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Expressions for the particle and energy fluxes perpendicular to a strong magnetic field are obtained for the
case of a weak collision plasma and axially symmetric toroidal systems. Besides the longitudinal solenoidal
and radial potential electric fields, allowance is made for deviations of the equipotential surfaces from the
magnetic surfaces caused both by equilibrium variations of the potential and by low frequency plasma
oscillations. An equation is derived which defines the magnitude of the self-consistent radial electric field. It
is shown that diffusion involves the appearance of a velocity of the plasma as a whole along the magnetic

field force lines; the magnitude of the velocity varies with time.

MANY recent papers have been devoted to different
problems in the theory of transport processes across a
strong magnetic field in a toroidal system. Most of
these papers, however, consider the case when the sys-
tem parameters are such that the self-consistent elec-
tric field that is produced in the quasistationary diffu-
sion regime exerts no influence on the character of the
motion of the individual particles, and its equipotentials
coincide with the magnetic surfaces®’. In addition, the
question of determining the self- consistent radial field
produced in the plasma still remains open, since the
condition of ambipolar diffusion is automatically satis-
fied for a fully-ionized plasma in the lowest order in
the Larmor radius (i.e., in 1/B), and consequently this
condition cannot serve as an equation for the determina-
tion of this field.

The purpose of the present paper was to fill the indi-
cated gaps, i.e., to obtain expressions for the particle
and energy fluxes with allowance both for the possible
deviations of the equipotentials from the magnetic sur-
faces and for the radial electric field. It is also our
aim to derive an equation for the value of this field,
confining ourselves in the solution of the kinetic equa-
tion to the first approximation in the toroidality and in
the Larmor radius. We limit ourselves here to the case
of axially-symmetrical magnetic traps and sufficiently
low collision frequencies, when the hydrodynamics
equations no longer hold.

1. FORMULATION OF PROBLEM AND EQUATION
FOR LONGITUDINAL VELOCITY

Thus, we consider axially- symmetrical magnetic
traps characterized by longitudinal and azimuthal
(poloidal) magnetic field components B
= By/|1 + (x/R)cos ¢] and B, respectively, and assume
that the ratio 6 = /B is much smaller than unity
and is independent g) the small azimuth ¢.” We assume
furthermore that there exists in the system a longitud-
inal solenoidal electric field E; = Eo/|1 + (r/Rcos o]

DA somewhat abbreviated version of this paper was delivered at the
Fourth International Conference on Plasma Physics and Controlled
Fusion (paper CN-28/C-5, Madison, Wisconsin, June 1971).

DExceptions are Stringer’s investigations, where similar problems were
considered within the framework of the hydrodynamic approximation
(see, for example!!).

IFor convenience, we use here exactly the same notation as in the
earlier papers®®?,
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that produces a longitudinal current and is responsible
for the production of the stabilizing field B, and a
‘‘proper’’ electric field produced by the plasma itself
and characterized by a potential

=@y (r) + O (r, 9), 71)=(Dc(r)costp+d)x(r)sin(p, (1)

which is assumed for concreteness to consist only of
the zeroth and first harmonics &. g, while the amplitude
of the first harmonic is assumed to be low enough so
that the ratio |eJ s /T is much smaller than unity

(T; is the temperature of the particles of type j).

It should be indicated that within the framework of
the quasistationary theory considered here there exist
two mechanisms of entirely different nature leading to
the appearance of azimuthal variations of the potential.
The first mechanism is connected with the deviation of
the system from symmetry with respect to the small
azimuth, a result of the toroidality. The amplitude of
these so to speak equilibrium deviations is proportional
to the Larmor radius and to the toroidal ratio 6 = r/R,
and can be consistently calculated within the framework
of the theory considered here from the quasineutrality

condition for the corrections ﬁj to the density:

Eejﬁjzo

j

D (r, ¢)

(for details seeczj). The second source of azimuthal
variations of the potential are plasma oscillations. The
high-frequency oscillations, whose frequency Q greatly
exceeds the collision frequency, cannot lead directly to
an increase of the diffusion or of the thermal conductiv-
ity, although in the case of turbulence they can cause an
increase of the effective collision frequencies. However,
oscillations of sufficiently low frequency— much lower
than either the collision frequencies or the characteris-
tic frequencies of the azimuthal motion of the trapped
particles—can obviously be regarded as quasistatic ones
and consequently can be accounted for with sufficient
rigor within the framework of the theory in questiont®*?,
The amplitude of the variation of the potential is regar-
ded here as specified (say, determined from experi-

ment)*>
We start from the drift kinetic equatlon[ J
dF; OF; JaF oF; oF; (2)
— 47 + q> + u + w— =8\,
at ow

where u and w are the longltudmal and transverse com-
ponents of the particle velocity relative to the magnetic
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field, St. is the collision integral, the dot denotes the
total derivative with respect to time, and the subscript
j = e, i indicates the type of particle (electron or ion) to
which the particular quantity pertains. Multiplying this
equation by h®u, where h = 1 + (r/R) cos ¢, averaging
with respect to ¢, and integrating with respect to the
velocity, we readily obtain®’

