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An estimate of the probability of rotational transitions in the excitation of electronic states of a molecule 
by electron impact near threshold is proposed. The zero radius potential (or the separable potential) 
approximation is initially used in the adiabatic approximation in the molecular rotation. Then additional 
arguments are presented in favor of the generality of the estimate obtained, which is analogous to the 
Franck-Condon principle, but pertains to rotational transitions. In particular, for the excitation of the 
'II; state of the H, and D, molecules, when a change of the rotational quantum number of the molecule 
must be even in accordance to the rigorous selection rules, the rotational momentum of the molecule 
practically cannot change at incident electron energies which are not too great. This makes it possible to 
explain the experimental data on the population of the rotational sublevels of excited electron-vibrational 
states of molecules in a low-pressure gas discharge plasma and to base the method of determining the gas 
temperature of this plasma on measurements of the relative distribution of the intensities in the rotational 
structure of the molecular bands. 

PACS numbers: 34.80.Gs, 52.70. - m, 52.80.Dy, 52.20.F~. 

1. Collisions of molecules with electrons a re  one of 
the most important processes producing excited mole- 
cules in a plasma. In general, the electronic, vibra- 
tional, and rotational states of the molecule are  changed 
in such collisions. In the Born-Oppenheimer approxi- 
mation these processes are  separated because of the 
difference of their characteristic times. The electron 
excitation i s  usually calculated for specific nuclei, and 

cident electron energy does not too greatly exceed the 
excitation threshold of the electronic state. In a low- 
temperature plasma these electrons give the dominant 
contribution to the excitation frequency because of the 
sharp drop of the electron energy distribution function 
a t  high energies. The effect i s  enhanced for triplet 
states, whose excitation functions have a maximum near 
threshold (see Ref. 1, for example). 

the corresponding cross sections can also be found ex- 2. According to classical mechanics, the maximum 
perimentally by the emission method, for example.' A 

angular momentum which can be transferred to a scat- 
change of the vibrational state occurs in accordance terer  of dimension R is5 
with the well known Franck-Condon urinciule which has ,-, 

been experimentally verified; in addition, a t  the present 4JGk,R, (1) 

time the Franck-Condon factors fo r  the case of hydro- where k ,  is the initial momentum of the relative motion 
gen have been calculated very accurately.' As to the (atomic units a re  used). Table I gives the values of 
change of the rotational momentum occuring in the k , R  for the scattering of electrons of energy corre- 
electron excitation process, however, the experimental sponding to the excitation thresholds of various elec- 
determination of the probability for this process has tronic states of a number of molecules, calculated 
encountered great difficulties. according to ~ e r z b e r g ' s  data.= From this table i t  i s  

seen that the estimate (1) is not a sufficient reason for 
The general (kinematic) problems in the theoretical neglecting transitions with A J +  0 in studying the elec- 

description of these rotational transitions have been tron excitation of molecules in a plasma. 
dealt with by ~ u b i n ~  within the framework of the adia- 
batic approximation (see below), but a s  far a s  we know Relation (1) corresponds to the elastic reflection of 
no specific calculations have been carried out. the incident particle. If i t  i s  assumed that after the 

In the present study we derive a simple yet fairly 
general estimate of the probability for rotational transi- 
tions in the excitation of electron-vibrational states a s  a 
function of the change of the rotational angular momen- 
tum A J .  Such an estimate i s  also needed f rom the pure- 
ly  practical point of view of, use in low-pressure plas- 
mas, of the technique for finding the gas temperature 
from the measured relative distributions of the inten- 
sity in the rotational structure of the electron-vibra- 
tional bands of diatomic  molecule^.^ The important yet 
insufficiently well-founded premise of the method is the 
negligibly small probability of a change in the angular 
momentum in electron excitation of the molecules. 

We shall restrict  ourselves to the case where the in- 

scattering the electron momentum is small (the energy 
goes to excite an electronic state), then our estimate 
becomes 

AJSi/zl~iR. 

Below we shall show that even this estimate is still too 
rough. 

