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A method is proposed for solving the Eliashberg equation for anisotropic superconductors in the

temperature technique at T = T,. The solution is found by successive calculation of the terms of order
AMn(wp/ T,), A, A2,..., where A = Ao/(1+A,) is the renormalized electron-phonon coupling constant. A consistent
way of taking the Coulomb interaction of the electrons into account is described and a definition of the
Coulomb pseudopotential in the anisotropic model is given. A general expression for T, including

corrections of order A, is given. The dependence of the effective mass on the energy gives a contribution to

the corrections of order A2 and higher. For the Einstein model T. is calculated to order A%. For a model in
which the phonon spectrum consists of two Einstein peaks the equations are solved numerically and the
dependence of T, of the frequency w, of one of the peaks is determined. It is shown that as w;,—0 this peak
gives a finite contribution to T, if A; ~w; % If A, ~w;2*", where v >0, the contribution from the low-

frequency peak vanishes in the limit w,—0.

PACS numbers: 74.30.D, 74.10.

There are a large number of papers devoted to de-
riving an approximate analytic formula for the T¢ of
strong-coupling superconductors. (Such attempts are
undertaken with the purpose of going beyond the frame-
work of the BCS approximation, in order to describe the
experimental situation.) The best-known 1s the empiri-
cal formula of McMillan!'!;

=

) 1.04(1+A) 1
145 p[ A M(1+062M)] @

which was obtained by fitting the results of a numerical
solution of the Eliashberg equation to a simple analytic
form!?], An electron-phonon interaction function

o®(w) F(w) extracted from tunneling measurements on
niobium was used. Here,

M=ZI a*(w)F(w)de/o

is the electron-phonon coupling constant, u* is the
Coulomb pseudo-potential and @ is the Debye tempera-
ture. Although formula (1) is valid just for niobium, it
is often applied to any superconducting metal, even
though in such cases there are no adequate reasons for
preferring the McMillan formula to the BCS formula.
The attempts to obtain an empirical formula of the same
type for other superconductors are well-known!* "/,
These formulas differ from (1) in the numerical coef-
ficients, and all of them are nonuniversal, since they
pertain to superconductors with specific phonon spec-
trum. In recent papers(®'!] expressions of a more
general type for T are derived. In these formulas,
functionals of o%(w)F(w) appear in the role of the nu-
merical coefficients. To derive these formulast'®%*!]
one uses approximate solutions of the Eliashberg equa-
tion, obtained, e.g., by substituting a step function or
the Morel-Anderson function!*?] as a first approxima-
tion for the gap function A (w). No attempts are made to
estimate the accuracy of the approximation, inasmuch
as the procedure turns out to be extremely cumbersome
even in the first stage. In essence, such a procedure
corresponds to determining the first correction in the
constant X =Xo/(1 + \o) to the exponential factor

X — * and is valid for sufficiently small A,. In particu-
lar, it cannot be used to elucidate the question of the in-
fluence of the low-frequency phonon peaks on the mag-
nitude of T¢ if the coupling constant for the coupling
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with the low-frequency mode is large. The erroneous
result obtained inl*%'!] concerning the role of the soft
phonon modes is connected with this fact.

It should be noted that the solution of the Eliashberg
equation, like the form of the equation itself, is consid-
erably simplified in the temperature techniquel**],
since in this representation all quantities are real and
the kernel has no singularities. Formulas for T¢ going
beyond the framework of the first approximation were
obtained in the temperature technique inf**] for phonon
spectra with one and two Einstein modes.

In this paper we shall describe a regular method for
solving the Eliashberg equation in the temperature tech-
nique for the general case of an anisotropic supercon-
ductor with an arbitrary phonon spectrum. The solution
is represented in the form of a series in powers of the
electron-phonon interaction. We shall derive a strong-
coupling formula for T¢ in the anisotropic model and
shall calculate T¢ in certain particular cases; we
shall also consider the question of the effect on T¢ of
the low-frequency phonon peaks.

