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We construct a theory for the fluctuation kinetics in pure superconductors below the transition point. We
assume that the frequency and wave vector satisfy the conditions hw<A, g€ A/hvg. The cause of the
fluctuations is the collisions of the normal excitations with impurities and phonons. We study the spectrum
and the spatial dispersion of the fluctuations in the absolute magnitude of the order parameter, in its phase,
and in the superfluid velocity. We formulate fluctuation-dissipation theorems which connect the spectral
densities of the fluctuations in these quantities with the corresponding impedance. We discuss the
fluctuations in the magnetic flux in a superconducting ring and the effect of fluctuations in phase on the

line width of the Josephson effect.

PACS numbers: 74.30.H

1. INTRODUCTION

The present paper is devoted to a study of the fluc-
tuation kinetics in pure superconductors. Practically
the whole theory of fluctuations near equilibrium in
normal metals reduces to giving the correlators of the
random currents. As there are two new variables in
superconductors which characterize the state of the
superconductor, the phase y and the absolute magnitude
A of the order parameter, the theory is more compli-
cated. All classical fluctuations in superconductors
{(and those are just the ones we shall consider in the
present paper) are connected with the fluctuating motion
of the normal excitations, on which the random poten-
tials & = /20y /3t + e (qo is the electrostatic potential),
Ps = /2(Vx — 2eA/c) and A act; these potentials them-
selves depend on the distribution function of the normal
excitations.

We use the Langevin method for such a system, find
general expressions for the equal time correlators, and
formulate for a superconductor fluctuation-dissipation
theorems which connect equal time correlators with the
corresponding response functions. Moreover, we study
the frequency dependence of the fluctuations in the whole
temperature range up to the transition point and discuss
the effect of phase fluctuations on the line width of
Josephson radiation and the form of the current-voltage
characteristics of a Josephson transition. Furthermore,
we discuss the problem of magnetic flux fluctuations in
superconducting rings.

There are at the moment a large number of papers,
starting with the one by Aslamazov and Larkin!'! which
are devoted to the effect of fluctuations near, and
usually above, the transition point on the electrical
properties of superconductors. Larkin and Ovchinni-
kov!?! have studied the order parameter fluctuation
spectrum below the transition point when A <« T in
dirty superconductors. However, as far as we know, the
fluctuation kinetics in the whole temperature range be-
low the transition point in pure superconductors has not
been considered.

2. LANGEVIN’S METHOD FOR DESCRIBING
FLUCTUATIONS IN A SUPERCONDUCTOR

We use Langevin’s method to describe fluctuations in
a superconductor. If the wavevectors and frequencies of
the excitations satisfy the conditions® w << 1 and
q << A/VF, the complete set of equations describing the
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behavior of the superconductor consists, as was shown
earlier,[® of

a) the kinetic equation for the distribution function of
the excitations:

Ony | 9 Omy _ 0%, On, @.1)
3t ey Lm0
where ~
H=eptp.v, e,=(E,*+A%",
B =8, +0+p.Y/2m, Ep=p*/2m—p, (2.2)

p is the quasi-momentum of the excitations, I{ny} is
the operator for collisions of the excitations w1tl¥ pho-
nons and impurities:

d’q’
I{n;}=-2n JE;Q)_J Col*{(1=np) npq (upltp—q—VpUp-q) >

[ (1+N-g) 8 (&p—&p-qt0q) '{';Nqa(gn_gp—q“wu) ]
—np(1—np—q) (pllp—q—VpUp-q) [ N_q8 (8p—Fp-q T wq)
+(1+Nq) 6 (8,—8p-q— @) 1+ (upvp—qtup—qvy) ?6(E,+E‘_,+¢—(D.) .
(1= nn) (1=npsg) Na—npn_p.q (1+N,) 1}

(2n)
—2aN;——— J an )3 | Aql?(p—q—ntp) (Upltp—q—VpVp—q) 28 (Ep—Ep—4q), (2.3)

Nj is the concentrafion of impurity atoms, Cq the
matrix element of the electron-phonon interaction, Aq
the amplitude for the scattering of an electron by an
impurity atom in the normal metal,

= (1Fh/e), o= (=E/e); (2.4)
b) the equation for the absolute magnitude of the
order parameter: )
1=__7\,_ d*p 1—2n,, @.5)

2 J (2n)° ey

where A < 0 is the effective electron-electron repulsion
constant;

c) the continuity equation or the electro-neutrality
equation, which is equivalent to it for a superconductor

SN=6 { [anlayny o (1-n-)] }_=0, (2.6)
where drp = 2d°p/ (211) Together with the Maxwell
equations, Egs. (2.1), (2.5), and (2.6) form the complete
set of equations.

