a/In(a/p)). In this region the amplitude of the
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wave function A,(z) has therefore no time to change.

We turn now to the off-diagonal elements of the poten-
tial U, , that determines the value of Ak,. The product
w,o(z) ¥,(2)is small for all the excited states v>1 and
for the continuous spectrum states at E,< |E, |, i.e.,
at lvl>» v,, since the wave functions of these states are
small in the localization region of the ground-state func-
tion (12l ~vya). Therefore the main contribution to the
result of the summation of the intermediate states in the
second formula of (17) is made by the states of the con-
tinuous spectrum with E, ~ |E, |, for which the wave
functions in the region lz| ~v,a are determined by ex-
pression (AL 5) of Appendix I. Then the matrix ele-
ments of the potential U, ,(2) can be easily calculated in

the limiting cases of small and large®’ p:

8 vo(voa) " (gvvea) z
V7 [+ gwad) T ()

Uy (Z)=—%ln (y;_a) Yw(2) o (2), pEvea (lnzgslt’ 1) .

U (z)=

P>Voa;
(21)

Using now Egs. (17)-(19) and (21) we can calculate k&,:

3n vo fvea\® Ak
ky=m——(—) , — =% p>vea; 2
°32a(p) Ty e PPva (22)
3 v va \* Ak, | Vvo@
_—— — —_—> .
ke > (ln Y, ) D /s PVoa (ln . 1) (23)

We note that the binding energy of an electron in the
hydrogen atom was calculated with a computer.? A
multiparameter variational problem was solved for the
three-dimensional Schrodinger equation and it was
found that the bound state of the electron in the atom
(this state exists at H=0 and has a binding energy
=0.055E) vanishes in the strong-field limit. Kadomn-
tsev and Kudryavtsev® considered heavy atoms and used
the self-consistent -field method. It can be concluded from
their results that such a bound state is preservedina
strongfield. Actually, they obtained the electron-affinity
energy for the hydrogenatomat M, =0and M =1. They
noted at the same time that they did not take into ac-
count the exchange correction. It can be shown, how-
ever, that under their assumption v <« 1 this approxi-
mation is parametrically exact (at v,<< 1 the exchange
interaction must be taken into account only when the
values of M and M, coincide and, moreover, M and M,
are good quantum numbers). Equation (23) shows that
at large values of M, at which this equation is valid,
there exists a bound state. If it is applied to the values
M~1, then it yields an affinity energy (9/64)Ez/v? that
is close to the value (1/8)E/vZ obtained in Ref. 3.

2. ELASTIC SCATTERING

From Eq. (12) follow asymptotic expressions for the
function F(z):
F(Z) ___eihz+fzeiikz’ Z”:f:w'
where the elastic scattering amplitudes f* are deter-
mined by the formula

i

e Fike T ikz (4 __ " . 24
f 2(k—ikb)_{dze U)e™ (1-gu(2)) (24)
The cross sections for the forward (0*) and backward
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(07) elastic scattering
0*=21'l§ 1/£1%p dp
°

take different forms, depending on the value of k. We
consider first forward scattering. We can separate
here three regions of variation of k:

1) k€v/a; 2) v/akk<i/vea; 3) k>1/vea.

In regions 1) and 2) we can put £ =0 in the expression
for @, and in the term that contains the polarization in-
crement AU in Eq. (24). In the term containing U, Vo’
in the case of forward scattering, the exponentials can-
cel out and & does not enter likewise in this term.
Therefore in regions 1) and 2) the expression for the

amplitude f* takes the simple form
fr=ike (k—iks).

