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We obtain the dissipative part of the high-frequency conductivity, which describes the absorption of 
electromagnetic waves in electron-ion collisions in a degenerate plasma in a quantizing magnetic field 

EF (o, is the cyclotron frequency and r, is the Femi  energy). We investigate the dependence of 
the longitudinal and transverse effective collision frequencies v l ,  and v,, in terms of which the 
conductivity tensor is expressed, on the magnetic field B and on the photon frequency o. A comparison is 
made with the case of a nondegenerate plasma in a quantizing magnetic field and a degenerate plasma at 
B = 0. Account is taken of the effect of low temperatures T< r, on the shape of the absorption curves. It 
is shown that besides the usual cyclotron resonances at o = so, (s = 1,2, ...) the frequency dependence 
v ,  ,(a) contains sharp peaks at h o  = r,, the positions of which can be used to measure the Fermi energy 
in degenerate semiconductors. If fio<6,, similar absorption singularities appear at frequencies 
h o  = c,nfio,, where n = 0, 1,2, ..., N and N = [c,/ho,]. It follows in particular from the results 
that the radiant thermal conductivity of a degenerate plasma (cores of white dwarfs, surface layers of 
neutron stars) decrease in proportion to B -' at fio, > rF. 

PACS numbers: 52.25.Ps, 52.20.Fs, 72.30.+q, 95.30.Qd 

1. The emission and absorption of photons in elec- 
tron-ion collisions a re  among the main interactions be- 
tween radiation and a magnetized plasma. For  a nonde- 
generate plasma, these processes were considered in 
detail inn I .  It is of interest to consider the analogous 
problem for a degenerate electron plasma. This prob- 
lem is of importance in the study of the absorption of 
electromagnetic waves in degenerate semiconductors 
(absorption by f ree  carr iers  a s  they a r e  scattered by 
charged impurities), a s  well a s  in astrophysics for the 
study of processes in white dwarfs and neutron s tars ,  
which have, a s  recently established, tremendous mag- 
netic fields. Greatest interest attaches to the case of 
quantizing magnetic fields B2 3 , 1 0 - ~ ~ : ' ~  G(u,  is the elec- 
tron density in when the distance between the 
Landau levels fiw, =EeB/mc i s  larger than or of the or-  
der of the Fermi  energy c,. For a degenerate semi- 
conductor with N,=1018 a field B z  30 kG is quanti- 
zing. For the surface layers of neutron s t a r s  and the 
central regions of white dwarfs (N, -loz8 - lo3" 
fields BZ (1 - 30)*10'2 G a re  quantizing. These values 
of the field intensities for the surfaces of neutron s tars  
a r e  a t  present universally accepted (see e.g.,"'). The 
possible existence of such fields in the cores of white 
dwarfs does not contradict the observed surface fields 
-10'- 108 G and is confirmed by certain model calcula- 
tions. 

The absorption of electromagnetic waves by a fully 
degenerate plasma in a quantizing magnetic field was 
considered by Silin and ~ r y u p i n . [ ~ '  They, however, 
have made a number of e r ro r s .  In particular, a s  will 
be shown below, their results a re  qualitatively incorrect 
for the case of practical importance t i w <  E,(U i s  the 
frequency of the absorbed radiation). In addition, cer-  
tain important limiting cases were left unstudied inL4], 
no comparison of the results with the case B = O  was 
made, and the comparison with the case of a nondegen- 
erate plasma in a quantizing field i s  not quite satisfact- 
ory, in view of e r r o r s  in a number of the deductions. 

In this paper we calculate the high frequency conduct- 
ivity, which describes the absorption of electromagnetic 
waves in a nondegenerate plasma a t  Ew, > c, for differ- 
ent values of t iw/cF and ca r ry  out a comparison with the 
case of a degenerate plasma at B = O  and a nondegenerate 
plasma in a quantizing magnetic field. Account is  taken 
of the effect of low but finite (T << c,) temperatures on 
the shape of the absorption curves. An important fea- 
ture of the results is the presence a t  Eo, > E, of an ab- 
sorption peak at the frequency Aw = E ,  (besides the usual 
peaks at the cyclotron harmonics c~ = s w,). This uncov- 
e r s ,  in particular, an additional possibility of measur- 
ing the Fermi energy in degenerate semiconductors. It 
i s  indicated that in a weaker magnetic field, < c,, 
the absorption curves will contain ser ies  of similar 
singularities at the frequencies Bc = c ,  - M w , ,  where 
n = O , l ,  2 , .  . . , N , N  =[€ , /EW,] .  The obtained conductivity 
values can also be used to calculate the coefficients of 
absorption, emission, and radiant thermal conductivity, 
which a re  needed for the construction of models of neu- 
tron s tars  and white dwarfs with strong magnetic fields. 