1. DERIVATION OF THE EQUATIONS

The Coulomb interaction of the electrons in a super-
conductor has been taken into account most consistently
by Batyev('®) in the framework of the isotropic model.
We shall formulate the corresponding result, having
modified it for a variant of the temperature 'technique,
without assuming that the interaction is isotropic. The
equation for the determination of T¢ has the form

_TZI Gn)° ——(Dpy* +Kpg' ) Renp' Amp', (2)

where

?
D'"':=_§ PO D -
P - I PP’ I m?,p-p'_‘_mg m’ (3)

g}i)p' is the total (with allowance for all the Coulomb

corrections) amplitude for scattering of an electron by
a phonon with the j-th polarization; Kgg} is the total
Coulomb amplitude; Rnp = GnpG-n,-p where Gnp is the
normal electron Green function, which near the Fermi
surface has the form
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a;
np= T,
i@n—fns—E€p

)
The residue ag (at the point s on the Fermi surface)
and the electron spectrum €p are determined without
allowance for the electron-phonon interaction. The
function fpg is defined by the expression

Fae=inTN (0) 2 Idr.va,D:'.""a,'sgn m;

- ds .
"~ (27)w.N(0)

where vg is the velocity and N'® is the density of states
at the Fermi surface, without allowance for the elec- -
tron-phonon interaction. It is well-known that formulas
(2)—(5) are valid to within terms ~Awp/€F.

(5)

dt,

Owing to the existence of two characteristic interac-
tion dimensions (wp for the electron-phonon interac-
tion and ef for the Coulomb interaction), it turns out
to be possiblel'®] to represent the function a np in the
form of a sum

Anp=0 s—Xnp (6)
of a rapidly varying contribution ®pg, concentrated in
the region of frequencies | wn| £ wp, and a smooth con-
tribution xnp with a characteristic region of variation
~er. The dependence on p is smooth for both contribu-
tions. From the definition of the functions ¢ and y,

Eq. (2) breaks down into two equations, which we shall
write in the symbolic form

®=DR(®—y); x=KR(D—Y). (7)

After integrating over the energy, we obtain for the
function &ns an equation in which the smooth part is
represented by its boundary value (in both variables)
x0s on the Fermi surface:

Ou=—nN(0) ' [ar, D g Dme X @)

l@atfmerl

In the equation for xpp the term KR¢ contains, un-
der the integral, the rapidly varying function &, which
brings the integral out on to the Fermi surface. We
shall represent the function R in the form R = R® + AR,
separating out the contribution from the electron-phonon
interaction. This contribution, like &, is concentrated
near the Fermi surface. Now the equation for y takes
the form

(1+KR)y—=K (RO—3AR).

The left-hand side of this equation contains a term that
depends logarithmically on the temperature. This term
arises from the summation in the region of low frequen-
cies. Indeed, for | wym| « €F,

na,?

Toml

and subsequent summation over the frequencies gives
the logarithm. With the aim of determining the Coulomb-
pseudo-potential with the aid of the equation for y, we
shall separate out the contribution from the low fre-
quencies in explicit form. For this we shall introduce
the function ng?n = w?/(ws + why), which cuts off the

IR° (p' ©0m) dep=-

lower limit of the sum over | wy|, and write

(1+KRn*)x=K (RO—R7*y—n"xAR), 9)

where 1—73?11 =1- ng;’n = w3/ (w5 + w%,). The frequency
wo~ wp Wwill be defined below. In the right-hand side
of Eq. (9) the sum over the frequencies wy, and the in-
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tggral over the energy €’ converge in the region

€, | wm| £ wp. Therefore, the amplitude Kgg,‘ in the
right-hand side of the equation can be put equal to
Kgg,, and the boundary value y(g’ substituted for the

smooth function ynp’. We shall write the right-hand
side in the form

jdr.'N(O)K;."’a.r’b,r,

”=”T¥[®|mmm—:;mﬁ+( |:)m| - mm:i,‘m.w)"“%"""]‘ (10)

