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The nonlinear evolution of high-intensity plane beams of electromagnetic waves is investigated within
the framework of geometric optics. A broad class is defined of exact analytic solutions of the
equations of nonlinear geometric optics describing the self-action of a beam bounded on entry into
the nonlinear medium by a slit or an opaque strip. The self-action of beams with symmetric and
asymmetric intensity distributions is discussed. The dependence of singularities which appear during
the nonlinear evolution of the beam on the form of the boundary conditions in the focusing medium
is investigated. The deformation of a wave packet defined by the pulse shape on entry into the

nonlinear medium is considered.

1. INTRODUCTION

The aim of this paper is to construct exact analytic
solutions of the equations of nonlinear geometric optics.
These equations describe the self-action of a weakly
inhomogeneous high-intensity wave beam when the non-
linear evolution of the beam field has a more substan-
tial effect than diffraction. When a monochromatic beam
of frequency w propagates in a nonlinear, isotropic, and
homogeneous medium, and the nonlinearity of the med-
ium is described by a small increment in the permittiv-
ity eo(€ = €0 + €2, | €2] « €0), the diffraction effects are
unimportant!! so long as (wac™)?| €z| » 1 where a is
the characteristic beam width. In this description, the
wave field at each point is characterized by the inten-
sity W and the ray direction u at each point. The cases
€2> 0 and €z < 0 correspond to focusing and defocusing
media, respectively. Consider a beam, propagating in
the z direction, which at z = 0 has its x coordinate re-
stricted either by a slit or a strip (screen). Assuming
that in the plane perpendicular to z, all the quantities
characterizing the beam are functions of only x, the
nonlinear geometric-optics equations can be written in
the form (€2 > 0)

ow tu ow
at ox
2— +u —0_11 — 0—W
at Jdzx ox
In these expressions, W = I/I, is the dimensionless in-
tensity, Io is the maximum intensity at z = 0, the devi-
ation of a given ray from the axis is characterized by
u = B2k ko', ko = woe ™, B=| €2] Io(260)7, t = g2za,
‘and x — xa™! where a is the characteristic transverse
linear dimension of the beam at z = 0. A detailed
derivation of (1) is given inl?],
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The boundary conditions for (1) are specified in the
t =0 plane: W(x, 0) = Wo(x); u(x, 0) = up(x). The ana-
lytic solution of (1) for a particular boundary condition
was obtained by Talanov.!’! Another particular solution
is given inl®), In this paper, we shall obtain a broad
class of exact analytic solutions of (1) which describe
the self-interaction of wave beams in focusing and de-
focusing media for symmetric [Wo(x) = Wo(-x)] and
asymmetric [Wo(x)# Wo (- x)] profiles of Wo(x).

It is well known!'] that (1) can be reduced to a linear
set of equations through the Legendre transformation.
The quantities W and u are then the independent vari-
ables, and x(W, u) and t(W, u) are functions thereof.
The quantities x and t are defined in terms of a func-
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tion y which, in the case of a focusing medium, is the
solution of the Laplace equation for the axisymmetric
problem in the (p, v) space

1 9 7] 9°
27 (P g) P @
where p®=W and u = 2v, and
A I A ®)
2p op’ p dp 2 dv

For the sake of simplicity, consider the case of a
plane beam uo(x) =0 and transform (2) to spheroidal
coordinates through the substitutions

v=en, p*=(1+e*) (1—7"). 4)
The Laplace equation then takes the form
9 L 0 9 LRI 5)
7 el R KU I B (

The boundary conditions for (4) are specified on the
€ = 0 surface and have the form

W,

=—2nz,(W). (6)

e=0

'0_1;- = de

In these expressions, xo(W) is the inverse of Wo(x).
The solution of (5) can be written in the form of a series
in terms of oblate spheroidal harmonics of the first and
second kind:

v= Y 0. (0 14,0, (ie) +B.Po (1) 14+P (1) [€.0..ie) +D.P. (i) 1. (7)

The coefficients in this expansion can be determined
from the boundary conditions. We shall now use (6) and
(7) to investigate the evolution of certain wave beams.