Figures la and 1b show the schematic form of If*|?
as a function of p for the regions 1) and 2) of the varia-
tion of . It is seen from this figure that in region 1)
the principal contribution cross section is made by p
» vqa, and using Eq. (22) for k,, we obtain

of Ve » n (ﬁﬂ)
ot=4n(vea) (—kz) a, a—g——rg—vvﬂﬂﬁ k<:. (25)

In region 2) the cross section is determined by the
values p ~ v, at which the exact values of k,(p) cannot
be calculated in explicit form. We can therefore write
o* in this region of % only accurate to a coefficient of
the order of unity:

2n ¢ v 1
il TR ~— —_ 6
o P;{k.(p)pdp = <k<m. (26)
In region 3), the contribution to the amplitude due to al-
lowance for the polarization is negligibly small and the
calculation leads to the result (which we write down
again accurate to within a coefficient)

1

o= j( j’ (Dan(e) V) 0o~ e, k> (27)

‘k' Py
Only at very large k (£ 2 1/(Mz)1 /2) when the cross sec-
tion is determined by the values p~2, does the depen-
dence of 0* on % take the usual asymptotic form o*

«k™? (6*~2%/(ka)®). The reason is the allowance for the
approximate character of Eq. (6) [cf. Eqs. (4) and (5)].
The integral in it is not strictly equal to zero and is
only exponentially small at M> 1. At very large values
of k£, the main contribution to the amplitude is made by
the term ~(#2/mk)I, where I is the integral (6). This
contribution is of the order of (ka)™ at p~a.

If"lz 2 b
1 Iy .

yp/ka)’?

! 1 2y 1
1 w/ka)” 1 ppvga

FIG. 1. Dependence of |f*|? onp in different regions of varia-
tion of k: a) k<<¥y/a, b) Vy/a <<k<1/via.
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We turn now to backward scattering. The amplitude
f~ can be written in the form f~=5*+ Af. The main
contribution to Af is determined by the integral (this is
valid at k< 1/, see below):

Af=— I 02" Uy (27) 3", (28)

2(k —iky)
With the aid of expression (5) and (AI.1), the integral is
easily calculated, and we obtain

2i (kvoa)?

Af= (k—iks)a 1+ (kvea)®

Ko (2kp), (29)
where K, is a Macdonald function; Af can exceed f * at
large p, but nevertheless in the region 1), as can be
shown, the contribution of Af to the cross section is
negligibly small. Therefore 0=0" in region 1). In
regions 2) and 3) the quantity %, in the denominator can
be neglected in the essential region of values of p. The
contribution of Af to the cross section takes in this case
the form (the cross-section term containing the product
f*4f is inessential)

o Vo

A0-=2ﬂ! lAﬂ'pdp=4ﬂ(vﬂl)’m, k >—a— (30)

As seen from a comparison of (30) and (26), Ao remains
smaller than o* at < 1/a, so that the scattering is iso-
tropic. At k> 1/a the scattering is anisotropic, and
backward scattering predominates (0" = Ao> 0*). Only
at 2> 1/ does o' become larger than o”. In this case
0" = Ao =72%/2(ka)’(k7)* and is determined by the scat-
tering of electrons®’ with M=0. The general form of
the cross section for elastic scattering, as a function

of &, is shown in Fig. 2.

We note that the cross section diverges as & = 0.
The reason is that in the case of uniform motion an el-
ectron with zero energy is totally reflected from an ar-
bitrarily weak potential of the atom. Electrons with ar-
bitrarily large impact parameters thus undergo total
reflection. It can be shown that the divergence takes

6*/ux(y,a)?

i
Vo 7 vy ko

FIG. 2. General form of the cross section for elastic scatter-
ing as a function of the energy E, of the incident electron. The
abscissas are the values of ka= (l&‘(,/};‘,_—,)1 2 (Ep is the Bohr
energy). 0% (1) and o~ (2) are respectively the forward and
backward scattering cross sections; o* is given by Egs. (25),
(26), (27M; 0" ~0* at ka<<1, and at ka>> 1 we have 0~ = Ac
[Eq. (30)]; ka=1/v, corresponds to an energy E, equal to the
atoionization energy.
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place in an arbitrarily weak magnetic field. This ef-
fect is similar to the appearance of a bound state in an
arbitrarily weak magnetic field in any attracting three-
dimensional potential.* Divergence exists at an ar-
bitrary law of variation of the potential with distance,
with the exception of a zero-radius potential and of long-
range attracting potentials that decrease more slowly
than 1/#%.