The function aj’bg’ can be eliminated from Eq. (9) if
we seek the solution in the form
Xow= [ Yoo @l by . 1y
We note that in the left-hand side of Eq. (9) it is
possible, making an error of order (7T/w, ), to change
from the discrete variables wn and wpy to continuous
variables x and y and replace the sum by an integral.
Using this fact and substituting (11) into (9), we obtain
an equation for zp’}gsf:
x 1 c d 1 xy ¢ ® v x0

Yo'+ 7 _‘!‘d!lj’(%),Kmem M Yo' =N (0) K., (12)
which does not depend on the temperature and contains
the variable s’ as a parameter. Eq. (12) has a single

solution. Introducing for the boundary value ygg’ the
notation

e =auury', 13)
we obtain the following equation for ygg:
a.xu.=].dr.' Wew @urbr. (14)

The relation (13) together with Eq. (12) determines
the Coulomb pseudo-potential ugg’. The matrix u§g’ is

symmetric, since the kernel Ki;g’ is symmetric. We
shall not concern ourselves with solving Eq. (12), since
this has only a formal meaning, inasmuch as it is im-
possible, generally speaking, to calculate the Coulomb
kernel K. We note, however, that Eq. (12) has a small
parameter In"}(eF/w,), which arises owing to the
logarithmic contribution of the low frequencies to the
integral in the left-hand side. In the leading approxima-
tion in In™' (eF/wo) it is necessary to take y on the
Fermi surface. For example, in the isotropic model in
this approximation,

. T 1¢ dp, Tv < -
w=a’N(0)K,, ( 1+ 7;[ dy WKIPt Ryp, "]vm") . (15)
The bar denotes averaging over the Fermi surface. For
a system of high density, when the random-phase ap-
proximation is valid, we obtain from (15) the well-
known result!*?]

Mo .
1+ o In (4er/wo)
Here v is the Fermi velocity in atomic units and
1/7v is the small parameter of the high-density model.

o= Lln nw.

= 2nw

In order to bring Eqs. (8) and (14) to a form conven-
ient for analysis, we introduce the notation

A (@) =N(0) 2 alglil?a, 8 (0m—ao?) (16)
and represent the function ifpg in the form
L. B. Dubovskil and A. N. Kozlov 1114



ifpe=nT 2 j‘ do? j AT Tnmm Avv (@) sgn m.
m 0

The sum over m is expressed in terms of the logarith-
mic derivative of the gamma-function. Using its
asymptotic form for large values of its argument, we
find, with error ~ (7T )%/ (wh + w?),

- On
nT; Nn—m SR M= arctg:. 17)
By means of formula (17) and the notation
« Ao
M (@)= [ AL (0)dn,  Al= j M(o)do!, h=gi (18)
the quantity | wn + ifpg| is brought to the form
| @ntifns| =|@a]| (1F+A°) (1—D\igni), (19)
where (
— 2 l"o m) __(i)_ ©On
gne= jdm o (1 o ai-ctg—(;). (20)

The quantity )\g is the phonon renormalization of the
electron mass at the point s on the Fermi surface. The

. function Agqpg describes the frequency dependence of
the effective mass. In the entire region, 0 < qng < 1;
as | wp| — O we have qpg ~ wh; as |wn| — « we ob-
tain gpg — 1. The function wAJg/(w) generalizes the
well-known function

o (0)F(0)=0" [ dn dr. Ak (0).
to the case of the anisotropic model.

Going over from the functions &ng and yqg to the
functions ®pg = ag(1 + AJ )"/2<I>ns and ¥pg =ag(1
+ 23 )2y 0s and denoting

Al=(1H00) Aly (@) (1+A0)

Bavr= (1400~ (44+A20) %, @1)
we write Egs. (8) and (14) in the following form:
2 O A ® Gm."‘)?,oa' .
&,,=nT Z j‘dt.'dm Tn—mAee m, (22)
- P an’_ﬁm.. io:’
Yoe=nT Z' Id‘r.v d®? fiss Toml I—hvgm)
1 1 .
* ('1—;,.'_ - qm..) Tim™ Ko’ ] (23)