IIBID o GRGF 3 + TGSty + <L EJRE Y — — i arFy,
dat m; r or
where the angle brackets denote the operation of inte-
gration in velocity space, so that, for example, (F.),
(uF;), and (rF.) are the density and longitudinal and
radial fluxes of the particles, etc., while the bar with
the superscript ¢ denotes averaging with respect to the
azimuth ¢. In deriving (3) we have neglected for sim-
plicity quantities of order §® < 1 and the electric parti-
cle drift connected with the solenoidal electric field (the
drift velocity is 6E; /B;) in comparison with the toroidal
drift; this corresponds, in particular, to neglecting the
rate of plasma contraction as a result of the usual pinch
effect in comparison with the velocity of the diffusion
motion.

Since the radial drift velocity r is a quantity of first
order of smallness in the toroidality 6 = r/R and in
1/B (i.e., in the Larmor radius), it suffices, to deter-
mine the particle and energy fluxes in the first non-
vanishing approximation, to determine the distribution
function likewise only in first order in 6 and 1/B. Ac-
cordingly, we can neglect in the kinetic equation the de-
pendence of all the quantities on the time and the cor-
rections to the azimuthal motion, necessitated by the
toroidal drift; in the equation for the electrons we can
neglect also the corrections due to the electric drift®’.
If we assume furthermore that the solenoidal field E;
is small enough so that there are no runaway electrons,
and that the energy acquired in this field by the trapped
particles is much smaller than the thermal energy,
then we can rewirte Eq. (2) after changing over from the
variables u and w to the variables

=w'/2B, &="h@"+v")+eD/m,

in the form
u oOhu OF;

1 0F; ekEu
ro; 0¢ Oor

+[9u—VE]—r'6—a——T—ijM+St5, (4)

where

u= {28 — 2¢,0 / m; — 2uB}%, B ~ B,

e;B, 1 0D,
0=, Vp=—— ;
m; B, or
FM— N; exp {_ & — e,0/m; }
REE v

vy = [Tj/mj]l/2 is the average thermal velocity and N,

is the particle density. In the equation for the electron

distribution function (j = e) we shall neglect also the

velocity of the electric drift Vg in comparison with 6u.
This equation will serve us as the starting point for

“This relation was first derived in'?!, where it was used to prove the
ambipolar character of the diffusion of a fully ionized plasma in the
lowest approximation in the Larmor radius.

9As a rule, the inequality |OvJ>[E,/B is always satisfied with a large
margin. For ions, on the other hand, this is far from always the case.
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the determination of the radial particle and energy
fluxes S]- and II]- averaged over the magnetic surface.

It is easy to verify that when |[VE| < [6v;| relation
(3) takes on the following form in the lowest order in
the Larmor radius, i.e., in the same approximation in
which Eq. (4) is valid:

00,8, = — A* <u Sty® — %E;h’Nﬁ. (5)
i

On the other hand, inasmuch as the collision integral St.
satisfies the momentum conservation law, i.e., in the
absence of neutral particles, we have

Z m;<uSt;) =0, (6)
]

it follows directly from (5) that for a fully ionized
plasma, by virtue of the quasineutrality condition Eeij
= 0, the condition for diffusion ambipolarity

Y esi=0 (7
H
is identically satisfied. In other words, it is a direct
consequence of the initial equation (4), and consequently
cannot serve as an equation for the determination of the
radial electric field E,. = ~8®,/8r produced in the
plasma.

There are two possible ways out of this difficulty.
First, one could expect a change from the first approxi-
mation in (1/B) considered by us to a more exact solu-
tion of the kinetic equation (2) to give rise to a depen-
dence of the fluxes on the electric field or on its deriva-
tives, so that the quasineutrality condition (7) acquires
a deeper meaning and ceases to be a trivial consequence
of the initial equation. This way, however, is very com-
plicated and requires, in particular, that account be
taken of the dependence of all the quantities on the time,
or that additional and generally speaking artificial sta-
tionary conditions be imposed[sj.

The second and, in our opinion, more consistent way
to resolve the indicated difficulty is to use Eq. (3).

