SOVIET PHYSICS JETP VOLUME

36, NUMBER 1 JANUARY, 1973

CALCULATION OF THE COLLISION CROSS SECTIONS FOR SLOW EXCITED ATOMS

AND MOLECULES
. KUDRIN and Yu. V. MIKHAILOVA

I. V. Kurchatov Atomic Energy Institute
Submitted February 28, 1972
Zh. Eksp. Teor. Fiz, 63, 63—74 (July, 1972)

The dependence of the elastic cross section, overexcitation cross section, and diffusion cross
section on resonance defect is calculated. The difficulties that arise as a result of the restricted
applicability of the quasiclassical description of the motion given by a set of two second-order
differential equations are set forth. It is shown that the well-known Stuekelberg result for the
overexcitation cross section is correct only for sufficiently large resonance defects.

1‘. We consider processes of the form

A*+ B 4" + B, (1.1a)

A*4+B— A+ B, (1.1b)
which describes slow elastic (1.1a) and inelastic (1.1b)
collisions of an excited atom A* with an unexcited atom
B. If the initial states of the atoms are connected by a
resonance-allowed dipole transition, the collision cross
sections in both channels (1.1a) and (1.1b) can signifi-
cantly exceed the gas kinetic cross section.'!

We are interested in the dependence of the elastic
scattering cross section og, the excitation transfer
cross section oy, and the transport (diffusion) cross
section op on the value of the resonance defect Ae.

Existing data in the literature on excitation transfer
cross sections refer primarily to the case of exact
resonance (A€ = 0) and are based on the calculation of

. . . . [2-47]
ot in the impact-parameter approximation. The ex-
citation transfer cross sections for small resonance de-
fects in the straight flight approximation was carried out
int®), This research deals with the collision of alkali
metal atoms excited to one of the doublet levels with
atoms in the ground state (Galitskii, Vdovin, Dobrodeev).
Calculation of the excitation transfer cross section for
collisions of slow atoms in the case Ae # 0 was per-
formed by Stuekelberg,[‘ﬂ who used a combination of
the quasiclassical method with the Born approximation.
For values of the orbital momentum [/ less than some
value j, he calculated the partial cross sections quasi-
classically, and for [ > j he used the Born approxima-
tion. The energy of interaction was written in the form

w="b/r, (1.2)

which includes the case s = 3 of interest to us (the
dipole-dipole interaction). As will be shown below, the
results of Stuekelberg describe correctly only the
asymptotic behavior of the excitation transfer cross
section at large resonance defects. As to the intermed-
iate values of A¢€, the contribution to ot of the region
[ ~ J turns out to be important, where the results of
Stuekelberg (and also of Novikovl™) are incorrect.

The calculation of the cross section in the case
Ac # 0 presents difficulties due to the restricted appli-
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cability of the quasiclassical description of the motion
prescribed by a set of two coupled second order equa-
tions. The region where both the classical and the Born
approximations lead to incorrect results turns out to be
important in the problem.

We have attempted a correct calculation of the elas-
tic scattering cross section o4, the excitation transfer
cross section o, and also the transport cross section
op over a wide range of resonance defects Ae. In addi-
tion to the problem of the total cross sections, definite
interest attaches to the dependence of the phase shift of
the scattering on ! and on the value of the resonance
defect, and also the partial cross sections of the atomic
collisions in channels (1a) and (1b). These quantities
are calculated in the given case and in the case of exact
resonance (A€ = 0).

2. In the two-state approximation,t*} the wave func-
tion describing the collision can be written in the form

}P = %1 (Ta, To) Y1 (£) + %2 (ray 1) (r). (2.1)

Here r, and rp are the coordinates of the electrons in
atoms A and B relative to the corresponding nucleus,
r the vector joining the centers of the masses A and B,
x1 and y: the wave functions which describe the initial
and final states of these atoms.

The functions ¢, and y, satisfy the set of equations

(VI k) p = ws, (V25702 = oy, (2.2)

where

—2_1;{ _” V (xa, to, 1) ips* dr, drs,

Uy = 7

V(ry, Tp, I) is the interaction operator of atoms A and
B, k; and ke are the wave numbers of the relative motion
of the atoms before and after collision.