2.CALCULATION OF T¢

The system of equations (22) and (23) can be solved
by the perturbation method, if we note that, after ex-
pansion of the factor (1 — Ag’qms’)™" in a geometric
series, the right-hand sides of the equations will be
series in powers of the electron-phonon interaction.
The leading term of each such series contains, besides
a first power of A, a large logarithm that arises from
the summation in the region of small | wy| and has the
order of magnitude A In (wp/T¢)~ A/ (A = u*) % 1. The
next term is of order ~\?, since for this term the low-
frequency region is cut off by the factor qmng’. Our aim
is to calculate, in the general case, the correction of
order A to the leading term, or, in other words, the
leading correction to the BCS formula. Therefore, we
shall put qmg’ = 0, i.e., neglect the frequency depend-
ence of the electron mass. In this approximation Egs.
(22) and (23) take the specially simple form:

ma"—Xos'

: _e v @
(D,.,=nTZ1’|n-m*Au" o]

(24)

1115 Sov. Phys.-JETP, Vol. 41, No. 6

(25)

. om"'—ﬁ . Koa'
Kos= has” HTE —ITml—— .

We have omitted the sign ~ and, to abbreviate the
formulas, have introduced the following notation for in-
tegrals over dw? and drg’:

j' XoYe do*=XY*, J' X Yo dro=Xu Yo

We shall separate out the logarithmic terms in the
sums by means of a device proposed by Zubarevt'®l,
For this we write &pg - x0s in the form

(26)

where &g is the boundary value of the function (26) on
the Fermi surface. With regard to the function apg, we
can assume that it depends on the continuous variable
wn — X, and, in expressions containing apg, go over
from sums to integrals. The error from this operation
will change T¢ by an amount of the order of
Te(nTc)?/wf. By definition, the function axs satisfies
the boundary condition agg = 0. Substituting (26) into
(24) and, as in (17), calculating

onl_X05=65_a1uy

Toem 2Y® — O, m,.)
o e (ln—o +1n i+ (0./0) + —=arctg —
nTZ P ] ( n— In i+ (0n/0) . arctg — 27)

to within terms ~(nT¢)?/ (w3 + w?), we obtain
8uFor=a +ﬁw(1n313+q::)-A.'.~6.v—+fﬂﬁ,i,-A:'~av.v. (28)
L] 08 X8 x J'[T KA Zy
Here we have changed to continuous variables and have
denoted

@:"=In Y1+ (z/w)*+ (z/w) arctg (z/0); y=1.78...

is the Euler constant.

Using Eq. (24) and formula (27) and writing
In (2yw/7Te) = In (2ywo/ nTe + In (w/wo), we find (25),
exact to the first two terms of the expansion in A:
21;"’ )u (5.'+ ln% ~A.‘?,,~5.,).

c

(29)

Yos= ln(
We denote E = In"* (2ywo/7T¢) and substitute (29) into
(28). As a result we obtain the equation
E8,—Ea.+7.2* Ay -8, — -8y
+E (1ni 9.0 ) #A% S =i n s AT B
o ) ®o
Ay e e
—E_.[; —2%ﬁs-v.A..'~av.'.

Assuming that E, » and y* are of the same order, we
find, in the first approximation,

(30)

BB =Eat -+ % A -8, pha-8,°. (31)

For x = 0, taking into account the boundary condition
ajs = 0, we obtain the equation

Eob = (Aur—piv) 8% Aw={ Al do. (32)

An equation of this type was obtained by Pokrovskii [!8]
in 1961. The magnitude of T, is determined by the
maximum eigenvalue

Eo=8," (Ar—par) -8.=(A—p"). (33)
The brackets in the latter equality denote the average
over the eigenfunction corresponding to E,. Substituting
(32) into (31), we obtain

an?,o=7],-*A.:"6.'.

