and the sound absorption coefficient is equal to

Tmes  K”s woc? 1

— 'Y (e d .
® ® 8ns*0..  (V/IQI) +xgtlgol

(6.12)

The result (6.12) agrees with the behavior of the ex-
perimental curve I' . (¢) on Fig, 9.

DThere is no corresponding value @r#)™1(85/8py) =1.5 of the
known model of the Fermi surface of W (Ref. 16).

DThis value of the concentration in molybdenum agrees with
the value of n, given in Ref. 18.

3The influence of the magnetic damping on the dopplerons in
Cd was investigated in Ref. 20.
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The Shubnikof-de Haas effect is investigated at helium temperatures in the semiconduting alloys Be,_, Sb,
{0.08 <x <0.12) of both n and p type. It is observed that the anisotropy of the electron (n-type) and hole (p-
type) Fermi surfaces at the point L of the reduced Brillouin zone decreases with increasing Fermi energy .
The difference between the anisotropic cross sections and the cyclotron masses increases simultaneously. The
degree of nonspecularity of the electron and hole spectra in the direction of elongation of the equal-energy
surfaces in L is determined. It is observed that the ratio of the spin and orbit splittings y = 4,,/4,,, for the
maximum section of the Fermi surface in L(H||C,) approaches unity as £,—0. The parameters that enter in
McClure’s dispersion relation [J. Low Temp. Phys. 25; 527 (1976)] are calculated.

PACS numbers: 71.25.Tn, 72.20.Mg, 71.25.Hc

narrow-gap semiconductors,.»? According to the results
of magneto-optical measurements,® the energy gap €eL
at the point L of the reduced Brillouin zone vanishes at
x=0,04 as a result of the band inversion (the gap param-
eter of Bi is €,;, <0). The anomalous smallness of the
direct gap €., leads to a strong nonparabolicity of the
dispersion of the carriers in L.4-1°

INTRODUCTION

The restructuring of the energy spectrum of Bi;_,Sh,
with increasing x is accompanied by a transition of the
alloys into the superconductiag phase in a relatively
narrow concentration interval 0.07 < x < 0.23.! The
thermal gap of the semiconducting alloys Bi;_,Sb, does

not exceed 25-30 meV, so that they can be classified as The experimental data!! obtained for pure Bi are best
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described by the dispersion relation proposed by Mc-
Clure and Choi.!® In a simplified version, the McClure
dispersion law is of the form®

Qp—0g kv' 2 1773 a,ta. k272
[o+=7= 5 ] = [ 253 rermrounivons

)

where ¢ is the energy reckoned from the center of the
gap, and k is the wave vector; the x axis coincides with
the binary C, axis and y with the direction of elongation
of the equal-energy surface in L. @,; are the counter-
parts of the Kane matrix elements, and o, and q, are
longitudinal reciprocal corrections masses for the elec-
trons and holes respectively; they appear when account
is taken of the interaction with the more remote bands
in the y direction, The quantities in (1) are expressed
in atomic units (the energy in Hartree units, where 1
Hartree is equal to 2 Ry, and the distances are in Bohr
radii).

Equation (1) goes over into the Lax dispersion law! at
a,=0a,=0, and into the dispersion law of Abrikosov® or
Cohen® (we have in mind here the simplified Cohen mod-
el) at @, =0. The Lax model,* which takes into account
the interaction of only two most closely located bands in
L, is in qualitative contradiction with a number of ex-
perimental results and is incapable, in particular, of
explaining the growth of the anisotropy of the equal-
energy surfaces in L following inversion of the bands
under pressure!? in the semiconducting alloys Bi,_,Sh,,
and the decrease of the anisotropy with increasing
Fermi energy.!3

A distinguishing feature of the models of Abrikosov?®
and Cohen’® is the existence of two stable points of tan-
gency of the conduction band and the valence band at
negative values of the gap parameter ¢,;. The absence
of such points is indicated by the experimental data,!% 1%
It should be noted that the appearance of the parameter
@y, in the dispersion law (1) lifts the band degeneracy at
the indicated points at ¢,;, < 0, from which follows that
this parameter is of principal importance (even if it is
small),

Let us dwell in greater detail on the characteristic
features of the band spectrum described by relation (1):

1) The equal-energy surfaces, strictly speaking, are
not ellipsoidal (owing to the presence of terms ~k/).

2) The dispersion laws of the electrons and holes in
the elongation direction (y) are in the general case non-
specular (specularity is possible only at a,=a,).

3) The anisotropy of the equal-energy surfaces and of
the cyclotron masses of the carriers in L coincide only
at the bottom (top) of the bands and depend both on the
Fermi energy e and on €,;.

4) The gap dependences of the anisotropies of the
equal-energy surfaces and of the cyclotron masses of
the carriers in L are asymmetric with respect to g,
= 0.

5) At negative values of the gap parameter and at
a,, &, >0, the point L becomes a saddle point in the
electron and hole spectrum at €,,* = - 2Q,,*/a, and £,/ *
=- 2szz/ a,, respectively (on going through the gapless

919 Sov. Phys. JETP 51(5), May 1980

state, the conduction and valence bands exchange the
reciprocal correction masses o, ,).

6) In the direction of the shorter semiaxis of the
equal-energy surfaces in L, the dispersion relation (1)
retains the Lax form (in contrast to the more compli-
cated spectrum of McClure and Choi,! in which account
is taken of the interaction with the remote bands in the
x and z directions). In the spectrum (1) the function
€ (k) in the x and z directions is symmetrical at the
point L (k,=0) with respect to £,, =0.

A dispersion relation of the type (1) for the super-
conducting alloys Bi,_,Sb, was proposed by Antcliffe!®
in 1969. He also cited data that point to a strong non-
specularity of the electron and hole spectra in L in the
y direction. Succeeding measurements!’ have shown
that the anisotropy obtained by Antcliffe!® for the hole
Fermi surfaces of the alloy p-Biy, ggSby, 1, in L turned
out to be undervalued by a factor of 2.

A check on the applicability of the McClure model®
for semiconducting alloys Bi;_,Sb, with a normal spec-
trum (e, > 0) is of particular interest, since the pa-
rameters of the spectrum (Q;;, o, @,) can change in
principle with increasing x. For a reliable determina-
tion of these parameters for an alloy with given x it is
necessary to vary the Fermi energy €, in a wide range,
both in conduction and in the valence band, by intro-
ducing into the alloy donor or acceptor impurities. The
angular dependences of the cyclotron masses of the
electrons and holes in L, for semiconducting alloys
Bi;_,Sb, with impurity carrier density < 10'® cm™3 were
investigated in detail using cyclotron resonance,!®% A
study of cyclotron resonance of Bi;_.Sb, alloys with
large electron or hole density at the presently available
technique entails great difficulties (because of the rela-
tively short relaxation time 7). The most efficient
under these conditions is an investigation of the Shub-
nikov—de Haas (SdH) or of the de Haas—van Alphen
(dHVA) effect at low temperatures; this yields the angu-
lar dependences of the extremal sections of the Fermi
surfaces and of the cyclotron masses,!® 16172122 The
limitations on the carrier density in the latter case are
connected mainly with the maximum fields that can be
obtained in experiment,

