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The spontaneous magnetization and correlation functions in the two-dimensional Kagome lattice are 
calculated. Because there are three spins in the unit cell, the ordered state is ferrimagnetic. Some 
features of the low-temperature transition are considered in detail. It is shown that, for a wide range 
of values of the interaction constants, there is a disordering temperature above the transition point, 
at which the spins with certain directions in the lattice are not correlated. The behavior of the 
system in virtual transition, i.e., when a small change in the interaction constants leads to the 
appearance of a low-temperature transition, is also discussed. 

INTRODUCTION 

It is well known that all two-dimensional Ising models 
display universal behavior[ll of the specific heat and the 
spontaneous moment near the transition point, independ­
ent of the lattice symmetry and the specific form of the 
spin-spin interaction. Together with these universal 
characteristics there exist others that are not universal, 
including, for instance, the transition temperature, the 
character of the saturation (with decreasing tempera­
ture) of the spontaneous moment, and the behavior of 
the correlation functions over a wider temperature 
range. Some features of the low-temperature transi­
tions in the triangular lattice and in the model with non­
nearest-neighbor interactions (NNNM)C"1 have already 
been studied[21. In the triangular lattice the region of 
universal behavior of the specific heat and the moment 
is extremely narrow, and the overall picture of the 
transition is that given by the Slater model[41. 

In the present work the correlations and the spon­
taneous moment in the Kagome lattice (Fig. 1) are 
calculated. The unit cell of the lattice contains three 
spins, denoted by u, s, and t. Below the transition point 
the spontaneous moments of these spins, generally 
speaking, are not equal, and the ordering should be 
ferrimagnetic. In addition, the Kagome lattice has the 
property that in some range of values of the spin-spin 
interaction constants the transition occurs at low tem­
peratures. It is therefore of interest to determine the 
features of the low-temperature transition in this 
model. 

The calculation of the spontaneous moment is also of 
interest for another reason. The system of hydrogen 
bonds of the ferroelectric NaH3 (Se03lz (abbreviated 
STS), when expressed in terms of the Ising spin a = ±1, 
has the form of a two-dimensional Kagome lattice[5J. 
True, in STS the non-nearest-neighbor interactions are 
significant, so that the results of an exact calculation of 
the Kagome lattice are not immediately applicable to 
sodium trihydroselenite. But since the cluster approx­
imation[5,61 is used to describe the properties of STS 
as well as other hydrogen-containing ferroelectrics, it 
is interesting to compare the results of this method for 
the Kagome lattice with the exact results. 

It was shown in[2,71, USing as example the NNNM and 
the triangular lattice, that in a rather wide range of 
values of the interaction constants the system possesses 
a so-called "disorder point". This phenomenon con­
sists essentially of a change in the character of the 

570 SOy. Phys.·JETP, Vol. 39, No.3, September 1974 

FIG. I 

correlations in the system at a certain temperature 
above the transition temperature. At this disordering 
temperature the specific heat does not have a singular­
ity (long-range order does not appear in the system) 
but the correlation functions do have a singular. point. 
In the Kagome lattice the disorder point is especially 
strong; for some directions in the lattice the correla­
tions become zero at this point, and the correlation 
radius as a function of temperature has a cusp point. 

In conclusion we shall discuss the character of the 
correlations in a virtual transition[21, i.e., when there 
is no phase transition in the system, but a small change 
in the interaction constants is sufficient to cause a low­
temperature transition to appear. 

SPONTANEOUS MOMENT 

As is well known, the calculation of the partition 
function of the two-dimensional Ising model requires 
the diagonalization of a matrix, each element of which 
corresponds to a transition between neighboring spins 
along an interaction line. In the Kagome lattice this 
transition matrix is of twelfth order in the indices cor­
responding to different directions of leaving a site, 
since the unit cell of the lattice consists of three 
topologically inequivalent sites, each of which interacts 
with its four nearest neighbors. A calculation of the 
correlation function of two spins, lying along an inter­
action line in anyone of the three possible directions, 
leads to very considerable difficulties. This is related 
to the high order (12th order) of the transition matrix 
and to the presence of two topologically different sites 
on the correlation line. 

