Effect of trapped electrons on Alfvén waves in a tokamak

A. B. Mikhatlovskii and I. G. Shukhman

L V. Kurchatov Institute of Atomic Energy
(Submitted February 26, 1976)
Zh. Eksp. Teor. Fiz. 71, 1813-1825 (November 1976)

The interaction between Alfvén waves and trapped electrons in a plasma located in a toroidal magnetic
field is investigated theoretically. It is shown that the interaction may result in wave buildup at a finite
ratio of the plasma and magnetic-field pressures. The growth rate depends on the compressibility of the
trapped electrons and on effects due to the finite value of the longitudinal electric field of the
perturbations. The range of phenomena investigated may be of interest from the viewpoint of
thermonuclear tokamak reactors and also of the physics of the magnetosphere plasma.

PACS numbers: 52.55.Gb, 52.35.Ck

1. INTRODUCTION

Interest has increased of late in the problem of non-
potential instabilities of a tokamak plasma. This is due
to the ever improving understanding of the circumstance
that to solve successfully the thermonuclear problem on
the basis of tokamak reactors it is necessary to deal
with a finite-pressure plasma, also called plasma with
finite B (B is the ratio of the plasma pressure to the
magnetic-field pressure). "'’ That the non-potential in-
stabilities assume a more important role when the pa-
rameter B is increased was pointed out, in particular,
by one of us.?! The concrete form of the manifestation
of the non-potentialinstabilities in a tokamak plasma with
finite B is the buildup of Alfvén waves. In the approx-
imation in which the magnetic field lines are straight,
the buildup of Alfvén waves in a collisionless plasma
was first considered by one of us and Rudakov, '*! and
in a collision-dominated plasma by one of us and
Pogutse. **! In both cases, the instability is due to the
finite longitudinal electric field of the perturbation,
E,#0.

An important role under tokamak conditions is played
by the trapping of the particles as a result of the cor-
rugated configuration of the magnetic field. The par-
ticles are classified in this case as trapped and un-
trapped. The buildup of Alfvén waves by untrapped
electrons was first investigated by one of us.®) It was
observed in addition'”? that under tokamak conditions
Alfvén waves can be built up also by untrapped ions.

An instability of this type is due to the compressibility
of the ions in the toroidal magnetic field and the toroidal
satellites of E,.

Until recently, the buildup of Alfvén waves by trapped
electrons remained uninvestigated. The filling of this
gap in the theory of non-potential instabilities of a
tokamak plasma was initiated by one of us'® and by Tang
et al.™® In'® there was considered the buildup of Alfvén
waves due to the compressibility of the trapped elec-
trons. It was assumed that E,=0. Tang et al.® to the
contrary, neglected the compressibility of the trapped
electrons, but took into account the fact that E+0. In
both papers, 191 the toroidal satellite of E,, which was
considered in the case of ion buildup, ' was likewise
neglected. In contrast to'®!, where the role of the to-
roidality of the magnetic field of the tokamak was in-
vestigated qualitatively, the analysis by Tang et al., is
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based on a model, so that the relations obtained in®’
are in effect estimates.

In connection with the foregoing, it is of interest to
develop a theory that takes into account in a unified
manner the effects considered separately earlier, [8:9]
as noted by Lominadze et al., "% and also the effect of
the toroidal E, satellite. '™ Thisis infact the subject of
the present paper.

In Sec. 2 we present the initial equations. In Sec. 3
we obtain a dispersion equation that takes into account
all the effects listed above. In Sec. 4 it is shown that
in the case of a plasma containing only hot electrons
(without an admixture of cold electrons) the most im-
portant role is played by the effects connected with the
longitudinal electronic field of the fundamental harmonic.
In Sec. 5 we consider a plasma containing an admixture
of cold electrons besides the hot electrons. It is shown
that the cold electrons exert a stabilizing effect, as a
result of which the longitudinal electric field (both of the
fundamental harmonic and of the satellite) turn out to be
small, and the compressibility effect comes to the fore-
front. The results are discussed in Sec. 6.