3. In a quantum description the adiabatic approxima- 

TABLE I. 
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tion can be used to calculate the rotational transition 
probabilities. This approximation i s  based on the as- 
sumption that the deflection angle of the molecule during 
the collision with the incident electron i s  small; in view 
of the short time in which the interaction occurs, this 
often i s  also called the sudden approximation. 

Firs t  the scattering amplitude F(ki, kf, R) for atomic 
nuclei at res t  i s  somehow found; here k i  and kf a re  the 
electron momenta before and after scattering and the 
vector R characterizes the orientation of the molecule 
(the vector joining the nuclei can be used a s  R). Then 
the amplitudes for transitions between initial m, J and 
final m', J' rotational states of the molecule a re  cal- 
culated according to the formula 

The main condition for the adiabatic approximation to 
be applicable is of the form A E / E  << 1, where AE i s  the 
energy of the rotational transition and E i s  the smallest 
of the incident particle energies before and after the 
collision. Therefore, the adiabatic approximation is 
inapplicable only in a very narrow range near threshold. 

Let us f i rs t  of all consider the case where the scat- 
tering amplitude P(ki, kf, R) is calculated in the zero 
radius potential o r  the separable potential approxima- 
tion. If the molecule i s  simulated by two identical spin 
centers a distance R from each other, the differential 
cross section for scattering with the transition J-  J' in 
the adiabatic approximation is of the form 

where the ji(x) a re  the spherical Bessel functions. The 
cross section (3) has been averaged over the projec- 
tions of the rotational angular momentum in the initial 
state and summed over the projections in the final state. 

Expression (3) was obtained from the amplitude of the 
excitation for specific nuclei of an electronic state of a 
molecule for the C, - C; transition in the zero radius 
potential and separable potential approximation. The 
form of this amplitude is similar to the elastic scatter- 
ing amplitude of an electron in the 3C; state of the 
hydrogen molecule, which i s  given by Demkov and 
~ s t r o v s k i i ,  7.8 for example, and has been used to calcu- 
late the cross sections for rotational transitions not 
accompanied by electron excitation (see Refs. 7 and 9). 
In the zero radius potential approximation the coeffi- 
cients a(*' are  expressed in terms of the matrix of the 
parameters a describing the inelastic scattering by each 
of the potential centers making up the molecule: 

@(4, 
art 

(alt+iki*R-L exp (ik,R) ) ($ , ,+ ik ,*~-~  exp (ik,R) ) -a,zaz ' 

In the following we shall only need the fact that the co- 
efficients a(*' depend only on the energy and not on R/R 
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o r  J and J'. 

We can obtain the total scattering cross  sections by 
integrating (3) over the scattering angles 0 (the angle 
between ki and kf): 

Let us study the behavior of the total scattering cross 
section (4) for an incident electron energy somewhat 
larger  than the excitation threshold of the electronic 
state of the molecule. Then kfR i s  a small parameter 
in the problem and we can use the small-argument 
Bessel function expansion" 

The largest contribution to the cross section comes 
from the term with 1 = 0 .  According to the properties of 
the 3j symbols we have 

uJ,,r-16n-f- 
J J '  2 " 'L,z-j~(y) I W + ) I ~  (, , , ) c z i + r )  ( z ~ ~ t r , .  (a) 

even 

In the case where kiR can also be considered a small 
parameter, i t  is easy to obtain the following estimate 
for the total cross  section using formula (5): 

A J = J ' - J ,  

where 

becomes unity for J=O and does not exceed this value 
for all the remaining J. Since we shall primarily be 
interested in the upper estimate of the cross section 
0,- ,+, , , we shall henceforth take D = 1. 

Formula (3), derived for a homonuclear molecule, 
gives a nonzero cross  section only for transitions with 
even change of J .  Study of the more general case of a 
heteronuclear molecule (which we shall not do here be- 
cause of the complexity of the calculations) leads to the 
same estimate (7), which i s  therefore valid for both 
even and odd AJ.  It i s  significant that the dependence 
included in a"' on the specifics of the electron transi- 
tion and the dependence on 4 J  can be factorized. In the 
case where the collision is not accompanied by a change 
of the electronic state of the molecule there is, in 
general, no such factorization. 

