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Conformal symmetry in a system with a finite correlation length rc can be restored if a transformation of 
rc is made simultaneously with the coordinate transformation. Ward identities for the many-point 
comelators of the energy density of a twoaimensional fmomagnet are a consequence of this. Conformal 
invariance in the new formulation is proved to first order in 1/N (N is the number of spin components). It 
is shown how the proof can be camed through to any order in 1/N. A phenomenological Hamiltonian 
F,[r,] is found for a system in weakly nonuniform external conditions. 

PACS numbers: 75.1O.Jm 

1. CONFORMAL SYMMETRY IN  A SYSTEM WITH We shall study the requirements that the symmetry (2'1, 
FINITE CORRELATION LENGTH. THE 1/N (3') imposes on the free energy as a function of tempera- 
EXPANSION METHOD ture. 

We consider a two-dimensional Heisenberg ferromag- 
net with the Hamiltonian 

where J > O  is the exchange integral and n is an N-com- 
ponent vector; I nl = 1. The Hamiltonian possesses 
scale and conformal symmetry, i.e., i t  is covariant 
under the transformations 

x+?& (2) 

x+ l/x==dxz. (3) 
Conformal symmetry a t  the phase-transition point has 
been studied by ~ o l ~ a l s o v ~ ~ ~  (see also Ref. 2, Chap. 2, 
Sec. 4). Equations for the many-point correlators, 
analogous to the Gross-Wess equations, were found. 
Away from the transition point i t  is not possible to re- 
peat the same arguments word-for-word, since there 
is a length-scale-the correlation length. In a two-di- 
mensional spin system, c31 

where w,,(T) is the Gell-Mann-Low function, A is the 
cutoff parameter-the momentum at  the Brillouin-zone 

For  this i t  is most convenient to use the 1 / ~  expan- 
sion method, '" since in this case r, appears explicitly 
in the Hamiltonian. The free energy has the form 

Here p = 1 / ~ ,  and for brevity the factor - T has been 
omitted in F. We represent F in the form of the sum of 
a regular part F, and a fluctuational part  F,, such that 
F, depends only on r, and therefore possesses the sym- 
metry (2'1, (3'). 

We make the change of variables n- @"'n and use an 
integral representation of the 6-function: 

The f i rs t  term corresponds to the energy of N - 2 non- 
interacting spin waves. It is obvious that the field rp 
has the meaning of the energy density ((rp)- 6~/6f l ) ,  or, 
to be more exact (cf. (9)), its fluctuational component. 

boundary, and T is the temperature in units of J. In the Following the standard procedure for expanding in 
f i rs t  logarithmic approximation, [dl 1 / ~ ,  we integrate over Dn and obtain, to within con- 

stants, 
N-2 

Wo(T)---TI+O(P), 
LT 

re--4-' exp (2n/ (N-2) T}. 

It is natural to expect that the symmetry (21, (3) could <- I -A+q 
be restored a t  least partially, if, simultaneously with + h ~ ~ ~ e x ~ ( - ~ ~ [ ~ * ~ ~ r l n ( ~ ) - ~ ~ ] h i ] .  (8) 
the coordinate transformations, we make the corre- - 1 -  

sponding change in the correlation length: By expanding the second term in a ser ies  a t  the saddle 

x-hx, r,+Ar<; (2') point" 
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The second set, corresponding to the conformal trans- 
formations, has the form 

we obtain finally 

a s n  z Z  a s n  Lzlu =,.-- Z-+~ ,~n- -  #zi ;r+ ' (q ... hd. (15) 
az, 2 at.,. 

I - i  
I 

It is obtained analogously to (14) from the infinitesimal 
conformal transformation 

In Sec. 3 it will be proved that to order 1 / ~  the first 
two terms are the regular part of the free energy and 
the others are the fluctuational part. 