The plateau in the plot of 07(%) is due to the mutual
cancellation of two factors: the decrease of the charac-
teristic values of the impact parameters with increas-
ing  (p~1/k), and the increase of Af at these values of
p. The last factor is connected with the specific prop-
erty (6) of the potential, owing to which the interaction
of the electron with the atom becomes stronger when the
wave function begins to vary within the range of the action
of the potential.

For the values p> v a, which determine the cross
section at £< v,/a, the polarization of the atom shell is
small, even if y,~1. We can therefore obtain an exact
expression for ¢ in slow collisions, without assuming v,
to be small. In analogy with the procedure used above,
it is easy to obtain

ﬂz(4;l'l:))/" Qz/a+p 2fs :
T = — k 2

WG ( P ) , k<v/a
Here @ is the quadrupole moment of the atom, and p is
the polarizability of the atom in an electric field direct-
ed along the magnetic field. At v,< 1 these quantities
are given by @ ~ (v,a)?/2 and p ~ 5v,(v,a)’/4.

3. INELASTIC SCATTERING (AM=0)

We consider first the case E,=E ;> E, (E, is the en-
ergy of the incident electron, E,= —E,,0 is the ionization
threshold). In this region the Born approximation can
be used to find the cross section for inelastic scatter-
ing, i.e., we can leave out of Eq. (3) all the diagonal
potentials and retain in the right-hand side only the term
with v=v,. Indeed, the values p 2 pya are the ones that
determine the cross section (see below). In this case
E,>» n%g2/2m, and since E;>» E; we can neglect the
elastic scattering in the initial state and put FVO
=exp(ikz). Scattering in the final state can also be
neglected, inasmuch as for the most probable transi-
tions the energy of the incident electron at E,~E,
> E, is much larger than the Bohr energy after the col-
lision, while the energy of the electron bound to the
excited atom is of the order of the Bohr energy at p
~v,a. Thus, the amplitude f3 of the transition of the
atomic electron from the ground state into the state v
[with scattering of the incident electron forward (+) and
backward (-)] is given by

f,*=—-5£:_j 20 (z) expli(kFhy) 2]

2i
=+ —K,[ (kFk,) plow, (kTFk)),
kvwa

. (31)
P () = [ drpu(2) e 0 (2).

Here k, = (2m/R*)'/*(E, - E,=E,)'/? is the wave vector of
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the incident electron after the collision.

We turn first to ionization. Assuming E,> E,, we
use the functions ¢,(z) (AL 5) of Appendix I) and obtain
for ¢,, (k")

16v,a (qwoa)*(k'vea)®

{4+ (g—k)vea ]} {4+ (g k') vea]?}* (32)

iq?vw(kl) 2=

for the odd states v, and for the even ones this expres-
sion must be multiplied by (2'v,a)?/[1+ (g, v,2)?]. For
the cross section of a transition to a state of definite
parity in a unit interval of the values of ¢, we then
have™

| @ove (EFhy) 12

&y 3 =2z
oy =2n—l::—j 11 ?pdp= (33)

4
kJk (kFk,)*a*
Equation (32) has a simple form in two limiting cases:
E,-E,<E,;and E;>» E;. In the first region, the scat-
tering is isotropic and the transitions of the atomic el-
ectron into states of different parity (at a given energy
E)) are equally probable. We then obtain for the total
cross section of the transition in a unit interval of
values of ¢,

8 wv,'a(g.a)?

ov=4n(v,a)? — ——,
n

k.a (34)

E,—E<E,.