Indeed, multiplying (3) by m;, summing over j, using
the ambipolarity condition (7), and neglecting small
quantities of order 6° and (me/mi)‘/z, we get

aN.U 19
_# = — vl Uy — ———rP, (8)

U= Y my / Y moc>
F] j

is the average ‘‘hydrodynamic’’ plasma velocity,

P = W uilyy, (9)

where

and Vio is the frequency of collisions between the ions
and the neutral particles, which we shall henceforth as-
sume to be small in comparison with the effective fre-
quency of the ion-ion collisions®.

It is interesting to note that in the case considered
here, that of a weak- collision plasma and not exces-
sively small poloidal fields, when Vg //v; < 1, the quan-
tity P turns out to be very simply connected with the
diffusion flux of the ions in the lowest order in the
toroidality 6, namely,

90n the other hand, this condition is obviously not necessary for the
derivation of (8).
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P=V.S/6. (10)

Since we shall show later on (see, incidentally[sj)
that the velocity Uy is not uniquely connected with the
velocity of the azimuthal electric drift Vg, Eq. (8) can
be regarded as the missing equation for the radial elec-
tric field E;.. Furthermore, since r is of first order of
smallness both in 1/B and in the toroidality 6, it suffices
for calculation of the quantity P which enters in (8) in
the lowest order in the toroidality to determine the dis-
tribution function likewise in first order in 1/B and in
the toroidality 6, i.e., precisely in the same approxima-
tion as used to determme the fluxes S and HJ of interest

to us”. It is important, however, that since Eq. (8) is
valid in a higher approximation than the kinetic Eq. (4),
Eq. (8) contains additional information even in this low-
est approximation and consequently makes it possible to
obtain the missing equation without resorting to a more
accurate solution of the kinetic equation.

The physical meaning of Eq. (8) is quite simple: it
represents the plasma- momentum conservation law in
the presence of diffusion loss of particles, and indicates,
in particular, that diffusion is accompanied in the entire
plasma by a velocity component along the magnetic-field
force lines. In a weak-collision plasma, the presence of
such ‘‘acceleration’” can readily be understood if it is
recognized that the main contribution to the diffusion
losses is made in this case by the ‘‘trapped’’ or ‘‘almost
trapped’’ particles, which have, in the presence of a
radial electric field E,., a nonzero average longitudinal
velocity u ~ Vg /8, and consequently continuously carry
a definite momentum out from the plasma; the rate of
such a ‘“‘departure’’ of momentum from the plasma is
determined precisely by the last term in the right-hand
side of (8). It should be 1nd1cated that this effect was
first pointed out in""- (see alsol® ) where experimental
data were cited pointing to the presence in the plasma of
of a longitudinal velocity whose nature, in all probabil-
ity, is connected with the ‘‘acceleration’’ mechanism
considered above.

We now turn to a determination of the particle and
energy fluxes S; and II;, the radial electric field E,.
= BoVE, and the longitudinal plasma velocity U,. We
start here from Eq. (4), take the collision integral St
in the form given and used int?»* , and confine ourselves
to relatively low collision frequencies satisfying the

conditions
etf

™; <|6|v,, (11)
where — —
ve!l _ 4}/231: e’ EizNik 'V!H _ 4VJI €|‘Ni7\4
’ 3 mhT% ' v T3 mhI (12)

are the effective frequencies of the electron-ion and
ion-ion collisions, as used in ordinary hydrodynamics.
In addition, we assume that mevgff/mivfff < 1 and that

the poloidal field B(p is not too small, so that
¥816]v: < | Vel < 78]0]v., (13)

and we accordingly neglect the drift velocity Vg in com-
parison with 6u in the kinetic equation (4) for the elec-
trons.

Mt should be noted that since ambipolarity results, as a rule, in S; <IIjTj"Y

it is necessary in many cases to add to the quantity P defined by (10)
also terms of higher order in the toroidality (see footnote 10 below).
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Recognizing that the procedure for solvmg (4) is
rather standard (see, for example, Lz ) and being unable
to dwell on it here in any detail, we confine ourselves
below to a simple list of the final expressions that are
valid in various limiting cases, and to brief discussions.
(The most essential steps in the solution of Eq. (4) are
given in the Appendix.)