When the superconductor is in a state of thermody-
namic equilibrium, we can write the fluctuating correc-
tion to the distribution function of the normal excitations

in the form s
no
6n,=6g; Z,— + fo. (2 _7)

Copyright © 1976 American Institute of Physics 1106



This correction leads to the appearance of the fluctua-
tion potentials &, ps, and 5A. Here

3

A
88, = O+p.v + — bA. (2.8)
ep €p

Linearizing (2.5) and (2.6) in terms of §np and the po-
tentials we find that

ou &
| d " 2.9)
ou N A
‘SA:_WN_,I"Z »—In (2.10)
where
N._1+2" onq
¥ njde. -

is the fraction of superconducting electrons.

To find the connection between pg and fj we use the
Maxwell equation

rotH=4nl/c (2.11)

and the expression for the current

J=ev.Note [ du vy, (2.12)
Changing to the Fourier components as far as r is con-
cerned and using the fact that H = —c curl pg/e, we
find that

1 m
['5:-:(9 +7‘L—,) —QiQJ] Pu=— mj drpvifyt(2), (2.13)
where A7 = 4me’Ng/mc? is the square of the reciprocal
of the London penetration depth. Or, introducing the
matrix

K(q) =qig;~64(g*+1/A.%), -
we have

P K @ o). 2.14)

To obtain an equation for fg (t) we linearize the
kinetic equation. It is then important that the collision
operator vanishes if we substitute the equilibrium dis-
tribution function no(€p). The linearized kinetic equa-
tion then takes the form

9 . &
(G +iee

€p

665, dn,

) O+ SEIE=GN,  (2.15)

where Jp is the collision operator (2.3)—linearized
with respect to the distribution function—taken in the
zeroth approximation with respect to the fluctuating
potentials. We have added in (2.15) the random force

Gg (t) in accordance with the Langevin method.

Changing to the Fourier components with respect to

the time, we can write Eq. (2.15) in the form
{io@+L) iy 4 1} =gy (2.16)

where we have introduced the integral operator

~ an, ou & On, En ow N A on, A
Lpfp*=8tp — =| ——=—\ d1p—— ——F——— | d1,,
ol s ON e, 62,-‘. s ep ON N, g, Oep j e €p,
m 0n,
7y V@ [ o ] o @10

To complete the construction of the Langevin scheme
it is necessary to determine the correlators (Gp(r,
t)Gp, (11, t1))wq of the random forces in the kinetic Eq.
(2.16). To find the correlator of the random forces in
the kinetic equation we use Onsager’s method.[*] The
probability for thermodynamic fluctuations is deter-
mined in our case by the change in the free energy of
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the superconductor and in the electromagnetic field when
there are fluctuations. The change in the free energy
when the distribution function fluctuates depends then

on the fluctuation potentials which, according to (2.9),
(2.10), and (2.14), are functionals of the fluctuation cor-
rection to the distribution function. The probability for
fluctuations is thus given by varying the quantity(®!

2

S H
Gg'=6{_[dt,é,(n,—u, )= —NO +§;—TS},

L S=— J.dt,[n.,ln npt+ (1—np)In(1—n;) 1, (2.18)
where S is the entropy of the gas of excitations.

Expanding 5% up to and including second order
terms and using the neutrality condition and the gap
equation we get
N, oN

——(8A)*——
2N au( ‘=3

(£9)*
Ono/dey

a .2 2
1 ON gepy, Py B

1
0F =—-—|d —_—
ZI e ou 2m  8n

1 dt -
=27 ta .19
2 jan.,/aa, Bt U+ (2.19)
Now we can use the automatic scheme!®! for finding the

random forces.