Expanding zpj in Legendre polynomials,

b= Y QU+ 1)fPi(cos ),

we obtain the following set of equations for the functions
)

it (%_Hcf—l(l-:i))fl‘,=unfz,z,
(5—:2+kz‘—l(l—;1) )f:,z . (2-3)

where u;2 = Uz, = b/r’.
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From considerations of convenience, we chose a
model description of the dipole-dipole interaction,
corresponding to the ‘‘rotating model approximation,’’
according to which the dipole moments of the atoms fol-
low one another in the time of collisions, i.e.,

b= _2<dlzd22>M //ﬁrz.

where d; are the projections of the dipole moments of
the atoms on the axis connecting them. Such a notation
simplifies the calculation and leads only to an inconse-
quential error in a numerical factor of the order of
unity in the final expression for the cross sections.!*

If the energies of the relative motion of the atoms
before and after scattering are the same (exact reson-
ance), the characteristic value of the orbital quantum
number is the value [ = [, for which the kinetic energy
and the interaction energy of the atoms are equal at the
classical turning point, i.e.,

lo = (bk)'%. (2.4)

We shall further assume that [, >> 1. (For example, at
room temperature, I, ~ 30 for hydrogen and I, ~ 100
for mercury.)
The set of equations (2.4) must satisfy boundary con-

ditions of the form

fii(r=10) = fi,.(r =0) =0,

fitl row ~ @'sin(ksr —nl/2) + ae™T,

fuol ism ~ Pie™.
The asymptotic expressions (2.5) describe the behavior
of the wave functions at infinity, both in the elastic and
the inelastic scattering channels. It is natural that the
incident wave is absent from the inelastic channel. The
coefficients a; and g; are subject to determination. The
cross sections of interest to us, expressed in terms of
the quantities a; and Bl, have the following form:[1
excitation transfer cross section

(2.5)

4nk

— 2 2 2.6
o =4 2 @1+ 1) |3 (2.6)

elastic scattering cross section
L o : 2.7
“‘_k_sz @+ 1) |, (2.7)

total scattering cross section
4n kz

°=?ZJ @+ D[ Jal*+21607] (2.8)

and, finally, the cfoss section op describing the diffu-

sion is equal to
Op = 0p® + O'Da,

2n
0D1=F2(l+ 1) | @ — a|?

2
o =k—”Z (1) B — B

1

(2.9)

The solution of the set'(2.3) will be sought in the form

fi.1 = Cujupy, (kar) + Cranuyy, (Kur),

2.10
fr.2 = Caijiyyy (kor) + Coznryy, (Kor), ( )

where

jrow (kr) = (skr [ 2) %o,y (kr),
gy (kr) = — (kr [ 2)% Ny, (kr),

and J,(x), N,,(x) are Bessel and Neumann functions,
respectively. Conditions describing the behavior of the

waves functions at zero and at infinity must be imposed
on the coefficients Cij'
Ci2(r=0) =Cn(r=0) =0,
(r=0) (r=0) (2.11)

Cy(r—o00) >i'(1+ia), Cu(r— o) —>i'*'p,
Cio(r—00) >i'a, Ca(r— o) —>iB.

We also impose on Cjj additional conditions of the form

dCy dCi.
ar Jipw (kyr) + ar nuy (k) =0,
dCy, dCas _
—ﬁ—dr Ji+ ¥ (kzr)+ ar nu‘lz("’z’)— 0.
Then the functions Cjy satisfy the following equations:
Ci’ = (b/ ki) musy, (kur) fr, 2 (ar),

C' = —(b/ ki) jiry (kur) fi 2 (Kor),
Co = (b kar®)nisy (kor) fo, « (Kar),
sz/ = — (b / k:"a)]'u’lz (kzr)fl, 1(k17‘).

Here it is taken into account that the Wronskian is

(2.12)

et (kr) rug, (Rr) — i (hrymlyy (k) = k.

