Nonlinear theory of thermonuclear Alfven instability in plasma
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The nonlinear stage of the thermonuclear Alfven instability in plasma, i.e., the instability excited by
high-energy ions produced in the course of thermonuclear reactions, is discussed. It is shown that the
instability results in the directed motion of deuterium and tritium ions toward the center of the
plasma column and that a radial electric field appears near the plasma boundary.

1. INTRODUCTION

When thermonuclear systems are operated under re-
actor conditions, or conditions close to them, high-
energy ions from thermonuclear reactions (@ particles,
if the plasma consists of a deuterium-tritium mixture)
appear in the confinement region and remain there.

This increases the deviation of the system from ther-
modynamic equilibrium and, as the concentration ngy

of the reaction products increases, ‘thermonuclear’ in-
stabilities develop in the plasma.“'“ These instabilities
may arise when the relative concentration of the high-
energy ions is very low (ngr/n « 1) and, therefore, in the
analysis of plasma instability the initial distribution
function can be taken to be an isotropic and monoener-
getic, or almost monoenergetic, function, i.e., f,(v)
~5(v—u), or

1~ o o -2,

where T and m, are, respectively, the temperature
and sum of masses of the reacting ions, and u is the
root mean square velocity of the o particles L,

It seemed correct to assume until now that the in-
stabilities considered previously 01-81 cannot lead to
appreciable macroscopic effects (see, for example, Ly,
However, the rigorous analysis of the nonlinear devel-
opment of thermonuclear Alfven instabilities given in
the present paper has shown that plasma containing «
particles exhibits turbulence with certain very specific
properties. In particular, the interaction between par-
ticles and waves gives rise to a directed motion of the
deuterium and tritium ions toward the center of the
plasma column, whilst the a-particle flux ngVqy and
electron flux neVe are directed toward the periphery
of the plasma and are such that ngVa >neVe, Zejn;Vj
=0 (j=e, i, @). Therefore, the radial component of the
electric current in the plasma vanishes because the
motion of the ions and a particles takes place in op-
posite directions. However, near the plasma bound-
ary, this effect cannot ensure that the current becomes
zero, and this leads to the appearance of a radial elec-
tric field which may, in fact, be responsible for MHD
plasma instabilities.

It is also shown in this paper that turbulent fluxes of
a particles and ions are substantially greater than those
due to classical diffusion. An expression is established
for the size of plasma for which the number of @ par-
ticles produced in fusion reactions is equal to the num-
ber of these particles which escape as a result of anom-
alous diffusion. When the size of the plasma column is
less than the quantity given by this expression, the num-
ber of a particles will eventually approach nSf.

We shall use the linear theory to analyze plasma
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stability M1, We start by summarizing the main results.
The expression for the imaginary part of the Alfven
wave (¥L') in plasma containing thermonuclear reac-
tion products is given by
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In this expression ylgl is the attenuation of the wave by
electrons with a Maxwellian distribution function, and
yg is the growth or attenuation of the wave by a-par-
ticles with the distribution function fo(v)~d(v—u),
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Ji(z}) is the Bessel function of order I, vi and ve are
the thermal velocities of the ions and electrons, re-
spectively, vA is the Alfven velocity, and wygj and wHa
are the cyclotron frequencies of the reacting ions and
reaction products.

The instability in which we are interested appears
in the plasma whose parameters satisfy the inequalities

VKV, va<u, v,=(T./m)", (2)

if the relative concentration of the reaction products
na/n approaches the critical value nS}'/n for which yL
=0. It follows from (1) that

ne" o1 vy T,

—=et e () (1+7), 3
where B=8mn(Te+ Tj)/H?. This is accompanied by the
growth of oscillations with wave vectors k| ~k ZwHa/u.
For plasma parameters which, according to modern
ideas, are necessary for the operation of a toroidal
thermonuclear reactor, using a balanced deuterium-
tritium mixture, °1 the critical relative concentration is

ne*"/n~10-2, (4)

2. BASIC EQUATIONS

The spectrum of oscillations which occur during the
development of thermonuclear instabilities is, as a rule,
quite broad. This enables us to assume that the in-
stability will take the plasma to a weakly turbulent state.
Therefore, when the effect of thermonuclear instabili-
ties on transport processes in plasma is investigated,
we shall start with the set of kinetic equations for the
waves and the quasilinear equations for the particle
distribution functions. In the case of Alfven instability
these can be written in the following form (B=a, €):

dfs ep’ EviEx ~ = coll
- n m;; i 114G, 18 (@x—kyvy—lomus) IofostSts (5)
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ex=e&ie; e =0c"/v,?,