4. It i s  not difficult to see that the estimates (7) are  
governed by interference. The dependence on R enters 
into the scattering amplitude F(ki, kf, R) in the zero 
radius potential approximation via exponentials of the 
f orm7 
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They correspond to the phase difference in the scatter- 
ing on two potential centers located a distance R from 
each other. The spherical Bessel functions appear as a 
result of the expansion (8) in partial waves. It is clear 
that the appearance of the exponentials (8) has a more 
general significance than the model used. For  example, 
they must appear in the Born approximation for scatter- 
ing by an anisotropic potential o r  in the impulse appro- 
ximation. In general, the dependence of the scattering 
amplitude on the orientation of the potential is char- 
acterized by a factor of the type (81, where I R I  ob- 
viously has the sense of the difference between the 
largest  and smallest characteristic dimensions of the 
scatterer, which can be either a heteronuclear o r  a 
monatomic molecule. In the case of a diatomic mole- 
cule i t  can be assumed that R is of the order of the 
internuclear spacing. 

The inclusion of the phase modulation of the scattered 
waves i s  important in these considerations. The effect 
of neglecting the amplitude modulation would apparently 
be  felt primarily in the case of molecules with a large 
dipole moment. Also, i t  is usually important to take 
into account the polarization forces near threshold, 
where the adiabatic approximation i s  no longer appli- 
cable. The R-independent part of the scattering ampli- 
tude does not contribute to the c ross  section for ro- 
tational transitions, but affects the value of the cross  
section for aJ = 0. It can be expected that this leads to 
a still larger increase of the cross  section a,,,, than 
follows from the estimate (7). 

The applicability of (7) i s  primarily related to the 
possibility of keeping only the f i rs t  terms in the ex- 
pansion of the corresponding Bessel function, that is, 
under the conditions 

Near the excitation threshold the second of conditions 
(9) is important. The data in Table I show that for the 
molecules of greatest interest this inequality and, 
therefore, the estimate (7) a re  satisfied. 

5. In Fig. 1 we give the ratio of the cross sections 
for rotational transitions u,~,,,,/u,~, a s  a function of 
A J ,  calculated for different values of the parameter 
k i R  in formula (7) with D = 1. It i s  seen that the cross  
section falls off very rapidly with increasing nJ, even 

FIG. 1. Ratio of the cross sections for rotational transitions 
U J - J  +&,,/uJ,, as a function of AJ for D =  1. The numbers on 
the curves indicate the value of k,R.  

when k i R  i s  relatively large. In particular, the use of 
the estimate (7) for the molecules listed in Table I 
shows that the following inequalities a r e  satisfied in a 
low-temperature plasma: 

In this sense we can speak of the validity of the follow- 
ing approximate selection rules: 

AI=O, r t l .  (10) 

In homonuclear molecules an odd o r  even change of 
the rotational angular momentum can be strictly for- 
bidden by the properties of symmetry to interchange of 
the nuclei (which corresponds to the well known dropout 
of every other the rotational level for homonuclear 
molecules in certain cases). The approximate selection 
rules are  then respectively 

AJ=O (lo') 
0 r 

4 J = * 1 ,  (lo") 

depending on the type of electron transition (see, for 
example, the following discussion for the d3n, states of 
Hz). 

6. Direct verification of the model proposed here for 
calculating the probability of rotational transitions in 
the electronic excitation of molecules i s  not possible, 
since the necessary experimental data a r e  not available. 

It is possible, however, to find an indirect confirma- 
tion of our result (A J =  0) by analyzing the experimental 
data on the relative distribution of the populations of 
different electron-vibrational states of the molecules in 
low-pressure hydrogen and deuterium plasmas, when 
the radiative decay probability v,, i s  much larger than 
the rates of collisions of excited molecules with elec- 
trons vet* and with unexcited molecules v,,*. The point 
i s  that a s  a direct  consequence of the selection rule 
(lo'), the excitation temperatures of the different elec- 
tron-vibrational states T;tt a re  related in a low-pres- 
sure  plasma to the rotational temperature of the ground 
state TO,, (which i s  usually equal to the gas temperature 
T,) in the following manner4: 

T"" 10, - - 5 T,"; = B,. T,, 
Brio Brio 

where B,, and B ,  are  the rotational constants of the 
excited and ground states, respectively. Therefore, 
the ratio of the rotational temperatures of different 
electron-vibrational states must equal the ratio of the 
rotational constants of these states. Relation (11) 
means that the relative populations of the rotational 
sublevels do not change during an electron transition 
in the molecule. 