We introduce the generalized coordinates Xp = fg
and the generalized forces,
1 o (2.20)
T bz,

corresponding to them. Varying (2.19) and using the
expressions for saA, &, and pg, we get

NI ~ (2.21)
X (5)  WHEahe
We write the relation between Xp and Xp, i.e., the
kinetic Eq. (2.16) in the form?
. " . an
—lafy ==} (+L) "By (q) (t+1) -
8 (a"")_‘ (1+Lp,) ot +(1+L,) G,
120 'ae—" P fm ( n) P
B, (@) =iqv- 4, 2.22)
whence we have, according tol*]
N N T - -
(1+Ln) -‘(1+Lm)—'<GPGI|>.(=_ IZT [ (1+L,) “B,(q) (1+L,) =1 aa:ro 5",
~ - an, *
+(1+L,) "B, il
(L) By (@) (1+10) 580 . 2.23)

Operating on the left with the operator
(1+ Lp)(l + Lp1) and using the fact that

~ 0On, ~ 0On,
(1+Ly,) = bpp= (1+L,)-— [
dep dep,

(this equation follows directly from the definition (2.17)),
we get

(GyGpug=— %(h"’lm)‘%'am- (2 .24)
It is necessary to note here the following important
fact. If the potentials &, pg, and 3A were not self-
consistent, their fluctuations, and also the fluctuations
in the distribution function, would be statistically inde-
pendent, and the square of the fluctuations in the distri-
bution function would be given by the usual expression

. an,
(6n,6n,,>==—-Tb—e.:6,',,.

In superconductors, however,

on, -
(Onydny,>=—T —(1+Ly) 5pp,
dey
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or
9n, ou Epkp dn, dne
6»._]"—"——"'—
ON epep, Oy Oy,
du N A? an., 6n., m
—— UKoy —

IN N, epep, 9e, dep, l,_’N

This is obvious, as the gas of the excitations is situated
in self-consistent fields and interacts with them. In this
sense, it is not a perfect gas of excitations. At the same
time the correlator of the random forces is determined
solely through the collision operator, as random mo-
tions occur only when we take collisions into account
and over times of the order of the collision time, while
the distribution function, and thus also the fluctuation -
potentials, change over times of the order of the time
between collisions which in our approximation are much
longer than the collision times.

(Gn,ﬁn,,)-——T

an, dn,

(2.25)

dep Oy,

3. CORRELATORS OF THE FLUCTUATIONS IN
THE BASIC PARAMETERS OF A SUPERCONDUCTOR

The spectral density of the fluctuation correlator is

{fofodea = fe*m ar<fo (1) £, (0) > + fe—w (D fp(0)>edr.  (3.1)
From thé kinetic Eq. (2.15) we have-
. fpm,=m{gp “+io E_q,.u,vp wyd w..] :} (3.2)
Substituting (3.2) into (2.10) we find that _
- ;w ] e G, (3.3)

In obtaining (3.3) we used the fact that the operator
Jp conserves the parity of the function on which it op-
erates, with respect to p and &p, as can be verified by
a direct calculation. All integrals containing odd powers
of p or &p in the numerator are thus identically equal
to zero. Here
on NJ-d S i® A On,

il 3.4
Te=t+ €, —i0+B, (q) e, 09, ( )

oN N,
Using (3.3), the definition (3.1), and Eq. (2.24) for the
random force correlator we get

y LN 1 3.5
Oy = T — (3.5)
In obtaining (3.5) we used the identity
1 1
(GpGp) o
§ Fodun Al B @ i0+B,, (q) Grlindes
T 1 1 dan,

= : +C, Ay | —. 3.6
C2n JdTP[A' —io+B;(q) G "io+B, (q) '] ep (3.6)

Expression (3.5) is also the required expression for the
spectrum of the fluctuations in the absolute magnitude
of the order parameter. We give its analysis below.

Using (2.9) and (3.2) we find that

wp't 1 dp 3.7)
0q — —__G oq N
® Gqe a“ BN jd R ep —iw+B,(q) !
where . . _1_ j i £, one
w© €p —zm+B (@) € Oe, (3.8)
w J_" g, 0 O
AN e, TietB(q) ey (3.9)

The vector w which has the dimensions of a velocity is,
in an isotropic medium, directed along q and vanishes
as q — 0.

The matrix elements of the linearized collision op-
erator satisfy the equation!®!
an, an,

=Jd-m

dep, '_Pa_ep '

Ton, (3.10)

1108 Sov. Phys.-JETP, Vol. 41, No. 6

Close to equilibrium it follows from the time reversal
symmetry of the laws of mechanics and is verified in
every actual case. From (3.10) follows the followmg
equation for the operator Bp(q):

B—p: p(q) 0”0 (3'11)

Byy, (‘I)T

lh
whence we have for the matrix elements of the inverse
operator [~iwl +B(q)]™ (1 is the unit matrix)

(52) " tctoitB@In = (52) " (-iol+E @15, (-12)

Applying relation (3.12) to (3.9) we have

N & io an,
= ——— v —
Wi aN e, SiotBa(q) | de,
o io & Ong  _
gy — 2 =M G (—wq). .
o] 4 Tt B (@) e 55, 09 (3.13)

Using (2.14), (3.2), and (3.7) we get for pg’lq the fol-
lowing equation-

w: & 1 oa
) e N
whence, using (3 .6), we have after simple transforma-
tions

Kiy(0,q) pu*t = —— j dr,( 3.14)

T 4ne*

_— Kyt —K;
nie { i (0,q)—

“(0.0)},
4ne* ON ww;
2

¢ 0n aw '(3.16)
=0;(0,—q).