3. We first consider the case of exact resonance
(A€ = 0), i.e., we assume that k; = ko = k. We investigate
the solution of the set (2.12) in various ranges of change
of r. For r—I/k > 1"*/k, we have

a 11
J‘.(vsecy)%( ) sin(vtgy——vy+~—),

avtgy

3.1)

h n
A’v(vsecy)z—( ) cos(vtgy—vy-{—f).

avtgy
Noting that the product of the functions n and j oscil-
lates, and those of nn and jj do not, and averaging over
the interval (r — n/2Kk, r + n/2k), we get the following
set of equations as the zeroth approximation:
dcl 1 dC:z dCzi dC,,

= C2; = —C.y; =Cy; 5

dg dx aE dE

Here

£

" b dzx
127 (@ =y

E=

The solution of the set (3.2) satisfying the conditions at
infinity (2.11) is

Cy =1i[(1+ ia) cos £ — B:sin E],

Cio=1i'(aicos § + if;sin E],
Cy =i'[ificos &t — a;sin E],

Coo = i'[Bicos £+ (1 + ia/)sin E].
For the determination of @; and g; it is necessary to use
the conditions of the vanishing of the functions C,; and
C2: for r = 0. With the help of the second and fourth
equations of the set (2.12), these conditions can be writ-
ten in the following form:

(3.3)

Tb
o+ jTij,(kr)f,,z(r)dr =0,
. 'k

it j I: Jipw (kr) fra(r)dr = 0. (3'4)
v 'k

We consider the range r — I/k < 1*3/k. The functions
f; ,and f; , are exponentially small in this region with
account of the condition that b/r® < k? for r = I/k; there-
fore the boundary conditions for C,, and C:: can refer
to the point r = r*, where r* = I[/k ~ **/k. In the reg-
ion |r—I/k| < ll/s/k, the relative change in the coeffi-
cients C;; does not exceed ]ACi]-/Cijl 13/17%. There-

fore, if 3/1"°® < 1, i.e.,
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1> 1, (3.5)

then in the range |r — I/k| < 1*3/k, the coefficients Cij
change only slightly. In view of this, the conditions of
the vanishing of C,, and C2. can be imposed for r, = I/k.
Then

Bicos & + (1 + i) sin E = 0,
@ cos & + ifi sin & = 0, (3.6)
AN (3.7)
), 2rt =/ 21
Solving the set (3 6) we obtain
a =isin*&, B, = —'2sin2E, (3.8)

We recall that the expression (3.8) is valid only under
the condition (3.5).
We now compute the excitation transfer cross section
o¢. With account of (2.6), (3.8) and (3.5), we have
ot — 0;1} + 0:2)’

11

oi”—— 2 QL+ 1) |2 s
2 2, 3,
=Y ot DIpl =21 00™y). B9
t=tgv/,
Consequently, for sufficiently large I,
On = U | 2K, (3.10)

Similarly, for the case of elastic scattering, we get

1)
'o,=o0, +o

4 »
o= 2 QL+ 1) o]t < n, X

(2) .

LI

u)__4n 2 nly® *1
—FZ @+ ] =1+ 0],

l=l

(3.11)

/7

i.e.,, forio, >1,

o, = n’l,® | 2k2. (3.12)
1t is interesting to note that in the case of exact reson-
ance, the values of the cross sections in the elastic and
inelastic scattering channels are identical with accuracy
to terms of order of the cross section multiplied by a
small quantity O(*'").

1t follows from Egs. (3.10)—(3.14) that the excitation
transfer cross section and the scattering cross section
are determined by the large values ! ~ lf,/z, and there-
fore knowledge of a; and §; for small / is not required.

We now compute the diffusion cross sectionop. If
we assume that the expressions (3.8) for o; and 8; are
valid for any /, and compute the diffusion cross section,
it is then seen that the cross section is determined by
1 ~ lo. For such !, the quantities o; and ; cannot be de-
termined by Eqgs. (3.8). Using Egs. (3.3), we can see
that the error in the differences o —ap,, and 'Bl — Bl .1
produced by the imposition of the boundary conditions
at the point r = I/k rather than at zero, can be deter-
mined in the following way:
0jusy, (kr) Ar| armlo, ~ IO_J'

au B

A'Gz—(lu_ll "’Alﬁz—

b
Al(l: - a’“l ~ ”_3—j1+‘/z(k")

Busal.
Therefore, for the estimate of the diffusion cross sec-
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tion, we can use the expressions (3.8) for o; and ;.
Then

op* &~ nl' (Y3) L [ 23k*, 0p° = 0p%

Consequently,

op = 27%Ral (Ms)l* | k2, (3.13)

where I'(x) is the gamma function.

