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Scattering of atomic particles with energies of 10-180 keV has been studied in the range of distances of closest approach at 
which the inner electron shells cross. In collisions of N+, Ne+, Ar+, Kr+, and xe+ ions with atoms of Ne, Ar, Kr, and Xe, 
structure (singularities) was observed in the differential scattering cross sections. High total angular resolution of 7.5' ±0.5' 
and accuracy of- 0.5% permitted studying the location and shape of the singularities. A correlation has been established 
between the scattering singularities and formation of vacancies in internal shells, which permits the singularities to be interpreted 
as the result of the multichannel nature of scattering. A simplified description of a collision is proposed, in which there are 
two effective terms-a ground term corresponding to excitation only of outer electron shells, and an excited term corresponding 
to additional excitation of internal shells. The deflection angle and differential scattering cross section have been calculated 
for each of the possible channels in the classical and quasiclassical approximations. The theoretical cross sections have peaks 
which agree qualitatively with the experimentally observed scattering singularities. The effective interaction potentials have 
been determined from the experimental scattering cross sections by the Firsov Method. 

1. INTRODUCTION 

IN previous work[ 1J we have studied the scattering of 
atomic particles for distances of closest approach much 
smaller than the atomic dimensions. The total flux of 
particles scattered by a given angle J was measured, 
independently of their final charge state. It was ob­
served that the scattering cross section at such ap­
proach distances is not a monotonic function of the 
scattering angle as had been assumed earlier. At some 
angles singularities were observed in the scattering 
cross sections. The singularities had the form of peaks 
superposed on differential cross sections falling off 
smoothly with increasing scattering angle 
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Subsequently Loftager and Claussen[ 2J also observed 
singularities in scattering for deep collisions. 

The present work is devoted to study of the proper­
ties of the singularities in scattering cross sections 
and to discussion of the interaction mechanism leading 
to these singularities. An initial report of the results 
obtained was given at the 1971 ICPEAC)3 l Scattering 
of He+, N+, Ne+, Ar+, Kr+, and xe• ions by atoms of Ne, 
Ar, Kr, and Xe was studied for incident-particle ener­
gies of 10-180 keV and scattering angles of 3-43°. 

2. EXPERIMENTAL METHOD 

The measurements were made in a modified version 
of the apparatus described previously, [41 and part of 
them in the apparatus described by Kaminker and 
Fedorenko[ 5J, which was rebuilt to measure differential 
scattering cross sections over a wide range of the 
angle J. Ions from a source were accelerated to a 
given energy T0 and sorted in m/e by means of a 
magnetic mass monochromator. The divergence of the 
primary beam was reduced to 5'. The narrow beam of 
ions entered the collision chamber and was scattered 
by a gas target. The gas pressure in the collision 
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chamber was chosen from the condition of single colli­
sions and was ""'4 x 10-4 mm Hg. Particles scattered 
by a given angle J were separated by a collimator 
with a divergence of 5.1' and were recorded by a de­
tector working in the individual-particle counting mode. 

The total angular resolution of the apparatus (the 
width of the instrumental response function at half­
height) due to the horizontal and vertical divergence of 
the primary beam and the scattered-particle beam was 
7 .5' ± 0.5'. This permitted observation of singularities 
in all cases studied and study of the shape of the singu­
larities, since it was known from our earlier work[ 1J 
that the width of the singularities was several degrees. 

In order to monitor the constancy of the primary 
ion-beam intensity and the gas pressure in the colli­
sion chamber during measurement of the angular de­
pendence a'(J), a second scattered-particle collimator 
was used, which was set a fixed angle cp to the primary 
beam direction. The statistical error determined by 
the number of counts was reduced to ""'0.5%. 

A number of factors were considered which could 
result in distortion of the location and shape of the 
singularities: existence of several isotopes and 
thermal motion of the gas-target atoms, and also in­
stability in the accelerating voltage. The errors in 
determination of the location and shape of the singu­
larity resulting from these factors for the case of a 
Kr target were respectively 6', 5', and 3' for a 
scattering angle J = 10°. The effect of the residual 
magnetic field inside the apparatus and of the energy 
spread of the ions in the source leads to uncertainties 
in the location and shape of the singularities of 0.2' 
and 0.3'. The total error in measurement of the posi­
tion and shape of a singularity resulting from all the 
factors enumerated does not exceed ±8.5'. 

A number of control experiments were made before 
measurement of a'(J). In order to determine the 
reference zero of the scattering angle, the primary 
beam current Io was measured as a function of J. The 
value J = 0 was established from the maximum value 
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of Ia. The accuracy in determination of J = 0 was ~ 1'. 
Before study of each pair of colliding particles, the 

purity of the target-gas was checked. Here the gas was 
fed into the collision chamber and ionized by the 
primary beam. The ions produced were extracted by 
an electric field and analyzed for m/ e in the magnetic 
field by means of a mass spectrometer connected to 
the chamber. 