2. INITIAL EQUATIONS

We shall characterize the perturbations of the mag-
netic and electric fields by the quantities § and &:

B=(B,V)t, E=—eVy, (2.1)

where By is the vector of the unperturbed magnetic field,
€ =By/By, B® is the contravariant component of the per-
turbations of the magnetic field B, and E,=¢€,E is the
longitudinal component of the electric field. The coor-
dinate and time dependences of the perturbed quantities
are chosen in the form

t=t exp{—iot+imb—ing+ik.a},
) (2.2)
Y= 2 P exp {—iottim0—ing+ik.a}e’.

j=—1,0,1

The coordinates a, 6, and ¢ are respectively the dis-
tance of the running magnetic surface from the magnetic
axis and the angular variables with period 27 along the
major and minor azimuths of the tokamak. It is assumed
that the perturbation is localized near a value a=ag such
that
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m—nq(a) =s=~1, (m, n)>1. (2.3)
Here ¢=aB,/RB,, B, and B, are respectively the toroidal
and poloidal magnetic fields averaged over the magnetic
surface, and R is the major radius of the tokamak. The
reasons for neglecting the harmonics of ¢ are given

in[ﬂ].

It will be found convenient to introduce the quantities
®,A,, and &:

B=—[e,XV4,], £=ic[E Xe,l/wB,, (2.4)

which, as can be easily shown, are connected with ¢ and
¥ by the following relations:

P waB, ot mc
=P §, E=t=¢ waB. ¥,
A"=—.;isovc. (2.5)

As seen from (2. 4), the quantities ®, A,, and ¢ denote
respectively the electric potential, the longitudinal com-
ponent of the magnetic potential, and the plasma dis-
placement vector.

To obtain the dispersion equation, we start from the
following scheme. We write down the expression for the
perturbed current:

i=j1+’c—ee(eo rot ﬁ) (2. 6)
4n

Taking the divergences of both halves of (2.6) and using

the equations divj=0 and -iwB =~ ¢ curl E, and also the

relations (2. 1) and (2. 4), we obtain the equation

. aB,
divj,=—i yr kyk,? ey g,

2.7

k *=k+k?, k,=mla, k,=(m—ngq)/qR.

We assume that the perturbations are strongly elongat-
ed along the field, i.e., k,/k, <1, and therefore replace
n by m/q where possible.

The expression for divj, is obtained from the drift kinetic
equations for the electrons and ions!® 11

B My(e v
I R 4o Bovr, £ 2D by,
dt B, ;
eEywy MV 0 o
—Tp,ﬂ ;,B.’ Fi(o0—0y7)=Cy. (2.8)

Here f; is the perturbation of the distribution function of
the particles of sought j, F; is the equilibrium distribu-
tion function, which is assumed to be Maxwellian with
temperature T,(a) and density Ny(a), while e; and M; are
the charge and the mass of the particle

mcT; dlnpy

c= , =N.,T;,
®p; eBa da )2 ol'j
ds 3
- = TS +(vetVs)V,
BJ"I“U"z eB, v’
‘s P S — — = = N
Vo; on [VInBy Xeol, @s; Mo L=
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v, and v, are the transverse and longitudinal velocities,
and C; is the collision term.

Integrating Egs. (2. 8) with respect to the velocities
and summing over the sorts of particles, we obtain

7] iMc*
WZ enctesVjy + o VON (0-0y)

J + )
+Ze,—j%[eox VInB, 1 Vf;dv=0. (2.9)

In the derivation of (2.9) we have neglected in the elec-
tron equation (2. 8) the last term, which is proportional
to the electron mass M,. Using the quasineutrality con-
dition

Z e;n;=0

i

(2.10)

and the equation

div j=e,Vj,+div j, =0,

we obtain
. Mt 4 o s
divj, =i B V. ON(0—0y7) +B_V (Pt i) leg X VInB, ] (2.11)
=M, | a*;v‘“ frav. (2.12)

Substituting (2. 11) in (2. 7) and taking m-th harmonic
of the resultant equation, we get

(2.13)

s U S
0 (0—@p") Bo—ca’k)’T = TL'E[;(p-He—m—p—lem) ,
c% = B2/41M Ny, p=M;N,, tana=Fk,/k,, Py and ; are the
corresponding amplitudes of the harmonics of p and £
(ctf. (2.2)).