2. SELF-ACTION OF A BEAM BOUNDED
BY ASLIT

Consider the wave beam defined by a slit (-1=x
= 1) in an opaque screen which, in contrast tol®), is
characterized by a smooth intensity variation at the
edges (Fig. 1):

oW ow
Wolx.»I=W0|x:-—l:Oﬂ : I = -
=1

dx dx

=0. (8)

x==1

Suppose that the boundary condition which specifies the
intensity distribution in x for t = 0 is given by

1 1—n*. 1+1
T e [b("+ 5 In 1—n)+[“1]
1+n x a+2b

—_m?
1n]__ _a*r2b

WK—N  A—m

©)

=n 4

where K is a parameter and W¢-g = 1 — 4% The func-
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/ FIG. 1. Initial intensity dis-

K=o tribution in the beam for dif-
ferent values of K (symmetric
profile).

o

tion given by (9) describes the one-parameter family of
symmetric beams x(n) =x (-7) defined by the slit
(-1, 1), where x = +1 corresponds to  =+1, respec-
tively, and on the beam axis (x = 0) the intensity is a
maximum (n =0, W, = 1). To ensure that (9) is a single-
valued function, it is required that the equation 8x/sW
= 0 should have no roots for -1 < g < 1. Differentiating
(9), we obtain

oz a,+2b tIn 1+n

ow 2(a+b) 1—

Since the function y = 5 In [(1 +n)/(1 - n)] is nonnega-
tive for -1 = x = 1, the equation 8x/8W = 0 has no
roots on this interval of n, provided

K=(a+2b)/b<0. (10)

We shall assume henceforth that (10) is satisfied. If
this is so, then by varying the value of K and using (9),
we can investigate the self-action of a broad class of
profiles. Substituting (9) into the boundary condition (6)
we obtain the following expressions for the coefficients
in (7):

b

b &b _ 2i(a+2b)
YT 5@tb) " 7 15@atb) T 7 3(atb)
Com — 2ia D.— na (11)
2T 3(atb)’ TP 3(atd)

The remaining coefficients in (7) are zero. Hence, using
(3), we obtain the following formulas for the required
functions :

t=(atb)~'fi(e, ),

1+n | 2 3n*(1+e?)—2e*—-3
fie,m) be["ln 1=y 3 (1+e’) (=) ]

1
Y e —_
2 €

z=(a+b)"'fo(e, m); (12)

2 14:62
1+e+et 'r| —n?, 1+n n 3(1—m?) +e'(1+37?) a
\ b[ 1 +2 ] +
filem)= Tn '3 (o) (I—m)

In these expressions, ¢ and n are related to W and u
by (4).

The solution given by (12) describes the evolution of
a smooth initial beam profile, which leads to the ap-
pearance of singularities. The physical significance of
these singularities is connected with the crossing of the
beam rays in the nonlinear medium. We shall now con-
sider singularities which appear both on the axis and
elsewhere.

An axial singularity is defined by the condition

=0, 8z/oW|.=0 (13)
Substituting (12) into these conditions, we obtain the
coordinates of the ray crossing point (n =0, € = ek).
Hence, we find the coordinates of this point on the (x, z)
plane and the value of the intensity:
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. 3 3\* 3K1q* 14)
w=—7+[(7)-7]" (
The parameter K < 0 is defined in (10). The intensity
determined by (14) is finite; as b decreases, the in-
tensity increases and the parabolic Talanov solution!®
is obtained as a special case (b —0, K— —», Wk
—.oo)_

W,.=i+a.’.

The evolution of the beam may lead to another singu-
larity connected with the existence of a point of inflec-
tion on the initial profile (9). Near this point, the in-
tensity gradient 8W/ox is maximum, and in the course
of the evolution of the beam the gradient may become
infinite at some point. This singularity is analogous to
the spillover of a simple wave in hydrodynamics. The
conditions for the appearance of this singularity arel*]

(15)

Substituting (12) into these expressions, we obtain a
very unwieldy set of algebraic equations for the coordi-
nates 7 and e of the spillover point. Here, we shall
confine our attention to the case where this singularity
appears in the region of high intensities (e > 1) and
not too far from the axis (nZ < 1). In this case, (14)
yields

0z/0W =0, ~0%z/dW*|=O0.