Yk=Ye*Ya is the quasilinear instability growth rate
and e is the polarization vector. The term St§ll de-
scribes the scattering of the a particles by plasma
electrons and also the creation of a-particles during
the thermonuclear reactions, and St§°!! and steoll are
collisional terms describing scattermg during (]:oulomb
encounters of electrons and ions respectively. Spon-
taneous emission of waves by plasma particles is rep-
resented by the term Ak

The quasilinear equations (5) and (6) are consistent
with the inequalities given by (2), according to which
the electrons and a particles interact with the waves
mainly in a resonant fashion whilst the ions interact
adiabatically. Moreover, these equations contain col-
lisional terms which are essential for the determination
of the turbulent fluxes in the case of quasilinear relaxa-
tion of the distribution functions. Allowance for spon-
taneous effects in quasilinear equations under the con-
ditions prevailing in developed turbulence (Nk > NT
=T/wk) is unnecessary.

In the kinetic equation for the waves, given by (7), we
have allowed for the stimulated scattering of waves by
waves and for the stimulated and spontaneous emission
of waves by plasma particles. The last process is im-
portant when the system passes through the stability
boundary. We note that the spontaneous scattering of
waves by waves can be neglected because for k<20 we
have Nk > NT. We can also neglect stimulated scatter-
ing of waves by particles because the characteristic
time for the interaction in the case of stimulated scat-
tering " is

‘r"énm,-l)f/(x)k E (Dka
k

which is lower by a factor of g~!/2

the case of decay.

in comparison with

3. MACROSCOPIC EFFECTS DUE TO THERMO-
NUCLEAR ALFVEN INSTABILITY

Let us now consider the quasilinear equations (5) and
(6) for regular parts of the distribution functions for elec-
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trons, ions, and a particles. Integrating these equations
in velocity space, we obtain the following expressions
for the turbulent particle fluxes across the magnetic
field:

o’ex

= 3 2

(4 ke
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" Ime.-HZkl (l)szk‘ el do

where Vg, Vg, Vi are the hydrodynamic velocities of
the electrons, a particles, and ions, and 71/-2 is given
y (10).

It follows from (8) and (9) that the electric current
across the magnetic field is zero. Moreover, it also
follows that, for homogeneous plasma, since the spec-
trum of the excited waves is symmetric (in k), the
turbulent particle fluxes are absent. The presence of
weak inhomogeneity leads to the appearance of asym-
metric corrections & Ekl* and 8yk because the fluxes
given by (11) and (12) are then not zero. When the cor-
rections are determined, it is sufficient to take into
account the inhomogeneity in the distribution of the «
particles because 67{:/67§~ mauz/Te >>1. Using this

’ (11)

om0y
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result together with (7), we can readily show that, for
steady-state oscillations, 5Nk=Nk67‘f{/yk. Equations
(11) and (12) therefore assume the following form:
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Equations (13)-(15) give the turbulent particle fluxes
when the amplitudes of turbulent pulsations and the
quasilinear instability growth rate are known. These
quantities can be found from (5)-(7). Let us begin with
(7). This equation describes the development of the
time-independent oscillation spectrum in the course
of the competition between two processes, namely, the
emission of Alfven waves by the « particles and the
stimulated scattering of these waves leading to the
absorption of electromagnetic energy by plasma elec-
trons. The most probable are the three-plasmon decay
processes with the participation of slow magnetosonic
waves (when Te » Ti): A= A+S and A = M+8, where
A, M, S are, respectively, the Alfven wave, the fast
wave, and the slow magnetosonic wave. Equation (7)
therefore leads to the following estimate for the steady-
state turbulent-pulsation amplitude:
Yx@a

T Ne Me ko
Tlomd e == S

Nype——
TR Vs al® an
where
1 a:i kﬁ 2
r___lk..m L N | Ut L.
2n u’ 16nm;v,

is the phase volume and matrix elemc " for the inter-
action of the waves A, A’, and S.

The amplitude Nf{x is calculated on the assumption

that the nonlinear term in (7) can be approximated as
follows:
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Since this approximation does in fact assume the maxi-
mum possible flow of energy into the attenuation region
(the reverse energy flux connected with the coalescence
of waves is ignored), Eq. 17gives an underestimate

for Nﬁ. However, even with this value of Nﬁ‘ the quasi-
linear relaxation of the distribution functions for the «
particles and electrons is quite appreciable. In fact,

it follows from the quasilinear equations (5) and (6) that
the yk, in (17) is equal to the linear instability growth
rate when

c? k \*v? K}
v e B (18)
k
cz k 2 nacr
T,-'>>2n_H_22U:m = [Eil%, (19)

where ve is the electron collision frequency, 7¢
=4/n(0'v), and (ov) is the product of the cross section
for the thermonuclear reactions and the relative
velocity of the reacting ions averaged over the Max-
wellian distribution. However, when the amplitude of
the turbulent pulsations is given by (17) and the plasma
parameters are -’

T=15keVn=3-10* cm™, H=40 kG (20)

the inequalities given by (18) and (19) are not satisfied,
and the opposite inequalities are valid. The develop-
ment of the thermonuclear Alfven instability is there-
fore accompanied by the quasilinear relaxation of the
distribution functions f, and fe, which leads to a re-
duction in the instability growth rate.