Investigations of the SdH effect in n-Bi,;_,Sb, have
shown!? that the interpretation of the oscillation curves
is made difficult in some cases by the motion of the
Fermi level in the magnetic field. Frequency modula-
tion of the quantum oscillations of the magnetic sus-
ceptibility and of the magnetoresistance of Bi, which is
connected with the motion of €, in the magnetic field,
was investigated in Refs, 23—26. Calculation of £, (H) of
Bi at various orientations of the magnetic field relative
to the crystallographic axes was carried out by Smith,
Baraff, and Rowell (SBR) on the basis of a semi-em-
pirical dispersion relation (a modified Lax dispersion
law in a magnetic field)®

2 e

1 1 s
LI B S+ 24+
o= {e,L +heq [fimc (n + 3 ‘1) 2my

2

where w,,:eH/mc“c is the cyclotron frequency corre-
sponding to the bottom of the band, m*, is the trans-
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port mass at the bottom of the band in the direction of
the magnetic field H, p, is the quasimomentum in the
direction of the magnetic field H, s=zx1 is the spin
quantum number, y=A,/A,,=myS/m/ is the ratio of
the spin splitting to the orbit splitting, and m} and w
are respectively the cyclotron and spin masses at the
bottom of the band. The quantity mj is expressed in
terms of the components of the effective mass tensor
m* on the bottom of the band:

me"=[det m*/ my"]*, m||'=8’;"&

(g is a unit vector in the magnetic-field direction).
Similarly, m} is expressed in terms of the components

of the spin mass M} %%

At y=my/m =1 relation (2) corresponds to the
simple two-band model.? It follows from experiment,
however, that in the case of Bi, evenfor the smallest cross
section of the electron Fermi surface (H||y), we have
y #1(y(H|ly) =1.07,y(H || 2) =0.34, ¥ (H | x) = 0.3),?0-2*>
The latter is patently the consequence of the influence
of the remote bands on the energy spectrum of the car-
riers of Bi in L, so that the applicability of relation (2)
at y#1 calls for a serious justification. Calculations
performed by Baraff3® have shown that in the case when
the corrections for the interaction with the remote
bands are small, relation (2) remains formally in force
for all the Landau equations, with the exception of the
levels with n=0 and s=1, under the condition that m
and m}, are themselves now functions of the energy «.
In particular, it follows from this that y is likewise
independent of ¢ (Ref. 28), with y—~1as e —~0and g,
—0. It is clear from the foregoing that the components
of the tensors M* and /%, determined within the frame-
work of the SBR model in Ref. 26, characterize strict-
ly speaking only the electrons on the Fermi level in
pure bismuth, and should be redefined in the case of
the alloys Bi,_,Sb,, Bi,_,Te, and Bi,_,Sn,.

The effects connected with the motion of the Fermi
level of Bi and of alloys on its basis in a magnetic field
turn out to be particularly significant when quantum os-
cillations are observed simultaneously from several
Fermi-surface sections that differ noticably in size.

In magnetic fields comparable with the quantum-limit
field for the smallest section, the period of the oscilla-
tions A(1/H) from other sections is not a constant quan-
tity, and can differ in a definite region of the magnetic
fields from the value A(I/H),,_,0 =eh/cS,,,, correspon-
ding to the condition &£, =const(S., is the extremal sec-
tion of the Fermi surface in p-space).?-%13 1 such
cases, an exact determination of S,,, is impossible
without a calculation of the function £, (H).?® Similar
calculations are necessary for the determination of the
true values?®?2? of y and of the cyclotron masses of the
carriers from the oscillation curves,

It should be noted that the effects connected with the
motion of £, in a magnetic field become weaker when
acceptor impurities (Sn, Pb) are introduced into the bis-
muth, inasmuch as in this case the stabilizing action of
the hole extremum at the point 7' becomes stronger,3!
Obviously, a similar picture should be observed in
bp-Bi;_,Sb, semiconducting alloys.
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In this paper we report detailed investigations of the
SdH effeet at helium temperatures in the semiconducting
alloys Bi,_,Sb, (0.08 <x <0,12) of »- and p-type respec-
tively with electron impurity density 1.3 x 10!" cm™*
<N, <8x10' cm~? and with integral impurity hole den-
sity 1x 10! em™3 < (P, + Py) <2.87x 10'¥ cm™3. We
determine the angular dependences of the extremal sec-
tions S, (9) of the electron and hole Fermi surfaces in
L and in the hole Fermi surface in T when the magnetic
field H is rotated in the binary-bisector (H.Cj;) and bi-
sector-trigonal (H1 C,) planes, with account taken of
the motion of the Fermi level in the magnetic field (with-
in the framework of the SBR model®*), In the case of
complicated oscillation curves, the separation of the
frequencies was carried out with the aid of a Fourier
analysis with a computer [we used the technique of the
rapid Fourier transformation (RFT)3%].

Noticable nonspecularity of the electron and hole spec-
tra in the elongation direction of the equal-energy sur-
faces in L was observed. It was noted that the anisot-
ropy of the Fermi surface of the electrons and holes at
L decreases with increasing Fermi energy; the dif-
ference between the anisotropic cross sections and the
cyclotron masses increases simultaneously. It is shown
that the ratio of the spin and orbit splittings y=4,/4
for the maximum section of the Fermi surface at
L(H|| C,) approaches unity as ¢ —~ 0. This contradicts
the conclusions of Ref. 33 and points to the importance
of the Kane interaction (@,,+0) in the y direction. For
the investigated alloys, we calculated the parameters
that enter inthe McClure dispersionlaw.’ A comparison
with the analogous parameters determined for bis-
muth® 1% 3! shows that when « is increased in the interval
0-0.1 the parameter @,, decreases to one-half, the pa-
rameters @,; and Q,; decrease by less than 10%, while
the parameters ¢, and ¢, remain constant within the
limit of errors.

MEASUREMENT PROCEDURE. SAMPLES

We used a setup that made possible automatic re-
cording of the field dependences of the magnetoresis-
tance p(H), and also of signals proportional to op/oH
and 3% (H)/3H?, in magnetic fields up to 60 kOe in the
temperature interval 1,9 K< T<4.2 K, at arbitrary -
orientations of the magnetic field relative to the crys-
tallogrphic axes of the investigated single crystals., The
SdH oscillations were plotted with an x-y recorder in
both the forward and reverse magnetic fields. The cur-
rent through the superconducting solenoid was set by a
current stabilizer with a photoelectric amplifier in the
feedback circuit. At a fixed field, the current drift was
AI/I ~1074 in one hour, The solenoid was calibrated
with an NMR magnetometer. The modulation current
(f=22 Hz) was picked off through a step-down trans-
former from a TU-100 power amplifier bridged by a
deep negative feedback circuit. The maximum modula-
tion current was 15 A, corresponding to a maximum
field value x 400 Oe.

A signal proportional to 1/H was generated by an
analog computing unit based on a Hall pickup with a
photoelectric amplifier in the feedback circuit. The
sample orientation in the magnetic field was varied by
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a drum-type rotating unit, The rotation angle 9 was
measured with a special follow-up system equipped with
an inductive pickup, Signals proportional to H, 1/H,
and were fed to digital voltmeters., The accuracy in
the determination of H and 1/H was <0.2% and < 1%,
respectively, The rotation angle 9 was determined ac-
curate to 0,1°, The current through the samples was
carefully stabilized.