<p«ipti>mq=_ (3.15)

) 1 4nio
K:’j(ﬁ)yq)=‘]i‘]i_6i1( e )+Tofi(myq)_

on,

: —_—— 2 — FRee—
0i;(w,q) e jdt, v'—i(n+B,(q) v,ae

(3.17)

The quantity ojj(w, q) is the same as the contribution of
the normal excitations in a superconductor to the high-
frequency conductivity.t®!

Using (3.7) and (3.14) we find that

<a)2>m,=—ifi1m[ ! (1+ dne’ 3N ”"K“'_l("’"’)i’)]‘ (3.18)
ne Qg0 I aqo

The electrical field Ej is related to pgj and & through
the equation

| eE=—iop.—igD, (3.19)

whence the correlator of the fluctuations in the trans-
verse fields is

KE,*) wa= T 4ﬂm (3.20)

o, q)———ReZ (0,q),

and the correlator of the fluctuations in the longitudinal
fields

T ] 4
{q S K (0,q)

2y a=——1I -
CEiea o o aq, ON c?

qiqWwW;

2 ]}J=—:];~Bezn(m,q),

(3.21)

X[1+ (DQi(wi'*’u_)«) +

Qg0 Aqu

where Z,(w, q) and Z;(w, q) are the impedances for
transverse and longitudinal perturbations.

Equations (3.20) and (3.21) from the fluctuation-dis-
sipation theorem for a superconductor which connects
the field fluctuations with the impedance Z(w, q). It is
clear from (3.20) that it has in a superconductor the
usual form!®], notwithstanding the infinite zero-fre-
quency conductivity which is reflected in the occurrence
of a term proportional® to ¢/ 4miwrf,.

Equations (3.5), (3.15), (3.18), and (3.20) describe the
spectrum of the fluctuations in a superconductor and
they have the form of fluctuation-dissipation theorems,
connecting the correlators of fluctuations with the
imaginary parts of the corresponding susceptibilities.
We emphasize here that if the spatial dispersion is
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taken into account all expressions are obtained under
the assumption that q <« A/vF, the reciprocal coherence
length. In type-I superconductors terms contammg q®
must thus be dropped, since A[, < VF/A < q~

4. FLUCTUATION SPECTRA

As we have already noted above the correlators of
the fluctuations in the parameters of a superconductor
can be expressed in terms of the imaginary parts of the
appropriate susceptibilities. We can thus expect that for
the quantities appearing on the right-hand sides of Eqs.
(3.5), (3.15), and (3.18) the Kramers-Kronig relations
hold. The derivation of the corresponding formulae does
not differ from the standard onel*! if one notes that the
spectral functions are, according to (3.1), defined as
retarded functions, and therefore have no poles in the
upper half-plane. However, as the susceptibilities have
finite limits as w — «, we must write the correspond-
ing relations with the necessary subtractions. We find
for instance, from the Kramers-Kronig relations, that

+
" do

| 27nio

—[a-'(O)—a~*<m)1— ot (a.1)

where a7(0) =aj,.g, a(*) =2y =w

Using relations such as (4.1) we get for the equal-
time correlators the following expressions:

(BA®Y, op N _EE_ N _A._?_ni
ON N, AN N, " " et dey
o N A* an,
(7N N Tp et 'an': ‘ (4.2)
£’ On, E.p dn,
2 oe=—T—| 1+ — dr y 4-3
(0Dee= T [fl _’e,zae,] -‘. e ey’ Ogp ( )
mT N,. n
<pa’ >Q—TV_F (p'J'z>‘=T.7V—(1+qZMZ)—‘(1+qm:7\l_) . (4.49)
At low temperatures
T* ap N, - A
By= 2 2y = BN (4.5)
@e=Fon v A N N’

where Np = N ~ Ng is the density of the normal coni-
ponent which at ?w temperatures is equal to Nn/ N
= (27A/T)Y2e™2 At high temperatures, A « T,

op N
2y 27 OB 2y
(D, AN’ <6A) TﬂNN
Equations (4.6) are the same as the corresponding ex-

pressions obtained from the Ginzburg-Landau equation.
At low temperatures the intensity of the fluctuations is
proportional to the density of the normal component.