Writing out the second-approximation terms in (30) for
x = 0, we shall find the correction to E,. Since a(‘)s =0,

L. B. Dubovskii and A. N. Kozlov 1115



E 8.4 Eob, = (A —ptevr) 8ur+Eq In mi»A.“." 8,0
0

. ® ® ‘d ° L
"M,s--ln:*z\,-.,-ﬁ,,"— J'—yyﬁ,,“’h\,,vn,,” L T
(1]

)

We shall denote the integral in the last term by

J-dy_ _1 e I o? 1
- —In [E—
)y e 2 oo’ o

(34)

Since §g is orthogonal to 83 and the kernel A - y* is
symmetric, folding the latter equation with 53 we ob-
tain

E\=E, (ln 3»A~) - ( wln 1*1\") (A% A # A,
™y @y

By defining the frequency wo by the condition

. 35

(mi»m) =0, (85)
Wy

we finally obtain

2‘{0)0

E=n—2Y% _ (A—pry— (Alnmi*A")—%(A“*Aw'*A'"'). (36)

in the isotroplc model,
2Yw, A2
—=A—p—A —
nT. —Aw 2’
We shall consider the case of weak anisotropy. We
shall assume that the only source of the anisotropy is

the phonon spectrum. We separate out the isotropic
part in Agg'(w):

Pl ) ANP=A* A0 s A, (37)

A @) = Al (0) = { A% (@) dv, dr,
so that
A (@) = B0) + 8 (@), T (@)=0. (38)
Correspondingly,
o AL . w (39)
YR (1) YA (AFL)
where

Lor=Cur (@) / (1+ho),
Bur= j' Lo dat, c.=j tow dTvr,y =j A(0)der.

Substituting (39) into Eq. (32) and assuming ¢ to be
a small quantity, we find

E,_n[1+(1 ") o ] a."=1+1—;—"§.,

A=A’ (0)/ (111,

n=A—w, &= j . ds. (40)
We recall that X = Ag/(1 + Ao) is the renormalized
average coupling constant and u* is also divided by

1 + Xo; L2 = (Am)Z/M? is the mean square deviation of

the effective mass.

By means of the second formula in (40), we calculate
the anisotropic correction to wo and the last two terms
in (36): e
Amq=2moé—ﬂ-§.§.“'*lng,

An [

(Alninm) =—“—§.c.mnﬁ,
®Wo . Wo

121]

(A** Ay *A) = ( 1—

1
+ (7_2)
We shall give the formula for T for a model in

which the frequency dependence of A% . and the aniso-
tropy are separated, i.e., A& = A¥(1 + X ¢gg'):

]_ (42)

T) Ae A e

TEo * (Aot Aur) *A% (41)

2 A2 ) A2
In-t 212 =n~?A+%[n(1~n)2+(1—2n)27,4

nT.
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In the general case, anisotropy facilitates the raising of
Tc. In the BCS approximation this follows from Eq. (32),
since, for the maximum eigenvalue E,, the inequality

ED > Ass’ - P«s‘s"
is fulfilled.

As mentioned above, the general equations (22) and
(23) can be solved by the perturbation method, the suc-
cessive corrections to the solution being mutually re-
lated like A/(A — p*), A, A%, ... . For the simplest
model with one Einstein mode it turns out to be possible
to calculate the terms analytically to order x®. The fre-
quency dependence of the mass makes an important con-
tribution to these terms. We give the relevant result:

Tt (43)
cal.

We shall consider a model with two phonon peaks
w,: and w.. Let the coupling constants be determined by

the expressions
M= (Q/‘l)i) %

A?
In~'———=A—p"— 5 +0.61A°—1.522%u"+0.6541"2,

M0=(Q/02)?, Q~on (44)

In this model,
A’ (©) =46 (0’0 +A:°0 (0°—02%), Ae=h:'FAs’.

From the condition (35) we determine the pre-exponen-
tial factor

O e (45)
Next we find
plnp 2p M w0 46
amqellme % M ef )
=i+ -1 (et TR T e (

For all p the quantity A differs little from unity and at-
tains its maximum Apax = 1.066 for p = 0.1.