We see that (cp) = cp, + 0. The presence of the nonzero 
average violates the conformal invariance of the Hamil- 
tonian in (7). If, simultaneously with the coordinate 
transformation (2), (3), we carry out the corresponding 
transformation of p,, the symmetry can be restored. 
The fact that (JJ;''~ i s  the correlation length for fluctua- 
tions of n leads us in a natural way to the formulation 
(2'1, (3'). 

which is a superposition of the inversion (3'), transla- 
tion through the vector a ( I  al << 1) and the reverse in- 
version. "] 

To transform to the correlators I"' ( l l ) ,  we make use 
of the formula (4) connecting r, and T. We introduce 
the function 

2. CONFORMAL WARD IDENTITIES 
Then r,6/6r, = ~ ( @ ) 6 / 6 ~ ,  and, to within terms of second 
order in T, we obtain In this section we shall consider the consequences of 

the invariance of the free energy F, of the fluctuations 
under the scale and conformal transformations (2'1, (3') 
for the functions 

The notation I'""(xl.. .x,l x,) implies that the point xi i s  
excluded from the set of arguments xl, . . . , h. 

If we substitute these expressions for 8" into the iden- 
tities (14) and (15) we obtain the following relations for 
rn: -. 

" orn C5 ,@-+( ~ + W I ( P ) ) ~ * = - W ( P ) J ~ ~ + ~ ( X  I . . . ~ , ~ ) # ~ ,  (17) 
I-1 

drlr 

which have the meaning of many-point correlations of 
the energy density. By its definition, F, depends on /3 
and A only in the combination 

Therefore, we investigate first  the auxiliary functions 

--w(p) jt.r"+'(x,. . .x.,x)#z, 

which are correct to 0(@-'). 

By replacing 

(5" i s  a certain universal function). Here we have ex- 
pressed explicitly the fact that the scaling dimension of 
3" is equal to 2n, while the only dimensional param- 
eter i s  r,. By virtue of our choice of it, F,[Y,] should 
remain invariant under the transformations (2'1, (3'). 
This implies that the Qn are also invariant under these 
transformations, to within a factor determined by the 
scaling dimension. From this follow Ward identities 
for the 9". We make the transformation (2') with X = 1 
+ (1, I a I << 1; as a result, 

we go over to the Fourier transforms in the equalities 
(17) and (18): 

Making use of the trivial relation 

3. WARD IDENTITIES IN PERTURBATION THEORY 
IN  1IN 

In this section we verify that the Ward identities are 
fulfilled to first  order in 1 / ~ .  Thereby, i t  will be 
proved that the fluctuational and regular parts of the 

we obtain the f i rs t  set of Ward identities: 
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free energy (8) were found correctly to OW'). It will 
then be explained how we can carry out the analogous 
proof in any order in 1/N. 

In first  order the Ward identities in the momentum 
representation will be verified by direct differentiation. 
Since the computations are  cumbersome, we shall prove 
a certain analog of (17) and (18) rather than (17) and (18) 
directly. The point i s  that the correlators I?" in pertur- 
bation theory are  determined by the complete set of one- 
particle-reducible graphs with n external lines, obtained 
from the Hamiltonian for cp (see the last two terms of 
(10)). Therefore, it is natural to make a Legendre 
transformation and change from F to a new thermody- 
namic potential F, analogous to the energy. '' This en- 
ables us to confine ourselves to considering only the 
one-particle-irreducible vertices of the Hamiltonian 
(see the Appendix of the English translation of Ref. 2). 

In accordance with (8) and (lo), we write 

and define 

We shall prove the Ward identities for the quantities 

(,9 and cp are  canonically conjugate variables). Fulfill- 
ment of the identities for P" will imply the conformal 
invariance (2'), (3') for Fc and, consequently, for F,. 