In the plots of p{H), when necessary, the monotonic
variation was suppressed with an analog computing unit
based on Hall pickups and generating a signal propor-
tional to oH + BH% The difference signal was amplified
with an F128 nanovoltmeter. When dp(H)/2H or 3% (H)/
3H® was plotted, the signal from the potential contacts
of the sample was applied to a transistorized narrow-
band amplifier with a phase detector tuned to 22 or 44
Hz, respectively. The noise level referred to the input
was 5X107° V., The 44-Hz reference voltage was gen-
erated by a frequency doubler,

We investigated the Shubnikov oscillations of the mag-
netoresistance of 25 single-crystal samples of Bi;_,Sb,
(0.08 <x <0.12) doped with tin, lead (p-type), and tel-
lurium (n-type) (see Table I). The samples were rec-
tangular with characteric dimensions ~0.8 X 0.8 X 4 mm
and were cut from larger single crystals by the elec-
tron-spark method, The concentration of antimony in
the alloys was determined by chemical analysis ac-
curate +0,5 at.%. The current leads were soldered to
the end faces of the samples with Wood’s alloy, while
the potential contacts were electric-spark welded in the
central part of the sample spaced ~1 mm apart,

EXPERIMENTAL RESULTS

The Shubnikov oscillations of the magnetoresistance
were observed at helium temperatures in all the super-
conducting Bi;_,Sb, (0.08 <x <0.12) samples, both p-
and of n-type, investigated in the present study (see
Table I). The oscillation curves were recorded with the
magnetic field H rotated in the binary-bisector (HL1C,)

) PUH)

~+ = gt .

Z1 )
i n 11

{
#,kOe

FIG. 1. Oscillations of the longitudinal magnetoresistance
M| Il Cy at T =1.9 K tthe monotonic background is partially
suppressed) for the p -type sample 1—1—5 (a) and the n-type
sample 2—1—2 () of the alloy Biy gsSbg ¢3 (see Table I). The
values of the magnetic field corresponding to the appearance
of the Landau quantum levels are marked (calculation by the
SBR model,? see the text).

and bisector-trigonal (H1C,) planes. This made it
possible to reconstruct in each case the form of the
electron (z-type) and hole (p-type) Fermi surfaces in
L, and also of the hole Fermi surface in T (p-type).

The cyclotron masses of the electrons and holes on the
Fermi level were determined from the temperature de-
pendence of the amplitude of the Shubnikov oscillations
at H1 C,.3%35 At this orientation we observed in “weak”
magnetic fields ocillations from two sections S,, of
equal value and close to the normal section of the two
equivalent ellipsoids in L (ellipsoids b). In strong fields
we observed oscillations from the maximal section S, of
the third ellipsoid in L (ellipsoid @) (Figs. 1 and 2). The
oscillations from S, and S, differ in the field because of
the strong anisotropy of the Fermi surface in L, We
have established that both in the transverse (H.1 I) and
in the longitudinal (H|| I) configurations the next Landau

TABLE 1. Experimental (E) and theoretical (T) values of the reciprocal periods of the Shubnikov oscillations
and of the cyclotron masses in investigations of p- and n -type samples of Bi;_,Sb, at H [Cy, as well as the
calculated values of the Fermi energy and of the carrier density in L.

« azt (H=0), kOe a5, koe (Mqima)-10t gy /ma)- 10t

(Type of egL, eFL, Py, Np; Sample

conduc- MeV MeV 10 ¢m-3 index

tivity) 3 T 3 T 3 T T
0.08 (p) 338+1 34.08 2.3+0.05 2.295 5.9£0.3 647 | 0.44+0.07 0.447 11.5+0.5 8.45 0.232 1-1-1
0.08 (p) 44,7+1 424 2924005 | 291 6.65+0.5 6.64 0.5+0.05 0.495 11,5£0,5 9.95 0.325 1-1-2
0.08 (p) | 160.5+2 160.8 12,8+0,1 12,97 10.7+1 10.55 | 1.04=0.03 | 0.99 11,5205 25.65 2.63 1-1-3
008 (p) | 164.3x2 166.3 13.5+0.4 13.49 11.40.6 10.7 1.0£0.07 1.0 11.5£0.5 26.25 2.77 1-1-4
0.08 (p) 23845 250.8 21802 | 21.88 13.0+0.6 12.3 1.3+0.04 1.28 11.5£0.5 34.75 5.35 1-1-5
0.08 (p) 2694 2704 24.0+02 | 239 14307 | 126 1.33+0,04 1.33 11505 36.55 6.03 1-1-6
0.08(n) | 182,7%8 192.4 12,0+0,4 11,97 14.0£05 | 137 0.97£0.03 | 095 11505 2445 34 2-1-1
0.08 (n) 343+10 | 3449 234402 | 2323 174+0.5 | 168 1.32+0.02 1.31 11.5£0.5 35.95 7.7 2-1-2
0.08.(n) 343+10 | 349.3 237402 | 2357 17.6+0.5 16.9 1.33£0.02 1.32 11,5£0,5 36.25 8.01 2-1-3
040 (p) | 265+1 2743 1.9+005 | 1.88 58404 59 04+004 | 0.434 14.5+0.5 6.41 0.166 1-2—1
010 (p) | 53.7+15 54.8 3.97£0.1 3.99 7.5+0,9 7.37 | 0572005 | 0.58 14,505 11.35 0.493 1-2-2
040 (p) | 89.4%1.5 90.4 6.93+0.05 | 6.93 8.9+0.3 8.7 075003 | 075 14.5£0.5 16.45 1.07 1-2-3
0.10 (p) 159+3 1588 129402 | 1314 10803 | 105 1.0£002 | 1.0 1450.5 265 26 1-2-4

0.40(n) | 222.2+9 218 14,0504 142 15.0+0,6 144 1.03+0.02 1,04 14505 25.85 3.83 2-3-1
040 (n) | 263.4+8 263 172502 | 17.52 15.7+0.6 153 143003 | 1.15 14.5+0.5 29.35 545 2-2-2
0,10 (n) 296+9 295.5 20202 | 200 16.0£0.5 16.0 124002 | 1.23 14.5£0.5 31.75 6.2 2-2-3
042.(p) | 159.5+5 155.4 134+0,2 | 1316 10.8+1 105 1.01£002 | 1.02 17.5+0.5 23.55 2.55 1-3-1
0421(p) 1645 157.3 133+04 | 133 10.62+0.3 10.6 1.01£002 | 1.02 17.5+0.5 23.75 2.60 1-3-2
042:(p) | 186.9%5 190.3 16.17+04 | 166 12306 | 11.3 14004 | 143 17.520.5 271.25 3.52 1-3-3
042 (p) | 2104+6 2101 18,604 18,62 11.9+03 | 116 119004 | 1.20 17.5205 29.25 412 1-3-4
042((p) | 230.3+5 2295 | 204502 | 2064 13.0+1.5 | 120 1.24+0.08 1.26 17,5£0,5 3115 474 1-3-5
012 (n) 1105 108.4 6.8+0,1 6.87 11.2£0.5 11.3 0.75+003 | 0.76 17.5+0.5 15,35 1.3 2-3-1
012 (n) | 1466+5 145.5 9.16+0.2 94 1171 12,5 0.82£0.04 | 087 17505 18.95 2,05 2-3-2
042 (n) | 14945 1455 92402 94 12.2+0.5 125 0.84+0.04 | 087 17.5+0.5 18.95 2.05 2-3-3
0412 (r) | 3134x10 | 3054 21.0£04 | 213 16.4+0.5 16.2 1.28+0.02 1.27 17.5+0.5 31.75 6.59 2-3-4
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FIG. 2. Oscillations of longitudinal magnetoresistance
H||1|Cy at T=1.9 K (the monotonic course is partially sup-
pressed) for sample 1—1—2 of the p~type alloy Biy_gSby ¢s.
The values of the magnetic field corresponding to the appear-
ance of the Landau quantum levels (theory) are marked on the
figure; the inset shows the low-frequency oscillations from
the equivalent ellipsoids b with the monotonic background com-
pletely suppressed.

