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A set of transport equations for a hot relativistic plasma whose particles may, in par-
ticular, possess a thermal energy exceeding the rest energy, is obtained in the presence
of electric and magnetic fields. In the limit when the aforementioned condition is satis-
fied for electrons but the ions remain cold, the transport coefficients are found for a
plasma consisting of electrons and one type of positive ions. It is shown that in this case
the temperature dependence of the transport coefficients changes strongly, as does the

hydrodynamic equation system itself.

In the study of certain phenomena that occur in celes-
tial objects[*), and also in the investigation of strong-
current relativistic electron beams(?’%] it is necessary
to deal with a plasma whose particles can have relativis-
tic thermal energy, i.e., the condition T, < m,c’ is
satisfied, where m, and T, are respectively the rest
mass and the temperature of the electrons or ions,
measured in energy units (a stands for an electron or
an ion). Obviously, such a plasma exhibits new proper-
ties, which are due precisely to the relativistic charac-
ter of the temperature. For example, the spectra of the
natural oscillations are altered[*’°’® and it becomes
necessary to investigate anew the questions of stabil-
ityL72®) the thermodynamics of the plasmal®l, proces-
ses connected with transfer phenomena, etc.

This raises the question of*obtaining a closed system
of hydrodynamic equations for a hot plasma, where the
temperatures of the charged particles are arbitrary,
and in particular relativistic.

1. The state of an electron-ion plasma can be des-
cribed with the aid of the particle distribution functions
f5(t, r, py), which in the presence of electric and mag-
netic fields E and H satisfy the system of kinetic equa-
tions (2%

0fa

0fs ¢ Ofa
—+ ¢ P. apa=gcub(fmfb)v (1,1)

at e, or
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where €, = c(p3 + m;cz)l/z, and Cyp, is a collision term,

the explicit form of which will be given below. The
function fa is a relativistic inva.riant[”’], and then the
quantity Cabdpa is also invariant with respect to the
Lorentz transformations.

If we confine ourselves to consideration of only elas-
tic collisions, i.e., if we disregard ionization, recom-
bination, and similar processes, then we can point to
several general properties of the collision term, even
without knowing its explicit form. It is clear that the
laws for the conservation of the number of particles,
momentum, and energy make it possible to write down
the following relations:

fCudp.=0,  [PLudp.=0, { (ea—me?)Cudp.~0,

| pCosdp+ [piCrudp, =0, (1.2)
J (ec=mac®) Candpa + (o — muc®) Cuudipy =0,
As is well known['", starting from the kinetic equa-

tions, we can obtain a system of transport equations for
the macroscopic parameters of the plasma (the particle
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density n, and the temperature T, in the rest system of
the given plasma component, and also the average veloc-
ity uy). In the relativistic ‘case, however, the question of
determining the temperature becomes more complica-
ted. In fact, if we obtain, with the aid of Maxwell’s rela-
tivistic equilibrium distribution function, the mean value
of the kinetic energy of the particles in their proper
reference frame, then we obtain a certain complicated
function of the temperature[‘zj . In analogy with the non-
relativistic limit, it is possible to retain this definition
in force also in the case when there is no thermal equili-
brium and the distribution function is not Maxwellian,

Thus, in the rest system of the given plasma compon-
ent, we introduce the principal definitions

[rdp.=n, of2pdp—o,

Ka (Za) (1.3)

K, (z,)’

where K:(z,) and Ki(z,) are respectively the Macdonald
functions of second and third orders (z, = m,c®/T,). In
the nonrelativistic case (z, > 1) we have Gy ~ 1 + 5/2z,
and the third integral in (1.3) yields the well-known re-
sult 3T, /2, while in the ultrarelativistic limit (z, < 1)
we have G, ~ 4/z, and the integral is equal to 3T,.

[ o mee o= mec* (G )= Ty Gla)=
Ng

The transition to the laboratory reference frame can
be realized with the aid of a Lorentz transformation for
the energy and momentum of the particles e, and p,[*7:

Pai = SainPar” T ¢ allaits’y €a = Ya(€d + UaPd);

Ya= (1—11,,2/62)_'” (1'4)

Sain = O T+ ('Ya — 1)uu«'um / uu?,
(the prime denotes the rest system of the chosen plasma
component).