Integrating this expression with respect to ¢,, we ob-
tain the total ionization cross section (Q =[£% = (1/
Voa)zll /2):

e
Or= jdqvav=4n (veoa)? (35)

]

’ En“Ez«Ez.

4v)* E~E;
3n E;

In the region E,>» E,, the largest probability is pos-
sessed by transitions with E,~ E;. Scattering in these
transitions (as in all transition with E, <« E,) is aniso-
tropic: forward scattering predominates and the atomic

electron goes over mainly into odd states. The value
of 0, in this case is given by
16vy’a (gvwvoa)?
= 2 .

o,=4n (voa) o) TIF (i) T Ey»E;, Ey; (36)

and for o, we then have
vo* Er
E,»E,. (37)

01=4J12 (vaa)z TE N

The general form of the ionization cross section is
shown in Fig, 3.

In the case of slow collisions, the interaction in the

G

1
£ [73;

FIG. 3. General form of ionization cross section as a function
of the excess of the incident-electron energy E, over the ioni-
ation threshold E;. 0, is determined by Eq. (35) at Ej— E;

< E; and by Eq. (37) at Ey > E;.
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final state between the incident electron and the atom is
substantial. The total inelastic-scattering cross sec-
tion is determined by the excitation of the atom, and can
be estimated at

Oe~4m (voa) Wo' [ (Eo—E +Es) [Es]™.

The variation 0, <k, is the general law for the threshold
behavior of a reaction cross section in the case of a
short-range interaction (this relation may be easily es-
tablished in analogy with the proof for the three-di-
mensional case (Ref. 5, p. 698 of Russ. original).

4. INELASTIC SCATTERING (AM+0)

The probabilities of excitation with AM #0 are rela-
tively small (proportional to A?), but these transitions
are of interest inasmuch as at E < E; - E; other inelas-
tic processes are impossible. When these transitions
are considered, it is necessary to use Eq. (3) in the
lowest order in .. We consider first the transition with
AM=1. The system (3) is then reduced to two equa-
tions: the equation for the function F, that describes
the transition to the ground state with M, =1:

d -
- (_‘1_;+k| )F'-+UVIV:FV-=_UvnFm k;' = zn_’?(Eo"'Ew—En) (38)
and the Eq. (8) for F,. The diagonal potent1a1
hardly differs from the potential U [Eq. 9)], whlle the
off-diagonal potential takes at p> A the form

Uy= (39)

fz—kp .,'- v (21) A2,
[p*+(z—2,)%1%

We have used here the fact that v, =»,. Equation (38)
is easily solved since the solutions of the correspond-
ing homogeneous equation were already obtained in Sec.
1. Obtaining in the usual manner a solution satisfying

the boundary conditions
F,(z) >g*et™:,  z—>+oo,

we obtain for the excitation amplitudes g*

=g [ OV, (40)

where F:,. describes inelastic scattering of an electron

with wave vector %, incident from the right (=) and from

the left (+). Substituting in (40) Eqs. (10), (15), (39),
and (AI.1), we get for gt
I k A (kFh)K,[kFk)p] . (41)

(k—iks) (ky—iks) a 1+[ (kFk,)voa/2])? '

where K, is a Macdonald function. The excitation cross
section 0, is expressed in terms of the amplitudes in
the following manner:
o,=0,*+0,", 0.*=2:1'.I;—‘I 1g*1*p dp. (42)
L]

We consider first the behavior of the cross section
near the excitation threshold at k,< v /a (i.e., E,
<V3E,; E, is the excess of the initial energy of the
electron over the threshold, E,, =E, ~E, ~2E,/v, is
the excitation energy). In this case the main contri-
bution to the cross section is made by values p>» vqa.
Then k=ky =(2mE/h*)' /> k, and Eq. (42) yields,
when (22) is used for &,,
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o'l' '.t"K,’(z)dz
E=4nA\? —_— (43)
" 'r-k,a J z*+§
where B=8(31t/32)21/8/(k1a)"’. At the very threshold
when 8> 1 we obtain
2 k 1) .
=4\ — ’ —1 k,a(v./ , (44)

where y is the numerical factor, y=(C2)°8vZ/105#%
x11.2., The maximum of the integrand corresponds
here to p~1/ky, ~vi'%a.At B< 1 Eq. (43) yields (the
number under the logarithm sign was obtained by num-
erical integration)
0.4k.a