quantum level corresponds to a maximum on p(H), in

' agreement with the results obtained for single-band
semiconducting materials of n-type with a simple Fermi
surface, such as InSb, InAs, GaSb etc.®*%" It is known
that the transverse magnetoresistance p(H) of pure bis-
muth passes through a minimum under similar circum-
stances.’® The difference between the phases of the os-
cillations of pure bismuth and of the doped semicon-
ducting alloys Bi;_,Sb, is due to the difference between
the contributions of the Hall mobility o,,(HI|| z) to the
transverse magnetoresistance in a strong magnetic
field:

P =0u/ (0=+047%).
In pure bismuth, in view of the equality of the electron
and hole densities (N=P) in a strong field we have o,
< 0,, and p, ~0,,~!. In the semiconducting alloys
Bi;_.Sb, at helium temperatures there are present either
electrons or holes (depending on the type of dopant), so
that o,,>>0,, and p, ~0,.

It is difficult to compare the cases of longitudinal
magnetoresistance p,(H||Ill C,) in Bi and in the semi-
conducting alloys Bi;_,Sb,, inasmuch as the amplitude of
the Shubnikov oscillations of p, in Bi has an anomalous
temperatures dependence—it decreases with decreasing
temperature. We note only that in all the Bi,_.Sb, alloys
investigated by us, both of the n- and p-type, the ampli-
tudes of the oscillations of p, and p, increased with de-
creasing temperature in accordance with the same law.%

For the small section S, of the investigated p- and n-
type samples, the quantum-limit field corresponding to
the doublet (n,=1~,n,=0") had a value in the range
1.9 kOe < H,, ;< 24 kOe. For samples 1-1-5 (p-type),
2-1-2 (n-type), and 1-1-2 (p-type) of the Big, 45Sby, g
alloy, the values of H.,at Hil Il| C, were respectively
21.1 (Fig. 1a), 22.3 (Fig. 1b), and 2.9 (Fig. 2) kOe.
Comparison with Table I shows that these values of
H,, ,agree within 5% with the oscillation frequency in
the reciprocal field A,~! from the small sections S,.
The foregoing result is clearly illustrated by the ex-
perimental plots, as functions of 1/H, of the quantum
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number 7, of the maxima of the series of oscillation
peaks from S, in the investigated alloys. Extrapolation
of the linear dependence n,(1/H) to the value 1/H=0
yields (n,),=—1in all cases; this is possible, as seen
from the dispersion relation (2), at y,= 1. Thus, just
as for pure Bi, %% the ratio y of the spin and orbital
splitting for small sections of the Fermi surface of the
semiconducting alloys Bi;_,Sb, in L is close to unity.

A more detailed description of the value of y will be
presented below.

It should be noted that at present there is only one
theoretical paper3® containing a consistent calculation
of the galvanomagnetic tensor of Bi in a quantizing mag-
netic field at low temperatures on the basis of disper-
sion relation (2). The expressions for the components
of the galvanomagnetic tensor of Bi, obtained in Ref,
38, were intended for computer calculations and cannot
be used directly for an analysis of the experiment data.
We propose therefore that in fields far from the quan-
tum limit (€ =const), the expressions that are valid
for each series of oscillation peaks correspond to a
definite section of the Fermi surface, are those given in
Ref, 35 and obtained for a standard band. Favoring this
assumption is a comparison of the experimental and
theoretical oscillation curves p,(H) at H||C, carried out
for Bi by Brown.3* For a standard band at 7w, <&, and
kT < g, the oscillatory part of the longitudinal magneto-
resistance can be represented in the form3

N\ 2
(pll)osc zpnz b: cos (r—r:)ﬂr——z—), (3)

re=1

where p,=m"*/Ne’r, is the resistance in a zero mag-
netic field, b, is the amplitude of the harmonic 7:

cos T

N sh 2n*rkT/he.)

(=1)" / hoe \ " 2n*rkT 2n%rkTp
- U (e

r 2ep ho. ho.

T, is the Dingle temperature,®® and y=m,/m is the
ratio of the spin and orbital splitting.?” The quantity
(,) osc differs from (p,).sc by a constant factor and a
small oscillating increment which can be neglected in
most cases, 3’

The Shubnikov oscillations from the small section
Sy(HII C,) of all the investigated samples, in the initial
interval of magnetic fields (Zw, <<eg), represented in
fact the fundamental frequency (» =1) in expression (3);
the contribution of the harmonics (»=2,3...) is signifi-
cant only near the quantum limit for S, (see Fig. 1 and
the inset of Fig. 2). The value of the small cyclotron
mass m,, corresponding to S,, as well as the Dingle
temperature T,,, were calculated with a computer from
the temperature and field dependences of the amplitude
b, [see (3)] of the fundamental frequency in fields far
from the quantum-1limit field H . In the course of
plotting of the oscillations in the initial section of the
magnetic fields, particular attention was paid to sup-
pression of the monotonic behavior of p(H) by using an
analog computer. The importance of this procedure can
be easily understood from a comparison of the oscilla-
tion curves in fields up to 3 kOe (H|I Il C,) of the sam-
ple 1-1-2, plotted with partial (Fig. 2) and total (Fig.
2, inset) compensation of the monotonic variation,

The calculations have shown that in the temperature
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interval 1,9 K< T <4.2 K the Dingle temperature Tp,
corresponding to the oscillations from S, is a constant.
Ty, of samples of either the p- or the n-type was 2.5-
3.5 K and did not depend explicitly on the concentration
of the impurity carriers in the investigated intervals

of the electron and hole densities N and P, To establish
the dependence of Tp, on N and P it is necessary to
carry out more accurate and more detailed investiga-
tions in a larger impurity-carrier density interval,

The values of the small cyclotron mass m_,(H|| C,) on
the Fermi level, calculated in a longitudinal (H|| I) and
transverse (H1I) configurations, agreed within the
limits of errors, At the same time, a noticeable in-
crease of m_, with increasing S, was observed (Table I)
for alloys of both n- and p-type, thus pointing to a
strong nonparabolicity of the electron and hole spectra
in L,

The value of the small section S, can be easily ob-
tained from the relation®® 4!

h
Sy = e— A,
c

where A;! is the frequency of the Shubnikov oscillations
in the reciprocal field. This relation is valid at e
=const and cannot be directly used in the calculation of
the maximal section S,(H}| C,) of the hole surface, and
particularly the electron Fermi surface in L, since the
oscillations from S, of the investigated Bi;_,Sb, alloys
are observed in magnetic-field regions comparable with
the quantum-1limit field H , for the small sections S,
(Figs. 1 and 2). In the latter case the dependence of ep
on the magnetic field H leads to a frequency modulation
of the high-frequency oscillations from S,, and this
modulation is particularly strong in the case of semi-
conducting alloys of n-type, where the stabilization of
€p by the heavy holes in T (Ref. 13) is completely ab-
sent,

The calculations performed in the present study have
shown that in the alloys Bi,, 4,Sby, o3 and Biy, 4Sby, ; the
type of the valence band T is respectively 5+1 and
2.5+1 meV lower than the top of the valence band in L
(see also Ref, 22). Thus, for alloys with x~0.1 the
shift of the Fermi level into the interior of the valence
band with the aid of an acceptor impurity leads to the
appearance of light holes in L, and heavy holes in 7.
The large state density in the T-extremum contributes
to stabilization of £, in a strong magnetic field.