In the following we shall use the data on the popula- 
tion of the d3n; state in H, and D,. Since the triplet 
splitting i s  small  this state is equivalent to the 'n; 
state, so  that the quantum number J introduced above 
has the sense of the rotational quantum number with 
the spin neglected and is usually denoted by N. In the 
d 3 K  state of hydrogen the levels of parahydrogen corre  
spond to even N and the levels of orthohydrogen corre- 
spond to odd N. In the ground X'C; state of H, there is 
the same sequence of levels with different symmetry. 

774 Sov. Phys. JETP 49(5), May 1979 Lavrov et a/. 774 



I 1 Ref. 11 I Ref. 12 I Ref. 13 

Since the probability of a transition between the ortho- 
and para- variants is extremely small, XICi - #I& 
transitions can take place only with even aN and ac- 
cording to (10') transitions with AN = O  dominate in the 
population of the d3n; state. A similar argument 
demonstrates that for the X I C f  -d3G transition LW 
must be odd and the approximate selection rule i s  aN 
= i 1. All of these conclusions a re  valid for the D, 
molecule. 

In Table I1 we give the ratios of the rotational tem- 
peratures of different vibrational levels of the 8lT; 
electronic state of the H, molecule in a low-pressure 
plasma (v,,, > vet*, v,,+), calculated by us using the data 
of Refs. 11-13. It is clear that relation (11) i s  satisfied 
experimentally. 

In Ref. 4 simultaneous measurements of T,":t and T, 
were carried out in the plasma of an arc  discharge a t  
low pressure (P =8 Tor r )  in a D,-Ne mixture. The 
rotational temperatures of the vibrational levels with 
v = O,1,2,3 belonging to the 8% state of the D, mole- 
cule were determined by measuring the intensities of 
the lines in the Q branches of the diagonal Fulcher bands. 
The temperature ratio T::/T~,', for  different values of 
the discharge currents i, averaged over all conditions 
of the quantity (T:;)/(Tr:t), and the ratios of the corre- 
sponding rotational constants for deuterium a re  given 
in Table 111. We see that within the measurement ac- 
curacy relation (11) i s  satisfied in this case, too. 

Under these same conditions the gas temperature was 
determined from the Doppler broadening of the spectral 
lines of neon. These measurements also make i t  possi- 
ble to verify the validity of (11) for deuterium. In Fig. 
2 the temperature T, measured directly i s  compared 
with the temperature T;;B~/B,, determined according 
to the different bands of the Fulcher system. We see 
that there is good agreement between the values of the 
gas temperature determined by the two independent 
methods. 

Simple estimates indicate that a distribution in the 
rotational levels similar to the Boltzmann distribution 
with effective temperature ~ t B , , / B , ,  can also appear 
when a,,,,, differs from zero i f  the temperature i s  
high (kT >> B,,). The experimental data that we usedi1-l3 
were obtained for kT,/B= 5-8. It is possible in prin- 
ciple to reverse the problem and t ry  to obtain an upper 

FIG. 2. Comparison of the temperature T~B,,$B,, found 
from the different bands of the Fulcher system with the temp- 
erature T, measured directly. 

bound of the ratio u,~,+,/u,-,, for which the relative 
populations of the rotational levels still do not differ 
from the Boltzmann populations within the experimental 
er ror .  The solution to this problem requires an inde- 
pendent investigation. 

7. In spite of i ts  simplicity, the proposed estimate of 
the rotational transition probability i s  of a fairly 
general nature and is valid not only for diatomic, but 
also for polyatomic molecules. Our result i s  an analog 
of the Franck-Condon principle for rotational transi- 
tions and was derived using similar, although somewhat 
l e s s  general, assumptions. In particular, for incident 
electron energies which are  not too high transitions 
without a change of the rotational angular momentum of 
the molecule are  dominant. 