Equations (2. 13) and (2. 10) make up the initial system
of equations.

3. DERIVATION OF THE DISPERSION EQUATION

To calculate the perturbed quantities 7, and p; it is
necessary to solve Eq. (2.8).

a) Ions. The trapping of the ions is inessential, since
the ion velocities are small in comparison with the Alf-
vén velocity, so that the ions cannot traverse the dis-
tance between the reflection points during one period of
the field oscillation. Assuming that w> kv, & Vp, and
C;=0, we get

o\ M(e,+u? a 0
f=—F/t+ (1—-._2 )——(;Ti i) F;(Ecos G—i;——ai sin 9)
Mc? 3
+—C-F‘V2<D(1— O ) (3.1)
eB.? )
~, _ mcly dnF;
T eaB, da

The prime denotes differentiation with respect to a.
We obtain therefore for the harmonic of the perturbed
ion density
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()~ Fb e (=)
+_:-(1_ @ ) ky .e'“+€-,e"“), (3.2)

(r:i) _ Ny - ) (l Opi |~
No sy N, st ky @pi ® )E’:‘

1 Opi’ ) kl ~
+—(1- =,
" (1 o | ER Eoe

The contribution made to the perturbed pressure of
the ions will be taken into account only by using the first
term of (3.1). It can be shown that the remaining terms
lead in the case k,~ 1/gR only to a correction to the real
part of the frequency. We have

(Pi) s1=—p¢ 'E.y=—aeB.Nywp Ear/mic. (3.3)

b) Electrons. It is more convenient to rewrite Eq.

(2. 8) for the hot component of the electrons in the form

dofe 4L e . dy  ef. ~ ey
- +T-,f' dt i T, (0—a)y
—i(0—0,") M.F v +e_,_) Csm(B-l—a)-l—C (fo). (3.4)
We break up f, into two parts
fo=fOHf, (3.5)
where
fO=—F/5+eF /T, (3.6)
and f® satisfies the equation
(-aie—inq)j“’ = qI: {uo/“’-l—C(f"’)-’r-z(m o) ETF:' )
F. ky
—i(0—0," )——72——{‘,5 n(0+a)} (3.7)
~ mcT, dInF,
O eaB, da

Here E is the electron energy.

We seek the solution of (3.7) for the trapped electrons
by a method similar to that described earlier. (8 As-
suming that during the period of the oscillations of the
field and during the time of the collisions the electrons
pass along the force line many times, we shall regard
qR/v, as a small parameter. We can seek the solution
of (3.7) in the form of an expansion in the small param-
eter: f® =f{¥+ f{¥, In the zeroth order we obtain f{?
= He'™®, where H does not depend on §. From the con-
dition that the right-hand side of (3.7) be orthogonal to
the zeroth-approximation solutiont® we obtain

$-2 {imH+C(H)+i—;F.((;)—m.')xpe“““
Wy e

E F. k ~ing® A N
~i{0=0.) o Lsin(O+a)e } 0. (3.8)
We break up H into two terms:
H=H+H,, (3.9)
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which are connected with the perturbations of ¢ and y:

E F, k
—_— sin(0+a) e“"“"} =0,

e (. o
(jiy—{mmw(ﬂ,)—;(m—m. e
{3.10)

de ; . € gy —ing®
¢v_"{ th;+C(H:)+z-IT(m—w, ) e }=0.
Next, we introduce % and g; defined by the relations

- ky - e -
Ho=m P, Hi= Y Foregib (3.11)

je=—1,0,1
From (3. 10) we find that k and g, satisfy the equations

0h—iC(h)=(0—0.")ES(L)/T.L(),
(3.12)

0g—iC(g) =—(0—w") M;(A)/L(),

12,13]

where, in analogy with® , we put

dfe™®
- ij0
M0 q’>————o(1_w).,, e,

LA
'

do
L0~ $Smg

S() = (j) sin(8+a)e*®, A=

do
(1-AB)"™
1;?) L(ix) ax[ (” ]

D(A)=1 (ﬁﬁ-(i—hB)"',

C(X)——Zv(

v=s[14+G(VE/T.)], 9=wsle'M. A/(2T.)%,

G(z)=:v%e—"+(1 —_) vzn j e,

wi,=4mNy €®/M,, A is the Coulomb logarithm, and g==1
indicates the direction of the longitudinal motion of the
particle.