2. The plasma dissipative processes that determine 
the absorption of the electromagnetic waves a r e  des- 
cribed by the Hermitian part  of the conductivity tensor 

The components of this tensor a r e  determined by 
the effective frequencies v,, and u, of the electron-ion 
collisions along and across the magnetic field (see, 
e.g., Silin's monographB1). These components take the 
simplest form in cyclic coordinates a, P = O  i 1  with z 
axis along the magnetic field: 

where CL,+ i s  the Langmuir frequency. Formula (1) is 
valid if spatial dispersion is  neglected for frequencies 
much higher than v,,, , and the ion cyclotron frequency, 
a s  well as  those not too close to the f i rs t  cyclotron 
resonance (I cu - wB( >7 vIl, .). 
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The effective collision frequencies v,,, , in a magnetic 
field, for an arbitrary electron distribution function 
fna(pa)(n =0,1,2,  . . . is  the number of the Landau 
level, p ,  and ci = i 1 / 2  a r e  the projections of the mo- 
mentum and of the electron spin on the magnetic-field 
direction) and for an arbitrary potential U(Y)  of the in- 
teraction of the electron with the scatterer are  given in 
the Born approximation by formula (20) of I .  By in- 
tegrating in this formula with respect top,  at a fixed 
longitudinal-momentum transfer 9, = p ,  8 - p ,  , we re-  
write it in the form 

Here N, is  the concentration of the scatterers,  w and cr 
a r e  the squares of the longitudinal a, and transverse 
qr  = (q: +q2, )'I2 momentum transfers in units of 2 m h B .  
Uq is  the Fourier transform of the potential U ( r )  and 
L:"" is  a Laguerre polynomial. The term containing 
fn,(p-) takes into account the contribution of the in- 
verse transitions (stimulated emission). 

We calculate f irst  v,,, , for a fully degenerate (T =0)  
plasma for electron collisions with ions of charge Ze 
in a quantizing magnetic field g o B >  E , .  In that case the 
only populated Landau level i s  " n =0,  a = 1 /2 and 

where E ,  and so a r e  the Fermi energies in the quantizing 
magnetic field and at B =0,  N ,  i s  the electron density, 
and the quantity a =a@, w) -I i /mw, pt takes into account 
the screening of the Coulomb potential @, -p,/mwp is 
the Debye radius). We note that the necessary condition 
for the applicability of the here-employed Born approx- 
imation for the Coulomb potential is  E, > > ~ ~ n z e ~ E - ~ .  It 
is  easy to show that both at B =O and in a quantizing 
magnetic field this condition is satisfied at least for an 
ideal (Z~(N,/Z)'/~<<E,) degenerate electron gas. 

Substituting (3) in (2) we obtain 

The region of integration with respect to w in (4) is de- 
termined from the condition that the difference of the 
distribution functions in (2) not be equal to zero. At 
ti(& - so,) < E, both functions f,,(fi ,) = O  and V(,~!~=O. At 
tiw>EF, the function fn,(P-) = O  and the integration is  
over the interval w, < w <w4. At s = 0 and fio < E,, both 
distribution functions differ from zero, and the inte- 

gration region consists of two intervals: w, < w < w, 
and w,<w < w,. Here 

1 / 2  
w, ,  ,= [l F (1+ x-sb) 12/b, [ l ~  ( 1 - ~ ) ~ 1 ~ ] ~ / b ,  b t i w B / & , .  

(5 ) 
A formula corresponding to (4) (with an extra factor 2) 
was obtained inc4], but the limits of integration with 
respect to w a t  x < 1 were incorrectly determined-the 
integral was taken over the interval w, < w < w,, just 
a s  at x sl, and this, will be shown to lead to substan- 
tial e r ro r s .  

