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A theory of cyclotron resonance in metals in the specular reflection of electrons from a surface is 
developed. An asymptotically exact solution of the Maxwell equations is derived, and it is shown 
that, under certain conditions, the resonance contribution to the impedance can be small in com
parison with the major nonresonance term. In this way, a microscopic and quantitative explanation 
is obtained of the phenomenological resonance line shape proposed by ChambersY] Inversion of 
the resonance curve in comparison with the case of diffuse scattering occurs during specular re
flection. The dependence of the resonance amplitude, width, and shape, on the magnetic field 
strength, the anisotropy of the dispersion law, and the external wave polarization is analyzed. 

1. INTRODUCTION 

AFTER the prediction in 1956 of cyclotron resonance 
in metals,Pl this phenomenon was discovered experi
mentally in many metals and became one of the most 
effecti ve methods for the study of their electron prop
erties. At the time, when the theory of cyclotron reso
nance was developed,[2] it seemed indubitable that the 
scattering of electrons from the surface of a metal was 
diffuse, or close to diffuse. This point of view obtained 
wide acceptance and most investigators assumed that 
analysis of the case of specular reflection of electrons 
from the surface was only of academic interest. The 
effect of the character of the reflection of the electrons 
on cyclotron resonance was considered by one of us in 
1957,[3] and it was pointed out that for nonspecular scat
tering the surface impedance of the metal in the neigh
borhood of resonances was practically independent of 
the character of reflection of the electrons. It was then 
pointed out that "the case of specular reflection is a 
special one, since the principal contribution to the cur
rent density in this case is made by electrons that 
undergo multiple collisions with the surface of the 
metal." In this special case, the principal term of the 
asymptotic expression for the current density does not 
have resonance Singularities and depends smoothly on 
the magnetic field, while the cyclotron resonance arises 
only in the next terms of the asymptotic expansion. For 
specular reflection, the resonance in the surface im
pedance of the metal was not studied in[21, although the 
asymptotic current density corresponding to this limit
ing case was obtained. 

Later on, an experimental investigation of the line 
shape of cyclotron resonance showed that Significant 
deviations from the theory are observed)21 The phe
nomenological calculations of Chambers,[4] based on 
the assumption that the resonance contribution to the 
current density is small in comparison with the non
resonant part, was in Significantly better correspond
ence with the results of many experiments. The 
Chambers hypothesis finds a natural microscopic 
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explanation if one assumes the scattering of the elec
trons to be close to specular. In this case, the screen
ing current and the skin layer are created by electrons 
that are accelerated along the surface of the metal and 
do not take part in the resonance. The latter is due to 
the so-called "volume" electrons, which do not collide 
with the surface of the metal. 

The oscillations of the surface impedance of many 
metals, discovered by Khaikin,[5] also favor specular 
reflection. These occur in weak magnetic fields 
(H ~ 1-10 Oe) and represent an effect similar to cy
clotron resonance; they are due to transitions of the 
electrons between magnetic surface levels.[6] The 
very existence of such levels and the observation of 
oscillations in weak fields are connected with the spec
ular reflection of the electrons from the surface. The 
physical reason for the specular reflection is the weak 
diffraction of the electrons by the random inhomogenei
ties of the surface and the sample under conditions 
when the height of the roughnesses is less than the 
reciprocal of the normal component of the wave vector 
of the electron. [7] The electrical conductivity of thin 
monocrystalline filaments (whiskers) is well explained 
by specular reflection of the electrons. At any rate it 
is impossible at the present time to state that the 
scattering of the electrons by the boundaries of a metal 
is diffuse. At the present time it is evidently possible 
to prepare samples of metals with such smooth and 
uniform surfaces that the reflection of the electrons 
will be sufficiently close to specular. Therefore, the 
theoretical study of cyclotron resonance for specular 
reflection is of definite interest. 

In addition to the already mentioned work of one of 
the authors pl the effect of the character of the reflec
tion on cyclotron resonance in metals was studied by 
Meterovich,[8] who considered another limiting case, 
and did not analyze the situation in which the reflection 
of the electrons is sufficiently close to specular. 

In the present work, an asymptotically exact solu
tion of the problem of cyclotron resonance for specular 
reflection has been obtained on the basis of further de-
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velopment of the method proposed by Hartmann and 
Luttinger. It is shown that the resonance component of 
the surface impedance constitutes a small increment to 
its nonresonant part. The dependence of the line shape 
and of the amplitude of the resonances on the magnetic 
field, the dispersion law of the electrons, the frequency, 
and other parameters are analyzed. 