2. EXPRESSIONS FOR THE PARTICLE AND ENERGY
FLUXES AND EQUATION FOR THE ELECTRIC
FIELD

A. We first introduce expressions for the electron
fluxes. If the deviations of the equipotentials from the
magnetic surfaces are sufficiently small, so that

Vo= [e (D + D2)]%/T,<r/R (14)
and the collision frequency satisfies the condition
rv." < (r/R)*|0|v., (15)

then the expressions for the fluxes take the form®

E . ot
S, = —2,IN, ( R) :_ZMENNC(%) pz 25 (16)
/ 2 p,2
I, = 1,18.T. — 21NT( ) Ee o4 T, ( ) o 9T, (17)
R/ B, rR! e or

where p; = V. /w. is the Larmor radius of the particle,
and Zg"‘") denotes the quantity
4 1nN.T.*

() e(l)c V ’

et == T e an
In the region of intermediate collision frequencies, when
(r/R)* |8|v.<rvi" <|0]v., (18)

but the condition (14) is satisfied as before, we get

S. *~34N(R)

I, = 38.7. — 417VT( )

|8]v. E; -
"i”Fw 1,25

|0|v, r z pe2 (1,5)
SN () et a9
18fve B¢
rve/! E

NUTE(L) "ol oIt

R/ & or

On the other hand, if the variations of the electrostatic

potential are sufficiently large, i.e.,

_ 3751012
.

(20)

(21)

then the decisive role is played not by the toroidal but
by the electric drift, and formulas (15)—(20) take the
form

7.>r/[R,

y, E R h Oe _
b Loy — 3 8v. //Neyelz Y = YE( 0,9),

S, = —2,2N.7". (22)

9
p E . b Do ,
I, = 0,628.7, — NI —=— 22y /’NTV’L 2l (29)
By ar
at rugff < 7“3/2]9}\; and

S, = —0,62 lel:; 1\/7/"ez — 0,62 [9|ve NVZ 2( 0.5) (24)

V W

9Some differences between the numerical coefficients given here and the
corresponding coefficients oft®) are due to the fact that we have used
here the exact expressions for the collision frequencies, whereas inP! it
was assumed that vii ~1/v>. On the other hand, in ¥ it was assumed
that the collision frequency does not depend at all on the particle
energy.
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|9|"' B 4951000 y gy B
! By r 62
at 73”16 |v <rﬁ“<qm%

We present f1nally, an expression for that part of
the charge density Qg which varies with the azimuth ¢
and is connected with the electrons. This expression
can be useful for the calculation of equilibrium devia-
tions of the potential (i.e., deviations not connected with
low-frequency plasma oscillations). It turns out to be
the same for all the cases considered above:

6InT
7 (25)

I, = 28.T. — 0,94N.T.7 .

Ge = —(e’N./ T.) [®. cos ¢ + D, sin ¢]. (26)

On the other hand, the condition at which the low-
frequency oscillations with frequency £ can be regarded
as quasistatic for the electrons is

e<v. (27)

B. We now turn to the ion fluxes. The number of
limiting cases turns out to be twice as large here, since
the ratio VE/|9 [vj can be much less as well as much
larger than unity.

Let us discuss first the case of greatest practical
interest, that of sufficiently large poloidal fields, when

[Vel /16]vi< 1. (28)

The expression for the variable part of the charge den-
sity has a form perfectly analogous to (26), namely

Gi=—(eN:/T)®
and it follows from the quasineutrality condition ﬁe + ﬁi
= 0 that the equilibrium deviations of the potential in the
approximation in question are equal to zero. In other
words, in the case when the condition (28) is satisfied,
7. must be taken to mean the potential variation, con-

nected only with the low-frequency oscillations. For
ions they must be taken into account only if

Q<'V:H (29)
On the other hand, if > ugff, then, as already noted
above, they do not make a direct contribution to the
fluxes and it can be assumed that 7> = 0. At u eff > @

> yeff the variations of the potential must be taken into
account in the expressions for the electron fluxes, and
when @ < peff they must be taken into account also in
the expressions for the ion fluxes.

Let the variations of the potential be sufficiently
small so that

V= [eX(DF+ D)%/ T:<<r/R. (30)
Then in the region of small collision frequencies, when
(31)

the expressions for the ion flux density S; and for the
ion energy IIi take the form

rvi' < (r/R)* |0 v,

'
Si= —0,47v,"" AN, 0F g cuan)
Y (R ) i (32)
e ' i K]
= — 0,24 ANT, (R) ‘; 2o (33)
where dlNTE 0w v
d?éa)=._.;.+_1___;_ (Uo'— s),
or v,
N 3210 |v; r\"% 4]
A=1In { o~ maX[(7> s PP ” (34)

On the other hand, if low-frequency oscillations exist
in the plasma and satisfy the condition (29), and if their
amplitude is large enough to have

7i>r/R, (35)
then we get at low collision frequencies
e < 0| v.. (36)
The formulas for the ion fluxes take the form
S;=—02v :”szr'h—.?f""”, (37)
IL = — 0,35v." AN.T 7 25 v fgon, (38)

On the other hand, if the poloidal field B
enough so that

@ is large

Ve<< |0|vimax[(r/R) %7 %],

i.e., the electric drift is negligible also for the ions,
then the coefficients 0.17, 0.24, 0.2, and 0.35 in formu-
las (32), (33), (37), and (38) must be replaced by 1, 1.4,
1.2, and 2, respectively.