31%(26e*+15Ke* —18K?) —8 (e*+%/,K) *=0, (16)
2(e*+%/4K) (190e*+45Ke‘ —54K?) +1’e*[1858¢®
+453Ke*+270K*]=0. (17)

It is clear from (15) that the inequality nz > 0 is possi-
ble only for values of €* within the range (-1.17K

> ¢*> 0, K < 0). In this interval, the set of equatlons
defmed by (16) and (17) has a unique solution: n3 =1.1

X 107%; €% = €& = (-2 x 37'K)™¥2, The singularity appears
on the (x, z) plane at points w1th coordinates
gbmees 16e,
5T 3@re)’ BT T 4@ty [ 3n(K—2) (18)

In this case, the evolution of the initial profile results
in an intensity distribution near the beam maximum,
which takes the form of a thin intensity spike with a
characteristic size s = 2xg which for | K| » 1 becomes
s =|n||K|™ <« 1. Since t n=0 =t(W) is a monoton-
ically increasing function of W, comparison of (18) and
(14) readily shows that for hlgh intensities (€®> 1)the
spillover is the first to appear (tg < tg) if | K| < 235,
whilst for | K| > 235 the axial singularity appears first.
This is readily understood in a qualitative way if we re-
call that for large values of | K| the initial profile is not
very different from the parabolic profile which has a
tendency to self-focusing on the axis. For smaller
values of | K| (] K| < 235) the effect of the ‘‘edges’’ of
the profile Wy (x) leads to a qualitatively different re-
sult of beam self-action, namely, to an increase in the
steepness of the wave front and the appearance of the
ray spillover outside the beam axis.

3. ANGULAR SCANNING OF AN ASYMMETRIC
BEAM

We now consider the self-interaction of an asym-
metric beam Wo(x) = Wo(-x) which satisfies the con-
ditions given by (8). This beam is not only deformed
during self-action in the nonlinear medium but is also
displaced in a direction perpendicular to the direction
of propagation (this is angular scanning). Let us again
consider the family of initial profiles

- ) H" oy e +b)+d'r|]

zlime=R [ 19)
R=[d+(a+b)sign nl-t
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FIG. 2. Asymmetric initial
intensity profile.

In these expressions sign =1 for > 0 and sign g
= -1 for 9 < 0. To ensure that the dependence of W on
x in (19) is single-valued, the equation ax/aW =0
should have no roots in the interval -1 <7 = 1, This
leads to the condition

d 1

pew #*1, Faeo,
which will be assumed to be satisfied henceforth. Ex-
pressing the coefficients in (19) in terms of K and M,
we can readily see that, in contrast to the symmetric
profile (9), the asymmetric profile given by (19) is de-
scribed by a two-parameter family of initial conditions
(K and M are the parameters). Figure 2 shows this
profile for K =~9 and M = 0.4. Using the boundary
conditions (6), we obtain the coefficients in (7):

K+2M(K—1)n<0, M—=—"— (20)

4 _ LibR _ 8ibR _ 2iR(g+2b) 2R
TR s 3 T 37 (1)
Do nH(cf+2bly - 6;th . Dy —f—;dn
J

The remaining coefficients in (7) are, in this case, all
Zero.

We now use (3) to find the required functions t and x:
t=R[fi(e, n)—2den], z=Rlfi(e, n)+d(n’—e*—e*n?)], (22)

where fi(€,n) and f2(€,n) are defined in (12). It is
clear directly from the solution given by (22) that, in
the course of the beam volution, the point corresponding
to the intensity maximum (n = 0) is displaced away from
the beam axis so that the coordinate of this point be-
comes Xmax = —Rde?. At the same time, the direction
in which the beam maximum propagates is different
from the z direction (this is angular scanning). The
evolution of the solution leads to an increase in the
steepness of the front and to the formation of singulari-
ties of the form described by (15).