2. STATEMENT OF THE PROBLEM 

We consider first an alkali metal with a spherical 
Fermi surface. A constant and uniform magnetic field 
H is parallel to the metal-vacuum interface and is 
directed along the z axis. The x axis coincides with 
the direction of the inward normal to the boundary. 
The electric vector E of the external electromagnetic 
wave is parallel to the z axis (the ordinary wave). In 
order to find the high-frequency field in the metal, it 
is necessary to solve the Maxwell equations. We write 
them down for the spatial Fourier component: 

m 

~(k)=2 S dxE(x)coskx, (2.1) 
o 

(E(x) is continued in even fashion to the region x < 0 
outside the metal). Neglecting the displacement current, 
we have 

k'~(k) + 2E'(0) = 4niwc-'j(k), (2.2) 
where j(k) is the Fourier component of the z compon
ent of the current density, w is the frequency of the 
wave, and c is the velocity of light; the prime denotes 
the derivati ve with respect to x. 

To find the connection between j (k) and G( k), we 
must solve the kinetic equation for the electron distri
bution function with account of the reflection of the 
electrons from the interface. Such calculations for an 
arbitrary reflection coefficient p have been carried 
out previously.[3J Using the results of these calcula
tions, we write down the final formula for the current: 

j(k)=K(k){$(k)- S dk'Q(k,k')~(k'). (2.3) 
o 

Here K(k) is the Fourier component of the conductivity 
of the unbounded metal and does not depend on the con
ditions of reflection of the electrons from the boundary. 
According to[2] 

3aytl/2 ":rr: 

K(k)= -,,-S dS sin S cos'S S dx e-'x S dT cos [kR.L (COST - COS(T - x)) 1 
o 0 0 

n/' m J '(kR ) 
= 30y S dS sin S cos'S E 'y + i~ ; 

o n=-oo 

(2.4) 

Ne' v -iw v 
0= m(v-iw) , y=-Q-' R.L=gsinS, (2.5) 

where N is the concentration, m the effective mass, 
v the Fermi velocity, e the absolute value of the 
charge on the electron, 0 = eH/mc the cyclotron fre
quency, R I the radius of the orbit of the electron in the 
magnetic field, () the polar angle with the polar axis z, 
T the azimuthal angle (vx = v I sin T, Vy = v I cos T), II 

the electron-scatterer collision frequency, R = v/O 
the maximal radius of the orbit, and In(x) a Bessel 
function. 

The nonlocal kernel of the conductivity operator 
Q(k, k') takes into account the presence of the interface 

and depends on the character of the reflection of the 
electrons from the surface. Makarov and one of the 
authors(lO] have shown that Q(k, k') represents the 
sum of two components: 

Q(k, k') = Qvo](k, k') + Qsur(k, k'). (2.6) 

The first term is the contribution to the conductivity 
from the so-called "volume" electrons. Their centers 
of orbit are found in the interior of the metal at a dis
tance greater than the radius of revolution RI' They 
are not scattered by the surface of the metal and there
fore Qvol(k, k') does not depend on the reflection co
efficient. According to(lO] 

3 n/, 

Qvo](k,k')= :y J dSsinScos'S (2.7) 

x ~ J,,(kR.L)J.(k'R.L) {Sin[ (k - k')R.Ll +(-1)' sin[ (k+ k:)R.Ll }. 
.~~ y+in k-k' k+k 

The "surface" electrons, which collide with the in
terface in each turn, determine the second component 
in (2.6). The centers of the orbits of these electrons 
are outside the metal, or inside it at a depth less than 
RI . For specular reflection, the Qsur have the follow
ing form: 

, 60yR"" , , m • d<p sin <p 
Qsur(k,k)= ---S dSsin Scos S ~ S +. 

n' ri..l y<p mn 
o n=_oc 0 (2.8) 

• nnA • nnfl. , 
X S dA cos-cos[kR.L(cos A - cos <p) 1 S dfl. cos--cos[k R.L(cos fl.-cos <p) 1. 

o <p 0 <p 

In the general case, it is not possible to solve Eq. 
(2.2). We shall therefore find its asymptotic solution. 