At intermediate collision frequencies, when

(r/R)*| 8| v: <m"<|8lv; for rR>7,

” (39)
70|l v |6l for r/RLV,

the expressions for the ion fluxes will be determined by

formulas (19) and (20) at r/R >> 7} and (24) and (25) at

r/R <K 7, and the subscript e in these formulas must

be replaced by i. In view of the inequality mgvg

< myf eff the term proportional to E, /B and describ-

ing the compression under the influence of the solenoidal

electric field should be neglected in comparison with the
remaining terms, just as was done in the derivation of

" formulas (32)—(38).

C. We turn now to the derivation of the equation for
the electric field E;. As already noted, in all the cases
considered above the quantity P in (8) is connected with
the corresponding ion flux by the relation (10).

As to the longitudinal plasma velocity Uo and, in par-
ticular, its connection withthe radial electric field, it
can also be obtained in principle by solving the Kinetic
equation (4). This method, however, leads to complica-
ted and rather cumbersome calculations. There is a
simpler procedure. Indeed, if we recall that Eq. (5),
together with the ambipolarity of the diffusion, is a
direct consequence of (4) if [Vg|/|0| < vj, then the con-
nection between the longitudinal velocity U, and the
plasma parameters can be obtained simply from the
ambipolarity condition (7) or, inasmuch as the ionic
diffusion coefficient of the ions is, as a rule, much lar-
ger than the electron diffusion coefficient, from the van-
ishing of the corresponding ion flux ;.

We substitute now the expression obtained for U, into
Eq. (8) and take (10) into account. This yields a final
expression for the time variation of the radial electric
field E, (or Vg)¥. By way of an example, let us con-
sider the case when the equipotentials coincide with the
magnetic surfaces (i.e., 7} < r/R), and the collision

9We must not forget, however, that the equation will be valid only so
long as Uy<yv;. This is due to the fact that the form we used for the
collision integral is also valid only when Uy<v;.
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frequencies v eft satisfy the conditions (15) and (31).

Neglecting small quantities on the order of (mg /m;)*"
in comparison with unity, we obtain from the ambipolar-
ity condition (7)

~0,15

2 8ln1V;T¢

> (40)

On the other hand, assuming for simplicity that the quan-

tity Vg /6 does not depend on the radius r, and recogniz-

ing that Sy = Sj and 8N /ot = —r~ a(rsl)/ar we get from
@
an v? OlnNJI"® olaN,
— il = L. 41
¥l = Bw; or at (41)

This equation indeed determines the sought dependence
of Uy, and consequently also of E., on the time and on
the plasma parameters. It follows from it, in particular,
that if 8 In NiT;°'15/ar < 0, then the plasma velocity U
increases monotonically with time, and the radial elec-
tric field is initially negative (if Up = 0 at t = 0), and then
goes to zero and becomes positive.

Analogous equations can be obtained also for the
other cases considered above.

D. Let us consider finally the case of small poloidal
fields B«/)’ when

(42)

In this case, as shown by calculations, there is prac-
tically no parameter region in which the main contribu-
tion is made by ‘“trapped’’ or ‘‘almost trapped’’ parti-
cles, and the fluxes of the energy and of the particles
are determined entirely by the untrapped particles with
longitudinal velocities u S v; < [Vg /8[|, As will be
shown below, the quantity r~ a(rP)/ar turns out in gen-
eral to be of the same order of smallness as the term
fw;S;, and consequently the ambipolarity condition (7)
is no longer a consequence of the initial kinetic equa-
tion (4), and therefore enables us to determine the radial
electric field E,.. Accordingly, the fluxes turn out to be

z=|Ve/0v:| >1.

191t should be noted that for the case of a weak-collision plasma and
sufficiently strong poloidal fields By, when the condition (31) is
satisfied, T.=T; and »;, =0, an analogous equation was obtained also
in 1% However, unlike in the present paper, no account was taken in
101 of the electron-ion collisions, because the lowest-order terms in the
toroidality (i.e., &%) were not included in "%, Our calculations, on
the other hand, were made with allowance for the electron-ion
collisions, but in the lowest order in the toroidality, so that the terms
proportional to the higher powers of the toroidal ratio (i.e., ~ 83/2)
were not taken into account by us. Accordingly, our results and the
results of (1! have different regions of applicability. Thus, assuming as
an estimate that T,=T;, eEr~T;, and +InN/ar=2InT/or=1/r, we find
from a comparison of the corresponding formulas that the results of
{19 are applicable in the case of a strongly ionized plasma, when

1 8 pd
vig &K —
5

eff

T
and sufficiently “‘steep” toruses, when the inequality

8 =r/R>8Vm,[m, =~ s

is satisfied. In the opposite case of sufficiently small toroidality,
8«1/5, it is necessary to use our results.