The “true” frequency A,”!(H — 0), from which the
value of the maximal section is determined

h
S.= -ec—Aa-' (H~0),

was determined in the present study with the aid of com-
puter calculations similar to the SBR calculations?® for
pure bismuth. The accuracy of such calculations de-
pends strongly on the number of oscillation peaks regis-
tered in the experiment. To obtain the maximum possi-
ble number of oscillation periods we recorded simul-
taneously in the present study the field dependences of
p(H), 3p(H)/8H, and 3% (H)/oH? at T=1,9 K. For n-type
samples, the region of magnetic fields in which high-
frequency oscillations were observed on 3% (H)/3H?,
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almost doubled in comparison with p(H).

The quantum-limit field H «u a fOTr the maximum section
was observed in the present study only for some of the
p-type samples, with light- hole density P, < 5x 1016
cm~3in L (Fig. 2) (the maximum field attainable with
the superconducting solenoid employed by us was ~60
kOe). It should be noted that owing to the motion of the
Fermi level in the magnetic field, the phase of high-
frequency oscillations determined with the aid of extra-
polation of the n,(1/H) dependence to the value 1/H =0
cannot be used for a reliable estimate of the ratio vy, of
the spin and orbital splitting for the maximum section
S,

The maximum cyclotron mass m_,, as well as the
Dingle temperature T,,, was determined from the tem-
perature and field dependences of the amplitude b, [see
(3)] of the high-frequency oscillations of p(H) at HJ| C,.
The value of Tp, (just as of T,,) of the investigated sam-
ples of p-type alloys was in the interval 2.5-3.5 K. T,
of n-type alloys was 5-6 K. A comparison of T,, and
Tp, allows us to conclude that at helium temperatures
the anisotropy of the carrier relaxation time in L is
small for doped semiconducting Bi;_.Sb, alloys; this
contradicts the conclusions of Ref. 8.

The cyclotron mass m_,(H|| C,) on the Fermi level of
p-type alloys was indenendent, within the limits of ex-
perimental error, of the magnetic field H, At the same
time, m_, of n-type alloys decreased systematically
with increasing magnetic field in the region H > Hy ,,
owing to the decrease of e, in the magnetic field. The
largest change of m_, in a magnetic field registered in
the experiment for n-type alloys was 15-20%, which
exceeds the error in the measurement of m by two or
three times. In view of the explicit dependence of m,,
on H in n-type alloys, it became necessary to determine
the value of m_, corresponding to €(H —0). This prob-
lem, just as the problem of determining the “true” fre-
quency A,"(H —0), was solved by the computer calcula-
tion of the function €, (H) in the SBR model,® Similar
calculations were carried out to determine the angular
dependence of the extremal section of the Fermi surface
in L when H is rotated in the binary-bisector plane in
the angle interval +15° relative to the binary direction,

Observation of effects connected with spin splitting?*
26-30 gncountered difficulties in the present study, owing
to the relatively strong scattering by the static defects
(2.5 K< T, < 3.5 K), as a result of which the fine struc-
ture was not very distinct on the oscillation curves even
at the lowest temperatures, Nonetheless, at H1C; we
registered reliably the spin-damping-induced doubling
of the frequency of the oscillations near the binary di-
rection.?® The measurements have shown that the spin-
damping angle 9* =< (H, C,) for both p- and n-type
alloys depends strongly on the Fermi energy. 9™ of p-
type alloys ranges from x (3.7+0.1)° at e, =36.5 meV
(sample 1-1-6, Table I) to zero at £, =11.3 meV
(sample 1-2—2, Table I). At lower values of €5, in a
narrow angle interval near the binary direction (H [|C,),
a splitting of the oscillation peaks, connected with the
spin splitting, was observed on the p(H) curve (Fig. 2).
The maxima on p(H) which correspond to appearance of
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Landau levels with opposite spin orientation, gradually
approached each other with decreasing €,;. This can
be attributed in principle to the approach of y,=4,/
A, to unity for the maximum cross section S, of the
Fermi surface in L, This conclusion patently contra-
dicts the results of calculations®? based on the theory of
Abrikosov and Fal’kovskii,®

The maximum value of 9* =z (4,3 +0.1)° was registered
for sample 2-1-3 of the n-type Bi,, 4,Sby, g alloy with
€pr =36.2 meV. At equal values of £, and €,;, the
spin-damping angle 9* of n-type alloy always exceeded
9* of p-type alloys.

The Shubnikov oscillations from the holes in T were
observed for all investigated p-type alloys. The angular
dependence of the extremal section of the hole Fermi
surface in 7 was in full agreement with the results ob-
tained for bismuth doped with acceptor impurities, 3!

DISCUSSION OF RESULTS

In the calculation of the motion of the Fermi level €5,
in the investigated samples in a magnetic field H we
used the condition that the carrier density is constant;
for n- and p-type alloys this condition takes the respec-
tive forms

3
2 Ni(er.) =N_=const,

Tmei

and

3
Pr(en+A)+ Y Pi(ers) =Pr+Pi=const,

fumt
where N; and P; are the concentrations of the electrons
and holes in the Zth ellipsoid in L, N, and P, are the
integral concentrations of the electrons and holes in L,
and A is the energy gap between the tops of the valence
bands in L and T, and varies with increasing x.

For the electron density N, in the ith ellipsoid at T=0
we get from (2) the expression?

TABLE II. Parameters used for the calculation of the
motion of the Fermi level in a magnetic field for a num-
ber of samples of Bi;_ Sb, alloys of p- and = -type at

H HCz within the framework of the model of Smith, Bar-
aff, and Rowell.?

Sample
Parameter 1—1—2, 1—1-3, 1—1—6, 2—1—2,
P-type P-type P-type n-type

Py, Np; 1017 cme3 032 263 5.90 7.50
epr (0), MeV 9.95 258 36.6 360
(mig/ma)-102 263 2,36 2,02 2.67
(m7 afmo)-10% 0126 0.430 0425 0426
Ya ' 0.7 <05 <05 <05
(mgy/mo)-102 0.484 0488 0481 0182
(m pfmo)- 102 254 203 157 269
Y 0.9 09 08 08
€qrs MeV 145 115 115 15
Pp, 1017 cm3 444 138 228 -
epr(0), MeV 150 308 4“8 -
(mep/mo)-102 18.8 188 188 -
(m g/mo)- 102 5.7 5.7 5.7 -
Vr 0.44 044 0.44 -
egrs MeV 200 200 200 -
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N;(en.)=—%:li(m,')"'

h*c
erL '

X‘Z{Bn(1+ . )_E(nas)} )
where e(n,s)=(n + 3 + 3 Sy)iw,, and £, is the Fermi
energy reckoned from the bottom of the conduction band.
A similar expression holds for the hole density P;. In
the latter case, the Fermi energy is reckoned from the
top of the valence band in L (downward on the energy
scale).