3. ASYMPTOTIC VALUE OF THE CURRENT 

In the region of the anomalous skin effect, the 
formulas for K( k) and Q( k, k') can be simplified by 
substituting for them the asymptotic expressions for 
large values of kR and k'R. The asymptotic forms of 
K(k) and Qvol(k, k') are simply obtained by replacing 
the Bessel functions by the apprOximate expressions 
for large arguments. As a result of simple calculations, 
we obtain 

3n oy 
K(k)=---cthny 

4 kR ' 

, 3 oy [ , 1] 
Qvo](k,k )=8 (kk')'/'R cthny n6U .. -k)+ k+k' 

(3.1) 

(3.2) 

This asymptote is valid for satisfaction of the inequality 

kR~l+ Iyl· (3.3) 
It is somewhat more complicated to find the asymp

totic expression for Qsur( k, k'). For large values of 
k and k", and also of I k - k' I, the principal contribu
tion to the integral over qJ is made by the vicinity of 
points of the saddle pOints qJ = 0 and cp = 1T. We first 
consider the saddle point cp = O. Of all the terms of 
the sum over n, the largest is the component with 
n = O. The remaining terms of the sum are small in 
comparison with unity. Keeping only the term with 
n = 0, we get the following asymptotic expression for 
the contribution to Qsur from the point cp = 0: 

6R"/' ~. kR 
Qi~r(k, k') = - 3...., S de sin'S cos'S S d<p S dA cos [T(<p' - A') ] 

1t 0 0 0 
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• k'R xI dl-tcos[ T(I-t'-qJ')]· (3.4) 
o 

Direct calculation of the integrals leads to the result: 

Q (0) (k k')=- 3 oa [lk-k'I-"'-(k+k,)-v'j 
sur, 4 (kk'R) 'I. ' 

a/' 

a = n-'I. S de sin'l. e cos' e 
o 

4nl'2 ~02 
5r'(O,25) ~ , 7. 

(3.5) 

Analysis shows that this formula is valid upon satis
faction of the following conditions: l ) 

1-p~2IYI/(kR)"'~1. (3.6) 

We now investigate the asymptotic contribution to 
Qsur from the saddle point cp = 1T. Here the principal 
role is played by their relation between the resonance 
parameter 11 - e-21TY 1 and the quantity 21Y 1 (kRf1/2. 
If the first of them is much less than the second, then 
the "volume" electrons make the principal contribu
tion to the current density, I Qvoll » 1 Qsur 1 , and the 
current density near resonance generally does not de
pend on the character of the reflection of the electrons 
from the boundary. 

In the opposite limiting case, 

11- e-'"'I >21yl / (kR) 'I. (3.7) 

In the calculation of the contribution from the point 
cp = 1T the function (y cp + in1T fl can be replaced by its 
value for cp = 1T. Calculation gives the following 
asymptotic expression: 

(0) , 3 oy {1 [ " 1] Qsur (k k )=---cthny -- n6(k-k )+--
. , 8 R . (kk') 'I. k+k' 

_~ In(k/k')} (3.8) 
n k'-k" . 

The component with the (j function is due to the contri
bution of the saddle pOints A = 0 and J.1. = 0, while the 
two other terms are connected with integration over A 
and J.1. near the upper limits in the general formula 
(2.8). . 

It is evident from a comparison of (3.2) and (3.8) 
that the kernel Qvol (k, k') is exactly compensated by 
the first two components in (3.8), in analogy with the 
case of large fields, when I y I « 1. [10] Thus, the 
asymptotic current density in the region of large values 
of kR (3.3), upon satisfaction of the inequalities (3.6) 
and (3.7), is of the form 

j(k)=~ ~S~ dk' il/(k') [Ik - k'I-'I. -(k + k')-'Io] 
4 R"·. (kk')'" (3.9) 

3noy [@(k) 1 Sdk' k] +--cthny ---- ---@(k')ln-. 
4 R k n'. k' - k" k . 

The relative value of the resonance components is 
of the order of y coth 1Ty (kRf1/2 and is small because 
of the condition (3.7). We note that the asymptotic y 
component of the current density differs from (3.9) 
only in the value of ct, that is, cty = 1.5 ctz. 