3. We proceed to the investigation of the dependence 
of vIl,  on the emission frequency and on the magnetic 
field. We assume, as  inI4], that w >> cop. Then a t  x <<I 
the ratio a/w, w i / d ,  i.e,, the effect of the Debye 
screening on the photon absorption is immaterial, in 
contrast to the conclusion inL4]. At s > 1 for v(:' and 
a t  s > O  for v(:) the characteristic values in (4) a re  
u 2 1. Since the condition for the applicability of the 
Born approximation (see above) means that a << 1, it 
can be neglected compared with u. In the expressions 
for u',f ) and v(,l),, the Debye screening can certainly 
be neglected in the case of practical interest e,>fiw,, 
which in fact the case we shall consider. Then (see e. 
e.g.,E61) 

where E i  is  the integral exponential function. Expres- 
sions (4) for v\Yl can now be written in the form: 

at x <  1 and s =0, and 

a t x > l  for s = O a n d x > s b - 1  for s>O. In (7)and (8) 

i e-"u' (k- i )  ! 
@ . ( w ) - ; i ~ d ~ x = ( - O ) - [ - e m E i ( - ~ ) + ~ ~ ] ,  o S! A-I 

Using relations (4)-(9), we easily obtain simple form- 
ulas for v,,,, in different limiting cases. At x<<l  and 
b>1 we havew,, ,-w,,  <<w,,, 

AtxG1 and b>>4 we have w4<<1, 
l a , -  4 ~ .  I+( l i -x) '"  2 ~ .  6 I + ( ~ + z ) " ~  

v, --ln ,2 , v y )  =-(I*- x x -c-I) ~n I + ( I - X ) ~ ~ ~  
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and analogously a t  1 < x <<band b >> 4 

From (10) and (11) a t  x << 1 and b>> 4 we have 

From (14) at I x - sbl <<l and sb7>4 we have 
c r ,  - 4v. b 4v. '; -T(hT- C) , Vi"" - 

b5'(s-1) ' (15) 

a t x - s b + 1 < < 1  and sb>>4 we have 

a t x - s b > > l  and b > l  we have w4-w,<<w4 and 
,.,_ 4v.b-sb)'" z-sb ,.,_ 2v.(s+l) z-sb 

Y u  . b z  we v .  z ( z - s ~ *  w.+' (7) . 
(1 7) 

From (17) at l<<x-sb<<(s+ l )b  we have 

4v.b 
v ,  -- ( a )  - 2v.ba(s+i) , 

z ( ~ + s b ) ~ '  - z(z-sb)'" ' 

a t x - s b > > l  and s>>1 

In these formulas, C =0.577 is the Euler constant. At 
not too small values of b formulas (10)-(20) enable us 
to calculate the values of v,,, for practically all values 
of the frequency x. The limiting cases (13), (15), (18), 
and (19) were considered inM I .  The formula for v(,f') 
obtained there for the case (18) contains an extra factor 
8 (compared with our formula), and the remaining 
formulas of the case (18) and of the cases (15) and (19) 
contain an extra factor 2. For the case (13) the form- 
ulas ofc4] take (in our notation) the form 

0 1 2 s ' i  

FIG. 1. Plots of vll and v, (curves 1 and 2) in a degenerate 
plasma (T =0) against the radiation frequency at b =tiwB/eP 
=lo, %=Ew / c p  < 3. The lower and upper horizontal axes des- 
ignate the frequency, referred to the Fermi energy, in a mag- 
netic field (x )  and without a field ([). The left-hand vertical 
axis represents the collision frequencies referred to v,, and 
the right-hand vertical scale shows them referred to v,, see 
(4) and (21). Dashed line--collision frequency (12) at B =O. 

The quantities in (13a), f irst  depend on the emission 
frequency, on the magnetic field, and on the Debye 
screening parameter in an entirely different manner 
than our Eq. (13). Second, they quantitatively exceed 
(13) by a factor >>I. The main cause of this discrep- 
ancy is that no account was taken in[41 of the contribu- 
tion of the stimulated emission at x < 1 (see above). The 
limiting cases (lo), ( l l ) ,  (121, (14), (16), (17), and 20) 
were not considered inc4]. 

4. An analysis of the obtained frequency dependences 
v,, , .(%) (they a re  shown in Figs. 1 and 2 for b = 10) i s  
best carried out by comparing them with the corre- 
sponding dependences for the case of a degenerate plas- 
ma at  B = O  and a nondegenerate plasma in a quantizing 
magnetic field.@] The expression for the effective 
collision frequency v a t  B = O  can be easily obtained if 
the known expression (see e.g., ['I) for the coefficient 
of inverse bremsstrahlung of an electron with given en- 
ergy is averaged with the Fermi distribution function. 
In the Born approximation we obtain by this method: 

where Yo = v*(B =O) = nZ2e4/~opo, cO = b ( T  =0), and @ is  
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FIG. 2. The same as in Fig. 1, atx>3.  
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the chemical potential of the electron gas a t  the tem- 
perature T. At T = O  