@)

In contrast to the SBR study,? where the energy spec-
trum of the holes in T' was described by an ellipsoidal
parabolic model, in the present paper we assume for T
the model of two interacting bands separated by a direct
gap £,7=200 meV.% Thus, the hole density Py is also
obtained from (4) by replacing €,; by €,r and €, by
epr=tp, +A. The values of m}, and m™,, used in (4)
for the holes in T were taken from Ref. 31 (see Table
II). The values of the parameter y, were taken from
Ref. 26, The applicability of the two-band model for
holes in T (at any rate, in the energy interval 0 <€pp
<90 meV), was demonstrated in Ref, 31, It was shown
there also that y, does not depend on the energy in the
indicated interval,

The calculations of £z (H) in the investigated samples
were made mainly for the angle interval +15° about the
binary direction (H|| C,), in which the frequency modula-
tion of the “high-frequency” oscillations manifests it-
self most strongly (see Figs. 3-5). The gap ¢,, was
determined from the dependence of €., (x) obtained in
Ref. 3 with the aid of magneto-optical measurements
(Table I). The Fermi energy €,(0) in a zero magnetic
field was calculated from the values of m,,, A;', and
€¢r With the aid of the relation

w0 o= [ () (Gre) T

which, as follows from (1), is satisfied with good ac-
curacy for sections close to minimal. In the subsequent

™
50 201 J J Hxoe §
% T T \ T T S
H 2
aranitt <
w20 ___ \ __ 2.0
15 1.5
s+ 1.0
L5 /o/ 4.5
‘;6
* L’_/Z-
Vi J1 L I |
0 i 20 70 1/H,107° ge-

FIG. 3. Field dependences of the energy &g and of the hole
density P, in the a ellipsoid, of the hole density P} in each of
the equivalent b ellipsoids and of the quantum numbers (#;,
n) of the oscillations from the ellipsoid 2 (1—experiment,
2—theory), calculated in the SBR model?® for sample 1—1—2.
The dashed lines correspond to the condition €z =const.
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calculations of €5, (H), the value £, (0) determined from
(5) was not varied.

Before we report the results of the calculations, a
few remarks are in order. The dispersion relation (2)
is not rigorous even when account is taken of the energy
dependence of the components of the tensors #* and #}
introduced by Baraff® [ see (2)]. There is no doubt that
the variation of the components of %* with increasing
energy leads, in principle, to a dependence of the an-
isotropy of the low-energy surface on the energy, in
agreement with (1), At the same time, the tensor form
of the cyclotron mass in (2) excludes the possibility of
non-ellipsoidality, which is also contained in (1), and
leads in particular to a discrepancy between the an-
isotropies of the cyclotron masses and the cross sec-
tions at sufficiently large £,. It will be made clear
below that for Bi,_,Sb, alloys (as well as for pure bis-
muth) the corrections for the interaction with the re-
mote bands in the direction of the short semi-axes of
the equal-energy surface in L are of importance only
for effects connected with spin splitting, and can be
omitted in the remaining cases, In this sense the dis-
persion relations (1) and (2) are in good agreement,

At the same time, for those orientations of the mag-
netic field H at which the direction of elongation plays
an essential role, the logical connection between (1)
and (2) no longer holds. As a result, in particular, at
large £, it becomes impossible to fit to the experi-
mental data the maximum section Spux=S, and the max-
imum cyclotron mass on the Fermi level, m, =M,
on the basis of the spectrum (2). Thus, in the case of
pure bismuth the value of S, that follows from the
SBR calculations?® is in excellent agreement with anal-
ogous value determined by Edel’man'! at £, > hiw, (i.e.,
in sufficiently weak fields), whereas the value of m
used in Ref. 26 is 7% higher than the true value,'' It
is clear therefore that it is particularly important to
determine the cyclotron mass on the Fermi level in

o 50 0 20 22
1 Il

H,kOe 00 50 _d 20
]

T T T T

#,k0e

S £, MeV;

= Ny My 10 7em3

7 g
1/H, 1077 Oe?

7.9
1/H, 10706

FIG. 4. Field dependences of the Fermi energy €g, of the
carrier density (P, ,N,) in ellipsoid a, of the carrier density
(P, .N,) in each of the equivalent ellipsoids b, and of the quan-
tum numbers n, of the high-frequency oscillations from the
ellipsoid @ (without allowance for the spin splitting) at H lc,
in samples of the alloy Big gsSbg ¢3: a) sample 1—1—5, p-
type; b) sample 2—1—2, n-type. Calculation by the SBR
model.® The dashed lines correspond to the condition €
=const.
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the case of large sections by an independent method
from experiment.

Baraff has shown® that in a magnetic field the motion
of the Landau 0~ levels that determine the bottom of the
conduction band and the top of the valence band is not
described by expression (2) and is either linear (y <1,
the thermal gap increases in the magnetic field), or
hyperbolic (y>1, the thermal gap decreases in the
field). Favoring this conclusion are the experimental
results given in Refs, 42-44, Estimates show, how-
ever, that the calculation of £, (H) only on the basis of
the relation (2), in fields that do not exceed consider-
ably the quantum-limit field H for small sections,
does not lead to large errors,

In the present paper the calculations of £, (H) were
performed for T=0, The experimental curves with
which the comparison was made were obtained at T
=1.9 K (Figs. 1 and 2), The thermal smearing of the
Fermi level in the latter case did not exceed 0.2 meV,
and was much less than £, for all the investigated
samples (see Table I). In the temperature interval
1.9 K< T <4.2 K, the phase of the oscillations was in-
dependent of temperature, It is clear therefore that al-
lowance for the thermal effect in the calculation of
ep. (H) is not obligatory in our case.

The measurements have shown that in the investigated
alloys of n- and p-type the angle ¢ between the equal-
energy surfaces in L and the basal plane is ¢ =(5+0.5)°
(see Fig. 6), somewhat less than for pure bismuth!!

(¢g =6.3°).1' The minimum cyclotron mass on the
Fermi level m, .., which is needed for the calcula-
tions, was obtained by multiplying m, (Table II) by the
coefficient cos30°X cos5°=0,863.

The maximum cyclotron mass at the bottom of the
band was calculated from m, .;, with the aid of the rela-
tion%

Memin
1+26FL(0)/81L ’

.
Memin =

The theoretical field dependences of the quantum num-
bers of the oscillations were fitted to the experimental
relations (Figs. 1-5) by varying the components of the

Wy sy 3 20 15 H, kOe
ng |- T [ H T 6“
! A
I il 1
5 4
1/1#,107 0e

FIG. 5. Field dependences of the quantum number of the high-
frequency oscillations from the ellipsoida @ithout allowance
for the spin splitting) at H||C, for the sample of the alloy

Big 9sSbg_ g (2—1—2): o—experiment, e—theory. The dashed
line corresponds to the condition € =const.
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effective-mass tensor /" and the values of y for each
sample separately. The values of the parameters used
in the calculations for a number of samples at H|| C,
are listed in Table II. Examples of calculations of the
field dependences of the Fermi energy €,;, of the quan-
tum number #,, of the high-frequency oscillations of the
maximum section S,, on the carrier density (P,,N,) in
the a ellipsoid, and on the carrier density (P,,N,) in
each of the two equivalent b ellipsoids at H|| C, and T
=0 are given in Figs, 3-5 for a number of samples of
the Biy, ,Sby, ¢ 2lloy of p- and n-type.