4. SOLUTION OF THE MAXWELL EQUATIONS 

We proceed to the solution of Eq. (2.2), in which the 
current density is given by the expression (3.9). We 
introduce the dimensionless variables: 

1) A limiting case that is the opposite of (3.6) has been considered 
by Meierovich. [8] 

k = kos, @(k) = -2E'(O)F(s)ko-', (4.1) 

where ko is the characteristic value of the inverse of 
the skin depth and is determined by the formula 
('T = 1//1) 

( i:lnawo )'1. ( 2i ) 
ko= C'R'" ... Ikolexp -sarctgwt , 

Then we get the following expression for F( ~); 
- dt' F(t') 

s'F(s) - i S ~SS';'I' [Is - s' 1-'1, - (s + n-'I.] 
o 

. [F (6) 1 I- ds' , s ] =1+!A ---- --F(s)ln-s n' s' - s" s' , . 
in which the parameter 

nycthny 
A = a(koR)'" 

is small because of the inequality (3.7). 

(4.2) 

(4.3) 

(4.4) 

Equation (4.3) can be solved by perturbation theory 
if we expand the solution in powers of iA. We seek the 
solution in the form 

F(s) = Fo(s) + iAF,(6), 

where F o( ~) and F 1 (0 satisfy the follOwing equations: 

s'Fo(s)- is-'I. f (~~;,Jls- S'I-'I. -(£ H)"']Fo(s') = 1, 
(4.5) 

~ dS' 
s'F,(s)-is-'I. f (S'),Jls-s'I-'f'-(sH)'I']F,(S') 

= Fo(s) -~-I~F (t')ln~ (4.6) s n'. 5' - S" 0 ~ 1;" 

The solution of the zeroth-approximation equation 
(4.5) is easily found by a method first applied by Hart
mann and Luttinger[9] to equations of a Similar type. 
We find Fo(~) in the form of a contour integral: 

-
M.(z)= J dss-'-'Fo(s); 

o 

(4.7) 

(4.8) 

Mo(z) is the Mellin transform of the function Fo(;). 
It follows from Eq. (4.5) that as ~ - uo the function 
Fo(O - 1;-2, while as ~ - 0, the function Fo(~) 
- i~ 1/2. Consequently, Mo( z) should be regular in the 
strip -2 < Re z < + %, and the constant c in (4.7) is 
chosen inside this strip. If we substitute (4.7) in (4.5), 
then the following equation is obtained for Mo(z): 

1 c+ioo -, -. I dz[Mo(z)S'+'/' - i<Do(z)Mo (z)S']= s"'. 
211£ c-i ... 

(4.9) 

(4.10) 

S- "'-;r(z+'/,) ( nz) <Do(z)= du[(u-l)-'Io-(u+l)-,I·]u-'-'= l+tg- , 
o r(z+l) 2 

where r(z) is the Euler gamma function. 
We require that Mo(z) have a simple pole with a 

residue equal to unity at the point z = -2. Then, dis
placing the contour of integral in the first component 
in (4.9) by % to the left, and going around the point 
z = -2, we obtain the component ~ 1/2, which preserves 
the same form on the right hand side of (4.9). 

After a change of variables, the homogeneous func
tion equation 
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Mo(z -'/2) = i<llo(z)Mo(z) (4.11) 

is obtained for Mo(z). Its general solution evidently 
contains as a factor an arbitrary periodic function with 
period %. A unique choice of this function is made by 
regularization of the general solution in the strip 
-2 :s Re z < % for the condition that the function Mo(z) 
should have a simple pole at the point z = -2 with unity 
residue. Such a regular solution was obtained earlier[lO] 
for Eq. (4.11) in the form of a rather complicated inte
gral. However, it can be demonstrated directly that the 
function 

( 
4 ) 2(,+2);, 7 

Mo(z)= 251'2n f-'( 5) e"('+2)/5 (4.12) 

nz (1-2Z) (3-2Z) Xcoszf(z+1)f -5- f -5-

satisfies the equation and is regular in the strip 
-4 < Re z < %, with the exception of a single point 
z = - 2, where its residue is equal to unity. 2) Thus the 
formula (4.12), together with (4.7), gives an asymptot
ically exact solution of the problem in zeroth approxi
mation in the parameter A. 

In order to obtain a solution of the next-approxima
tion equation (4.6), we make use of the following exam
ple. We represent the right side of (4.6) in the form of 
the contour integral 

(4.13) 

Then it is sufficient to construct for the functional 
equation (4.11) a solution that is regular in the strip 

Re ~ - 3 .;;: Re z < Re ~ - 112, (4.14) 

which has a simple pole at the point z = I; - 3 with a 
residue equal to 1/1 ( 1;). Then calculating the integral 
over 1;, we find MI(z), and consequently FI(~)' 

Direct calculation gives 

Ijl(~)= Mo(~) [ 1- (2cos ~~ rl (4.15) 

The solution of Eq. (4.11), which is regular in the 
strip (4.14), with residue 1/1(1;) at the point z = i; - 3, 
is 

Mt")(z) '/,n.Mo(z)M.W [1- (2 cos '/2n~)-'lsin['/,n(z + 2) 1 
M.(~-3)sin['/,n(z-~+3)]sin['/,n(~-1)1 . (4.16) 

Consequently, the Mellin transform of F I( ~) is 

1 'S·~ m 
M,(z)= z: d~M, (z). 