The quasilinear instability growth rate can be deter-
mined by perturbation theory because, in accordance
with the foregoing S’ccoll «< StQL and Stcoll «StQL
where StQL is the quasﬂmear c0111s1ona1 term. (This
method was first used in ""** to investigate the non-
linear stage of instability.) Let us write the particle
distribution function in the form fg =f23°’ + fk“ , f};” <« f};o’ .

In the steady state, the corrections to the electron and
a-particle distribution functions, which ensure that the
quasilinear instability growth rate is not zero, are then
determined by

1)

Sty }HSteett {75} =0, (21)

where the distribution function f5” is a solution of the
equation StQL{f(O’ }=0. Integrating (21) in velocity space,

we obtain
1 n\'""m. Va \* Va
e () o) S
Zk"h |Ex| 5 2 m"V s -
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- T c

It follows from the last two equations that, in plasma
with the parameters given by (20), the quasilinear re-
laxatlon results in the attainment of the steady state with
yﬁ >> 7k Using this fact and the relations given by (8),
(17), (22), and (23), we can readily show that the ampli-
tude of turbulent pulsations is

(22)

(23)

, 2 1 2 s
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where pg =u/wHa is the Larmor radius of the a par-
ticles. It is clear from (24) that the steady-state oscil-
lation amplitude is a function of 7§ which characterizes
the rate of production of the @ particles.
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Substituting (22)-(24) into (13)-(15), we obtain the
turbulent particle fluxes in terms of the plasma parame-
ters:

2 p‘h u 20 ona

Vo= = : o’ Orra , 2
n, . (omat) " Pa” O, ay ( 5)
™ va uz 6n¢
V.o=— — VT — —— <L neVa.
et (0ma)™ ' Ve One 0y (26)

It is clear from the last two equations that the tur-
bulent flux of ions is in the direction of the center of
the plasma column. This flux exceeds the outward ion
flux due to classical diffusion by a factor of
wHeTei/(wHa ™)', i.e., by a factor of 100-1000. Con-
sequently, the development of the thermonuclear Alfven
instability is accompanied by the pinching of the ions
which in turn ensures that the radial component of the
electric current is zero. It is, however, obvious that,
near the plasma boundary, the current can be made
zero in this way only in the presence of special ion in-
jection. In the opposite case, we should see the appear-
ance of an ambipolar electric field, leading to the de-
velopment of centrifugal and slipping instabilities.

It is interesting to compare the turbulent a-particle
flux obtained above with the flux

1 ¢ nt 8,an
nV,'=— |\ —<ovdrdr=
2 J‘ 2 ov’rar D)

- (27)
for which the number of a particles created in the vol-
ume is equal to the number of these particles escaping
from the system (a is the radius of the plasma column
and §;<1). This comparison shows that, when the radius
of the plasma is determined by

(:_) = 10°* B (omar) ", (28)

we have ngVa=naV%. For the above plasma parame-
ters, ap~ 100 cm. If the transverse size of the plasma
is less than a,, the concentration of the thermonuclear
reaction products will eventually approach n‘&r. If, on
the other hand, the plasma size is greater than ao, fur-
ther accumulation of a particles will take place.
Nevertheless, the diffusion of plasma will, as before,
be described by (25) and (26).

We have considered the effect of thermonuclear Alf-
ven instability on the diffusion of nonisothermal plasma
and the reaction products. When Tj~Te, a possible non-
linear mechanism governing the amplitude of the steady-
state oscillations appears to be the coalescence of Alf-
ven waves into attenuating fast magnetosonic waves.
Since the probability of this nonlinear interaction is
lower by a factor of 8~!/2 than the interaction with the
participation of slow magnetosonic waves, the energy
of the steady-state oscillations in this case will be
greater by a factor of g~ **, Consequently, as in the
case when Te > Tj, the inequalities given by (18) and
(19) will not be satisfied, and turbulent diffusion will be
described by (25) and (26).

In conclusion we note that the macroscopic effects
derived in this paper will probably also appear during
the development of certain other thermonuclear insta-
bilities.
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