1t is seen from Table II that the values of the small
cyclotron mass m}, at the bottom of the band, and the
values of the small transport mass m*, in the direc-
tion of the magnetic field are independent, within the
limits of errors, of the Fermi energy and are the same
for p- and n-type samples. At the same time, the
values of the maximum cyclotron mass at the bottom of
the band m}, and of the transport mass m* , increase,
in accordance with the conclusions of Ref, 30, with de-
creasing Fermi energy (thus, as £, — 0 the anisotropy
of the equal-energy surfaces in L increases). At the
same Fermi energy, for samples of n-type, the quan-
tities m}, and m™, are larger than for samples of p-
type. The presented data point to the need for taking
into account the corrections for the interaction with the
remote bands in the elongation direction y [see (1)].

Inasmuch as on the p(H) curve there is no splitting of
the maxima corresponding to the oscillations from S,
(Fig. 1), the direct calculation of the deviation of v,
from unity was impossible in the present study. It was

80°

FIG. 6. Angular dependences of the reciprocal period of the
Shubnikov oscillations A™1(H —0) < Sey,, for rotation of the
magnetic field in the binary-bisector plane (a) and in the bi-
sector-trigonal plane (b) for sample 1—2—4 of the p-type
alloy Big ¢Sbg ;. Branches 1—3 pertain to the hole ellipsoids
in L , branch 4 pertains to the hole ellipsoid in T. The solid
curves are drawn in accord with the ellipsoidal model. In
case (a), the angle 9 =0 at H||C,, in case (b) the angle 9 =0
H|C;. The dark points are the results of a computer Fourier
analysis.
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established, however, that the character of the n,(1 /H)
dependences (Figs. 3—5) changes noticably when y,
deviates from unity in fields ~H,, ,. In particular, the
width of the inflection on n,(l/H) increases when the
peaks on the &, (1/H) curve, which correspond to the
appearance of the levels n,=1~ and n,=0", become
spread out. Fitting the theoretical relation na(l/H) to
the experimental one (Fig. 5) made it possible to deter-
mine the value of y, with accuracy +0.1 (Table II). It
should be noted that in the present study it was difficult
to distinguish between the cases y,=1- 6 and y, =1 +6.
The choice of the values vy, <1 was motivated by the
fact that for Bi,_,Sb, alloys with £, >0, the thermal gap
in L increases in a magnetic field at orientations of H
near the elongation direction, as shown by the results
of experimental*>44 and theoretical® investigations,

The drastic decrease of the spin-damping angled™
with decreasing Fermi energy, observed in the present
study, agrees with the results obtained on the semi-
metallic alloys Bi,_.Sb,,*”% and can be attributed to the
approach of y, to unity as e, — 0. Direct calculations
for the p-type samples 1-1-2 (g5, =9.90 meV) and
1-2-1 (gg,=6.40 meV) yielded the respective values
¥,=0.7 (or 1.3) and y,=0.8 (or 1.2) (Fig. 3). It was im-
possible in our study to distinguish between the cases
v.>1 and y, <1, so that the choice y; <1 in Table II is
arbitrary,

It follows from the theoretical calculations?®3%33 that
for small sections of the Fermi surface in L we have
y—1lasgpp, e, — 0. The results obtained by us indi-
cate that an analogous picture is observed also for 4,
corresponding to the maximum value of S,. This con-
clusion contradicts the calculations with neglect of the
Kane interaction in the direction of elongation of the
equal-energy surface in L33

For the samples with £z, > 20 meV, for which the
spin-damping angle 9* differs noticably from zero, the
high-frequency oscillations from S,(H|| C,) did not con-
tain the fine structure connected with the spin splitting.
In these cases, for convenience in the calculation, vy,
was assumed equal to zero (Figs. 4 and 5).

A comparison of the functions n,(l/H ) obtained for p-
and n-type samples of the alloy Bi,_g,Sb,, o5 With approxi-
mately equal Fermi energy €:,(0) (Figs. 4 and 5) makes
it possible to estimate the role of the hole T extremum
in the stabilization of £, in a magnetic field. The
Fermi surface of the n-type sample consists only of
three electron ellipsoids in L. The oscillations of the
Fermi energy €5, in fields H <H,. , and the decrease of
erpr at H> H,, , are strongly pronounced in this case
(Fig. 4b). Beyond the quantum limit, for the small sec-
tion S,, the increase of the state density on the two
neighboring 0~ levels corresponding to the b extrema
leads to an intense transfer of the electrons from the
a extremum to the b extrema., The Fermi energy de-
creases rapidly in this case, a fact accompanied by a
steep increase in the frequency of the oscillations from
the ellipsoid a (the Landau quantum levels and the Fermi
energy move towards each other in the magnetic field).
For n-type samples in fields H > H,, , there exits a sec-
tion on which the frequency of the oscillations (solid line
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on Fig. 5) is practically double the “true” frequency that
satisfies the condition €, =const (dashed line in Fig.

5). A doubled frequency is obtained, for example, in
the traditional reduction of high-frequency oscillations
shown in Fig. 1b, Neglect of the motion of €, in the
magnetic field can thus lead to an error of ~100%. In
the present paper the error in the determination of S,
of n-type samples did not exceed 3-4%.

The oscillations of £, in p-type samples in a mag-
netic field, in view of the absence of a T extremum with
heavy holes, are much less pronounced (Figs. 3 and 4a).
At H>H ,, the strong growth of the hole density P, in
the b extrema takes place mainly on account of the
transfer of holes from the T extremum with large state
density, The comparatively slow decrease of €, in this
field region causes only a small increase of the frequen-
cy of the oscillations from the ellipsoid @, which at
worst (for alloys with x =0.12) reaches ~14% of the
“true” frequency.

The error in the determination of S, of p-type alloys
amounted to 1-2%. The frequencies of the oscillations
A,"'(H — 0), which are proportional to S,, are given in
Table I for the investigated p- and n-type samples,

It was already indicated above that calculation, within
the framework of the SBR model, of the cyclotron mass
m,, on the Fermi level from the components of the ten-
sor m*, selected when fitting the theoretical functions
n(1/H) to the experimental data, can lead to errors
even in the case of small deviations of the shape of the
Fermi surface from ellipsoidal. We have observed that
for p-type samples the discrepancy between the experi-
mental and theoretical (SBR) model values of m,, in-
creases with increasing e€z;. This was to be expected in
principle, since the deviaticns from ellipsoidality be-
come more noticable at large ¢, [see (1)].

The cyclotron mass m of n-type samples, calculated
from the temperature dependence of the amplitude of
the Shubnikov oscillations in fields H > H,, 5, decreases
with increasing field because of the strong decrease of
£py (Fig. 4b). The value of m,, corresponding to £z (0)
was obtained in this case by extrapolation of the func-
tion m,(H) to the value of the field H at which €y (H)

-390 -w°

)
5(8)/ 5 pis

q°

FIG. 7. Dependence of the ratio of the extremal sections S(3)/
Sp;s for the hole ellipsoids in L on the angle 9 when the mag-
netic field is rotated in the binary-bisector plane for p -type
samples of the alloy Bi, gSby o5: ®—sample 1—1—2, o—sam-
ple 1—1—6. The solid curves were drawn in accord with the
ellipsoidal model. The angle 9 =0 at H||C ,; S;; —extremal
section of the plane perpendicular to the bisector axis through
the ellipsoid.
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=ep;(0) (Fig. 4b). The experimental values of m,,, ob-
tained for the investigated Bi;_,Sb, samples, are given
in Table I

The angular dependences of the sections of the Fermi
surface in L at H|| C; and H|| C, agreed for all the in-
vestigated p- and n-type samples with the “three-el-
lipsoid” model (Fig, 6). In the case of strong oscillation
curves plotted at zw, < ep, the frequencies were sepa-
rated with the aid of a Fourier analysis with a com-
puter®? (dark points on Fig. 6). We have found that for
alloys of both the n- and p-type the anisotropy of the
Fermi surface in L increases when the bottom (top) of
the band is approached (Fig. 7). This effect, which is
more strongly pronounced in p-type alloys, contradicts
qualitatively the Lax model.