:1U _ioo 
(4.17) 

5. THE SURFACE IMPEDANCE 

In order to find the surface impedance, there is no 
necessity of calculating the spatial distribution of the 
high-frequency field in a metal; it is necessary only to 
know the function M (z) at the point z = -1. Actually, 
the impedance is expressed in terms of M(z) in the 
following way: 

Biw ~S Biw 
Z=--k' F(s)d6=--M(-1)"",Z,(1+iAI') 

oC u koc2 ' 
(5.1 ) 

2)11 can be shown that the solution (4.12) is identical to that ob
tained in [10] in integral form. 

Z,=- Btw Mo(_1)=[~]Z(~)'I' 1 w e-"'1iO 
k.c' f(0.4) 4n sin (2n/5) koc' 

_ 7 5 W -'"'/10 . W ( C'R'I. )% (2i 1) (5.2) 
- .• -k ,e =-7.51, exp -arctg-

oc c 3narolal 5 ro-c 
The quantity Z 1 represents the nonresonant part of 
the impedance, and depends smoothly on the magnetic 
field (Z 1 <X W 1/ 5). At high frequencies (WT» 1) the 
impedance Z 1 is in the main imaginary. The complex 
constant /J. is given by the formula 

M,(-1) 25 ( 5 )'1. 2n 
1'=---=- - 2'I'sin-e"'/'/ (5.3) 

Mo(-1) 64 n 5' 

I = S~ dx_X_(1 __ 1_) If(1,2 + i-4x/5n)f(1,6+ i·4x/5n) I' 
o thx 4ch'x (x'+n'/16) (x'+9n'/16) 

The integral J in (5.3), found by numerical integration 
is equal to 0.166 and ' 

I' ~ 0.142 exp (3ni /5). 

Substituting (5.2) and (5.3) in formula (5.1), and 
using the expression (4.4) for A, we obtain 

7.5w [3ni 2i ] Z=--exp -----. arctg(wT) 
qc'a'l, 10 5 

3.35w (3t i ) + 'I 'I 'R'I iycthnyexp 5-arctg- . a .sq 2C ~ w't" 

Here 
q = ( 3nwl~) II,</> [/,1, 101 Ne"T 

C'R'I, ' m (1 + w'-( 2 ) 'f, ' 

while the parameter a = 0.270 for the polarization 
j II H and a = 0.405 for j .l H. 

(5.4) 

(5.4' ) 

In the resonance region, the first component in Eq. 
(5.4) describes the slow and gradual decrease of the 
nonresonant part of the surface impedance with in
crease in the magnetic field (Zl <X W I/ 5, cf.[3]). The 
cyclotron resonance is described in the case considered 
by the second component in (5.4). In the neighborhood 
of resonance, when nT » 1 and I W - nn 1« n, the 
resonance contribution can be represented in the form 

where 

n-If• 
~Zn'" Z - Z, = ~R, m .. ---=---

1-i(w-nQ)T' 
(5.5) 

represents the maximum value of the real part of the 
impedance near the fundamental resonance W = nand 
qo differs from q by the replacement of R by vi w. 
Thus, in the case considered of an isotropic dispersion 
law and specular reflection of the electrons, the reso
nance curve for the impedance has a Lorentzian form. 
The amplitude of the resonance decreases slowly with 
increase in the number (as n-l/2 ~ Hl/2) and depends 
on the frequency and time of free path as W 2 • 2 T. 

It is interesting to note that for specular reflection 
the surface impedance increases at resonance, while it 
decreases for diffuse reflection. 