AT" op (4.6)

We turn now to a study of the frequency-dependence
of the fluctuations. We start with the fluctuations in the
absolute magnitude of the order parameter. When q = 0

(6ADu~Im 1.7

o N io) A an.,

YN—H'—._J.d o e —un-H,, ep 63.
The linearized collision operator-occurring in Eq. (4.7)
acts on a function depending only on the energy €p (even
function of ép ). This means that the whole of the fre-
quency dispersion of the correlator (5A%),, is con-
nected with the inelastic scattering by phonons as the
operator of elastic collisions only reduces any function
depending on the energy to zero.

(4.7)

To find the frequency dependence of the fluctuation
spectrum ( 3AZ%), it is necessary to solve the equation

{- ""+Jv}\17r— A‘a—m (48)

ey Oty
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X(a+e’)*[ 1—exp(—

If yp = ¢ " (ep)ano/dep we get, using (2.3) and lineariz-
ing with respect to Yp after simple, but tedious trans-
formations the followmg expression for the photon op-
era[t_gr Jphi¢(ep)}, acting on an even function of

no(e) {

§p:
on, c e’ de A?
(+) __E (+) —_— 1——
Ty (€5) Ton{@™ (e5)} dmspelal® | (e"*—A%) -,,( eel)
e'—e )_1] [ () —@ ' (e)]

X(e—¢e’)* li-i—exp (——)] [exp
I( fez ‘jfz)/. ( -

(55

weore(-5)]" @
€ ) 4 ] - [(pm(er)__q)u)(e) ]+_f(—;%( H_eATz,)'
)] [ exp(%) +1 ]_‘[QJ‘”(B')'*‘(P(”(B)]}-
Here [g is the mean free path of the conduction elec-

trons in a normal conductor when spf « T, s is the
sound velocity,

e'+e

|c(|‘=_mo./2Tm’l,..

As inl"}, we easily find a solution of Eq. (4.8) with the
operator (4.9) for A «< T in the energy range € ~ A.
We note that just that range is important for us for the
study of the fluctuation spectrum as the integral occur-
ring in y, converges at energies € ~ A when A «< T,
For the solution we use a method similar to one used
earlier.[®]

In the energy range € < T the first of the integrals
in (4.9) is small compared to the other two and we drop
it. In the other two integrals we neglect € and A as
compared to € ~ T. With the same accuracy we re-
place the lower limits by zero. Altogether the terms
taken into account cancel one another and we get the
following expression:

Ton{@™ (85)} =—0 ™ (&) no () /2T 0, (4.10)

where 75" =7 £(3)T% 4ms®pFi,, £(x) is the Riemann
zeta function.

The solution of Eq. (4.8) with the operator (4.10) is
trivial in the region e€ « T. Using the solution of (4.8)
and performing the integration in (4.7) we find from
(3.5) that

BAD = — nA N

T 6;1 N 1

% ON N. tFam’ T ur N, (4.11)
Thus, when we approach the transition point the width of
the fluctuatmn spectrum decreases proportional to
(Tc - )1 2, 7 is the relaxation time of the absolute
magnitude of the order parameter close to the transi-
tion point, found by Schmid.!®!

We now turn to a study of the frequency dependence
of the fluctuation spectrum ( $2):

oy Tow, 1 (4.12)
@e== N | 4’

g B G0 & Om 4.13

@=1-5y fau e —iot], & 9o, (4.13)

First of all we draw attention to the fact that the colli-
sion operator occurring in the expression for ((bz)w
acts upon an odd function of ¢p. This means that out of
the frequency spectrum { &2 )w, again responsible for
the relaxation by phonons, we take that part which is
odd in &p.