From (3.9) we get
2] k bagd Fc ~ '
18 = ginat {ﬁ F.RE+ Te- Zg,-tpj}exp{—imt-l'-ik,a—inq)} . (3.13)
El

For the untrapped particles @ is equal to zero.
Therefore the boundary conditions for (3. 12) are'®

(o) =0 2 fim ) e
Bunes oA Brin

131

(3.14)

From (3.5), (3.6), (3.9), and (3. 11) we obtain expres-
sions for the harmonics of the perturbed electron density

(), b (),
(F) =t (50
where

(%) '=__<jdw My (—h§+—2 b))
(:;u)t, <-[dA'BM*'(kthC+T Zg,¢,)>.

The asterisk denotes complex conjugation, while the in-
tegration with respect to A is carried out from 1/Bp., to
1/ B min

(3.15)

(3.16)

comge] () o1
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For the harmonics of the pressure of the electrons
we obtain with the aid of (2.12) and (2. 13)

(3.17)
(3.18)

(Pc) s1=Noep.t (po) a1
w23 )

We note that a factor ¥ was left out of the right-hand
side of formula (4. 1) of'®? for 5. Substituting (3. 15) and
(3. 2) in the quasineutrality equation (2. 10), we get

o N
(Pe) = T

7 (=30 e (),

- (1 2 (1) Gt
(3.19)

e W'\ ~ me e\ ! ck,*? Wpi' \ &
S ) = 15
Te( ® B waB, \ Ny / 4 wpB, [0) s
1 CkJ_ ©pi"\ = .
+ _ +ia_
i RwB, (il © )goe

Here
w."=—(mcT./eaB,)d In N,/da.

We have used the relation (2. 5) between £, ¢, and 3.

Using (3. 19) to express ¢ and &, in terms of &, and
using next (3. 3), (3.17), and (2.13), we get

ome To [ ner'  To ks ReN' [ Re\' .
) s ) e () e
Qa((ﬂ)Eo e No /o lRMgk_‘_ o +1e N, —1e

B,

iks -
+ —ie__ A i .
) ——{ple —p_ite”}, (3.20)
where
Qo(©) =0 (0—0u") —ck(1+72T), (3.21)
T. k2T, 1—wu'/o
T= y 2= , = —
T, M5 1—0.' /0

The right-hand side of (3.20) must be expressed in
terms of §,. To this end we use relations (3.19), (3. 16),
and (3. 18). Neglecting the terms that are quadratic in
the trapped particles, we obtain the dispersion equation
in the form

o ol

s (—E— - zr) +o(t2) "’I‘M.,‘}

T,
c_. _ A Cs
X{ 7 h—o () Te+ T — G} > , (3.22)
G=—i(gue®—g_e~®), c =T./M.
We put
¢/R=d, (7z)"=b,
hd—gob+TGd=II, (E/T.—2T)Sd+Mb=K. (3.23)

We then find from (3. 12) that the function II satisfies
the equation
oII—iC () = (0—w.") K/L. (3.24)

Thus, the problem has reduced to finding the growth
rate due to the right-hand side of the equation
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1
Qo(m)=—§;<B.I Ak II>, (3.25)
where the function II satisfies Eq. (3.24) with the bound-
ary conditions

! )=0, —‘9—H(A=-1—)<w.

o \" "B (3.26)

II ( A=
Equations (3. 24) and (3. 25) are fully identical with the
system (3. 18) and (4. 4) of’®. We can therefore write
down immediately an expression for the instability
growth rate:

“Ti/am"@i‘)i@(“%i){ d(f, ‘”)Si“*”}z)
(3.27)

-2

where

Y,

mg(n) e (3 (F) -
or ultimately:
1—-%(@1)'/«1;1'/-{_1%81}(‘;_3“)4{ dzsin’ozl‘[l——-(1+n, ; )]