It is a much less difficult problem to find the cor­
relation of spins along the directions shown by dotted 
lines in Fig. 1. Using the methods of Vdovichenko[81, 
the correlation function of the s-spins 

G. (r) =<s,s,) (1) 

can be put into a form characteristic of an Ising lattice: 
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'"doo 
G.(r)=Det, C.-z, c._,= J-f.(oo)ei.(.-'). 

2n 
o 

Here fs ( w) is specified by the formula 
f.(oo)=g.(oo)/Ig.(oo) I. 

g. (00) =z'(1-x')'( 1-y') 'e"· 

-[ (1-x') (i-y') (1-z') -4xyz(Hz') (1-x') (1-y') lei. 
+[2xy(1+z')-z(Hx') (Hy') ]'t 

(2 ) 

(3 ) 

and x, y, and z can be expressed in terms of the inter­
action constants as follOWS: 

x=th ~lt. y=th P,. 
z=th ~J" ~=1/T. 

The more significant points of this calculation are given 
in the Appendix. Obvious ly, from Eq. (3) we can obtain 
formulas similar to (1) for the correlation functions 
Gt(r), of the t-spins, and Gu(r), of the u-spins, by the 
corresponding cyclic exchanges of x, y, and z. 

Setting z = 0 in Eq. (3) and carrying out a transfor­
mation with respect to the relations of x and y that is 
the inverse of the decoration transformation[91, we ob­
tain a formula for the correlation along the diagonal in 
the square ISing lattice[l,I01. Given equal ferromagnetic 
constsnts J 1 = J 2 = J" < 0, we can calculate from Eqs. 
(2) and (3) the spontaneous moment obtained by Naya[9 J 

by the successive application of the decoration trans­
formation and the star-triangle transformation to the 
hexagonal lattice. In the general case of different in­
teraction constants, this method does not lead to any 
result, due to the fact that the average values of the 
u-, s-, and t-spins, Mu, Ms , and Mt, do not agree. 

Let us consider the most interesting region of anti­
ferromagnetic values of the interaction constants: J 1, 

J 2 , J 3> O. We assume in adl;iition that J 1 = J 2 =0 J. The 
free energy of the Kagome lattice was calculated by 
Kano and Naya[lI1, and in this case it can be written in 
the form 

2 1 I. doodp 
~F= -- ~(lI+l)- - J J--ln[1+6ct'+ct'+121']'(1 +ct') '+8,,' 

3 6 • (2n)' 

-41'] (i-ct') , (1 +ct') (cos oo+cos p) +4 cos (oo+p) (1']'-ct') (1 +ct'-2,,') J; 

'Y)=e-2f.i), a=e-2f1J , 6=1-1,. 
(4) 

If 0 > 0, then at the temperature Tc specified by 
(1-ct')'-41'] (Ha') =0, (5) 

the system passes into an ordered state in which the 
u- and t-spins are antiparallel to the s-spins and 
parallel to one another. The total spontaneous moment 
of the lattice is nonzero. 

In the given range of the interaction constants, we 
obtain from Eq. (3) 

g.( (0) =4 (1']'-ct') 'e"O- [4(1']'-ct') '+ (1 +ct'-21']'), 

- (1-ct') '+161']'(1 +ct') ']eio+ (1 +ct'-21']')' 

for the s -s pins, and 

g,( 00) =gu (00) =41']'(1-a') 'e"· 
-41'] (1+ct2 ) [(Ha') '+41']'] ei o+,(1-ct') ' 

(6 ) 

(7 ) 

for the u- and t-spins. From Eqs. (2), (6), and (7) we 
find the average values of the spins, according to the 
Szego-Kac theorem[I,8, I01, as the limit of M2 = lim G(r) 
asr- oo : 

M,=Mu=[ 1-16,,'/(1 +a') 'P[ 1-16,,'(1 +ct')'/ (1-ct')'] 'I., 

1-ct' 
M.= 1+a'-21']' M" 

571 Sov. Phys.-JETP, Vol. 39, No.3, September 1974 

(8 ) 

(9 ) 

Le., both Ms and Mt go to zero at the transition point 
like \ T \ 1/8, where T = 1 - T/Tc , but differ in magni­
tude. 