4, We now consider the more interesting case of
inexact resonance: Ak = k; — k, # 0. It must be expec-
‘ted that the scattering and overexcitation cross sections
change if even for I ~ l?, % the turning points in the first
and second channels are separated sufficiently, i.e., if

kit ks (4.1)
9

“-

Ak | 3,
leT,lo/‘}L k=

We first investigate the vicinity of the resonance, i.e.,
the region

<, (4.2)

If x < 1, we can solve the set (2.12) by perturbation
theory. Here we obtain for the coefficients a; and g,
with accuracy to x°,

o = Y4i{2 — exp[—2&i] [w, — iw,]* — exp[2&i] [w, + iw.]?},

(4.3)
= 4i{— (w’ + ws*)exp[28&i] + [w* + w.*]exp[ —2Ei]},

where £ cos Akr b

= T (Te o, o
22—y T

sin Akz dx Ak
w‘=—.[23"z 2 (2 1/ z‘t(xlj Yo zsulzy T eI,
3, 22" (k* — Pz’ 2y =1y

b sinAkz

=i et g

w, LJ 57— ) e x;

Wy = W*;, W= —w,".

It follows from the expressions (4.3) that at small x the
cross sections depend on the resonance defect in the
following way:

n2 1
0,(z) =0,(Ak=0) |1 ——-——z 2ln—— ] (4.4)
1
0,(2) = 0, (Ak = 0) [1—?1112“_‘], (4.5)
According to (2.9),
00" = 0" (Ak =0)[1 —2*(n/2)%] = o,”. (4.6)

5. We consider now the case of ‘‘large’’ resonance
defects (x >> 1). For the calculation of the coefficients
@; and By, it suffices to know only C,,(r) and Cx(r).
Actually, the coefficient Bl can be computed from the

formula
. '_'I bdr k b
=i J Tr Jurth (Kor) fus (Rar),
and for o; we have the expression
. MI bdr . .
=1 J Tr® ]z+'/z( n")f!,z( ar),

which, using (2.12), can be transformed into

Jurte (Far) juoy, (Kor)

T bdr
= Czl(oo) j T
0

+ Cp(00) j k(—);]t+ v (kyr) Ry, (Kor)



36 L. P. KUDRIN and Yu.

+ Jdr{——nl+'/,(kzr)f:1(’01’)I

oot klr)fr+vz(ker)}

j—la-mv, (kur) resy, (k‘r)} .
» (rta) (5.1)
We have introduced the parameter a in the potential in
order to avoid the divergence that arises with formal
use of the potential b/r® at small r.

In order to find C;, and C,., we eliminate C;; and C;;
from the equations of (2 12) Then

e

«
S

sz=
[

+ far{ S G k)

n1+'/, (kor) fra (ko)

dr ’
7 Jrn (kar) fus (Rur). (5'1 )

Substituting (5.1) in Eq. (2.12) for C;, and C,2, we get

dc, b , ¢ bd
dr‘ = Ny (Kar) {—]“y,(kzr) j rdr Ryt (Kar) fug (Bar)
+"r+‘l;(k2")j ]!+Vz(kz")fu Af)}
) {—;,d,(kzr) j 2 et (ki) o i)

]/+‘/z(k2')fl (kir).

+ nion (kar) j (5.2)
We find the solution of the set (5.2) for r > 1/k. For
definiteness, we shall assume that k; > k.. We use the
representations of the functions j; , ,(kr) and n;, ,(kr)
in the form

Jro (@) = Re by (z),  nuey () = Im ALy (2),

where

" () = (nz/2) H," (),

and H}”(x) in a Hankel function of the first kind.