Ya
0 =dn\ —— In —

e
Woha vy e
B [}

(45)

The main contribution is made here by the values p
~vea(vy/k,a)* /. We now proceed to the energy region
for which k£, > v,/a. For this region the values p< v,a
are significant, namely In(vya/p) ~(k,a/v,)' /2. At suf-
ficiently large k, (¢, 2 1/v,a) these values of p fall in an
interval in which the inequality (20) is violated and our
analysis is strictly speaking incorrect. We turn there-
fore first to the region v,/a<< k,< 1/v,a. In this region
the characteristic values p< 1/(k ¥k,) and we can use
the expansion of the Macdonald function K,(x)~ 1/x.
The upper limit in the integral must be replaced here
by ~v,a. Calculation of the integral yields

ot =hmht —1——5(&), veehag
2Y3 (k,a) " (ka¥v,) k Vo
where 6(x)= (1 —x%/2)/(1 - »*) as a function that changes
within a considered interval from 1 at &, << kg, to 4/3
at &, >» k;,. Let us examine, finally, the region &, > 1/
voa. In this region the Born approximation is valid, a
fact corresponding to the same formula (41) at &2,=0
The integral (42) then diverges at the lower limit. The
reason for the divergence is that at p~a it is incorrect
to treat the transverse motion quasiclassically, i.e.,
to replace (4) by (5) in the potential. The cross section
can be obtained with logarithmic accuracy, by cutting
off the integral for small p at the value p~A. We then
obtain®’

(46)

k 2
+=m’ e —; 0,"<a,*Y k1a>L- (47)

(k a)’ Vo
Equations (44)—~(47) determine the cross section for the
excitation AM =1 in the entire energy region. The gen-
eral form of the cross section is shown in Fig. 4.

We emphasize once more than the main contribution
to the cross section for the considered transition, in
the region of its maximum, is made by p> v,a (we re-
call that vy is the largest geometrical dimension of the
scatterer and constitutes the length of the wave func-
tion of the ground state of the atomic electron along the
magnetic field). The reason is that at large p the poten-
tial U contains bound states with low binding energy (&,
a p™ at p> p,a) and the energy of the slow electrons is
almost at resonance with them.

We consider now briefly transitions with change of the
angular momentum projection AM, >1. To estimate the
amplitude of such an excitation we can use Eq. (41) with
the natural substitutions U, ,(z)~ Uy, (2),0)~ k.
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FIG. 4. Dependence of the excitation cross section 0, on the
energy E; of the incident electron for the transition 4= 0
—M;=1. The abscissas are the values of ka = [(E)- E,,)
/Egl1/? where E, is the excitation energy and Ep is the Bohr
energy. The behavior of the cross section is different in dif-
ferent ranges of variation of this parameter: 1) ka <vj/?,
0, (k@), Eq. (44); ) v{/? < ka <V, 0, (kya) "In(kga), Eq.
(45); I vy<< ka<<vyl, Eq. (46); IV) ka » vy, 0, (ka) 2,
Eq. (47). The ordinates are the characteristic values of the
cross sections in these regions in the unit of the square of the
magnetic length A.