The anisotropy of the resonance relative to the 
mutual orientation of the high-frequency current and 
the magnetic field is characterized by the factor a-3/ 5 • 

For j II H, the impedance is (1.5)8/5 ~ 1.9 times that for 
j .l H. It is curious that this anisotropy should exist in 
an alkali metal with an isotropic dispersion law for the 
electrons. It is connected with the fact that the value of 
the screening current, which is due to the glancing 
electrons, is greater for j 1 H than for j II H. 
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Thus, in specular reflection of electrons from the 
surface of a metal (the inequalities (3.6) and (3.7», we 
arrive at the result postulated by Chambers[4] for the 
surface impedance in the resonance region. In the same 
way, the phenomenological supposition [4] as the small
ness of the resonance contribution to the impedance 
obtains its physical and rigorous quantitative founda
tion. We shall assume that some of these discrepancies 
between theory[1,2] and experiment (see, for exam
ple,[ll]), which were spoken of in the Introduction, can 
be explained by specular reflection of the electrons from 
the surface. 

We now consider the effect of a nonquadratic elec
tron dispersion on the cyclotron resonance in the case 
of specular reflection. We limit ourselves to a closed 
Fermi surface. In order to obtain the corresponding 
generalization of Eq. (5.1) to an arbitrary dispersion 
law, it is necessary to find expressions for the quanti
ties aa/R1/2 and ay coth 1Ty/R, which enter in (3.9). It 
is evident that these quantities will be tensors of sec
ond rank. Using the results of the earlier work, (2] it is 
not difficult to establish the fact that the coefficient in 
the resonance part of the current (3.9) must be re
placed as follows: 

cry e' ~ nan~ [, v - iw ] -cthny ....... --- ~-cth n-- dx. 
R 3(nn)' K Q 

(5.6) 

Here a, f3 = y, z are certain indices, na = va/v is the 
unit vector of the velocity of the electron, ny = sin X, 
nx = cos X, and K is the absolute value of the Gaussian 
curvature; integration in (5.6) is carried out along the 
line Vx = v cos" = 0 on the Fermi surface I;(p) = I;F. 
The quantities X and " represent the azimuthal and 
polar angles in the velocity space with polar axis vx. 
The components of the tensor (5.6), which contain the 
index x, are obviously equal to zero because Vx = O. 

Equation (5.6) can also be rewritten in invariant 
form: 

3(~)' rd3pl\(e-el)l\(v.)vav~cth[n V~iW]. (5.6') 

If we take it into account that dSp = dedov /Kv, then 
dov = d Xdnx, and carry out the integration over I; and 
nx with the aid of Ii functions, we then obtain (5.6). 

In a similar way we can generalize the coefficient 
for the nonresonance component in (3.9): 

au n'i·e' ~ dx 'f. 1 eH 1 'j, (5.7) 
-....... ,-na.nraV.L -
R'f. f2(nn)'(V-1W) K Cit..' 

where v 1 = (vi + Vy)1/2 Rl I Vy I is the component of the 
electron velocity perpendicular to the magnetic field, 
and the mass jJ.xx = (a 21;/ dPit1/2 is the x component 
of the effective mass tensor. The integral in (5.7) can 
also be easily transformed to an invariant form of the 
type (5.6'). 

Now, instead of the single equation (2.2), it is 
generally necessary to solve the set of two equations 
for 0y(k) and 0z(k). However, if we recognize that 
the components of the tensor (5.7) are small by virtue 
of the condition (3.7)3), then the solution can be obtained 
by reducing the tensor (5.7) to the principal axes. Es-

3) Strictly speaking, it suffices for this that kR II-e -2"'Ye I jI> I, where 
'Ye = (I'-iw)/next , and next is the extremal value of the cyclotron 
frequency. 

sentially, this does not differ from the solution which 
was obtained in the previOUS section. We therefore 
write down immediately the final form of the imped
ance tensor in the case WT » 1: 

4.28l'nw' (va'cth[n(v- iw)/Q]> (5.8) 
L'lZa=za-za,= c'lkal'/' ~ <Va'(Vl.Q=) 'h) " 

Here the angular brackets denote the integral over dSp 
of the type (5.6): 

" =~ "= , 
CIt= 

and ka is expressed in terms of the principal value of 
the tensor (5.7), in correspondence with Eq. (4.2). The 
nonresonance impedance Z a is almost imaginary and 
is given by Eq. (5.2) with the replacement of ko by k a . 