3. EFFECT OF LOW-FREQUENCY PHONON PEAKS ON
THE MAGNITUDE OF T¢

The question of the behavior of T¢ in a model with
two Einstein modes under the condition that the fre-
quency wz of one mode is fixed and the frequency w, of
the other tends to zero was considered in!'%*'!, Expres-
sions of the type (44) were used for the coupling con-
stants, and T¢ was calculated by means of the general
formulas obtained by approximating the gap function by
a step function!'”) or by the Morel-Anderson functiont**),
As a result T, vanished as w; — 0. This physically in-
correct result is easily reproduced using formulas (37),
(44), (45) and {46). Since, for w,— 0, A{ —« while AJ
= const, we have wo~ wi, A, — 1, u* — 0, A — 1.
Therefore, for small w,, we have T, =1.14 wlexp(—z/g )s
so that T¢(w,— 0) — 0. This behavior of Te(w.) is
connected with the fact that, in its calculation, for Z(w)
and A(w) approximations corresponding to the asymp-
totic behavior of these functions for w, >> T¢ were
used. To obtain the correct result, it is necessary to
calculate f(wp) and solve Eq. (7) without making the
assumption that T¢ is small compared to w,. We shall
not touch upon the question of the dependence of the
coupling constants on the frequencies for real systems,
but, like the authors of(*®'!], confine ourselves to a
model with two Einstein peaks w; and wz, with w:
= const. We shall examine different power laws for the
variable coupling constant AY:

M= (Q/w,)*, (Q/@2)2. 47)

Qualitatively, the behavior of Te(w,) as w, — 01is
very easily illustrated in the model with one peak w in

0<v<<2, A=

L. B. Dubowskil and A. N. Kozlov 1116



the absence of the Coulomb interaction. In this case,
formulas (5) and (2) take the form

Mo*sgnm MNao*sgnm  An
On=lifn/nT. —2 ——2 o tor T +o Tmronl

LT’ ’
We shall make the substitution Ay = An/| n + op| and in
the equation for Ap carry over the term with m =n
into the left-hand side:

(48)

(In+cal—2%) A, hm’;—w. (49)
Since

In]—1

1
= (}~°+27\,°(1)z 2 m) sgnn,

Rem2 e

we see that A, in the left-hand side of (49) is cancelled
on account of op. We denote [ = w/7T¢ and A%% = X and
rewrite Eq. (49) with this notation:

In=1

(|n|+X;m) A

B
=Ym2'.., (m—n)*+

To each value of the parameter | corresponds a finite
eigenvalue X(I). As | — 0 we have X — X, = const,
i.e., for small w, A° %~ const, whence it follows that
Te ~ w’/#. Thus, for v = 0 we have T¢ — const = 0,
while for v > 0 we obtain T¢ — 0. In exactly the same
way it is easy to show that in the model (47) with two
peaks, with or without the Coulomb interaction, the
contribution to T¢ from the soft mode w, is always
positive and for small w, is proportional to wY.

(50)

Figure 1 shows the results of the numerical solution

T./w, a
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of Eq. (50) for » = 0 (curve 1) and » =1 (curve 2); the
dashed curve corresponds to formula (43) with p* =0
and v = 0.

Figures 2a and 2b show the numerical results for the
model with two peaks in the case v =0 (Fig. 2a) and in
the case v =1 (Fig. 2b). All the frequencies and T are
given in units of the scale frequency . The curves 1,
2, and 3 correspond to wz = 1 (A3 = 1—strong coupling)
and p* =0, 0.1 and 0.2. The curves 1’, 2/, and 3’ corre-
spond to w2z = 2 (A2 = 0.25—weak coupling) and p* =0,
0.1 and 0.2. In all cases the Coulomb pseudo-potential
u* is defined not in terms of the average logarithmic
frequency wo but in terms of the scale frequency 2.

We see that when an additional mode arises in the
phonon spectrum of the superconductor, T, increases
in all cases; this is physically obvious, inasmuch as
additional attraction betwen the electrons then appears.
As this mode softens T¢ increases monotonically, if
the dependence of the coupling constant on frequency
has the form Ay ~ wi® But if A, ~ wi“*, where
v > 0, then T first increases and then, passing
through a maximum, falls, and for w, = 0 the contribu-
tion to T from the extra mode vanishes. The same
result was obtained by Bergmann and Rainer!'"), who
considered the case A} = const, i.e., v = 2.

The authors take the opportunity to express their
gratitude to Yu. Kagan for a discussion of questions
associated with low-frequency modes.
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