The nondiagonal potential U, ,, contains the factor AN
and at small p is proportional to (p)"¥:. Therefore the
integral (42) diverges at small p in power-law fashion
and this divergence must be cut off at p~A. As a re-
sult, 0, is proportional to A%, At p~ X we have &,
~1/vg@. Therefore at AM,>1 we have 0, ~ N*V3£(M,)
(this value corresponds to the maximum of o,
which takes place at &~ 1/v@), where £(M,) is

a factor determined by the overlap of the functions of
the transverse motion of the atomic electron with angu-
lar momentum projections 0 and M,. This factor de-
creases rapidly (exponentially) with increasing M,.
Thus, the cross sections for excitation of the levels
with M, #1 are small compared with ¢,. Moreover,
even the total cross section for the excitation into all
levels with M, #1 is small compared with o,, for al-
though the effective density of the states increases with
increasing M, (in proportion to M,), the cross section
increases exponentially at the same time.

5. ENERGY LOSSES

The results reported above allow us to obtain the
value of the effective deceleration B:

3=2 (E~E.)o..

At incident-electron energies lower than the excitation
energy of an atom with AM =0, the main process that
determines the value of B is excitation with AM=1. In
this case

B=(E,~E.)o,, E<E,—E,

and the dependence of B on E; is determined entirely by
the corresponding o, dependence (see Fig. 4). At E,
>E,-E, the principal transitions are those with AM
=0. Ina narrow range of variation of E, (1E,-E,|
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< Ep) the losses are determined by the excitation pro-
cesses, and in the entire E - E ;> £, region they are
determined by ionization processes. If E, exceeds E,
only insignificantly (E, - E, < E,), the energy loss for
all the transitions is practically equal to E,, so that

B=Eq, E>E—~E;>Ep,

where o, is the total ionization cross section (see Fig.
3). At high energies E,> E, the principal losses are
determined by the processes of ionization into states
with energy ~E,, for which the cross sections are given
by Eq. (36). The effective deceleration is in this case

B= j oy (Erthq/2m) dgy=4nE s/ K. (48)

We note that B (48) does not depend on the magnetic
field. The reason is that with increasing field intensity
the total cross section of the inelastic processes de-
creases in proportion to »2 [Eq. (37)], and the charac-
teristic loss of energy by a fast electron (~E,) increas-
es by the same number of times.

Equation (48) is valid in a more general case than
considered in the present paper. It sufficies to satisfy
the inequality o> X [and not In(a/A)>>1]. The can be
demonstrated by deriving (48) by the usual method of
calculating the energy losses of fast electrons with aid
of the sum rule (Ref. 5, p. 715 of Russ. original). It
can be shown similarly that the total cross section o,
of the inelastic processes for fast electrons without
assuming smallness of v, is of the form o, =4n(ka)™
x {v,|2%|v,), where the matrix element is taken between
the functions of the ground state of the atomic electron.
At y,<< 1 the latter is equal to (v,a)?/2 and we arrive at
Eq. (37).

We note in conclusion that the below-threshold reson-
ance effects which were not considered above do not af-
fect the values of the cross sections. Resonances of
this type lead to a strong increase of the scattering
amplitude only for narrow intervals of p and &.

We are grateful to B.A. Aronzon and E.Z, Meilikhov
for initiating this work.

APPENDIX |

At y,< 1 the normalized wave functions ¢¥,(z) are
simple in form.

For the ground stage (v,)

Yw(z) = (voa) =" exp(—|z|/via); (AL 1)

for excited states of the discrete spectrum (v~ 1,2,
3,...) we have for odd states

b (2) = (2/v°a) " (z/va) exp (— |zl /va) LY, (2121 /va), (AL2)

where L are Laguerre polynomials; for even states at
|z I > pya the function y,(z) is described by Eq. (AI2)
in which we make the substitution z— IzI, and for |zl

< voa we get
Po(2) > (2ve¥/v'a) " (| 2] /vea—1) ; (AL3)

for the states of the continuous spectrum (normalization
to 8(g, —g9.)),q,=1/vla)
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Do (8) = (455) " exp(—n/2¢48) [Wigye, 1 (—2igss)exp (i) +c.c.],

where W is a Whittaker function. The functions i, are
chosen in the form of even and odd standing waves.
For the odd wave 6 =argI'(i/q,a), and for the even one

0=arg I'(i/g.a) —arc sin{n/ [x*+1*(:)]*};
t(g+)=[1—exp(—2n/g.a)]/2v..