To find the fluctuation spectrum we must solve the
equation :
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(—iot])gy— 220
. €p O,

(4.14)

If xp = sign £p@ ' (€p)ano/d ep, we get, using (2.3), the
following expression for the linearized collision opera-
tor:

-1

sign E,n, ‘ "de’ !
ol (ep) } = ;fns}:; ;(;_) { (zsz,‘),h (e—s')‘[ 1+exp(—eT)]

)([exp ( i ;S )—1 ]4 [(1_%:,) @ (e)— (*iz—A“)"l'&(sx-;,'z*Az)"‘a ¢ (e") ]

e (5] [on( 7))

€

’

’

X(e+e’)? [1—exp(— e:e, )]_I [eXP( > )‘H]_1 (4.15)

T
[ B )

) o= ()

We consider first of all the high-temperature case
when A <« T. To do this we use the following method.
We assume that the characteristic width of the fluctua-
tion spectrum T;I,‘ is much larger than the characteris-
tic scale length of the collision operator 7g' which ap-
pears when it operates on the function ({p/ep)ano/dep.
We can then expand (4.13) in terms of the small
parameter 1/wrg and write (4.12) in the form

(¢2)m=10_”ﬂi.7 (4.16)
n N nA 1toe’te’
4T op Er , G One
Sm 22 OB (g, By, S0 O
i - A N e e | &p Okp (4.17)

It is clear from (4.17) that, indeed, 73 ~ (T/A)7g
> 7g'. We now evaluate 7. Substituting ¢ =£p/ep
into (4.15) we see immediately that, as in (4.17) the
region € ~T > A is the important one, in the main
terms in (4.15) the values €' ~ A <« € are the important
ones, so that we can expand in terms of the small
parameter A/T <« 1. There remain then in (4.15) only
the first and the last integrals in which the upper limits
of integration can be replaced by +». As a result we
get

&) nA €pEp
e {T,-}j=-_ 16ms'polaT” sh(e,/T)

(4.18)

Substituting (4.18) into (4.17) and integrating we find that

e (4.19)
4ms*pels ’

To To
Thus, in contrast to the fluctuation spectrum
(8A%), the width of the fluctuation spectrum { &?),
close to the transition point is independent of the dis-
tance to the transition point. We emphasize once again
that our consideration becomes inapplicable in the im-
mediate vicinity of the transition point, when A — 0.

At low temperatures we can find the asymptotic be-
havior of the spectral function for w7 > 1. The calcula-
tions lead to the following result:*

2
(02>_=L&8_"._1_, (4.20)
aA N 0N o’to®
1 TZ T 2
—=Co—/—|—) , 4.21
To ° ms*pel, ( 2nA ) ( )
() ¢ dz
Co=—F—|———E(5,2).
® 2 ) z'/’(z—i)‘f'C(  Z)

The correlator of the random external current can be
found by substituting into the second term in (2.12) the
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correction to the distribution function proportional to
Ggq, from (3.2). When q = 0

T
(J’ext']jeX1)a= —Reoy(0).
k11

(4.22)

We emphasize once again that due to the Meissner ef-
fect there are no fluctuations in the total current at
q = 0 in the volume of the superconductor.

We study Eq. (4.22) for the case when the scattering
by impurities is the deciding factor. In that case the
collision operator has the relaxation time form

1 1&gl

Jp'¢p= - 1]
Tn €p

where 7, is the electron relaxation time in a normal
conductor. Using (3.17) we easily obtain an expression
for the correlators of the external currents in different
limiting cases. At low temperatures

A A A (om)?
TS =54, [——+———
o i o) | — T o)
A (mr“)z ‘ )
xE'[———],
"7 9T T+ (om)? (4.23)

where op(w) = 0o(1 + w73 )" is the high-frequency
conductivity of a normal metal and o, the static con-~
ductivity of a normal metal.

It follows from (4.23) that when A (wrn)?/T « 1, i.e.,
at low frequencies, the correlator of the external cur-
rents has a logarithmic singularity

(]‘_QXQJ.CXQG:‘S‘_],AUJ—A/T]n_iT.__ (4‘24)
i n A(07Ta)?
When wrp 21
(]‘ext']‘ext)“=6ﬁ£Une—A/T 1 . (4.25)
n (01,)?

At high temperatures A « T the correlator of the ex-
ternal currents also has a logarithmic singularity at low
frequencies:

T 2. 2 U2
AUy 5. " 5. (0) {1+A[ LI Wl C D) _1] }
n 2T L (1+te?t.5)" OTn

(4.26)

However, as A — 0 the logarithmic term vanishes and
(4.26) changes to the usual expression for a normal
metal.

In concluding this section we discuss the problem of
the spatial correlation of the fluctuations. Of most in-
terest, in our opinion, is the spatial correlation of the
absolute magnitude of the order parameter. We empha-
size that in our approximation q <« A/vF the equal-
time correlator is proportional to §(r, — rz). To study
the spatial dispersion it is necessary to solve the equa-
tion

A dn,

{—im+iqv—§+.’,,,.+1.-m}tp,=— .
€ €p Ogp

(4.27)

We restrict ourselves to the high-temperature case,
when A « T, and we shall assume that the relaxation
time due to impurities is much shorter than the relaxa-
tion time due to phonons. We restrict ourselves to the
case wtp < 1 and qip « 1, where [y is the mean free
path for scattering by impurities.