If we now multiply (1.1) by 1, p,, and €, — m,c® and
integrate with respect to the momenta, then, using form-
ulas (1.2)—(1.4), we can obtain the equations of contin-
uity, motion, and thermal balance for the macroscopic
parameters ng, Uy, and Tjy:

/]
H—t(yunu) + div (Yonaus) =0,

& qm G = — e - 2 )
alla MG ollai) = — — —=—SaimSarnTlamn
Yall i Y 01,» axk S, kTl
1 1 1 0
+ Yanae, {E +—TuH] } + sunBan + — YallailQa — —;—[ YaSuinldamTarm
c ‘ c? ¢t at L

b 3
1 14 (1.5)
+1. (sm +— *r,,u,.-uak) qa.] = ———[Ya (Saimbar T Sanmllai) gam ],
c c* Az
d, d.n, a
a——(Muc*’Gy — To) — T'o—— = — —(YaSarm Gam
ndt(mcG ) pr Mk(*fan )
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where P, = n, T, is the partial pressure of the particles
of type a, Taik is the tensor of the viscous stresses, q,
is the heat flux density, Ra and are respectively the
friction force and the heat release connected with the
collisions, d, /dt = a/dt + u,V is the hydrodynamic
derivative

ot

o2 1 o’
L‘fa Apay T = Czj' —_ (Pm‘Pnk - 'p—‘) fa dpa,
39J ea €q

3
(1.6)

G=c[phdp,  Ri=[pCudp, Q=] (e.—mc)Cudp.

(all the integrals in (1.6) are taken in the rest system
of the given plasma component). .

In the limit of small average velocities (1, < ¢) and
low temperatures (T, < macz), Egs. (1.5) coincide with
the transport equations used in{*J (this transition
corresponds formally to ¢ — «)., From the second equa-
tion of (1.5) we can see that high temperatures
(T, > macz) denote the dependence of the inertial mass
of the particle on T,. The role of the mass is now
played by the quantity myG(z,). In the case zy < 1, the
"mass" of the particle is m} = m, - 4T, /myc? > m,,
i.e., the gas seems to become heavier.

The third equation of (1.5) is in fact the equation for
the entropy. If we discard all the dissipative terms,
then we obtain the adiabatic equation
L(z)= 'kﬁ—exp[— 2,G(2.) 1.

In the nonrelativistic limit, (1.7) yields the usual result
for a monatomic ideal gas (n, /T3 = const), and in the
ultrarelativistic limit one obtains the adiabat for the
photon gas (n, /T3 = const).

n,L(z,) = const,

(1.7)

In order for the system (1.5) to become closed, it is
necessary to connect Taik» 9a» Ry, and Qy with the
macroscopic parameters n,, Wy, Ty, and their deriva-
tives. This can be done when all the quantities vary
little over distances on the order of the mean free path
and over times on the order of the time of collisions be-
tween particles. The solution of the kinetic equation
(1.1) can then be sought in the form f, = £{”(1 + &,),

where &, is a small correction, and £ (9 js the relativis-
tic local Maxwellian distribution functionf*?1;

f (n;_ Na Zq
a

_n Yo
Tin(me) Kaz) ¥ [_Tn(a“_ p.u.) ] (1.8)
In (1.8), the quantities ny, u,, and T, are functions of the

coordinates and of the time.

The correction &, is proportional to those factors
which cause deviations from the Maxwellian function (the
gradients, the electric fields, etc.), so that &, is ex-
pressed in terms of the macroscopic parameters and
their derivatives, and in final analysis 7,;y, 4y, Ry, and
Q, are all expressed in terms of the same quantities,
aﬁer which the system (1.5) becomes closed and can be
used to solve concrete problems. This program has been
carried through to conclusion int* for a fully polarized
nonrelativistic plasma. We shall show below that the
problem posed can also be solved for the system (1.5),
if one considers a fully ionized plasma with one sort of
ions, where uy < ¢, the electrons are assumed to be
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ultrarelativistic (T > mecz), and the ions remain cold
(Tl < micz).