(1+m£ ]

+(2dT sin a—b)1, [1——(1+n¢ L )]} (3.28)

_ dhnT,
T dlnN,’

L= [1+G (2)*]™;

>=_ j - (3.29)

Calculation of the integral yields: I;~=2.47, I,~1.35,
L~1.61, I,~3.22, I,~0.44, I3~—1 07

We note that in expression (5. 29) oft® for the growth
rate the numerical coefficient has been incorrectly cal-
culated; in addition, the figure under the logarithm sign
in this formula should be 128 rather than 16. The cor-
rect replacing (5. 29) of® is obtained from Eq. (3.28)
of our paper by retaining in the latter only the terms that
do not contain b and I'.  We note also that a factor z73/*
is missing from the right-hand side of formulas (5. 30)
of® but they contain the unnecessary factor z!/? instead.

4. ANALYSIS OF EXPRESSION (3.27)

Let us examine in greater detail the case of a zero
gradient of the electron temperature n,=0. We obtain
from (3. 28)

1 Y 128em \ "2/ 0Q\ ' e
(e () (i)
2n \ v do @
X{l,d*sin® o + 2I,d (b — 2T'd sin &) + I (b — 2T'd sin o) *} .

(4.1)

The quantity in the curly brackets, as follows from
(8.27) is positive. Therefore the instability criterion
coincides with that obtained earliert®’

o<, (4. 2)
©O=0p"/24 (0p Y 4tct ¢ R . (4.3)
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We have assumed for the sake of argument that w}; <0.
Using (4. 2) and (4. 3) we can rewrite the condition for
the buildup of Alfvén waves in the form

(4.4)

qRwp:"\* T 1+n,
( Ca ) (1+ 1+n4)> T
At ,=7,=0 we obtain from (4. 4) the sufficient instabil-
ity condition, which coincides with!®!:
T _ 4nNo(T:+1T.)

kbzpi:ﬁ: >—i', Bs

.’ By (4.5)

The contribution to the growth rate, as can be seen
from (3.27), comes from three sources. The first term
in the curly brackets of (3. 27) is connected with the
“compressibility” of the plasma in perturbations of the
Alfvén-wave type (divVz#0). This effect was investi-
gated in'®, The second term is connected with the ap-
pearance of a longitudinal electric field in the satellite
harmonics of the perturbation. The third term, propor-
tional to b= w(72,)"/ %I, is due to the longitudinal electric
field in the fundamental harmonic of the perturbation
E,, which arises when account is taken of the finite
Larmor radius of the ions (of the finite £%o2).

The growth rate connected with allowance for the fi-
nite %p?, was calculated by Tang ef al.'®’ The instabil-
ity criterion, as seen from (3. 27) does not differ in this
case from (4. 2).

Let us compare the role of the toroidality effects
(compressibility and satellites) with the effect of the fi-
nite E,~ kp%. They turn out to be of the same order of
magnitude at d=~ b, i.e., at

kpi=p,e*T/T,. (4. 6)
For the characteristic values
kpi~T/TH; (4.7)

we find that the effects of the finite Larmor radius are

more substantial at
Bs<p,s=1/e, (4, 8)

i.e., at all values of 8, that are allowed by the condition

of equilibrium in the tokamak. The growth increment is
then of the order

Vea

. (4.9)

)" e o0,

TR Ye, ( =

i.e., for the characteristic k,p; defined by (4.7) we have

Y=Ye ~(Sca/qR)"p,". (4. 10)
5. EFFECT OF STABILIZATION BY COLD
ELECTRONS

We shall show that if the plasma contains an admixture
of a cold electron component, the role of the longitudinal
electric field decreases, so that the growth increment
Alfvén waves can become much smaller than would fol-
low from relations (4. 9) and (4. 10). When the cold elec-
trons are taken into account, we obtain in place of (3. 25)

956 Sov. Phys. JETP, Vol. 44, No. 5, November 1976

1 .
Q)= (farsrm); (5.1)
K=bM0—2dp+T£x—rd3‘; b=To0 (1z:) ",
. L _ (5.2)
d=§-' p=T_.7L— {A+1M+1ela—A—|M—1e-m};
S PR _ O o Ne
() ()