To calculate the integrals in (5.2), we replace the in-
tegration over the interval [r, ) by integration over the
interval [r, r + i). This can be done since the integral
over the arc of infinite radius is zero and the singulari-
ties of the functions Cij’ if they are inside the contour
formed by the interval of the real axis [r, «), the arc of
infinite radius and the interval [r, r + i), make a con-
tribution of the order [B8;] <1 to the integral. The ad-
vantage of the substitution given above is that along
straight lines parallel to the imaginary axis, h{"(x) has
an asymptote of the type of a damped exponential. Using
the asymptotic representations of the Bessel function
(3.1) for r > I/k, and expanding the product bz"Ci-(z)
under the integral in a series about the point z = r,"we
replace the set (5.2) by

dc,, b\ 36° 1 b%
- = ut— Ci,
dr [1 + (zrakAk) ] 4r' (kAk)* Cutg P(kAk): "
d(’.z b : 3b* 1 bk
= 12 — Cn
(;r%Ak) ] 4r' (kAk)*® G r (/cAk)‘ (5-3)
If we seek a solution of the set (5.3) in the form
b? =
Cij= [ 14+ mj Fy,
then we get the following system of equations for Fy; ij
dFy _ Fu B ( b )2] -t
Tar WAk 2rkAk ’

V. MIKHAILOVA

dFlz Fu b 2
dr 4k Ak [ +(2r"kAk) ]
The solution of the set (5.4), which takes into account

the boundary conditions (2.11), is
Fyy = i'cos AKE(1 + iau) + i'ausin AKE,

-1

(5.4)

Fy, = i'cos AkEa; — i'(1 + ia)sin AKE, (©-5)
where
o b':
g(r)=jdr[1+4(,mk)xru I TIL
{ys 1+ Y3 r/ro+ (r/ro) LI th(—r——l’i)
12 1= V3r/ro +(r/ro)? 6 o 2
1 }’3 n
+?arctg2 (—-+ ) ?}
Here

ro=1/k(2Ak/k)"s.

We now calculate a; and Bl. We first note the follow-
ing. When Eqgs. (5.3)—(5.5) are used we have three
branch points in the upper half-plane

ryo= ™% = re™? oy = re’ns, (5.6)

The solutions (5.3)—(5.5) are valid for r > I/k and also
in the case roAk >> 1. Since x* >> 1, the solutions
(5.3)—(5.5) make it possible to determme o) and gj for
values of /, such that | < J, where

-/ ()

substituting the expressions for C
tain

(5.7)

in Eq. (5.1), we ob-

.= —Rel;+ Im I,

where
_‘- (r s) 7 Juons Ckar) [, (kar) + inggy, (or) Je%,

bd )
2= _['mjwv: (k.r) [fx+‘/z (kyr) +ingy, (kyr) Je— %o,
The function eléAK can be written in the more conven-
ient form _
gitoh [ 14 ¥Y3r/ro 4 (r/ro)*
1 —V3r/re+ (rfro)?

1+ 2i(r/r, +73/2) 7 " [ 1+ 2i(r/r, — ¥3/2)
1 — 2i(r/ro + ¥3/2) 1 — 2i(r/r,—¥3/2)
Transforming to the upper half-plane, we can calculate
the integral approximately along the real axis in terms
of an integral over the vertical cut [ro, I, + i), Conse-
quently,

irnAh/(vT( 1+ ir/r.,) rodh/12
1—ir/r,

roAk/24

\( eﬁm rodh/3 [
2

bdr
L= :“mhm(/ﬂzr) [Jren (Byr) + inggy, (kor) lexp (iEAK),

whence

bro | . . . A
1~ it i) e (i) + ineey Gk Joxp (— 15 rd
[

for (Ak/k)J > 1, we get I, ~ exp (——kJ)

Similarly, we find that I, ~ I,. Therefore, for ! << dJ,

B ~ exp (—‘;_il). (5.8)
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We note the following. We have found the functions
C.1 and C ., taking it into account that the Bessel func-
tions change much more rapidly than Cy; and the poten-
tial, and using the asymptotic representations for the
functions n,, and j,. For ] 2 J, the calculations can be
carried out in similar fashion if we seek a solution in
the complex plane (in the upper half-plane). We can use
here asymptotic expressions of the type (3.1) for large
1, without limitation on the value of r. Therefore, the
calculations for ! 2 J are similar. The complication of
the calculations lies in the fact that the singularities of
the solution (previously for I < J), located at the points
r;, r; and r3, are determined now by the more complica-
ted condition of the form

b4t + (AR (1 —1*/r*) =0.