In the k-representation the identities for P" have the 
following appearance: 

a ' ~  q,. asp a~ a ~ + *  (q,. . .q., q) , + 2-=- 
Z q t n - - ~ ~  a-l aqiv ** aq. 1 ,* . (23) 

They are derived in the x-representation in analogy with 
(14) and (15) (cp,=rb) and a re  then transformed to the 
k-representation by replacing 

We not convince ourselves by direct calculation that 
the relations (22) and (23) a re  fulfilled to first  order in 
1/N. In this approximation, the fluctuations are ne- 
glected in ~,[cp] and the correlators (21) a re  determined 
by the vertices of the Hamiltonian for cp 

(see the last term in (10)) at the saddle point. These 
vertices have the form 

where z' denotes a sum over the permutations of the 
91, and 

(the index j labels the position of the momentum qi in a 
permutation). Because of the summation over all the 
permutations of (q,, . . . , R) the vertex P" i s  symmetric 
in all the variables. In the calculation of 

the P" in the form (24) give (10). Everywhere below we 
shall denote p+k, =Kt and omit the factor (21r)'~N and the 
summation sign. 

We first  prove (22): 

All the integrals appearing in P" (n 2 2) converge at the 
upper limit. The only integral that depends substantially 
on the cutoff parameter A appears in P', but i t  need not 
be considered, since we are at the saddle point and there 
are  no terms linear in cp. In view of this, the last term 
in (25) can be integrated by parts, taking A = m: 

If we add 

to (25) and reduce the corresponding terms, we obtain 
(22). The summation over i in the second term in (25) 
symmetrizes P"(q,. . .qn, 0 )  in all the variables. 

The proof of (23) i s  slightly longer. We have 

1202 Sov. Phyr JETP 46(6), Dec. 1977 A. A. Abrikosov, Jr. 1202 



The second term is equal to 

(by virtue of the translational invariance). Here we have 
again integrated by parts and made use of the conver- 
gence of the integral at  the upper limit. 

The f i rs t  term has the form 

where 

We now consider the terms containing derivatives of 
the 6-function. We shall denote 

and use the definition 

We have 
-- 

--26.Pn-2 (n-1) 6.P"-2cp.6.Pn+'+0. (27) 

Because of the symmetry, depends on n invariants of 
the form 

Therefore, 

The last two terms of (27) were obtained with the aid of 
(25). 

Combining (27) and (26) gives the required result4) 
(23). Thus, the conformal invariance is proved to first  
order in 1 / ~ .  

We shall not carry through a rigorous proof in the 
next orders of perturbation theory, since this would re-  
quire the calculation of corrections to p, and the rede- 
termination of F ,  and Fc to the required accuracy. We 
shall demonstrate a way in which such a proof could be 
carried through. As before, the important point i s  that, 
after we have calculated the corrections to cp,, the Ham- 
iltonian will not depend on the cutpff parameter A but 
will depend only on the correlation length r ,  =cpi1'' (all 
the integrals converge at the upper limit). 

Any higher-order diagram for PQ, comprises first- 
order vertices Prl) and correlators of the fluctuations 
of cp: 

We already know how the vertices El, behave under con- 
formal transformations (see (22) and (23)). Omitting 
the calculations, which a r e  analogous to those performed 
above, we give formulas for the transformation of P" 
=((cp, cp)): 

The proof i s  carried out most conveniently in the co- 
ordinate representation. We make an infinitesimal scale 
((29, h = 1 +a, I LYI << 1) o r  conformal ((3lt), 1 al << 1) 
transformation. It follows from the identities (22) and 
(23) for the vertices P;,, and the relations (29) and (30) 
for the correlators P-' that any diagram for P&) com- 
posed of these elements is changed in accordance with 
(22) and (23). Graphs having the form of loops joined 
to the basic diagram by one line correspond to the re- 
finement of cp, in higher orders in 1 / ~ .  

We see that conformal symmetry in the formulation 
(2'1, (3') can be restored in any order of perturbation 
theory. 

4. THE PHENOMENOLOGICAL HAMI LTONlAN 

As we have seen using the example of a two-dimen- 
sional ferromagnet, the free energy can be represented 
in the form of the sum (10) of a regular part F, and a 
fluctuational part  F,. The part  F,  depends only on the 
correlation length r, and, because of this, is invariant 
under the simultaneous transformations (2'), (3') of the 
coordinates and r,. If we assume that, for some rea- 
son, r, may be varying over the sample, this invariance 
is possessed by the following functional: 
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Here d is the dimensionality of space. It is logical to 
assume that the property of conformal invariance is  pos- 
sessed not only by the model studied but also by other 
systems in the critical region. Knowledge of the phe- 
nomenological Hamiltonian (31) can turn out to be useful 
if the system being investigated is  in weakly nonuniform 
external conditions. 