When J » 0 > 0 (J ~ J 3) the transition is of the low­
temperature type: Tc « J. In this case we can neglect 
the exponentially small terms ~a in the exact formu­
las (4)-(9). Then 

(10) 

and the specific heat per spin in the region \ T \ « 1 is 

C~2.11n (1/1 't I)· 

Note that the coefficient of this logarithm is con­
siderably larger than in the square Ising lattice, where 
it is approximately 0.5. 

Figure 2 shows the behavior of the saturation of the 
s- and t-sublattice moments as functions of the reduced 
temperature. For purposes of comparison, the dotted 
line shows the behavior of the spontaneous moment of 
a square lattice. 

It is clear physically that the smallness of Tc (see 
Eq. (10)) is related to the competition between the inter­
actions in the triangle of u-, s-, and t-spins, Le., the 
short-range correlations between spins are of major 
importance. The molecular field approximation pro­
vides a fair qualitative description of ordinary (not low­
temperature) transitions in the Ising model; but in this 
case it does not give even an estimated order of magni­
tude for Tc. This is because the mean field approxima­
tion does not take into account nearest-neighbor corre­
lations. Such a situation is characteristic of hydrogen­
containing ferroelectrics of the order-disorder type [5,61. 
We can extend this qualitative analogy by saying that the 
constant J has the meaning of the energy of a high­
lying charged configuration, while 0 represents the 
energy of a low-lying neutral configuration. 

As we mentioned above, the transitions in these sub­
stances have been described with the help of the cluster 
approximation, in which the interaction between nearest 
neighbors is treated exactly and the influence of the re­
maining spins is treated as an average self-consistent 
field. In the Kagome lattice the simplest cluster is that 
consisting of the three neighboring spins: u, s, and t. 
Following the method of[5,6 J, we obtain 

Mi') =M~') = (1-4,,' (Hct') '[ (i-ct') '-41']']-'}'h. (11) 

It is interesting to note that the exact relation (9) is 
satisfied in the c luster approximation. By neglecting 
the exponentially small terms of order a in Eq. (11), 
we obtain 

T,""2Mln (~). 
1'5-1 

This value differs from the exact result by ""19%. The 
curve of M&C) is shown by the dot-dash line in Fig. 2; 
the curve of Mic ) is not shown, in order not to over-

complicate the figure. 

THE DISORDER POINT 

Let us now consider in greater detail the character 
of the correlations in the lattice. From Eqs. (3), (6), 
and (7) we find that at the temperature (denoted Td) 
specified by the equation 

1+a'-21']=O, (12) 

the fopowing relationship holds: fs (w) = ft{ w) '" fu( w) 
'" -e -lW. Then the correlation functions Gi (r) are ex-
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FIG. 2 

actly zero, Le., the spins are in neutral equilibrium 
with respect to one another. Equation (12) has a solu­
tion for Td if 1) > 0, where Td> Tc always. Of course 
the correlations in other directions do not vanish. We 
can verify this by calculating the system energy from 
Eq. (4); it is expressed in terms of the correlations of 
the nearest neighbors along the bond lines. 

The methods of calculating the asymptotic form of 
the correlation functions were developed in[lO,l2]. Using 
Wu's method, we find for T > T d : 

a [ a' 'I, a -'I, 
G(r)=- 1----,] (1--,-) e-''''k+(r) , 

2 (1'-11) 12 -1 (13) 

Here ~ = 1 - I' 1 Yz, the correiation radius I; + 

= (In 1'2 t\ and Yl and l'2 are specified by Eq. (6) 
written in the form g(w) = (eiw - Yd(eiw - (2). The 
general formula (13) is true fOJ;" Gs(r) and Gt(r) if by 
Yl and Yz we mean the roots of gs ( w) and gt{ w) re­
specti vely. The inequality ('2 > 1 > Y 1 > 0 holds over 
the entire temperature range T> Tc. From Eqs. (6) 
and (7) we obtain for ~ 

T}'(1-a')' 
,1- a ,- (2 ')' I, T} -a 

(1+a')' 
a,=1-~. 

~ becomes zero at the point T = Td. 

