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The nonlinear three-index generalized susceptibilities of the hydrodynamic quantities of a classical liquid
are calculated. With the aid of these, and on the basis of the three-index fluctuation-dissipation theorem,
the dynamical three-point correlation functions of the thermal fluctuations of the densities of the conserved
quantities are found. Sum rules for the three-point correlation functions are found.

PACS numbers: 45.25.
1. INTRODUCTION

The clear understanding, achieved about ten years
ago, of the analytic structure of two-point space-time
correlation functions (or Green functions) in the limit
of small values of w and k for the different dynamical
variables in a simple classical liquid has played an im-
portant role in the development of modern methods and
ideas in different applications of the theory of thermal
fluctuations to slow-neutron and light scattering pro-
cesses, acoustic relaxation, etc. The progress achieved
is associated with the wide use of the two-index fluctua-
tion-dissipation theorem, and with the possibility of
direct calculation of the dynamical generalized suscep-
tibilities for small w and k from hydrodynamic
models! "2,

Of substantial interest for the problem of multiple
scattering of light and slow neutrons, for nonlinear
acoustics, etc., are the many-point space-time correla-
tion functions of the dynamical variables of a simple
liquid. The lowest of these—the three-point functions—
can be investigated with the same completeness as the
two-point correlations, thanks to the proof of Efremov
Efremovt®*] and Stratonovich!®! of a three-index fluc-
tuation-dissipation theorem that makes it possible to
establish the three-point dynamical correlation func-
tions of the different quantities for small w and k
exactly from the generalized susceptibilities found from
hydrodynamic models.

In the present paper this program is carried out for
densities of conserved quantities—the particle-number
density n(r, t), internal-energy density h(r, t) and mo-
mentum density g(r, t).

For simplicity we consider a classical Newtonian
fluid satisfying the usual hydrodynamic equations with
frequency-independent kinetic coefficients. This leads
to the necessity of taking only two types of nonlinearity
into account in the equations of motion: 1) ordinary

“kinematic nonlinearities and 2) the nonlinearities asso-
ciated with the dependence of the kinetic coefficients and
thermodynamic quantities on the temperature and
density.

In the classical limiting case hw <« KBT the Efremov-
Stratonovich theorem leads to the following expressiont®!:
Xabc(iy 2)

®02

66:6.

G (1, 2) =<5z, (0) 62, (1) 62, (2) Y= (ZkBT)zRe{
(1.1)
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connecting the equilibrium correlation function of the
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thermal fluctuations §xy, 5xp, 0xc of any three dynami-
cal variables with the generalized quadratic suscepti-
bilities yabc, xbca, xcab conjugate to them. The values
of 954 are +1 or -1, depending on whether the quantity
80Xy is even or odd under time reversal; T is the tem-
perature. The symbols 0, 1, 2 denote pairs of Fourier
arguments:

0=(kp, 0o), 1=(ki, 0,), 2=(k;, @), (1.2)

for which the relations

k0+k|+k2=01 mn+0)1+(l)z=0, (1 .3)

which stem from the uniformity and stationarity condi-
tions for the random processes under consideration, are
fulfilled. The frequencies wj and wave-vectors kj are
assumed throughout to be real.

Because non-Newtonian effects have not been taken
into account, it turns out that all three-index suscepti-
bilities ean be expressed in terms of combinations of
known two-index susceptibilities. All the latter are ex-
pressed in terms of four independent susceptibilities! »»?!;

) { (1-1/y)Ak*

P {dp
b, 0) =2 (2
ton (k, ©) ( Sy

m*\ dp

T [dp
(K, ©) =g (k, 0) = — | Z&
Kan €K, @) =%nq (k, ©) ™ (5T) )

< { M ioAk?
—iotAk? m‘—c’k’+im[‘k’}
Yaa(k, ©) =xTk* (—io+Ak?),
Kt gty (, ©) = (Bap—kako/ k) 1 (k, @),
¥ (k, ©) =nk*/ (—io+vk?),

1 ke (1= 1)Ak
Y o—cktielk }

(1.4)

where we have used the usual notation for the thermo-
dynamic parameters and kinetic coefficients (cf. (3.15));
the subscripts n, t,, and q correspond to the particle-
number density, the transverse component of the mo-
mentum density, and the thermal-energy density, de-
fined by the relation

qr, ) =h(r, t) —m(e+p)n(r, t)/p, (1.5)

where € and p are the equilibrium values of the in-
ternal-energy and mass densities; m is the mass of a
molecule of the liquid, p is the pressure and c?