We indicate also that, generally speaking, it is necessary to add to (8)
and (41) terms corresponding to the usual viscosity (resulting from al-
lowance for the rapid Larmor rotation), which obviously cannot be ob-
tained from the drift kinetic equation (2).

DThus, for example, in the region where condition (31) is satisfied, the
trapped particles make the decisive contribution only at values of z
satisfying the inequality §°/*z<exp[—(z2/2)]; the “plateau” region
exists only if 6z*<1.
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independent of the longitudinal velocity in the lowest ap-
proximation in 6v i/VE; as before, the value of this
velocity is determined by Eq. (8).

Thus, if the inequality (42) is satisfied and the ratio
of r/R to 7% is arbitrary, we obtain the following expres-

i
sions for the particle and energy fluxes S; and Him:

o oeiray [ T \UE A n N.T0™ Vs
Si=—0,2v N‘( R) VEZP‘Z{ ar o } (43)
eD.R e r2ul AlnNTH oV
I = 2200 8, — 045w, NiTl(——) : {—ﬁ - }
r v R VEZD ar (44)

That part of the electric-charge density which is varia-
ble in the azimuth ¢ takes the form
eizN.'qS'
T

d ln N,
dar

26e:Nv?
®; Vg

vl

o Vg
and the quantity P in Eq. (8) is a rapidly decreasing
function of Vg given by

<

[ dInN.T:

oV,
_ iV E 45
- ]% ¢.(45)

P =306veIL/ TV (46)
At not too large values of (Vg /Av;)* < (mi/me)l/2
it follows from the ambipolarity condition that
VE-——L'Z aIIINTo"' (47)

®; ar ’
and consequently the term fw;S; in (3) is of the same
order as r™'a(rP)/sr.

Using, finally, formulas (26) and (45) and the quasi-
neutrality condition qe + q1 = (0, we obtain the following
expressions for the amplitudes of the equilibrium devia-
tions of the potential:

ed, =0,
v dlnN.T; v’
e 1—
€ ( o Vg T ar )/( ®. Ve
It follows therefore that in the absence of a gradient of
the ion temperature the equilibrium deviations of the
potential are equal to zero. They can become apprec-
iable only in the vicinity of the point where

T: dlnN,T"™ _ T. dlnN,;
e; ar o ar

i.e., only in the region where 81n N;/3 In T; < 0. Such a
situation, however, does not seem very likely.

dln V;

eD, =
or

)' (48)

)
Ce

APPENDIX

Let us consider the solution of (4). In the case of
sufficiently large poloidal fields, when

Vil < 731015,

the electric field has no appreciable influence on the
character of motion of the individual particles, and the
factor with Vg in the second term of the left side of (4)
can be neglected in comparison with fu. The solution

of such an equation is well known and is given, for ex-
ample, in*). We confine ourselves therefore only to the
case of sufficiently small 6, when

VAES QL2

and it is important to take the electric field into account.
Recognizing that in the absence of collisions and of a
solenoidal electric field Eg the quantity

(A.1)

(A.2)

g = j 0 dr — hujo, (A.3)

12We note, incidentally, that formulas (43)-(45) are valid in the entire
region of collision frequencies rvfT V.
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is an integral of the motion, it is convenient to change
over in (4) from the variables r, ¢, and u to new varia-
bles ro, ¢, and p, where ro is the minimal radial devia-
tion of the particle, with

r=r,+ Ar(r, ¢, p). (A.4)

In the case of sufficiently strong stabilizing fields,
when Ar/r < 1, it is easy to determine the value of Ar
as a function of the azimuth ¢, by expanding the integral
of motion J in powers of Ar and retaining the terms
quadratic in Ar:

s =g = (=) 20}
=%E‘T‘{(”°—%Y+2ml[oj<¢>—aj<<pa)]}”,
1 0 Ve
P=lm o

LdWilo) ] , (A.5)

m;

OJ(CP) = [ é(pB —}—uoz)cosw —

where Vg = —Bg'9®,/01, and up are the values of the
electric-drift velocity and of the longitudinal velocity at
the point r = ro and ¢ = ¢, While ¢, is the value of the
azimuth at which the radial coordinate of the particle is
equal to ro. We have assumed here that g is not very
close to zero, so that B 2 6‘/3; in the opposite case it
is necessary to take into account the expansion terms
that are cubic in Ar.