2. The collision term in (1.1) is taken in the form
(see[1)

7} afs’ 0fa\ Un ,
- _ 2,2 e LY dp’
Ca 2nle e, 0?;-‘ (fu 0?:;, f 6p;.) 'Y'Y, P
2’2 (1 —BB’)?
Up= Y ( BB) ([727,2(1_ﬁﬁl)2_1]5“‘ (2.1)

clyy*(1—pp")* — 11"
— BB — BB Y (1 — BB (BB +BBM) )

where cp is the particle velocity expressed in terms of
the momentum and y = (1 — g%,

. In the nonrelativistic case (p, < mye), Uji becomes
a function of only the difference between the velocities
of the colliding particles, and (2.1) coincides with the
expression obtained by Landaul*®}, It is easy to verify
that substitution of the relativistic Maxwellian distribu-
tion function (1.8) in (2.1) causes the collision terms
Cee and Cjj to vanish. This follows directly from the
fact that Ujy possesses the property

(p‘ - b‘l) U= (fr— ﬁul) Ua=0.

The Coulomb logarithm L is equal to the logarithm
of the ratio of the characteristic maximal and minimal
collision parameters, L = In(bpyax /bmin)- The maxi-
mum impact parameter should be taken to be the Debye
screening radius by, =D = (T/ 4re*n)'”. However, at
high thermal velocities v (e*/hv < 1, i.e., v/c > 1/1317,
where h is Planck’s constant), it is necessary to choose
for the maximum impact parameter the value at which
the scattering angle becomes of the same order as its
quantum uncertainty. For example, when the plasma
electrons are ultrarelativistic (v ~ c¢) we choose by 5
= De?/hv. As the lower impact parameter we substitute
the value at which a deviation by an angle ~ /2 takes
place, i.e., by =e®/(pv)[*J (the angle brackets de-
note averaging in momentum space). In the nonrelativis-
tic case by ip = €%/3T, and in the ultrarelativistic limit
bmin = e2 2T..

When writing out the collision term in the form (2.1),
it was assumed that the radius of curvature of the par-
ticle trajectory is much larger than the Debye length, so
that the magnetic field does not influence the collision
act. Of course, this statement is valid for magnetic
fields that are not too strong.

The subsequent analysis is based on the fact that the
crossing terms Cgj and Cje can be greatly simplified by
taking into account the large difference between the
masses of the electrons and ions. For ultrarelativistic
electrons, however, the role of the mass is played by
the quantity m¥ (the subsequent calculations confirm this
conclusion), and the small parameter of the theory is
actually the quantity m*/mi. Obviously, the electron
temperature should be %ounded from above by the con-
dition Tse < myc?, for otherwise the electrons will be
just as ""heavy' as the ions. It is easy to show that if the
energies of the light and heavy particles are of the same
order, then the energy exchange times between identical
particles (Tge and 7€) are smaller than the time of en-
ergy exchange between the electrons and ions (1&41):

Tt i T T =1 (mi/ mS)": mi/ m,".

It is now clear that the equilibrium within each of the
plasma components sets in earlier than the equilibrium
between them, and this makes it possible for us to con-
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sider henceforth a two-temperature plasma. Expanding
the tensor Ujy in powers of the ion velocity in the elec-
tron-ion collision term, neglecting the tensor of the vis-
cous stresses of the ions, and integrating with respect to
dp;, we can obtain the following expression for Cgj in
the ion rest system:

9 d e : (3
Coi=2nel e’Ln, (Um foy® E f. +mTLU,“)
) dpy  mct
€ f)a a, 88 3 a, 6(1 1 61 @,
Uias = AP pSPPu Uses = _ PP95P 4 — P"O0p — PPs.
p mic P mic’e P
2.2)

In (2.2), the first term does not depend at all on the de-
tailed form of the distribution function of the ions (it can
be designated by Céi), while the second and third terms

(Cgi) are small quantities ~mp /m;.

With the aid of (2.2) it is easy to find the friction
force exerted on the electrons by the ions, assuming
that the electrons have a distribution (1.8) (where, how-
ever, Uy should be replaced by the relative velocity
V =ug —u;j). If we assume that V is small in compar-
ison with the thermal velocities of the electrons, and
also neglect the terms ~mg /m; and higher, then we ob-
tain for the friction force

(0)

R, =—-m.,G.nn.V/1., (2.3)

where 7, is the time of scattering of the electrons by
the ions:
3m.G.T.cK,(2)exp(z.)
4netelLn,(1+2/z,+.2/2.%)

Te =

2.4)

In the derivation of (2.3) we used the following proper-
ties of the tensor anB:

U, oap ___Eﬁ
opa & P’
For nonrelativistic temperatures, (2.4) yields a well-

known result (seet**)), and in the ultrarelativistic limit

we obtain

Uuap Po= Unaﬁ = 0.