(14) 

In the range Tc < T < Td the correlation function has 
the form 

I a I [ t>' 1 'f. ( a 1 'f, G(r)=-- 1----, 1+----1 -) r'/Lk_(r), 
1-,1 (1'-11) 1-,1 11--1 

I ~(r~)-'I', r»max{s_,1-a} 
k_(r)= l'n 1-,1 1,11 

1-,1 
1, s-~r~~ 

(15) 

where 1;- = l/ln Yil. In this temperature range ~ < O. 
Near Tc the correlation radius l;-aT-\ as in every two­
dimensional Ising model. Below the transition point the 
correlations do not differ qualitatively from those in the 
square lattice (12]. 

Equations (13) and (15) show that at T = Td a change 
occurs in the short-range order. This phenomenon has 
been studied[2,7] in two two-dimensional models, the 
NNNM and the triangular lattice, and the corresponding 
temperature has been named by Stephenson the "dis­
order point." Except for the immediate neighborhood 
of Td, the correlation function (15) has the same form 
as that in the square lattice above the transition, Le., 
the coefficient before the exponent is proportional to 
r- l/2. Also having the same appearance are the correla-
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tion functions in the NNNM and the triangular lattice in 
the range of temperatures above Tc and below Td, so 
that below Td the correlations have a universal form. 
At T", Td the behavior of the correlation functions 
changes and becomes strongly dependent on the lattice 
structure. But the phYSical nature of the disordering is 
the same in all these models, and is expanded by the 
above-mentioned competition between the interactions 
in the lattice. At high temperatures, T ~ J, the princi­
pal role is played by the direct interaction between 
nearest-neighbor spins. Thus, for instance, the neigh­
boring spins u and tare antiparallel on the average. As 
the temperature drops the correlation radius increases, 
leading to an increase in the indirect interaction by way 
of other spins. The influence of the surrounding spins 
strongly renormalizes the original interaction constant. 
This is apparent from the fact that at low temperatures 
the effective interaction between the u- and t-spins has 
the opposite sign, since in the ordered phase they be­
come paralle 1. At some intermediate temperature 
there can occur exact compensation of the original and 
"polarized" interactions in certain directions, and as 
a result the spins are no longer correlated. The dis­
order point appears most markedly in the Kagome 
lattice; in neither the NNNM nor the triangular lattice 
does the correlation function become zero for all dis­
tances[2,7]. It is also apparent from Eqs. (13) and (15) 
that, for the given directions, the correlation radius as 
a function of temperature has a deflection point at 
T = Td, although it remains of order unity. However, 
the correlations in these directions provide no direct 
contribution to the energy, and the specific heat has no 
singularity at the disorder point. 

When 1) < ° the system has neither a phase transi­
tion nor a disorder point, and the asymptotic form (13) 
is correct at all temperatures. When T » I 1) I, 1/ "" 1 
and the correlation functions of the s - and t-spins coin­
cide. However, as the temperature drops Gs(r) and 
Gt(r) show different behavior. As T - 0 the correla­
tion radius of the s spins I;s "" 1//2 - "", while i;t 
"" In- l,,) = T/21 1) 1- O. At the same time Eq. (14) shows 
that ~s "" 1/-2 -0, while ~t '" 1 - 1/41/ 2 - 1. At abso­
lute zero temperature, Gs(r) = Gt{r) = O. Unfortunately 
we do not know the correlation functions along the in­
teraction lines, but from the form of Gs and Gt we 
can conclude that when T ~ I II I there occurs one­
dimensional ordering of the u- and t-spins along the 
line of the largest constant J 3, and the correlations be­
tween these one-dimensional chains are weakened. The 
thermodynamic behavior of the system corresponds to 
what was called in[2] a "virtual transition." The speci­
fic heat has a maximum at T ~ I II I, which becomes 
sharper as the ratio I II II J becomes smaller. 

For the sake of argument we have considered above 
the region J > 0. The sign of J is not essential to the 
phenomena discussed above, the low-temperature and 
virtual transitions and the disorder point, but the con­
stant J 3 must necessarily be antiferromagnetic. When 
J < 0 all the formulas remain the same if we make the 
exchange 1) - I J I - J 3. The only difference is that in 
the ordered state all the spins are aligned parallel to 
one another. 