= y(op/op)T.

2. GENERAL PROPERTIES OF THREE-POINT
DYNAMICAL CORRELATION FUNCTIONS

We assume that the system under consideration
moves with constant velocity u, and introduces the in-
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tegral dynamical variables of the conserved quantities:
2.1)

X.= J‘dr z,(r,t), a=n,a,e,
\4

i.e., the particle-number N, momentum P, and energy
Em jdr e(x, t) =H,—pN+mNu/2—uP, 2.2)

where Hy is the Hamiltonian of the system and u is the
chemical potential in the rest ensemble (u = 0). In the
following, an average over this wo-ensemble will be de-
noted by (...)o:

e=(h)y, p=min);mmin).

The brackets (...) denote an average over the w-en-
semble with distribution function

w=exp {(Q—E)/kgT},
where Q = =pV and V is the volume of the system.

From the definition of the w-ensemble average we
obtain the following relation(®:

(R6X,>=0<R)/dy., (2.3)

where R is an arbitrary dynamical variable; 56X

= Xa -~ V(xa), 80Xy = Py = mNuy; yn = kBT, ya
=uy/kBT, ye = ~1/kBT. The quantity xe(r,t)or Xe
conjugate to ye is e(r, t) or E, respectively (see (2.2)).

We introduce the three-point structure factors

Seve (ki s = [ [ dos dGune (1, 2). 2.4)

Putting k. — 0 in the left-hand side of (1.1), because

X, is independent of t by (2.1), we obtain
lim Gase (1, 2) =278 (0,) <6z," (1) 6z, (1) 6X.

A symmetric relation is obtained in the limit k; — 0.
If in (2.5) we go over to the limit k; — 0, we shall have
‘}i:f;oGubc(iy 2) =S¢ (0,0)8 (1) 8(w2). 2.6)

The limiting properties (2.5) and (2.6) hold only for

Xa, Xp and X¢ that are densities of conserved quanti-

ties. The analogous property of ‘‘contraction’’ of the

spectrum in the long-wavelength limit is also possessed

by bilinear fluctuations of the densities of constants of

the motion!*?), Using (2.3) with R = 6x%(1)8xp(1) and

R = 5x4(r, t) 8Xp, respectively, we obtain another form

of the relations (2.5), (2.6):

2.5)

0Ga, (1)

lim Guae (1, 2) =21 —=—6 (a2), (2.7)

k3y—+0 ¢

, , 9%z
klll.:x.l_’nG,,,,(i, 2)=(2xn) Wﬁ(mn)ﬁ(ﬁ)z), (2.8)

where Ggp(l) = ( 6x§(1)8xp(1)). In deriving (2.8) we
have used the relation

8¢z
lim Gy (1) =25 o2
Ki+0 '

which follows from (2.3) with R = xq(r, t)t%],

If one or all three of the dynamical variables xj, xp,
Xe change sign under time reversal (36pfc = -1),
then, obviously, Sapc(0, 0) = 0 and the corresponding
long-wavelength limit is equal to zero. Thus, e.g.,
lim Guna(1,2)= lim Gqp=0,

ky, k30 ki, ka0

lim cmu,z>=<zn)zaaa(kgr>=(§%) 808 (s). (2.11)

kika-+0

In a classical liquid the functions Ggpe(l, 2) possess

6(0)1), (2 .9)

(2.10)
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regular limit values as k,, k; — 0, and it is therefore
easy to go over from the (k, w)- to the (r, t)-represen-
tation and obtain the following sum rules for the dy-
namical correlation functions of fluctuations of con-
stants of the motion:

e Gu ) = 20t (2.12)
J' jdr, Ar,Gae(ry, £ 1oy 8) = Z;i;’;c . (2.13)
In particular,(® -
[ 80G 11 5 12 2) =T (%‘_’) . @.14)
[ dridrGann(rs, tis 2, 1) =0, (2.15)

3. DETERMINATION OF THE THREE-INDEX
SUSCEPTIBILITIES

Using the equations of motion for the dynamical
variables and the symmetry property!”!