4. SELF-ACTION OF A BEAM BOUNDED BY
AN OPAQUE STRIP

Consider the self-action of a beam which is bounded
on entry into the nonlinear medium (t = 0 plane) by an
opaque strip (-1 = x =< 1), This is the opposite situa-
tion to the case of a slit (-1 =< x = 1) in an opaque
screen (Secs. 2 and 3). When this ‘‘internal’’ problem
is considered, it is convenient to use the toroidal co-
ordinates (q, ¥) to solve the Laplace equation given by
(2) with the aid of the formula

sha

= p =
P a—cos '

siny

(23)

cha—cosy

In terms of these coordinates, the Laplace equation is

6[ 1 a( sha 0113)]4_76[ 1 —0.
do. L'sho a0 chafcos‘{m dyLlcha—cosy d*{]

The coordinate a varies from zero to «, and the co-
ordinate 7 from 7 to zero. The boundary conditions in

(24) are specified on the ¥ = (v = 0) surface, and have
the form

(24)

N =0, ﬂ' —ch=* = z(a).
da lyoa Uy lyen 2

(25)
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FIG. 3. Profile of the beam bounded
by a strip.

In these expressions, xo(a ) is the inverse of Wo(x).
At the same time, on the ¥ = 7 surface, the intensity is
W = p? = tanh®(a/2). The solution of (24) can be written
in the form of the sum of toroidal harmonics of the
first and second kind:

Pp=7¥2(ch oc—-(ﬂzas—*{—) Z {Q.-v.(cha) (A, cos ny+B, sinny)

i (26)
+P,_y(cha)[C,cosny+D,sinny]}.

The coefficients in (26) are determined from the bound-

ary conditions (25).

It is shown in!*l that (2) has a self-similar solution of
the form
v

ﬂ)=p‘F;(pi) s ‘r=v;—. (27)

For integral values A = n, the solutions given by (27)
are Legendre functions; linear combinations of such
solutions are used in Sec. 2 and 3. For half-integral
values A =n -7, the solutions are expressed in terms
of the toroidal harmonics (26) which, in turn, are ex-
pressed in terms of the complete elliptic integrals of
the first and second kind. The modulus of such integrals
is connected with the beam intensity, so that these inte-
grals can be used to construct a family of analytic solu-
tions of the nonlinear equations of geometric optics.
For the simplest of these (n = 1), the boundary condi-
tion is of the form

Z|ymn=Py,(ch o) ch’ vo;_ . (28)
where we have used (25) and (26). The profile W = Wy(x)
corresponding to (28) is shown in Fig. 3.

As can be seen, the inte iy increases monotonically
from W = Ofor|x|<1to "Zu1 for | x| — . In the
function given by (26), all the coefficients are then zero
except for D; = ~7/, for x =1 and D, = /5 for x = -1,
Hence, using (3), we have :

2, 3 Py, (cha)
— % Rhsiny |2 ) _p 2o
3 R sm*{[2 cos YP, (cha) e s
(29)
2
1——R"’{Pn,,(choc) [ch 3S—ml———+cos,*{(1+3sn'1 *{)]
+sin’y [sh a72T_—0[ u(cha) ]} ,
(30)

R=cha—cosY, T=sh™'a[1—chacosy].

In calculations involving (29) and (30), it is convenient
to use the representation of the function Pyz(ch @) in
terms of the complete elliptic integral of the first (E)
and second (K) kind'
[e2 [e2
(th?)~K(Lh7)].

Py (cha)=

T (31)

Using the asymptotic property

lim Py, (ch @) =1+"/,e0?, (32)

it is readily verified that, for low intensities

W =tanh®(a/2) ~ a% 4 <« 1, the initial condition (28) has
the form Ax =x — 1 = 9W/4. In this special case, the
solution of (29) and (30) becomes identical with the
well-known result for the evolution of a ‘‘linear’’ pro-
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file in a nonlinear medium. In contrast to this, the
formulas given by (29) and (30) describe the intensity
profile defined for all values in the range 0 < W =< 1.