N (ﬁ}u“’_ﬁ')/(i_“’_ﬂi-_ﬁikﬂa&);
Noe o ) o’ Ny

ct=T,/M,, N, and N, are the densities of the hot and cold
components of the electrons, Ny=N,+N,,

m—ng 1
= y ku=kyt—,
il qR *1 I qR

_ mcT. dlnN,
Ven =" ouB, da

and the function II satisfies the equation

O —iC (IT) = (0—w,") NoK/N. (5.4)
From (5.2) and (5. 3) we see that at (c,/c,)?N,/Ny> 1, i.e.,
at

NN, M;

R R
N,

(5.5)

where B,=47N,T./B2, the role of the terms with the elec-
tric field decreases:

Lo N M,
*T NN, M8 (5. 6)
Doy Mo (5.7

T NSN, M B

In the presence of a cold component of electrons, the
sufficient condition for the instability (4. 5) is replaced
by

T: N, 1

k_sz(z >_th -

TN 5 (5.8)

The toroidality effects become comparable with the ef-
fect of the longitudinal electric field at b= (N,,/No)d, i.e.,
at

(o'~ (378) (32) oo (5.9)

which yields at the characteristic value (k,p;¥~(T,/T.)
X (Nw/No) 87

R A
NN e s e (5. 10)

Expressing 8 in terms of B;, we find from (5. 10) that the
toroidality effects are more substantial at

oo () () ) o

The growth rate due to the “compressibility” effect is of
the order of

(5. 11)

'Ycump‘z'foezﬁh 'YoE(‘VCA/qR)W- (5. 12)
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FIG. 1. Qualitative dependence of the growth increments of
the Alfvén waves on the parameter B, in a plasma with ad-
mixture of cold electrons.

The growth rate connected with the longitudinal electric
field is

N2 2 M‘ o
u ) = pgre,

15, %Yo (W i (5.13)

The characteristic growth rate as a function of g, is
shown in Fig. 1,

This, in the case M,/M,; 8« 1, given a small admix-
ture of the cold component

M/N>M./MB, (5. 14)

causes the dominating factor in the “drift” buildup of the
Alfvén waves by the trapped particles to be the “com-
pressibility” of the plasma.

We note that in the derivation of (5.7) and in the esti-
mate of A,; we have assumed that the difference %, - 1/
gR is not too close to zero. Otherwise A_;=N,/N; and
the effect of the longitudinal electric field in the satel-
lite is comparable with the compressibility effect. Both
toroidal effects are then the same order. At g,> B},
both effects make appreciable contributions to the insta-
bility growth rate.

6. DISCUSSION OF RESULTS

It was shown above that at large plasma pressure
B,=~ R/a the buildup of Alfvén waves by trapped electrons
in toroidal magnetic traps such as the tokamak is deter-
mined to an equal degreeby three factors: the compress-
ibility of the gas of the trapped electrons, the finite val-
ue of the longitudinal electric field of the fundamental
azimuthal harmonic, and the longitudinal electric field
of the satellite harmonics. With decreasing parameter
Bs, the role of the compressibility and of the satellite
electric field decreases, so that the growth increment of
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the perturbations is determined mainly by the effect of
the longitudinal electric field of the fundamental harmon-
ic. In the presence of a small fraction of cold electrons
with density N,> NyM,/M;g in the plasma, the role of the
effects connected with the longitudinal electric field is
slight; in this case the growth rate is determined by the
compressibility of the trapped electrons.

The effects considered in the present paper can take
place in thermonuclear tokamak reactors, and apparent-
ly also in the earth’s magnetosphere. We note in this
connection that the buildup of Alfven waves in the mag-
netosphere, due to the effects of the compressibility,
was investigated by Pothotelov and one of us. 4! The
analysis presented above suggests that in magnetosphere
regions containing only a negligible fraction of cold par-
ticles a role can be played also by the mechanisms of the
buildup of Alfvén waves, which are connected with the
longitudinal electric field (the finite conductivity of the
plasma along the magnetic-field force lines).
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