1. = 3T.% / ne.%e*Lnc. (2.5)

In complete analogy with the expression for Cg; we
can simplify the ion-electron collision term by assuming
that the electron distribution function differs little from
Maxwellian, and that the electron thermal velocities
greatly exceed the ion velocities as well as the relative
velocity V:

m,Gnn, 0@

Gt (£

1
nt,  0p.

m; 0pa . n; 0P

2.6)

(in (2.6), the calculation is carried out in the rest sys-
tem of the ions). The heat release Q; can be obtained
with the aid of (2.6) by assuming the deviation of f; from
the Maxwellian function to be small:
3m.G.n.
Qi m;T.

(T.-T)). 2.7)
Using the conservation laws (1.2), we can obtain in the
limit ug, u; < c the relation

Q.= —R.V-0. 2.8)

3. The simplification of the crossing collision terms
greatly facilitates the problem of finding equations for
the small corrections &, to the Maxwellian distribution
function. It is convemen% to go over first in the kinetic
equation (1.1) to a new variable, namely the random mo-
mentum p;. This transition can be effected in general
form by turning to formulas (1.4). For our problem,
however, there is no need for such a general approach;
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it suffices to use formulas (1.4) in an approximation
linear in u,, and also to discard from the kinetic equa-
tion those terms that are products of two or more per-
turbing factors, such as the derivatives with respect to
t and r of the macroscopic parameters, the electric
field E, and the relative velocity V.

For electrons in the ultrarelativistic limit
(Tg > mge? pg > mec), Eq. (1 1) takes the form

Bf,
d.f. ¢ 0f. . d. df.  odu. 0f.
e _f+(, 1] w)J__ Bl gy
dt p or ¢ dt ap oz op:
—C (o i = 1) = Cot” (fer )5
0. =¢eH/mS c, E*=E+c'[uH],

where wg is the cyclotron frequency of the electrons,
and eq = —e. We have left out the primes from (3.1), and -
also added and subtracted the term Cg; (o, £{), where f;
is the ion distribution function shifted in such a way that
the average ion velocity coincides with the average
electron velocity. Obviously, the term C i€ £ —f! ) is
small in comparison with Cel(f £ 1) in the case when the
thermal velocities of the electrons exceed the relative
velocity V. Of course, the terms in the right-hand side
of (3.1) are small, since we are considering the case of
small gradients, electric fields, etc.

If we discard the entire right-hand side of the last
equation, then the solution is an arbitrary ultrarelativis-
tic Maxwellian distribution:

©_ T () gp( =25
1 =g () e (=)

e

(3.2)

Since the zeroth approximation (3.2) already gives the
correct value of the parameters ng, ug, and Ty, it is
necessary to impose on the correction <I>e the additional
conditions:

[100dp=0, ¢ [-21"0ap=0, [(e—me)"0.ap=0. (3.3)

In the next approximation, when finding the small correc-
tions, it suffices to substitute (3.2) in the right-hand
side. This gives rise to derivatives of ng, u,, and Tq
with respect to time; these derivatives shou‘id be re-
placed by their zeroth approxunatmns. Multiplying (3.1)
by 1, p, and (e — mgc®) and integrating with respect to

the momenta of the electron, we can obtain expressions
for the zeroth approximation of the derivative if we also
take (3.3) into account. We now obtain for the first-
approximation correction &, the equation

]O(D {m,'c ( pe .
N P 4T,
©

ap
PR51)+ 2 paﬂwtuﬂ}f‘_
pc

H
me

(0 © 1) py.
1.0+ (@) =51 [pan ) b

1

pzcz \
- +
PV n.T.