The experimental data obtained in the present study
were used for a computer calculation of the parameters
that enter in the McClure dispersion law (1). We used
in the calculations the expressions obtained by McClure
for the principal sections of the Fermi surface in L and
for the principal carrier cyclotron masses’®

11 (32_511.2/4)

Smin = ——=

01108! (6)
Me min — e 7)

m, Onou ! (
_ 8(e’—ea/4)"R" B
S = = [ BE(l)+ (R - 2—-) KQ) ] , (8)
Memes _ 2{eK (1) +F[2RE (1) +(B/2—R)K()) ]} ©)
m, 71Qss[ 0t (€7 —£42/%) 1R ’

(mey /m,)-10%

1,0
1ok WM
t
* o5t
7 L . .
_ Jio 174
A ;| kOe " 2 £, MeV
a -
20+
6
n+
1 ] ! 1
g J /A V22 20

e2-c2 /¥, 107 Mev2

FIG. 8. Plots: a) of the small cyclotron mass m,, against the
energy | €| =€ +&,; /2 and b) of the reciprocal period Ay 1of
the Shubnikov oscillations against €2—€2% /4 at H| C, (b ellip-

soids for the alloys Biy_,Sh,: o—p-type alloys (present paper) .

e—n -type alloys (present paper), o,s—data of Refs. 18—-20,
O—from Ref. 17. The solid lines were drawn in accordance
with the McClure model with the parameters given in Table
JIIR
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Smex _ Mo max =_(1.._, : (10)

Smia Mg mia Qa:

where
B=— ZQZIZ+‘/IEIL(qv+Q-¢) +e (ac—au)
(oo (e2—e,2/4) ™ !
R=(1+BY4)",
(e*—eg?/4)" (a—a,)
N 2(a)* '

K(L) and A(L) are complete elliptic integrals of the first
and second kind, ! is the modulus, and

='/,(B/2+R)/R.

At a given gap €., we can easily calculate ¢ and @;;@3;
with the aid of (6) and (7) from Sy, and m, . . The
products is factored out into @;; and Qg with the aid of
(10). From the energy dependences of S, and 7,
we can determine for the electrons and holes with the
aid of (8) and (9) the values of @y, a@,, and a,. The
calculation results are given in Tables I and III ard in
Figs. 8-10. The carrier density (P,,N;) contained in
Table I was calculated by numerical integration within
the framework of the McClure model.

1t follows from Fig. 8 that the energy dependences of
mg, and Ay of the investigated p- and n-type alloys
agree with (6) and (7). The good agreement of the
theory (solid lines on Fig. 8) and the experiment alloys
us to conclude that in the investigated interval of elec-
tron and hole Fermi energies the corrections for the
interaction with remote bands in the direction of the
short semiaxes of the equal-energy surface in L do not
manifest themselves noticably, and can be omitted (as
was done in fact in Ref, 9),

Similar constructions for m,, and A,”'(# — 0), as seen
from Fig. 9, leads to qualitatively different (compared
with Fig, 8) results. The energy dependences of m,,
and &,~!(H — 0) split into two branches (electrons and
holes) and are not linear, Thus, the two-band approxi-
mation is not suitable in this case. In equally poor
agreement with experiment is the simplified (@;,=0)
model of Cohen® (or the model of Abrikosov®), In Fig. 9
this model is represented by dashed curves calculated
for the average gap £,;, =14.5 meV (x=0.10) with the
parameters given in Table III. The solid curves are
drawn in accordance with the McClure model (Q,,+ 0)
also for the case of the average gap. It should be noted
that the degree of agreement between the theory and ex-
periment cannot be completely estimated from Figs. 9

TABLE III. Values of the parameters that enter in the dis-
persion law* for the alloys Bi,_,Sb, and for bismuth.

' Qu Qa2 ’ Qs | %e | %y

Bi,_.Sh,, { 0. 41210 010 | 0.016::0.003 |0.329+0.010 [ O. 6310 1 1.00+0.15
0.08<z<0.12 0.412 0 0.329 1.55
Bi 0. 465*0 008 10.033+0.002 [0.346+0.006 | O. 8010 15 | 1.19+0.20

*First line—paramebers entering in the dispersion equation of
McClure® for the alloys Bi;_,Sb, in accordance with the data of the
present paper; second line—parameters entermg in the disper-
sion equation of Abrikosov and Fal’ kovskii. Third line— param-
eters of the McClure spectrum for bismuth, obtained in Ref. 31 at
&L =—9meVand =31 meV.
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FIG. 9. Plots: a) of the maximum cyclotron mass m,, against
the energy | €| =€ + &, /2 and b) of the reciprocal period

Ad (H —+0) = S max of the Shubnikov oscillations (a ellipsoid)
against £2—€% /4 at H||C, for the alloys Biy_,Sb,: o—p-type
alloys (present paper): e —n -type alloys (present paper); a—
from Ref. 20. The solid curves were drawn in accordance with
the McClure model for the case £;; =14.5 meV with the pa-
rameters given in Table III. The dashed curves were drawn
in accordance with the model of Abrikosov and Fal’kovskii

(Q 22=0) for the case €,y =14.5 meV ¢he corresponding pa-
rameters are also contained in Table III).

and 10, since the theoretical curves for the alloys with
x=0,8 and x =0.12 are shifted somewhat relative to x
=0.1 on account of the difference in £,,. Therefore the
comparison of the theoretical and experimental values
of m,, and A,"!(4 — 0) is best carried out using the data
listed in Table L. The fact that the electron and hole

47 /8% mee [
20

)
3
k-
%

FIG. 10. Plots of the ratios A71(H —~0)/A;1 of the reciprocal
periods (light circles and +), and of the corresponding cyclo-
tron masses m,,/m, (dark points and %) against the small
reciprocal period A;1(H || C,) for the investigated supercon-
ducting alloys Bi;_ Sb, of n-type {two upper branches) and p-
type @two lower branches): o,e—x =0.08 (p), o,e—x =0.10 (»),
o,a—x=0,12 (p), V,v—x =0.08 (n), O0,—x =0.10 (n), +, x—x
=0.12 (#). The solid curves were drawn in accordance with
the McClure model for the case €,; =14.5 meV.
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spectra in L are not mirror images in the y direction
is a consequence of the difference between a, and o,
(see Table III)., The deviation of @, and a, from zero
leads to a divergence of the anisotropies of the sections
and of the cyclotron masses with increasing Fermi en-
ergy in both the valence and in the conduction band (Fig.
10).

1t is of interest to compare the parameters obtained
in the present paper for the carrier spectrum in L for
the investigated alloys with the parameters determined
in Ref, 31 for bismuth, It is seen from Table III that the
parameters @, and @33 decrease with increasing x from
0 to 0.8-0.12 by approximately 10%. The parameters
o, and a,, when account is taken of the relatively large
errors in their determination, most readily remain
unchanged. At the same time, the parameter @,, de-
creases by a factor of 2, The character of the variation
of @, with x remains unclear, however,

In conclusion, the authors use the occasion to express
deep gratitude to N, B. Brandt for systematic help with
the work and for most helpful discussions of the results.
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