and in the limiting cases 

The curve calculated from (22), v = v(5), is shown by 
the dashed lines in Figs. 1 and 2. We note the presence 
of a kink (a discontinuity in the derivative ~ ' ( 5 ) )  on the 
curve a t  the point 5 =1: v'(1 - 0)- v' (1 + 0 ) =  0.15v(l). 
This kink is due to the steep Fermi distribution a t  T = O  
and, as  follows from (21), becomes smoothed out a t  
T *O. The first formula of (23) was obtained (without 
the factor 4 under the logarithm sign) by Chandrase- 
khar. The expression for v(5 >> 1)  i s  independent of 
E,, and it i s  easy to show with the aid of (21) that it is  
valid at any degree of electron degeneracy, provided 
that the electron characteristic energy i <CAW. 

For the analysis of the collision frequencies in a 
quantizing magnetic field it is  convenient to use the 
general formula (2). If the electron energy is E <<AwB 
and if w << w,, then only the term N =n' = O  and a=1/2,  
in which the characteristic values a re  w << 1, is signi- 
ficant in this formula. It is then easy to obtain the ex- 
pressions 

which a re  valid for any ratio F/T (the quantities v, and 
x contain here, a s  before, the value (3) E, = p (T = 0)). It 
is  seen that in a quantizing magnetic field at w << w, the 
ratio v,,/v, does not depend on the degree of degeneracy, 
whereas the quantities vII, , themselves depend on it 
substantially. For a nondegenerate plasma ( 2 ~  
=-  Tln(nT/4~,) we obtain directly from (24) the known 
relation (seeu I)  

from which it is clear that the quantities v l l , ,  contain an 
additional (compared with the degenerate case) large 
logarithm In(T/Ew) at T>>Bw and have no peaks a t  
w< WB. 

Comparison of (25) with (10)-(13) shows that in a de- 
generate plasma the magnetic field alters the effective col- 
lisionfrequencies more strongly than in a nondegenerate 
one. Whereas in a nondegenerate plasma the magnitude 
field changes the collision frequencies by not more than a 
large logarithmic factor (the Coulomb logarithm chan- 

ges), in a degenerate plasma we have besides the logar- 
ithmic change also vll,, a B3 (due to the decrease of the 
Fermi  energy in the quantizing field). This in turn 
causes, in a sufficiently strong field (w,>> w), the ab- 
sorption coefficients k,,  m v,, w - ~  and k,m v,wi2 for pho- 
tons with polarization along and across the field in a 
degenerate plasma (without allowance for the logarith- 
mic dependence on B) to increase: k,, a B 3  and k, a B, 
whereas in a nondegenerate plasma we have kll a B O  and 
~ , c B ' ~ .  AS a result, for example, the radiant thermal 
conductivity of a degenerate plasma in a quantizing field 
decreases in proportion to B", while in a degenerate 
plasma it increases in proportion to B2.1g3 Next, in a 
degenerate plasma the kind of the v(5) curve a t  the point 
=1 at B = O  is replaced at v,, , (x )  by peaks of the curves 
v,,, ,(x) at the point x = 1. In addition, whereas in a non- 
degenerate plasma in the case &w< T v,, increases by 
1.5 times and v, increases- by a factor 0.75 ln(w,/cu)on 
going from a magnetic field to a quantizing field, such 
a transition in a degenerate plasma causes 2voln(4~,/Ew) 
to be replaced by 2v* for v,, and by v*lnw,/w for v,. 

The most interesting feature of the functions u,,, ,(w) 
in a degenerate plasma in a quantizing field is  the 
presence of absorption peaks a t  hw, > E, (Fig. I ) ,  which 
were not noted inc4? In contrast tothe ordinary peaks a t  
the cyclotron harmonics x = s b  (see below), which a re  
much more pronounced on the v, (w) curve, this peak is no 
less  noticeable on the v,,(w) curve than on the v,(w)curve. 
So long a s  AL > E,, any electron with energy 0 < E < E ,  

can absorb a photon. As soon a s  Aw becomes smaller 
than€,, the electrons with energy 0 < E <Aw cease to 
participate in the absorption, owing to the turning-on 
of the reverse-transition channel (stimulated emission). 
In a quantizing magnetic field, owing to the "one-dimen- 
sionality" of the electron motion, the density of the 
number of electronic states in the region of small E i s  
large (proportional to E- ' /~) .  Therefore the exclusion of 
these states from the absorption process greatly weak- 
ens the latter. At B =O the density of the number of the 
electronic states is proportional to elh and the exclu- 
sion of states of low energy with decreasing w leads only 
to a jumplike decrease of the slope of the absorption 
curve a t  the point Ecc: =eo. According to (11) and (12), 
a t  T = 0 the vIl, . (x) have a discontinuity of the derivative 
a t  the maximum of the peak (x =I) ,  with vi ,,(I - 0) =*. 
Using (24), we can easily find that at T<<E, the temper- 
ature corrections to the functions v,,,, ( x )  obtained in 
Sec. 3 a re  substantial precisely in the region I x - 11 