The Ward identities (14)-(15), (17)-(18), (17')-(18') 
and (22)-(23) are useful for establishing whether any 
particular system possesses the conformal symmetry 
(2'), (3'). In general, the description of strongly fluc- 
tuating systems with the aid of a locally defined correla- 
tion length may be of interest in the case of weakly non- 
uniform or  slowly relaxing systems. 

In conclusion I wish to thank A. A. Migdal for super- 
vising the work and V. L. ~okrovskil for valuable criti- 
cal comments. 

')1n the first order in 1/N we have (rp) = rp, = ri2. This implies that 
the system can be imagined to be a set of noninteracting re- 

gions of volume d, with energy equal to -A (in our notation 
the factor - T multiplying F has been omitted), which corre- 
sponds to the usual ideas about critical fluctuations. 

''This follows from the fact that 

- 

3'We recall that our definition of the free energy F @ l  differs 
&om that of the usual Fo[T]: F D I  =-PF~[~/PI .  Therefore, 
F does not coincide with the energy. - 

"~ecause of the symmetry, B P * ' / B ~ ,  l ,;o = 6 , ~ ~ ~ .  
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Translated by P. J. Shepherd. 

The phase transition in a weakly disordered uniaxial 
ferromagnet 

8. N. Shalaev 
Leningrad Electrotechnical Institute 
(Submitted June 30, 1977) 
Zh. Eksp. Teor. Fu. 73, 2301-2308 (December 1977) 

By the renonnalization-group method the exact temperature dependences of the susceptibility and specific 
heat (above T, in zero external field) are found for the four-dimensional Ising model with short-range 
exchange forces and randomly distributed, rigidly fixed impurities. The stability of the impurity fixed 
point in (d = k)-dimensional space is demonstrated and the critical exponents are calculated to second 
order in P " ~ .  

PACS numbers 75.1O.Hk. 75.40.Dy, 75.30.Cr 

One of the few exactly soluble realistic problems is obtained by the renormalization-group (RG) method in 
that of the phase transition in a three-dimensional easy - a by Aharoni (T > T,, h = 0): 
axis ferromagnet (or ferroelectric of the displacement 
type) with dipolar interaction and randomly distributed r-~exp{-(Dlln ~ 1 ) ' ~ ) .  (1) 
fixed impurities, the impurity concentration being con- 
siderably below the percolation threshold. Near the C-erp{-2(Dlln~l)'~} I ln~ l" ,  (2) 
transition point the indirect interaction of the critical 
fluctuations of the order parameter via the impurities 
becomes important, and as  a result the behavior of all 
the thermodynamic quantities is greatly changed from 
that in the impurity-free case. Although the interaction 
via the impurities is attractive in sign it does not violate 
the stability, and, therefore, a second-order phase 
transition occurs in the system. The temperature de- 
pendences of the uniform susceptibility Y-' and specific 
heat C of an impure easy-axis dipolar ferromagnet (in 
d= 3 dimensions) and of the four-dimensional impure 
Ising model with short-range exchange forces have been 

where r = (T - T,)/T,; D = 9/(81 ln($ + 53) for the impure 
dipolar ferromagnet (d=3) and D = &  for the impure 
Ising model (d= 4). (The equation of state and the dy- 
namics of these systems have been considered in Refs. 
2 and 3.) 

However, the results (1) and (2) a re  in need of refine- 
ment. It is  shown in this paper that the true singubri- 
ties of the susceptibility and specific heat are  described 
by the formulas (41) and (43), which differ from (1) and 
(2) by slowly varying logarithmic factors. This refine- 
ment is of interest because it can, apparently, be 
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