Thus, taking into account the explicit form of the
collision integral (seel*J), changing over in (4) to the
variables ro, ¢, and u, and confining ourselves to the
lowest order in the toroidality & = r/R, we obtain

aF; R _ @
8Au 2 — rov, {F,- - &,-unlv‘,-“‘[ 1+ ﬂ]
0] T;

i

_ Uy 01!16ij” o _ . ) . A.6
[1 + T — ] 0w a;F M Ar — ued;F8 cos @ + auoF; }’( )
where
a; = _.U_’ &b ,
vi Tv;
= ) ([ &= eBulr)imy
P = (21’!1)52) 3y { [ vE ]} ) (A.7)

U]- and vj are determined in the same manner as inm,

~ u 9 a
=2

—up— | s A8
B ap op 1 rgusroen ( )

and the quantities a, and 3, denote the average value of
a]. and the part variable in the azimuth ¢, as functions
of the variables r and ¢.

Putting now Fj = F].M(ro) [1 +§juo + \Ilj(ro, ©)], where
¥.(ro, ) < 1 is a small correction that takes into ac-

c&unt the dependence of the solution on the azimuth, we
obtain for \I/]- in the first order in Ar the equation

aVY; rovs » e®
—a;’=(ﬁL{‘P’,—CjAr—ugﬁj[ﬁcosw-}—’?i-]-I—un&j},
dlnFM In a; A.9
¢ =[t+am) —= +(1+ﬂ‘““’)emﬁi]. i
To 0w; dr,

Inasmuch as the quantity in the curly bracket is at least
of the same order of smallness as Ar, the operator L
can be replaced by
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L=y Al

N M (A.10)
We note that in terms of the ordinary variables r, ¢,
and p the distribution function, in the same order in the
toroidality, is obviously

Fy(r, @) =F¥(r, 9) {(1 + am) (1 — e D/ T}

— C;Ar + uasd cos @ + ¥j}. (A.11)

We now proceed to solve Eq. (A.9) in different limit-
ing cases.

At low collision frequencies, when the inequality (31)
or (36) is satisfied:

. Y,
;"' < |8|v;max {(%) 77’:’/’},

it is convenient to change over in (A.9) from the varia-
ble u to the variable k, where

(A.12)

(uo — V&/6) ([ 8. _ a1 e, \) " A.13
Sy el st | + ()} A9)
and to introduce a new unknown function in accordance
with the relation'®’
v, = 2C5(1B| Q)"
Bw;p

k

[f;— k]. (A.14)
Then, changing over from the variable ¢ to ¢

= (¢ — ®o)/2, recognizing that the main contribution to

the transport processes is made by the region of values

k < 1, and neglecting accordingly the last two terms on

the right-hand side of (A.9), which are of higher order

of smallness (in the toroidality), we obtain the following

equation for the function f]-:

of; %; 0%, %
0z ok T

sin® 9,
_ rv;uB
46(|BlO)"
For the untrapped particles corresponding to the region
k* > 1, the solution of (A.15) can be sought, just as in
the case Vg = 0 (see, for example [°]) by the method of
successive approximations, expanding the solution in
powers of the small parameter K < 1. Putting fj = fj

+ f}(,}), where'f'j does not depend on the angle ¢, and

Eo—
z = —7Vk*—sin*®, x;

o (A.15)

T]. <<fj (f]. is a correction proportional to the collision

frequency and taking the dependence of the distribution
function on ¢ into account), and bearing in mind that for
untrapped particles the solution f].(&) should be a periodic

function of the angle ¢ with a period 7, we obtain the fol-

lowing equations forfj and Tj(a):

of; —-i[ 9%*f;  sin*®
00 zlow z° ]

(A.16)

*f; sin?®\® /7 1\° .
ok ( z* ) /(7)  B=>1
where the superior bar with the # denotes averaging of
the corresponding quantity with respect to ¢:
n/2
=1 jA(ﬁ)dﬁ.