We average Eq. (4.27) over a surface of constant en-
ergy € for a given sign of ¢£. We shall indicate such an
average by a bar over the quantity. We get

_ —— A dn
~iw\p,+iqv§—¢p+1ph\p,= ——.
€ e Oe

Subtracting (4.28) from (4.27) and inverting the operator

(4.28)
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for impurity scattering we get a formal solution of Eq.
(4.27):
Yp=PpFi)m™" (Yp—Ps)

=il (‘lv %:‘ Pp—qv f;: \P') —Jim™ (Jorpp—J pns) - (4 '29)

The inverse operator Jip, in (4.29) is determined
uniquely by the condition ﬁn =

We can iterate in Eq. (4.29) in terms of the parame-
ters wrtpy « 1 and qlp «<1:

\pl“)=iﬁp_ﬂ(m_‘qv_§—.ib)~ (4 .30)
P
Substituting (4.30) into (4.28) we get
( gt Bl Dq’+J,,.) 200 (4.31)
€p O,

where D = viﬂ'n/ 3 is the diffusion coefficient in a nor-
mal metal. .

When A/T <« 1 we showed above that the phonon op-
erator reduces to the relaxation time and we get for
¥p the following expression:

A pelE )T 4.32)
¥y iT e,( in+Dgq T+ Tn) . (
Substituting (4.32) into Eq. (3.4) for vqyw we get
Yeo=1—i0Tq/ (1—ioT)). (4.33)
We used here the notation
- Dg*v, \?
T N T "’[1 ( 1—i0)1'.,) ]
Dq*v, Dg*t, \ 27"
4.34
{1 —i0T, i [1 ( 1——im1:¢,) ] } ( )
Then, from (3.5),
T op N Re 1q,—07, Im Tq, (4.35)

(0A? oq=

5t 0N N, 1+0*ltetTq.l?

We find 7yq for different limiting cases. We con-
sider the frequency range w7o «< 1. Then Im 7¢y,
~ wTo and Tq is in this approximation a purely real
quantity, independent of w. If Dg*, < 1, we have

4 _1 % -Dgw*
Tqw Ta 2

(4.36)

arccos Dg*t, '

where 1/7p = Ngd4T/7NmA is the reciprocal of the time
of the uniform relaxation of the absolute magnitude of
the order parameter, (4.11), when A « T.

If Dg%o « 1, we have

1 1
= 2 20 T 2 2 4.37
Tew  Ta +D AN 1 +Dug ¢ )
As quTo -1
1 n 1
1zt (4.38)
I Dg%,> 1, we have
£ ta (g (4.39)
Tee T 2 I[Dg'tA((Dg'to)*—1)"] )

Thus, in the whole range considered for changes in
the wavevectors 7qq > To and (8a2 )wq has thus finally
the form

Tqo

n AN N, 1+ 01! (4.40)

From the expressions given here for 7q it is clear
that spatially non-umform relaxation has a diffusion

character only when Dg?, <« 1 with a diffusion coef-
ficient which vanishes as T — T¢: Dp < (T - T)Y2
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5. MAGNETIC FLUX FLUCTUATIONS IN A
SUPERCONDUCTING RING. LINE WIDTH OF THE
JOSEPHSON EFFECT

We consider a superconducting cylinder of radius R,,
height d, and thickness a, in which an integral number
of flux quanta are included. We evaluate the integral of
psi over a closed contour through the thickness of the
ring:

(5.1)

where ¢ is the complete magnetic flux, including its
fluctuations and ¢ is the average flux, equal to n¢,

(¢o = ﬂﬁC/e).

We evaluate the correlator of the magnetic flux
fluctuations through the given contour:

. b \?