For Bl we have here
ri+lo r
ﬂz ~ Re j T JjH-'/x(er) nl+'lz(kir)'

Then, in the case ] ~ J® we have r, ~ [ — [**, For
Ak/k)ll 3 < 1 we have ]l+1/2(k2r)nl 1/2(k1r) J9/8’ ie. .
in the region (Ak/Kk)J*®® < 1 the dependence of Al on the
resonance defect takes on a power-law character. The
width of this region Al is determined by the condition
Al ~ l1/3 ~ Jz/s.

Consequently, for I ~ J*% and ak/k < 13/7 we get

Ak

e e (5.9)

We recall that this expression is valid if the resonance
defect is such that

(Ak/ k)" <. (5.10)

For large I (I > 1), we get the result that r, < I/k.
Here B falls off with increase in the resonance defect
in exponentlal fashion (similar tol®)):

B ~ exp(—Akl/ k). (5.11)

We write out the contributions to the value of the ex- .

c1tat10n transfer cross section for I ~ J%% | <« J%®,
1> 3%,

Ao =~ == i

o (5.12)

k =
a) 1~ 1 BSR4y, o)

4 2
b) I Tk, Aat>z—nexp (—#) (%J) ;

4n Ak
l€lh,  Ao,<m~ -
c) l<gTh, oy exp( Z J)
It is of interest to note that for sufficiently large I, the
contribution of the region I ~ J*® determines the value
of the cross section. Thus, for example, for I, ~ 100
and Ak/k ~ 5 x 107, we get

Ac,’ =~ 3- 10%m | k% Ac,” = 5 - 10~%n [ kY
Ao,< =~ 10~%xn [ K2,
Up to the values of the resonance defect (A]l(/k)l?,/7 ~1,

the excitation transfer cross section falls off according
to a power law:

sy, Ak
o ik (T) . (5.13)
If Ak/k > 153" then in the region [I — J¥®| < J'/2,
B ~ e~ (5.14)

Therefore, for such Ak, the region of intermediate
values of [ does not give a large contribution to the ex-
citation transfer cross section. For the cross section
in this case, we get a result which is identical with the
result of Stuekelberg:L®]

11 Ak
o grem (— 507

We now calculate the elastic scattering cross sec-
tion. The contribution to the elastic scattering cross
section from the region I < J°/ does not exceed
47k™2J°%. As will be seen below, the region ! > J*®
gives a contribution which greatly exceeds this value,
Therefore, for calculation of the elastic scattering
cross section, we can limit ourselves to the calculation
of a; for I > J. Here, all the integrations in the ex-
pression (5.1) can be made not from zero but from the
point I/k. Then

a, = e®** sin AkE,

b*dr
= | ———] k —_—
& ,',]: (AR ]l+'/:( )~
1

and the elastic scattering cross section is equal to

15 Ak s\ s
gy —D (_z“)
Pz %

(5.15)

For the determination of the diffusion cross section,
knowledge of &) for I >> J*?® is not sufficient. For
I < J, the singularity of the solution satisfies the con-
dition |ro| >>I. Consequently, ¢; is virtually indepen-
dent of / in this region:

a = e™*sin AKE,,

b= (1+0(3)

Therefore, the moments | < J make a contribution to
the diffusion cross section of the order

cdmp b dm Ak Ak
ot~ (k"(Ak)zr},ﬂ') () () 61
In the region I ~ J, but |- J| < J'”, the values of a;
change rapidly with change in /. This is primarily as-
sociated with the strong dependence of r, on I. In the
given case, @; has the form (5.16) as before, but here

I A

Therefore, in the considered region of change of I, we
have Ial —ap, .| ~ 1, and the contribution to the diffu-
sion cross section is determined by the expression

(5.16)

where

low— @i | ~ 1,

47 —'fy
cn~7l‘/=—0D(Ak 0)( z”) . (5.18)

Consequently, in the case of sufficiently large resonance
defects, such that x* >> 1, the diffusion cross section
for Io > 1 is much less than its own value for a reson-
ance defect equal to zero. We note that for x* >> 1, the
contribution of the inelastic scattering channel to the
dlffuslon cross section is negligibly small, i.e., U%

< °D (see (2.8)).

The given results show that the calculation of the
diffusion cross section should be more accurate than
was the case int"- , avoiding large errors.
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