For |zl S v,a and ¢, ¥,a<< 1 in the case of an even wave
W (2) > {ga[1—exp(—2n/g,a) 1/2(n*+L*)}* (1— 2] /vea),
and in the case of an odd wave

¥ (2) =~ (z/a) {2q.8/ [1—exp(—2n/q.a)] } " (AL4)

At g,a> 1 the effects of the Coulomb interaction can be
disregarded, and the functions y,(z) take the form of
the functions corresponding to potential —e®6(z)/v,; for
the even wave

Vo (z) ~a* cos(g.|z| +arctg(1/gvaa)), (AL5)

and for the odd wave
Yo (3) >~ sin(g.3).

In all formulas (AL 1-5) no account was taken of the
logarithmic divergence of dp/dz as z— 0 for the even
states (this influences little the value of ).

APPENDIX Il
SPECTRUM OF ELECTRONS AFTER IONIZATION

In the case E,> E,, the transitions for which the in-
cident electron loses a considerable fraction of its en-
ergy make no substantial contribution to the total ion-
ization cross section. They can be of interest in them-
selves, however. The quantity ¢, has its principal
maximum at E, < E,. With further increase of E,, the
cross section 0, decreases, but as seen from (33) it
begins to increase again at E,~E,. At E,-E,<E,,
when the incident electron loses practically all its
energy, we obtain for 0,:

Ov=bn (voa)! —

3
, E.>E, E.,~E.<E,.
ks (kvea)’ oLy o °

(AIL.1)
The scattering becomes isotropic for all these values of
E,, and the atomic electron has as before the largest
probability of going over to odd states.

We continue the analysis of the case E,~E > Ep.
Equation (AII.1), just as all the results above, is valid
s0 long as the energy of the incident electron after the
collision is much larger than the Bohr energy, i.e., so
long as k,a>»> 1. If k,as1, then in the final state it is
necessary to take into account the interaction of the in-
cident electron with the nucleus.®’ The scattering am-
plitude f2 differs in this case from f; determined by
expression (31) only by the factor F,(0), where Fy(0) is
the value at z=0 of the wave function of an electron
scattered by a Coulomb potential «c1/(p? + 2%)!/2 (see
Sec. 1). The latter can be easily obtained from expres-
sions (5.34-35) of Ref. 1.'°’ As a result, the diver-
gence of the cross section 0,xk;' (34), (AIL1) is cut
off as k, = 0 at the value k,~1/a by the factor

(kva/2n) (1—exp(—2n/k.a)]] (K., k).
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Here J is a quantity of the order of unity, which is equal
to 1 at k,2> 1 [in this case the entire factor is equal to
1 and the result (33) is valid], and depends weakly (log-
arithmically) on the value of & at k,a< 1.

If after the collision the low energy is possessed by
the atomic electron {(g,a < 1), then after calculating the
matrix element U, it is necessary to use the functions
(AI. 4), which take into account the long-range charac-
ter of the nuclear field. As a result, the cross sec-
tions 0, obtained above must be simply multiplied by
the expression

(2n/q.a) [1—exp(—2:;/q.ﬂ)]".

We note, however, that processes with g,a< 1 do not
influence the total cross sections of the ionization in
the considered case E,~E,>» E,.

Transitions with excitation of the atom at E,-E,
> E, are much less probable than transitions with ion-
ization. In analogy with the procedure used above for
ionization we can obtain for the total excitation cross
section 0,.: ©0,,/0,~(E,—E)/(E5)*/? for E;<E,-E,
<E,and ~v} for E,> E;).