The evolution of the solution given by (29) and (30)
leads to an increase in the steepness of the front of the
profile and to the appearance of a singularity whose
position is given by (15).

5. SELF-ACTION OF ABEAM IN A
DEFOCUSING MEDIUM

The equations of nonlinear geometric optics reduce
to the Laplace equation (2) in the case of a focusing
medium (e€z > 0). In a defocusing medium (e < 0), the
last equation in (1) has a different sign in front of the
derivative sW/ax. If we then substitute*]

t=0y/0z, x=2vY/dW—"/,0vy/dv

we find that, instead of (1), we have

LAY LA I
5 7 (5 )~ =0 (33)
To investigate the bounded wave beams with the aid of
this equation, it is convenient to use the substitution
v — —iv, € — ie. Substituting
=(1—e’) (1—-7?), (34)
we find that the function y given by (33) satisfies (5) if
we replace € by ie in this last equation. If we con-
sider, for example, self-interaction in a defocusing
medium in the case of a profile bounded by a slit, and

if we take the boundary conditions in the form (19), we
find that the expansion coefficients in (7) are given by

=—%/bR, A,=—*/sbR, C,=*/saR, C,=—*/:R(a+2b),
D,=—*/;Rd, Dy;="/,sRd, D.='/snR(a+2b).

v=¢gn,

(35)

The functions t and x which describe the evolution
of the beam now take the form

1+n , 2 3(1—n*) +3n%e*—2¢?
t=R{b IS TP
{8[” T—n 3 (1—e) (1-1°) ]

(36)
}

—_ +___..+2d
* 41"1 o 1 e
b \ ;7. 1t b 3(1—n*)+et(1+3n%)
Y B PR 1_+__————
& [t-mw=e=em 3 (—e) (1I—1)

(37)
+—1—_E+d(e n'tn’—e’) }

When d = 0, these solutions describe the self-action of
a symmetric profile. It is then clear that (13) is not
satisfied for any values of €, i.e., the evolution of this
family of symmetric profiles does not lead to the ap-
pearance of an axial singularity. At the same time, the
appearance of the spillover represented by (15) is pos-
sible both for d =0 and d = 0.

6. SELF-CONTRACTION OF A WAVE PACKET IN
A NONLINEAR MEDIUM

It is well known that there is a space-time analogy
between the self-focusing of a two-dimensional beam
and the self-action of a plane wave packet. In a medium
with a quadratic nonlinearity (e = €, + €z2| E|?), the
self-action of the packet, which is connected with the
dependence of the group velocity on the amplitude E, is
described by

oE 0E  ke,|E|’E

ik b D EBTE
2i Fw b 0

aE? 2¢go (38)

In this expression, bz = —kv/,vo%, vy, = 9v/0w, £ =1
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- zvo', Vo is the group velocity in the linear approxima-
tion, t is the time, z is the direction of propagation of
the packet, ko = woc™ V€, w is the wave frequency, and
c is the velocity of light.

When the frequency dispersion of the group velocity
is small and the beam mtens1ty is substantial, then
provided the inequality (vot)?| 2| | E|%€5' > k3'v(, is
satisfied, we can use the geometric-optics approxima-
tion and substitute E = A exp (ikoS). It is now conven-
ient to transform to dimensionless variables:

q =b%?T g, 7 =% T ez] E(,|2(2€o)"]1/2 in (38),
where 2T is the pulse length at entry into the nonlinear
medium (z = 0) and E, is the maximum amplitude of
the pulse at z = 0. To be specific, we consider the
case of the defocusing medium (€2 < 0), so that the
equations of nonlinear geometric optics can be written
in the form

oh oh OW ow d

a—T+h—oq——~a—q—-=0, v +—(hW) 0. (39)
In these expressions, W is the dimensionless intensity
and the function h is related to the frequency modula-
tion © of the beam, which develop in the nonlinear
medium:

h=bQ/kYp, (40)

where © = 3s/8t, Q < wo.