1272/

+ 3m.™ (
Pt (3.4)

Li(0)=C (1 0., 1),

p
— Oap-
—3 Oap

L.(0)=C.(" i, )+Cu(fe(°)<be,f(°)),

R = [pla(®.)dp, .= v1n—+ “E, P =Pporr—
We have introduced here the symmetrical tensor W

eq
with a zero trace (the tensor of the shear velocity): o

du, 2
Weap = ——+—£}:’- — ?Ga, div u,.

In the right-hand side of (3.4) we have discarded the
terms ~mg/m; (for example, Cq;), and we have expanded
the integral Cg;(fS”, f; —£}) in a series, retaining only
the term linear in V As to the equation for the correc-
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tion &;, it takes the same form as given by
Braginskif [**), since the ions were assumed to be cold
from the very outset (T; < m;c?).

4, The equation for the correction (3.4) is linear, so
that we can seek a solution in the form of a sum of
terms, each of which is connected with one perturbing
factor, namely the temperature gradient VT, or the
density gradient Vng, the shift of the velocity V, the in-
homogeneity of the velocity Wea g or the electric field
E.

A. From the form of Eq. (3.4) it is clear that the per-
turbing factors VTg, Vn,, and E* can be considered
together (by introducing the vector $,). The solution of
the equation for the correction, which is connected with
the vector P, is sought in the form

@y (p) =AY+ A'p¥e. + A"Ploode], (4.1)

where A°, A’, and A” are functions of only the absolute
magnitude of the momentum, and the symbols Il and 1
denote the components of the given vector respectively
along and across the magnetic field. It suffices to find
A’ and A", since A° can easily be obtained from the ex-
pression for A’ by putting we = 0. The friction force R:b”
can be sought in the form

RY = n,To (K% + K'pey + K [00,]), (4.2)

where K% K/, and K” are numbers still to be determined.
Introducing the complex quantities
A=A"+i0hd”, K=K +iohK’,
we can obtain an equation for A:
(0) .
- e
(4.3)

(h is the unit vector in the direction of the magnetic
field). Following'**’*) we seek the function A in the
form of a series in Sonine polynomialst®®} (in this case
it is convenient to use third-order polynomials):

L.(4p)+ 1.(4p) — ”‘—pc i0.hf® Ap =

T T )
A=—" mLm te), to=—r,
2 () T,

me=1

an=a, +ioha,”

(4.4)

In (4.4), the expansion begins with m = 1, so as not to
violate the condition (3.3).

~ Multiplying (4.3) by L‘*’p and integrating with respect
to the momenta, we can obtain an infinite system of
algebraic equations for the coefficients a ,:

(n;;”:‘!)! 0= b1n (1 -y a,,,oco,,,’) , (4.5)

m=1i

Z (Gnm T+ Cam’) @ + i@ ,hT,

Mu=i

n=1, 2,3, ..., where we have introduced the following
notation:

Te
T _[ PkL,f.af Lo (L") dp,
Omp = — Te

" 3n.T.m,

Amn =

4,6
j Puva»n I.; (pkLv:n ) dp» ( )

m,n=0,1,2, ... Now R§p“ and q, are obtained from
the formulas

RY = — nT Y, Gom @i + am'bes + an’ [00be]),
- 4.7)

__bna Tl

Gy = — o (@) +aes + 0" 0],
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In the derivation of (4.5) and (4.7) we used the ortho-
gonality property of the Sonine polynomials[16

=(m+k)l

l Smn.

[ oL LY e (4.8)

In the Appendix we show how to calculate the matrix
elements ay,, and amp.

B. In complete analogy with the foregoing, we can in-
vestigate the term proportional to V in (3.4). In this
case it is necessary to solve the equation

(n zj)l @ =0’ T O (1 - ia”‘a“m/) ’
(4.9)

n=1,2, 3, .. The friction force and the heat flux, which
are connected with V, are obtained from the formulas

Z (Gpm + Anm’) @, + i0.h7,

me={ m=1

m'n, O
Ry = —2 Ao’ (@"V, +a,'V, +a,” [0,V]),
T. Mum i

(4.10)
qv =4n,T.(a,’V, +a,/V, +a"[0.V]).

The matrix elements %mn and ";nn are the same here
as in (4.5).