Hane (4, 2) =aes (2, 1), (3.1)

it is easy to show that, of all the susceptibilities yapc
corresponding to densities of constants of the motion,
only 18 are independent. For the latter, it is convenient
to choose susceptibilities with 18 independent combina-
tions of the indices a, b, ¢ =n, q, ty. From these it is
easy to construct the susceptibilities corresponding to
the densities of all the other conserved quantities. For
example, for the longitudinal component of the momen-
tum density (index [y), we have
kaakllkz'{

T (1,2). (3.2)

Xig1gt r(1, 2) =m’0,0,0;

If one index is equal to h and the others are arbitrary,
then

Yoee (1, 2) =xane (1, 2) +m (e+p) xnsc (1, 2) /p.

In accordance with the above-indicated choice of
basis susceptibilities, we choose the particle-number
density n(r, t), the thermal-energy density q(r, t) and
the transverse component gt(r, t) of the momentum
density as the independent variables in the hydrody-
namic model. The variables h(r, t), p(r, t) and T(r, t)
will be assumed throughout to be expressed in terms of
n(r, t) and q(r, t).

(3.3)

The complete system of hydrodynamic equations in
the presence of external forces has, in these variables,
the form

—(?—n+—1—divg=0, (3.4)
at m

0g.  Op 9 (gaga) 0[ 9(::»)
—_ — —_——— ) — — 1] _—
ot dr. Ory \ mn Ory L org \mn’ (3.5)

0 / g a 2 a & )]
v - - “_\ =Fﬂ-?
tn 0r,(mn)] 0ra[(§ 3 'fl) 0r,(mn
0q g« 9g a 0T\ mon aT dq
ot T mnor.  ore ["(_o};).' ora “(H)p .l 36

) (] - ) )
Here s is the entropy density (ds = dg/T); n and ¢ are

the shear- and bulk-viscosity coefficients and k is the
thermalconductivity coefficient. The forces F and Fq

. are represented in the form

F=V {ﬂ?nfn'*"l’qfq} +¢‘fl'
Fo=@afat@ofa (3 .7)
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fa(r, t) =fa(k, ©) exp (ikr—iot), a=n, gq, ta,

(3.8)

where the f are harmonic external forces, chosen such
that the Hamiltonian of the perturbation is written in the
form

Hy(0)=— Y [ dra.(r, 0 fa(r,0). (3.9)
The operator coefficients in (3.7) have a simple
form!»?) e.g., yp = p/m, yi = -nv?, etc.

We shall assume all the quantities f3 to be small and
of the same order of smallness. Taking (g) = 0 and
(n )0, (q ) to be constants in the initial approximation,
we can then construct the solutions of Eqs. (3.4)—(3.6)
in the form of a perturbation-theory series

za (1, t) =<z, (x, £) Yotz (r, 1) +2 (r, )+ .. (3.10)

in increasing powers of f5. In the linear approximation
we obtain

22068 =Y 2 (1) fo () exp (ikr—ioo 1) (3.11)
with the well-studied susceptibilities yab (cf. Sec. 1). In
the next approximation the role of the external forces
will be fulfilled by the bilinear combinations of the solu-
tions (3.11) that arise from the nonlinear terms in the
original equations (3.4)—(3.6).

The cumbersome calculation is analogous to that
specially performed for a dilute gas in{®}, After the
appropriate symmetrization over the Fourier arguments
the result can be represented in terms of the three-
index susceptibilities:

2 (n0)= Y re (L DA L@ exp il (ki Hk) (0t 02t} (3.12)

In this case, explicit expressions are obtained for all
the yabc in terms of the yap and the parameters of the
starting equations.

The resuilts for yabe(1, 2) turn out to be very un-
wieldy, and we shall not give them all. The simplest
expression is obtained for the triply-transverse suscep-
tibility and has the form

Ay 1yt 3 (1 2) =1 (0) 2 (1) %(2) (2Upnko) ~*-
X {(8ap—FKoakop/ ko?) Kor/ ot (Bar—Koakor/ ko®) Kop/ o},
where yt is given in (1.4). The character, reflected
here, of the relationship between the three- and two-

index susceptibilities is preserved in all the other
cases.