The set of equations given by (39) is analogous to (1)
and to equation (5) which describes the spatial self-
action of a beam. Therefore, to describe the nonlinear
evolution of a packet, we can use the previously found
exact solutions (12) and (22). These solutions show the
possibility of a controlled deformation of a packet, which
depends on the initial shape of the pulse. Such solutions
are also of interest for other problems which lead to
the equations of nonlinear geometric optics, for exam-
ple, the equations describing the flow of plasma across
a magnetic field, ! the problem of the dynamics of
transparent plasma in a high-frequency high-intensity
wave, ®] and so on.

The boundary conditions for (39) are determined by
the shape of the envelope and the modulation of the pulse
on entry into the nonlinear medium (z =0, € =0,v =0,
€ =0). For the sake of simplicity, consider a pulse
which is not frequency-modulated at z =0 (=0 =0).
The boundary conditions for (3) can then be written in
the form

A,

kAl L) (41)
om e BT P T ’

=—-2ng=—2nb*c*
In these expressions, to( W) is the inverse of Wy (t) at
z = 0, Consider, for example, the family of pulses de-
fined, by analogy with (19), by the function
W) _ o1 bi-m) | 1+n
T _R[

e [CEORE

n(a+b)+dn ] (42)
H:[d+(a+b) sign ] .

The values of t/T vary for € =0 from t/T =1 (W =0,

n =1, leading front of the pulse)to t/T = -1 (W =0,

n = -1, rear front).

Assuming that the single-valuedness condition (20) is
satisfied, and substituting x — q,t — 7, we have from
(22) the following expression which describes the de-
formation of the packet:

eal 12,2 ]"h

:R(vobr*[ [f, (e, ) —2den],

: & (43)
+ R[f(e,n) —d(n*~e*—e*n?) ].

z
-
Tv,

T T_
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By varying the values of the coefficients a, b, and d in
(42), we can investigate the self-action of a broad class
of pulses described by the solution (43). Thus, for ex-
ample, when b = 0 this solution describes the deforma-
tion of a pulse with “unsmoothed’’ fronts: 8W/8z|y —.o
# 0, There is then an increase in the steepness of the
rear pulse front (defocusing medium ), so that at some
point z = zo, we have aW/az|t — . At this point, W = 0,
1 = -1, and the coordinate € is found from the condition
8z/9W |¢ = 0. Substituting the solution (43) into this con-
dition, we find that the coordinate € satisfies the equa-
tion

72'1 e’ +1+e?+2 (1+e?)°=0. (44 )
When a/d <0, |a|d| > 3.5, we find, for example, that
when €® <« 1, we have € = [—3d/2a]1/2. Once the singu-
larity appears, the equations given by (39) are no longer
valid. When b = 0, the deformation of the ‘‘smoothed’’
pulse 6W/8z]w=0= 0 can lead to the appearance of a
singularity not at the edge but ‘‘inside’’ the pulse. The
coordinate and time of appearance of this singularity is
obtained by substituting (43) into the conditions

3z/aW |t = 0, 8%2/aW?|¢ = 0.

It is clear from (43) that, in the case of a nonlinear
evolution of the pulse, the maximum-intensity point
(W = Wnax; 1 = 0) is displaced toward one of the edges
of the pulse. The size and direction of this displace-
ment, and the value of Wmax, are determined by the
shape of the pulse (42) at entry into the nonlinear
medium. Therefore, the medium plays the role of a
kind of delay line whose properties depend on the initial
pulse shape.
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In this paper, we consider the evolution of a beam
prior to the appearance of singular points (t = tf, tg ).
Regions of ray crossing appear after the singular points.
The equations given by (1) are then invalid. In the limit
of large values of t, when wave effects are appreciable,
the asymptotic solution of the problem of diffraction of
a plane wave by a strip in a nonlinear defocusing
medium is given int™,
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