The difference of Eq. (5.8) from (5.4) is that, for an 
arbitrary dispersion law, the resonance factor 
coth [1T( II - iw)/ n] depends on pz (or on X), thanks to 
the dependence of the cyclotron frequency n on pz. 
For this reason, the cyclotron resonance becomes 
smeared out, its amplitude decreases and the shape of 
the resonance curve changes. As usual,Cl,2] the reso
nance occurs at the extremal frequencies next and 
their harmonics nnext. In order to determine the be
havior of the impedance near resonance, the cyclotron 
frequencies is expanded in powers of pz (or in X) near 
next and the integration is carried out. Simple calcu
lation leads to the following result: 

(5.9) 

n-'i, [ nis 1 ] 
= L'lRa , -( 1-+-~-,,-'-2)""'" exp -4- +""2 arctg L'l n , 

where 

(5.10) 

A 4.28n'f'w'·r'f, ( ~ n~ .. , ) / rf, dxna'i m;:, 1 'f, '17 'f. 
~R ,= ~-- J'-- Vl.-- OOW''; 

a c'lka,I'/, K,xr K '2ltxx (5.'11) 

and s denotes the sign of the second derivative mext" 
= a2m/al at the point of the Fermi surface I;(p) 
= €F, Vx = 0, where m(X) reaches an extremum. Sum
mation in (5.10) is carried out over all Xext, where 
m(X) = m~xt. In this case, if the anisotropy of the 
Fermi surface is of the order of unity (I m~xt I ~ mext), 
the quantity ~Ra is smaller by a factor of about 
(WT )1/2 than for an isotropic dispersion law for the 
electrons. It is evident that in this case the surface 
impedance increases at resonance, and does not de
crease. 

Figure 1 shows the dependence of the resonance 
contribution to the real and imaginary parts of the 
surface impedance on the parameter ~ = Wi (1 - H/Hn). 
The ordinate scale is arbitrary. The index 1 denotes 
that the curves describe the Lorentzian shape of the 
resonance line (5.5). The index 2 indicates that they 
represent the resonance curve (5.9) for s = +1, Le., 
for local minimum of the cyclotron mass, m = mmin. 
For the maximum mass (s = -1), the dependence of 
the real part of the impedance on ~ is obtained by 
mirror reflection of the curve of ~R2 relative to the 
ordinate axis, and the dependence of the imaginary part 
by reflection relative to the ordinate axis and change of 
sign of the curve ~X2, shown in Fig. lb. The change in 
the shape and width of the resonance curves is due to 
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FIG. I. Dependence of the resonance contribution to the impedance 
on the reciprocal of the magnetic field, fl. = wr(Hn/H-I): a-fl.R(e
fl.R!, O-fl.R2) and b-tJ((e-tJ(t> O-tJ(2). The index I denotes the 
quadratic dispersion law (m = const), 2 denotes the nonquadratic dis
persion law (m = mmin, s = +1). The scale on the ordinates is arbitrary. 

FIG. 2. Dependence of the derivative of the resonance part of the 
surface impedance on the reciprocal of the magnetic field. The notation 
is the same as in Fig. I. 

the effect of the electron dispersion law. Figure 2 
gives the derivatives of the real and imaginary parts 
of the impedance with respect to the magnetic field, 
inasmuch as the derivative aZ/aH is usually the quan
tity measured experimentally. 

For comparison, plots of the resonance contribution 
to the surface impedance are given in Fig. 3. They are 
constructed from the data of Melerovich [8] and refer 
to the limiting case opposite to (3.6): 

21yll (kR)" ~ 1-p~ 1. 

dR 4X , 

FIG. 3. Dependence of the resonance contribution to the impedance 
on the reciprocal of the magnetic field for a finite value I-p (the in
equality (5.12'), [8] fl.= wr (Hn/H-I): a-fl.R (e-R3. O-R4)' b-fl.X 
(e-tJ(3, O-fl.X4). The index 3 denotes the quadratic dispersion law 
(m = const); 4-the nonquadratic dispersion law (m = mmin, S = +1). 
The scale on the ordinates is arbitrary. 

The curves with the index 3 refer to the isotropic 
quadratic dispersion law for the conduction electrons 
(n{ pz) = const), and the curves with the index 4 to the 
nonquadratic dependence of €( p) and O{ pz) = Omax 
"" w/n. It is seen from a comparison of Figs. 1 and 3 
that the shape of the resonance curves depends essen
tially on the relation between the parameters 1 - P 
and 21 y 1 {kRtl/2. Inasmuch as the value of the latter 
is determined by the magnetic field, the shape of the 
curves for finite values of 1 - p will change upon 
change in H. 