The estimates carried out here explain the available 
experimental data on the distribution of the population 
of the rotational sublevels of excited electron-vibration- 
al states of molecules in a low-pressure gas-discharge 
plasma. The technique of determining the gas tempera- 
ture of a molecular plasma at low pressure from mea- 
surements of the relative distribution of the intensity 
in the rotational structure of the molecular bands is 
thereby justified. 

ADDENDUM (14 November 1978) 

After this paper was sent to press new experimental 
data appeared on the relative probability of rotational 
transitions in the excitation of the d3nu state of the 
hydrogen molecule [D. K. Otorbaev, V. N. OcNr_in, 
S. Yu. Savinov, N. N. Sobolev, and S. N. Tskhai, J E T P  
Letters 28, 392 (1978); Preprint FIAN No. 161, MOS- 
cow, 19781. In order to compare the data on the rate 
constants obtained in this study with the above theoret- 
ical estimate, i t  i s  necessary to average the cross  
sections of the corresponding transitions [formula (7) of 
the present article] over the rates using the electron . 

energy distribution function, which was not measured in 
the cited study. On the other hand, i t  can be verified 
that the measurements are  in qualitative agreement 
with our estimate (Fig. 1). The numerical data from 
the experimental measurements a re  conveniently 
written in the following form: 

Band for which measurements O-CI 2-2 3-3 

were made 
a,+da, -+ :  0.18 0.12 0.096 
ai+~/ot-?:  0.16 0.12 0.086 

It is seen from these data that, in agreement with for- 
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mula (9'1, the experiment indicates that in the excita- 
tion of the &ll, states the following approximate selec- 
tion rules hold fairly well: 4N = 0 for the 84 state 
and AN=* 1 for the &n', state. A critical discussion of 
this experiment and further development and refine- 
ment of the ideas in the present study a re  contained in 
Refs. 14. 
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We consider the selfconsistent problem of passage of resonant pump and third-harmonic pulses through 
a gas consisting of four-level atoms (molecules). An exact solution of the problem is obtained, with 
account taken of all the terms of the expansion of the nonlinear polarization in powers of the field 
intensities. It is shown that the wave propagation equation coincides in form with the canonical Hamilton 
equations, so that the mathematical formalism of classical mechanics can be used. The dependence of the 
conversion efficiency and of the intensity-transfer period on the pump emission parameters is 
investigated. The case of small detunings from resonance, in which deviations from the ordinary theory 
are observed, is considered. 

PACS numbers: 51.70. + f, 42.65.Cq 

1. INTRODUCTION 

In the theoretical analysis of third-harmonic (TH) gen- 
eration the nonlinear polarization of the medium is us- 
ually expanded in powers of the field intensities, and 
only the terms of lowest order, which contribute to this 
process, a r e  retained (see e.g., Refs, 1 and 2). This 
approach, however, is no longer correct in the presence 
of resonances, when all the t e rms  of the expansion must 
be retained.3 The ensuing mathematical difficulties a r e  
in part unsurmountable and make it necessary nonethe- 
l e s s  either to include a small number of expansion 
terms3 o r  to assume that the resonance condition is 
satisfied for only one of the transition; otherwise, other 
approximations must be used. In this paper we develop 
a procedure for solving this problem exactly, by taking 
the effects of coherent saturation into account. 

2. POLARIZATION OF A FOUR-LEVEL SYSTEM 

ized pulses with ca r r i e r  frequencies o and 3o. The 
pulse durations a r e  assumed to be small compared with 
all the relaxation times of the system. The pulses will 
be assumed to be adiabatic, to propagate in the same 
directions, and to be described by the classical intensi- 
ty vectors 

E,-El ( x ) e ,  exp{io (zlc-t))+c.c., 

E,=E, (x) e, exp (3io (xlc-t) ) +c.c. 

The frequency w is assumed close to the system transi- 
tion frequencies. In the resonance approximation4 we 
seek the solution of the SchrCidinger equation in the form 
of the following superposition of unperturbed wave func- 
tions i),: 

The energy is reckoned from the ground state. Substi- 
tuting (1) in the SchrCidinger equation we obtain a system 

Consider the behavior of a four-level system with of equations for the amplitudes a,(x) ,  which we shall 
nondegenerate levels in the field of two linearly polar- write in matrix form: 
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