(3.13)

Of most physical interest is the susceptibility ynnp,
which is found to be equal to
nnn (1, 2) =Xnn" (0) - [Aa (L, 2) Xnn (1) Xan (2) FBa (4, 2) Xan (1) Xen (2
X (1, 2) =Xan" (0) - [An (1, 2) Kun (1) Xwn (2) +Ba (1, 2); ()x.()(3°14a)
TBa(2,1) Kan (1) Kon (2) +Cu (1,2) Xen (1) %en (2) 1,

where ypp and yqn are defined in (1.4). The coefficients
Ap, Bp and Cp describe the interaction of the simple
modes and are equal to

291 0€2,0
pko*

(2] - o (BE0) 1 (A00)

iD,
A, (1, 2)= —T{ WiWr — -lT-(OIzEz.n""meA,o)

B - ks (@1E1.0T w2 )(ap) ]
_ — T , 2Ea, 22
pD(0) (op),[ OO T B ) (50,
mx oT
_W("’T) [\(sloe“+a”e,z+ e kk)
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- ( 3iv~§) (&2.0Fe40) ] 0,0, +D—”Z;)—(Z—€) ) ( Z—Z—) ko*

, (3.14b)
(), o))

et () (2552),

“woree ), [14(57), ]

2mxk,’ (ﬂ) ( 0T ) mxku E
).

D(0) \ap /., \apaq (3.14c)

T2 (29 () (2

"2 {(qu) Zx(’:;) (e°’+e°’)(a—T)

=),
\

C.(1,2)=

]
(5,30}

(3.14d)
Here we have used the notation

D(k, ) =—io+yAk?, e ;=kk/k?,
A(i, j)=2ve; &; i —*/svtE, 1, j=1,2,0,

and have introduced the kinetic coefficients v, ¢, A, De
and I" by the relations
t=pE, D.=‘/w+t, x=v(8q/0T),
=D+ (y—1)A,

e (3.15)

Y=cp/Cv,

where cp and cy are the specific heats.

4. THREE-POINT CORRELATIONS OF FLUCTUATIONS

A knowledge of the three-index hydrodynamic suscep-
tibilities makes it possible to determine the dynamical
three-point correlations of the fluctuations of hydrody-
namic quantities for small w and k from the Efremov-
Stratonovich theorem (1.1). For the most important (the
density-density-density) correlation function we obtain
in this way:

Gunn(1,2) =— (2.T)* Xnnn (1,2)
annll, &)= BT) ?cRe{'_ — }y

®,0;

(4.1)

where £, is the operator that sums the cyclic permuta-
tions of the symbols 0, 1 and 2, with yu5p(1, 2) from
(3.14). Hence we have, in the limit k,, k, —

’

i Goun (1, 2) =2k "G""u(“) 5(w), @.2)
. 2nkgl
Jm G (2= (T0) o) (43)

in complete agreement with (2.7), (2.8). The expressions
(4.2) and (4.3) and the results of integrating them over
the frequencies demonstrate the non-Gaussian charac-
ter of the density fluctuations. As the critical point is
approached, Gpnn(1, 2), like Gpp(1), increases without
limit and the described variant of the theory becomes
inapplicable.

From (4.1) we can obtain hydrodynamic estimates of
the lowest frequency moments of the function Gnnn(1, 2):

Mhh(kh k)= ‘”l do; d0,04" ©2'* Gran (1, 2).

(4.4)
They turn out to be equal to
Moo (k,, k')=M(Zsz) 0k kD], (4.5)
Mo:(kn k;) =M, (k,, k,) =0, (4 .6)
Mok, o) = EE ka(52) oAk (4.7)
M»z (kn kz) ='_Mu (kl, kz) —.1”“ (kn, kz), (4 -8)

with an analogous expression for Mz. In (4.5) and
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(4.7) the hydrodynamically small terms have not been
written out; a molecular approach to the problem is
required for an exact estimate of these terms, The
right-hand side of (4.5) is the hydrodynamic estimate
for the three-point structure factor Sppn(k., k2) (cf.
(2.4)).

An analogous simple analysis is also possible for the
remaining correlation functions Gapc(1, 2) of fluctua-
tions of conserved quantities.

The results obtained can be used directly in the
theory of the spectra and intensity of double molecular
scattering of light.
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