—nj2

4

9We note that in the case of sufficiently strong poloidal fields [Vel<iflv;,
when the condition (28) is satisfied, we can put 8=1 in (A.14) and
the following equations, and

dln FM 8 In NyT'5=° oVg & —e®/m; dlnT;
= — + @0 .

j = 3,04
aro aro v vi? aro




EFFECT OF AN ELECTRIC FIELD ON TRANSFER PROCESSES

Bearing in mind thatfj = 0 for trapped particles, we
find from (A.16) that the quantity afj /ok can be repre-
sented in the entire range of variation of k in the form

Bfs o (SEONT TN k> (A7)

ak—s(k);fdk( ) /( x) ’e(k)“{o, k<t

Thus, recognizing that the radial drift velocity is
1 " dhu 9x*

we find that the contribution made by the untrapped par-
ticles to the radial flux S; averaged over the magnetic

surface is proportional to the integral

[ Dk (g’:;) "k =, j?de(k) (gfg) ’

L

+Kjfdk[f°(1)D(1)— z°(k)D(k)] (;2‘5) 0/(I> ’

x

where D(k) is a certain function of k and is finite at
k = 1. Since

( sin® ¢ ) . _(2_ 1
zt ox: yi—k—2 '
this integral is obviously finite and consequently the
contribution from the untrapped particles to the particle
and energy fluxes is proportional to the small param-
eter k.. On the other hand, as we shall soon verify, the
contribution to the fluxes from the trapped particles
(i.e., from the region k® < 1) is proportional to
k;In(1/k;), i.e., it is decisive when k; < 1. Accordingly,
we shall take into account below only the fluxes deter-
mined by the trapped particles, i.e., by the solution of
Eq. (A.15) in the region k* < 1.

We make in (A.15) one more change of variables,
from k and ¢ to k" and ¢, in accordance with the rela-
tions

=k, sin®= |k|siny.

Since the right-hand side of (A.15) has a singularity at
x = 0, i.e., the solution has a sharp maximum in the
vicinity of the point 3 = +7/2, we obtain for f., neglect-
ing accordingly the derivative 8/8k’ in comparison with
(siny/k’ cos )a/y, the following equation:

7 S/
ap* W) ap cos
W () — 1 KK cos®p (1 — K sin’ ) (A.18)
o sin ¢ cos ¢ ®; sin® ¢ '

It is not particularly difficult to find an exact solution
of this equation. However, if account is taken of the fact
that the fluxes S; and II. averaged over the magnetic
surface are proportional to the quantity

— 8z 1

P~ fym —

x
26 o oy

n/2

i.e., behave like kjln KJTI as kj — 0, we can assume,

confining ourselves to logarithmic accuracy (i.e.,
neglecting quantities of the order of unity in comparison
with 1n K]fl), that

o W ()
o cosp Wi ()4 aW (9*)/op*’

af; k
N (A.19)
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where y* is the root of the equation W(y) = 0.

Substituting now (A.19) in the expression for the
fluxes, neglecting the contribution from the untrapped
particles, and performing a simple integration, we ob-
tain without difficulty expressions (32)—(38) and rela-
tion (10).

In the region of intermediate collision frequencies,
when the conditions (39) are satisfied, the main contri-
bution to the solution is made by the vicinity of the point
uo = Vg /8, and we can assume that

Au=u,—V;/0, Ar= Q;/w;8Au, (A.20)

Changing over further to the complex amplitudes
{q/j, Q]-} = Re{\Itj, Qj}eq’ and putting L = 1 Ba®/ul, we
obtain for \Il]- the equation

0“;’;; ¥

Yy, =2 (A.21)
y* o v’
where
_ e Vg rov;uB c0;
y=—— i= 3 ﬁj = .
Vj ev: evi eo)JvJ-

A solution of this equation can easily be obtained
(see, for example,'*?) and is of the form

W= B;/y — B (e p), (A.22)

¢ fdsexp[— (la] %i—i—isy-i)].

|l lo

x(a,y) =

Thus, recognizing that at @« < 1 we have

[+ i
o y) = a—-=~8(y)——,
o] (%) 7

where 6(y) is a delta function, we obtain
0 . QL; Ve
Vo= o(w—=7)
from which follow the expressions (19), (20), (24), (25),
and the ratio (10).

Finally, at sufficiently small transformation angles,
when |VE| > |6 \vj, it is necessary to take into account
all the terms in the right-hand side of (A.9). We can
then use the expressions (A.20) for Au and Ar and, since
the trapped particles do not, as a rule, play a significant
role whenz = |[Vg /GViI > 1, we can expand fractions of
the type 1/(uo— Vg /8) in powers of fu,/Vg. The solu-
tion of (A.9) can in this case be determined in elemen-
tary fashion, and we shall not stop to discuss it here.

In conclusion, we note that in the calculation of the
final expressions for the particle and energy fluxes Sj
and ]'I]- we encounter integrals of the type

(A.23)

J= je—' tn@)dt, L= j et =y () dt,

0 0

(A.24)
where 1 =0,1, 2, 3, and
n(t)= _172*?— [e-'z'/z + ( 1— %) .fe“s'/ﬂds].

Taking the relation

i
——V{ j dte™™ J. et s hds =
n

0

pyp—1

into account and integrating by parts and with respect
to the parameter 1, we readily obtain
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