C. Finally, in (3.4) it is necessary to investigate the
term proportional to a shear-velocity tensor W¢ , 5. g
is interesting to note that when arbitrary temperatures
are considered, there appears in the right-hand side of
(3.4), besides the perturbing factor ~Wg B’ also an
additional term ~6a div u,, which corresponds to the

presence of two viscosities in the dissipative liquid*™.
However, the second viscosity vanishes for both rela-
tivistic and ultrarelativistic temperatures. In the sec-
ond case, the problem reduces to solution of the equation
my'c o) a0, 2

i f' [pmu]——=

sWeasfe -
7 ap Pas of

Lo (@) + L (D0) —

(4.11)

pm.c

If the magnetic field is directed along the z axis, then
it is convenient to represent Wy, g as a sum of three
tensors:

Weas = Wiorap + Winyas + Waayap.

In the chosen coordinate system, the tensor W ©0)ap is
diagonal, and its components are

' W(o)u = W(o)zz = '/z(Wcz + Wr.-w) ) W(on: = Wm.

The tensors W 1)ep and W @)aB have the following non-
zero elements:

Wu=—Wun=""Weae— W), Wie=Wuu=We

and

W(z)u = W(z)u = Wu:ly W(z)za = W(z).\z = Weyz-

It is necessary to introduce also the two tensors W 3)a
and W(4)a 8 with the following nontrivial components:

) W(a)u = _W(s)zz = "2(0eWexy, W(z)xz = W(a)zn = mt(Wu: - Wavy)

and

W(A)IJ = W(«m = -(l)ch-yzy W(A)JZ = W(A)23 = muWexx-

These tensors have the property that the action of the
operator p x h Vp causes the term W(O) afPap to vanish,

and transforms the expressions for W M)a Bp ap and
W2)epPap into terms of the form W (3)apPap and
W(4)aBpaB, and vice versa. )

We can now seek the solution of (4.11) in the form

D. |. Dzhavakhishvili and N. L. Tsintsadze 669



¢ v
O == 3\ B Woapa.

m=0

(4.12)
By introducing the complex quantities

B’ =B+ 2ighB®, B”=B® 4 iohB®

we can obtain separately equations for the functions

B'®, B’, and B”, and it suffices to solve only the equa-

tion for B”, since then, we can find the solution for B®

by putting w, = 0, whereas the solution for the function

B’ can also be obtained by making the substitution

we — 2wg!

17T,

Papf 2(0) .
(4.13)

We seek again the solution of (4.13) in the form of a
series in Sonine polynomials (in this case it is conven-
- ient to choose fifth-order polynomials):

B =Y b L.
The infinite system of algebraic equations for the de-
termination of the coefficients B, is

” mSc | ©) o _
I,,(—B”Pap)""In'(“B pah)+—p—w’ehfﬂ B pap = 2 pe

(4.14)

2 (Bam -+ Bom Yo" + zmehr,g'(—;":@l b’ =6, n=0,1,2,...
= (4.15)
where
Bra = = g [ Pl (08" ), (4.16)

and Bx'nn is obtained from the analogous formula by re-
placing Lee by the electron-ion collision term (the
matrices 8, and 8, . are calculated in the Appendix).
The viscous-stress tensor Teag is now given by

Teap = — 8Tn.T. Z b6 ™ W (3.

5. I we confine ourselves in the series (4.4) and
(4.14) to the first few terms of the expansions, then we
terminate in suitable fashion the infinite systems of
algebraic equations (4.5), (4.9), and (4.15), which can
now be solved in practice. Retaining the first two poly-
nomials in (4.4) and (4.14), we can ultimately obtain ex-
pressions for the momentum R, transferred in the colli-
sions from the ions to the electrons, for the electron
heat flux g, and for the viscous-stress tensor 7g o g:

(4.17)-

R.=—oV,—a,V, +a,[hV]-p,V,T,—B,V,T. — p,[bVT.]