The author is deeply grateful to V. G. Yaks, who 
suggested this subject and supervised the work, and to 
V. L. Ginzburg and A. A. Migdal for interesting discus­
sions of the results. 
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TABLE I 

. l---:---~---,------,---.---·' --.----.----,------;-----;---
IQ \I 12 

2 

3 

4 
5 

6 
7 

8 
9 

10 

11 
12 

yr.-Ie ___ p 

ye_ CIIt -p 

ye'e_ w _ p 

xe.-te_ p 

ze_ p 

zee_ p 

ze_ p 

ue.-'1.e_ (0) _ p 

y.-.... +. 
yew +9 

yse .. +. 

Here we use the notation exp(iw) = ew ' exp(ip) = ep ; the indices v and v' correspond to the different directions for leaving a lattice site: 

2 J q 5 6 7 8 fJ 10 /I 12 

1/1'5 1/ I \\t--I \ \-t\ \ lu-\ /',\-_u\ /'1 
TABLE II 

x:--1I, 

II 

X __ 'U, I x_-v, I &_£-1, 1"--'" I x--v, I &_£-1, 

1"--'" £_,-1, 
(o)_-Co1, p--p r._It-I, 0) __ (1), 

1'--1' p __ w_p 
9_(0)+9 P--00-9 p_w+p 

A1., I --"'.12 I -As". I AS.S 11~1,l(1 -,.. .. I -As., I As." 
AI.S -)"".1. -As.12 J..,s,s J..l.l2 -)""" -As .• 1..3,10 

APPENDIX 

Following the method of Vdovichenko[7], the corre­
lation function (1) can be written in the form 

G(r) =Det'f, P;~:'. (A.1) 

The indices 1 and I' run over all values from 1 to r, 
and the indices J.l and fJ.' from 1 to 14. The latter cir­
cumstance is due to the necessity of adding, to the 
twelve possible directions of leaving a lattice site along 
an interaction line, the two directions along the lines of 
the correlation to be calculated. By analogy with[7] we 
can verify that the determinant includes only the follow­
ing matrix elements: 

0.' S·S· drodp , P,- ,,=- --exp[2iro(I-I-1)] 
(2n)' 

o 

X Il •. ,d(ro, p) +ep",+e'p".+8-·Po"+8-'P,,. 
d(ro,p) , 

,2 •• drodp , 
P,~,,= - S S--exp[2iro(I-1 +1) I 

(2n)' • 
X 6".d(ro, p) +e-'p",+e-'p".+ep.,.+8·P." 

d(ro, p) 

In Eqs. (A.2) and (A.3) th~ index J.l = 1, 2; Ii is the 
Kronecker symbol, E = e l1T/ 6, and 

(A.2) 

(A.3) 

P., "=(-1)"-'[xe-"(6,, ,e-'+Il" ,e);;','_', ,+xe"(6" ,e+Il" ,8-')""'-2,' 

+ye-'(O-,) (6., ,e-'+6", ,8') 1." __ ,, lO+ye'(w+o) (Il" ,8'+6" ,8-')1..'-2, ,,], (AA) 

where fJ."= 3, 4,5,6. d(w,p) is the determinant, and 
Av v' are the minors of the twelfth-order matrix 
Ilv;v' - i\v,v'(w, pl. The transition matrix i\v,v'(w, p) 
is shown in Table 1. 

Thus there are sixteen eleventh-order minors Av,v' 

included in the matrix elements pi~11' and pi~;', Of 

these, four are independent. If we choose the four inde-
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pendent minors to be 11.1,6,11.1,8,11.1,10, and 11.1,12, then the 
remaining minors can be obtained from them by replace­
ment of variables as shown in Table II. These relation­
ships follow from the symmetry of the Kagome lattice 
and may be verified by observation. 

After the cumbersome calculation of the minors and 
their substitution in Eqs. (A.2)-(A.4), we find that 

P 1 ,2 p2,1 0 d p1,1 p2,2 Th 
I-I' = l-i' = an I-l' = l-L" en 

By performing the integration over p in Pl1~i' we ar­

rive at Eqs. (2) and (3), where we have used the notation 

P 1,1 , 
1-1' = cl-l 
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