1) When finding the binding energy of an electron in an atom
(see below) this is permissible if the condition (20) is satis-
fied.

2 1t is assumed that the atom is in the ground state v, prior to
the collision, so that at all ¥'# v, the value of Fy+(2) should
contain only diverging waves as z—+*_ It ig this require-
ment which serves as the boundary condition for the solution
Eq. (7).

$Actually at In(vga/p <1 /vgapby andk <1 /v the function F(z’)
in (9) can be taken outside the integral sign at the point z, so
that the potential U'1s in fact local in this case.

91t is seen from Eqgs. (17) and ky does not depend on the sign
of the potential (it enters in it quadratically). This means
that particles with unlike charge have in a strong magnetic
field bound states in the atom, and furthermore with different
binding energies at equal masses (at M >>1).

5 Only the matrix element that connects the ground state with
an odd state of the continuous spectrum was written out for
p »>va. The characteristic value of the analogous element
for an even state is smaller by a factor p /v,a (at ¢, ~1/v)a).

6) Equation (29) cannot be used here to find Ao, inasmuch as at
k< 1/ it becomes important to take into account the finite
character of the localization of the¢'wave function of the trans-
verse motion of the incident electron [this width is ~A, see
Eq. (5)]. For k>1/v@, however, scattering is primarily
by the field of the nucleus (the interaction of the electrons is
weak), for which the quantity Af [see Eq.(28)] can be easily
calculated also with account taken of the indicated circum-
stance. The calculation leads to the following expression
for Af:

Af=(i/ka) M! ¥ (M+1, {; 2k*A),

where ¥ is a confluent hypergeometric function of the second
kind. For 1/v,a < k< 1/A this expression goes over to Eq.
(29), and for 2>>1/A (more accurately, k> M/}) it yields

Af=iM1/ (ka) (2k2A2) M+1,

It is this which leads to the result given in the text.

" 1t is seen from Eqgs. (31) and (33) that the values that deter-
mine the cross sections 0, are p ~ 1/(k¥+ k) 2 Vya.

8 For k< 1/A (In(1/K\)>1) the logarithm in (47) should be re-
placed by 1/2 v,.

% The interaction with the atomic electron can in this case be
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disregarded, since gy a>1. In the initial state, on the other
hand, the interaction with atom can be neglected as before.
10) For A «<p «< @ we have
nkya 1 — exp(—2n/ka)
2 a2+L2 (kv p)

15,0 |2 =

t(ky, p)=(1—exp(-2n/kya))[In(kp)+2C+Re H(i/k\a)].

Here C is the Euler constant, ¥ is the logarithmic derivative
of the I' function; Re ¥(ix) =-C atx <1and — 1nx > 1.

'H. Hasegawa and R. E. Howard, J. Phys. Chem. Sol. 21, 179
(1961).

665 Sov. Phys. JETP 54(4), Oct. 1981

’R. J. W. Henry, R. F. O’Connell, E. R. Smith, G. Cahnmu-
gam, and A. K. Rajagopal, Phys. Rev. D9, 329 (1974).

3B. B. Kadomtsev and V. S. Kudryavtsev, Pis’'ma Zh. Eksp.
Teor. Fiz. 13, 61 (1971) [JETP Lett. 13, 42 (1971)].

‘Yu. A. Bychkov, Zh. Eksp. Teor. Fiz. 39, 689 (1960) [Sov.
Phys. JETP 12, 483 (1961)]. Yu. N. Demkov and G. F. Dru-
karev, Zh. Eksp. Teor. Fiz. 49, 257 (1965) [Sov. Phys.
JETP 22, 182 (1966)].

5L. D. Landau and E. M. Lifshitz, Kvantovaya Mekhanika
(Quantum Mechanics, Nonrelativistic Theory), Nauka, 1974
[Pergamon 1977].

Translated by J. G. Adashko

V. I. Perel’ and D. G. Polyakov 665