We shall now discuss the dependence of the shape, 
width, and amplitude of the resonance on the magnetic 
field in the case (3.6) considered by us. For a quad
ratic dispersion law, in the region of strong fields, 
when 

1/~h ~ nl{jJT~ 1, (5.12' ) 

the resonance curves have a Lorentzian shape. Their 
relati ve width ~H/Hn ~ 1/ WT does not depend on the 
magnetic field, i.e., the resonance curves become 
narrower with increase in the number (with decreaSing 
the magnetic field). We emphasize that this conclusion 
is valid upon satisfaction of the conditions (3.7) and 
(5.12'). The inequality (3.7) can be rewritten in the 
form 

CIlT (CIl )'" n2/,>~ ____ _ _ 
n (1 + ~n')'/' qov . 

(5.13) 

In the range of very weak fields, when the inequality 
(5.12) is replaced by the inverse, the resonance oscil
lations take on a harmonic form: 

~zosc = ~RI mox . 2n (~) '\.xp ( __ 1_ + 8i arctg _1_ - 2ni~) . 
Q ~h 5 ull: Q (5.14) 

The amplitude of these oscillations decreases essen
tially exponentially with decreasing H. 

For an analysiS of the shape of the resonance curves, 
and also of the dependence of the resonance amplitude 
on the number n, it is necessary to have in mind the 
following circumstance. The inequality (3.7) {or the 
equivalent condition (5.13» can be satisfied on the 
wings of the resonance line (when ~A » 1) and violated 
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near its center. The latter takes place if the parameter 
1T( qR)1/2/ WT is small: 

n(qR)'h/ un <5f; 1. (5.15) 

In this case, the surface electrons give a much smaller 
contribution to the current density than the volume 
electrons. As a result, it is shown that the skin layer 
in the metal and the cyclotron resonance are deter
mined by the volume electrons (Le., nonresonance 
electrons). In other words, one can neglect the quantity 
Qsur in comparison with Qvol in (2.7) and the current 
density and the surface impedance cease to depend on 
the character of the reflection of the electrons from 
the surface, and have the same asymptotic form as for 
diffuse scattering (0"0 = Ne27/ m): 

8n'/' co ( c'v't ) 'I. Z, = -,- -- (1 - e-'"') 'I. r"i/'. 
3 /c' 3nco(Jo . 

(5.16) 

At resonance, the real and imaginary parts of the 
surface impedance are minimal: 

R = 4n'l,co (~) 'I. (2nn) 'I. 
n 3"'c2 3:tuH}'o art" 

_ 8n'l.co ( c'V'( ) 'I. ( nn) 'I, 
X --- --- --

n 3'/2C2 3nooo(, «rt ' 

( co't ) 'I. 
t-.=- . 

2nn ' 
(5.17) 

t-.=-1. 

The formulas (5.4) and (5.16) are matched together 
under the condition I ~ I ~ wT( qRt l/ 2/ 1T, where q is 
determined from (5.4'). Consequently, for specular 
reflection, the shape of the resonance curve and also 
the amplitude of the resonance depend significantly on 
the value of the parameter WT( qRr l / 2/ 1T and change 
with the magnetic field. 

Not long ago, we obtained a preprint of the work of 
Kamgar et al.[l2 1, in which experimental data on the 
behavior of the amplitude and shape of resonance 
curves in gallium upon a change in the number of the 
resonance are analyzed. An exponential decrease in 
the amplitude with number and a frequency dependence 
of the exponent were discovered. The authors explain 
the results of their experiments by retardation effects, 
when the path lengths of the electron in the period of 
the high-frequency field v/ W become smaller than the 
characteristic distance (R/)1/2 which the electron 
travels in the skin layer. Here the right side of the 
fundamental inequality (2.6) is violated, i.e. the quan
tity lyl(kRr1l2 ;::;(R6)1/2 w/ v becomes large'r than unity. 
A qualitative theory for this case, based on an exponen-

tial law of decay of the electromagnetic field in the 
skin layer, was recently proposed by Drew. [13J The 
results of the present work cannot be applied to the 
experiment of[12l, inasmuch as they refer to another 
limiting case. Now there exists the important problem 
of adequately explaining the dependence of the am
plitude of the resonance and the shape of the resonance 
curves on the number (magnetic field) observed in 
many metals. 

It is possible that neither one of the limiting cases 
(diffuse or specular) reflection of the electrons is 
capable of completely explaining the real experimental 
situation, and that it is necessary to take into consid
eration the dependence of the reflection coefficient of 
the electrons on the momentum. 
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