near the peak. At T #  0 the discontinuity of the 
derivatives of the v,,, ,(x) curves a t  the peak maximum 
disappears; the peaks become ever smoother with in- 
creasing T and their height decreases. In particular, 
the point fiw = p we have near the maximum of the peak 

where c ( 2 )  is the Riemann zeta-function. For example, 
a t  T =0.1<,, the height of the peak is u,, /2v, =1.43 in- 
stead of the value 1.76 at T =0, but the peak remains 
fully discernible and can be used for an experimental 
determination of the Fermi energy. It is  easy to show 
with the aid of (24) that at small T we have uL,,(x =p/Ep) 
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'0. Since at such values of T the chemical potential is 
I-( = E, + 9 T ' / l 2 ~ ~ ,  when T is increased the peak shifts 
slightly towards higher frequencies. 

We note that in a weaker magnetic field fiw, < E ,  the 
Landau levels n =0, 1, . . . , N (N is the integer part of 
ratio E,/Aw,) a re  populated and the density of the initial 
states of the electron has root singularities at E =nfiw,. 
Therefore on passing through the point fib = E, - niiw, 
with decreasing frequency, the turning-on of the channel 
of reverse transitions to the n-th level decreases 
strongly the number of electrons that participate in the 
phonon absorption and causes consequently a sharp de- 
crease in the absorption (by an amount proportional to 
(1 -nb -x)lh). As a result, the previously considered 
peak at Aw =E, is replaced by a series of sharp kinks on 
the absorption curves, at the frequencies viw =E, -nEw, 
at n =0, 1, 2,. . . ,N. To the left of these kinks the 
derivatives v,,, (1 -nb-x)-lh tend to infinity as  
x- 1 - nb - 0 , and on the right they can be either nega- 
tive (in which case a peak is produced) or positive. It 
i s  obvious that the appearance of these singularities is 
not connected with the concrete form of the potential 
U(Y). For the particular case of absorption by electrons 
with emission of an optical phonon (cyclotron-phonon 
absorption in semiconductors), the possibility of ap- 
pearance of analogous singularities at the frequencies 
Aw = eF - nAws +kw0 (wo is the frequency of the optical 
phonon) was noted inn0' "I .  

At x << 1 and T << E, there a re  present in expressions 
(24) for v,,, , terms that contain the large logarithm 
In x". These terms a re  due to the appearance of a 
logarthmic divergence of the integral with respect to c 
in (24) at the point E = O  as  iiw- 0, and can be separated 
by integrating by parts. In a degenerate plasma, how- 
ever, these terms (which are proportional to e - @ I T  
lnx'') are insignificant. Their role increases as the 
degeneracy is lifted and at I-( - T and x << 1 they become 
decisive, In particular, they a re  responsible for the 
presence of the large logarithm ln(T/tlw) in (25). 

When the values iiw =sfiw, - E, are  reached with in- 
creasing emission frequency, transitions to the s-th 
Landau level begin to contribute to the absorption, and 
this causes the absorption to grow. In contrast to the 
nondegenerate case, the turning-on of the new chan- 
nels in a degenerate plasma is abrupt [see (Is)]. The 
behavior of the region of the cyclotron resonances 

w =sw, is qualitatively the same as  in a nondegenerate 
plasma: v,, has near these points peaks of limited 
height, which attenuate rapidly with increasing s; v, 
has at these points logarithmic singularities connected 
with the root singularities in the density of the number 
of final states of the electron. There are  a number of 
mechanisms that broaden the cyclotron resonances and 
annihilate the divergences. Their action is the same 
as  in a nondegenerate plasma (see, e.g., '5'11) . 

At x>>b the main contribution to the collision fre- 
quencies (4) is made by the term with s >>l. The sum 
over s can then be replaced by an integral in which it 
suffices to substitute the values of viS! taken from (20). 
As a result the quantities 

are  independent of Band (E, and coincide with the colli- 
sion frequency (23) v(.$>> 1)  at B =O.  The character of 
the approach of the v,,, , ( x )  curves to v(x)  with increas- 
ing x is seen from Fig. 2, 
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