(63 (x,)6% (r,)dum (?n‘) 2 Ropu(0)pu(£)ogm0  (5.2)
where q; is the component of the wavevector along the
direction of the tangent to the contour, and r; a vector
at right angles to the contour. We determine first the
integral intensity of the magnetic flux fluctuations. If
all dimensions of the cylinder are much larger than the
penetration depth of the magnetic field, we get, using
(4.4) and integrating over the two-dimensional q,,

6% =2nR,T In (N/N,). (5.3)
For a thin-walled cylinder with dimensions a < Aj,
2 2 M N' h
(B6" = (2m) RaT—a-(l—— (W) ) (5.4)

and, finally, for a thin ring with a height small com-
pared with Ap,

(88*>=8m*TRA,*N,/adN. (5.5)

Burgess! '] has earlier obtained Eq. (5.5) for a thin
ring. It follows from (5.2) that in a thin ring the fre-
quency spectrum of the magnetic flux fluctuations is
determined by different-time correlators of the super-
conducting momentum at q =0, i.e., by Eq. (3.15).

The magnetic flux fluctuations in a cylinder thus have
a classical nature and quantum limitations, imposed on
the phase of the wavefunction in the ring, do not affect
their dynamics, as they are connected with random
procé:esses in the normal component of the superconduc-
tor.

The fluctuations in the potential & can determine the
line width of the Josephson radiation. Kulik!'!] was the
first to discuss the effect of the fluctuations in the
phase of the order parameter on the radiation line width;
he considered the problem of the radiation line width
near the transition point in superconductors with para-
magnetic impurities using the non-stationary Ginzburg-
Landau equation. Knowing the fluctuation spectrum
(#%), we can express the line shape of the radiation
from a point contact in terms of the spectral parame-
ters. We shall assume that the potentials & in the two
superconductors which form a weak link fluctuate inde-
pendently. This is justified as we take the whole of the
weak link into account using perturbation theory. The
Josephson current is thus

I(¢)=Jcsin @(2), (5.6)
Where J is the critical current, and the phase differ-
ence at the transition has the form

1M



t
o(t)= j dt’[2eV,+2eV (t') +20, (¢') —20. (") ],

(5.7)
where V, is the potential difference applied to the
transition, and V(t) the fluctuation potential difference
connected with the finite resistance of the tunnel connect:
( V¥(t))w=TRT /7. When writing down Eq. (5.7) we used
the gauge with ¢ = 0 inside the superconductors. This
is the only gauge for which the fluctuations in the phase
difference (i.e., the fluctuations in the difference in the
chemical potentials) and the fluctuations in the differ-
ence of the scalar potentials V(t) are statistically in-
dependent. ']

We follow Kulik and Yanson!*?! and introduce the

spectral function
-
1(0) = 2] etsin g (Dsin g (t+7)dx. (5.8)
n

After that the calculation is completely equivalent to the
one given inl'?), We note merely that as the line width
is much less than 1/7ph, which is the quantity which
determines the dispersion of the fluctuation spectrum
 #§)w, the linewidth is determined by (&) ,=¢.

Simple calculations show that in that case

-1 r (5.9)
Ho) A (0—wl)+I?’
(5.10)
I=4e*R, T/h*+4n[ (D ®o+<D;,].
If the superconductors are the same, we get, using
(4.16) near the transition point for a point contact

AT f ap 1 8T Op 5.11
r ﬁ-”{eRT+v—onA ozv“} (611}

(vo is the volume of the superconductor). Estimates
show that ' may be of the order of 10° to 10* Hz.

Taking the phase fluctuations into account leads to
the fact that in the expression describing the current-
voltage characteristics (see, e.g.,['?]) there occurs not
the temperature, but T*, an effective noise temperature
for the contact:

T*=hT/4€e’R;. (5.12)

We note finally that we can also measure the spectral

function of the fluctuations in the complex order parame-

ter directly, by measuring the excess currents in a
Josephson transition.['®]

In conclusion the authors express their gratitude to
V. L. Gurevich, A. I. Larkin, I. O. Kulik, and G. M.
Eliashberg for useful discussions. G. M. Eliashberg
drew our attention to the problem of the magnetic flux
fluctuations in a ring.

DIn a state far from equilibrium the criterion may be more rigid: w <€,
where € is a characteristic scale for changes in the distribution func-
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tion of the excitations. Everywhere in the paper k = h= 1, and the
volume is also taken to be unity.

DWe note that the eigenvalues of the operator f.p are not equal to —1,
and therefore the solution of the equation (1 + ip)‘llp= ¢p in the form
vp=(1+ Lp)-lqpp exists and is unambiguous.

3Below we discuss the expression for the correlators of external random
currents in a superconductor.

YAt low temperatures the fluctuations in the quantities A and ® in the
frequency range of interest remain classical (9 is the Debye tempera-
ture):

QST 1o~ ~T38-2(T/A) he T

$We emphasize that the fluctuations considered are nothing but the
quasi-static magnetic field fluctuations.
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