T,

3n.
— /s epA[hRE]— /s @.m. Baue, + /s 0.m. B, [hu,],

q. =4V, =AYV, + A, [hV]—2%,V, T, — %, V,T. — %, [hVT,]

BalhVn.] ~, e By —*/sep By
(5.1)

T, T,
+3*n:l5uvnne+3—nehv¢ne+

e

3n.
—Ysem[hE]— Y5 0m, % u,, + /s 0.m, % [hu,],

ua[hVno]— /s e, By — Vs e, B,
(5.2)

T, T,
+§n—e%”V”7}e+3_ne-K_LVJ_ne+

where
m.n, m.'n,
oy =

ozt ay’
Loy, O = ( 1- ) ’
Te T. A

_ om'n, z(ozl o)
QA = - A H
Bz’ + By’ z (B 27+ Bo”)
— =R/

A A

’ ¢z+ L4 g}h” £2+‘A’ ”

KJ_=neTg——v-—Mx ho , —_x( : :cA o—) .
(5.3)

81 = nefo,

pr=n.

7»" = n.T ko, M=nT,

A
nJI.t.

n.Tete (12 +1v.")
§, =t e 07
o Yo, L e A
Rt 8122 T 1)

A 2

=

A= N
m.
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A=zt+ 622+ 8, z.=0.1,
and the numerical coefficients are
a, =08754, o’ =65,19, a”=14,06, a’=3,000, o, =0,600,
Bo=10,1672, B/ =87,50, B,”=20,14, B/ =3,487, B.”=0,750,
(5.4)
Yo=07213, ¢,/ =3773, ./ =9225 /' =1275 "= 3,000,
ko =0,4590, A/ =240,2, A =5662, A/ =9,000, A" =2,000,
8, =49,31, 8 —5233; (5.5)
Teap = =Mo" Wiorar — M Winsap — 02" Wiaras + 15° (200) "W )8
F 10 Wiass

o =0,212n. 7., n.° =nT.7.(4,80z2+ 187) / A, n° =n."(22,)

ne =nl.rx.(xr+402) /A, M =n¢(22.), A, =z.+ 63822+ 882,

(5.6)

All the formulas presented above were obtained for the
case of singly charged ions Z; = 1 (Z; is the charge num-
ber). Of course, it is easy to consider the case Z; > 1.
Thus, it is seen from the formulas presented above that
the dependence of the transport coefficients on the tem-
perature becomes strongly altered in the case of ultra-
relativistic plasma electrons. Finally, it is necessary
to note that an essential change takes place in the sys-
tem of hydrodynamic equations itself. In fact, by con-
sidering small average velocities of the plasma compon-
ents (ug, uj < ¢), we can simplify the system (1.5), but
we are still left with new terms, which are completely
missing from the nonrelativistic theory'*!, Using
Braginskii’s results'**], we can easily show that in the
case of low temperatures these terms are indeed small
(of the order of ¢®) and can be discarded. In the ultra-
relativistic limit, however, they have the same order

of magnitude as the remaining terms of the system of

" “transport equations and must be retained (in this case

the transport coefficients are estimated from formulas
(5.3) and (5.6)).

In conclusion, the authors are deeply grateful to
B. B. Kadomtsev, E. M. Lifshitz and A. A. Rukhadze for
their interest in the work and for valuable remarks.

APPENDIX

It was necessary in the foregoing to calculate the
integrals (4.6) and (4.16). a,, and By, are calculated
in elementary fashion, since they easily reduce to the
form

U :%Jtze-z}j’ LYdt, B = »?—J’t‘e"L,(:) LYd. (A1)
The calculation of the matrices o, and gy, , is some-
what more complicated. From (4.%1) and (4.16) we can
easily see that in the ultrarelativistic limit
(p, o > mgc) the integrands tend to zero if the angle
between the directions of the vectors p and p’ is very
small. Then, considering nonzero angles, the tensor
Uji can be greatly simplified by discarding terms of
order (mfc/p)® and above:

,lﬁ’;zi (pp’—pp')émfp«pa%pf’p» o (A.2)
1Y ¢ pp
Now the matrices a.,, and By, take the diagonal form

_1 (m+1) (m+3)!

Koo = 0, Cmn = 4 o Gm",
1 (m+2)(m+5)!
ﬁao= 24» an=T0——T§mm (A-3)
mrn=1,2,3... (ay=12, an =45 an=120,..., p.=216,...).
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Finally, we can write out the matrices a,, and an-

111 1 ..,

, 144 4 .., ‘ 144 144, ..

Imn=11 4 10 10...|, Bmn=|144 864... | (A.4)
1 4 .10 20 .........

*[uaH] =u, X H.
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