For correct measurement of the scattering cross 
sections and, consequently, the shape of the singulari­
ties, it is important to know the detection efficiency 
for particles of different eharges. This is due to the 
fact that in the range of To and J studied the charge 
composition of the scattered particles changes very 
rapidly with T 0 and J. In measurement of the total 
flux of scattered particles as a function of angle J, the 
individual-particle counting method was used. Before 
detection, all charged parilicles were accelerated by a 
fixed voltage of ~ 15 kV and thus acquired different 
energies. To measure the efficiency, a particle beam 
of definite charge was separated and the beam current 
was compared with the counting rate of pulses in the 
counting equipment. Conditions were provided under 
which the detection efficiency for charged particles 
with different initial ener~~ies and charges was close to 
100%. 

The background due to scattering in the residual gas 
was small (of the order of a few per cent of the scatter­
ing in the gas being studied) in scattering of heavy 
primary ions and turned out to be large (~tens of per 
cent) in scattering of He+ ions. 

3. RESULTS 

In the range of collision energy T 0 and scattering 
angle J studied, the incident-particle wavelength is 
much smaller than the characteristic size of the inter­
action region ~a0, and the scattering angle is J z: 3 o, 
which is much greater than the minimal deflection 
angle determined by the uncertainty relation. In this 
case the particle motion can be considered classical 
and characterized by an impact parameter p and dis­
tance of closest approach r 0 • 

Strictly speaking, the collisions being considered 
are inelastic. The ratio o:f the inelastic energy loss Q 
to the incident-particle kinetic energy T 0 , as follows 
from the experimental data(S-loJ, is small and amounts 
to ~1-2%. Therefore trajectory of the inelastically 
scattered particle should not differ in any important 
way from the trajectory o:f an elastic scattering. In the 
present work we have compared the classical elastic­
scattering cross sections calculated by us for the 
Bohr[ 11l, Thomas-Fermi, and Th6mas-Fermi-Dirac[ 12• 13 l 
potentials, employing quantum-mechanical electron 
density distributions in the atoms, with the measured 
cross sections. The latter two calculations are in good 
agreement with each other and describe the greater 
part of the measured cross sections better than the 
calculation with the Bohr(uJ potential. An example of 
comparison of the measured cross section with that 
calculated from the Thomas-Fermi potentialP2 l is 
given in Fig. 1. It is evident that the real interaction 
differs from the interaction described by the statistical 
model, but the extent of deviation of the experimental 
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FIG. I. Differential scattering cross section a'= da/dw as a function 
of scattering angle ,J for Kr+ -Kr collisions, T0 = 12.5 keY. Points-ex­
perimental data of the present work, curve-theoretical calculation with 
a Thomas-Fermi potential. [12 ) The cross section and angle are in the 
laboratory system. 

cross sections outside the singularities from the calcu­
lated values is small and in most cases does not ex­
ceed 20-30% in the angular region J > 40°. This per­
mits us to use the classical scattering calculations for 
evaluation of the collision parameters. 

A. Properties of the Singularities 

In order to analyze the shape of a singularity, we 
took into account the monotonic part of the scattering 
cross section a' ( J ). Here the measured cross section 
was matched with the calculated value[ 12 l at a point 
J = 4° and the ratio a~(J)/af(J) was calculated. The 
function obtained in this way is shown in Fig. 2. The 
location of a singularity J* was determined from the 
maximum deviation of the experimental cross section 
from the monotonic component a'(J), the width of the 
singularity llJ* from the width of the function 
a~(J)/af(J) at half-height, and the amplitude of the 
singularity h from the value of the ratio a~(J* )/ai(J*) 
at the peak of the distribution. 

The singularity parameters obtained in this way are 
given in the table. 

Measurements of the singularities for each pair of 
colliding particles for several incident-particle energy 
values To showed that the singularity location J* and 
width llJ* change with energy To in such a way that 
the products T 0 J* and T 0 /lJ* remain constant. In 
classical scattering of particles of different energies 
in the same potential V( r ), in the small-angle approx­
imation a fixed value of T 0 J corresponds to a definite 
distance of closest approach ro. Thus, appearance of 
a singularity corresponds to approach of the particles 
to a definite distance r~ . 

It should be noted that variation of To permits the 
singularities studied by us to be distinguished from 
peaks of some other kind, for example, the peak corre­
sponding to a limiting scattering angle which arises in 
scattering of a heavy particle by a light particle and 
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Pair To, keV 

{ 
25 14,2 

Ar+-Ar 50 6.3 
50['] 7 

( 12.5 17,6 

1 

18[2] 12,5 
25 8.8 

Kr+-Kr 50 4.4 
180 9,4 
180 21 

l 300[2] 5,4 

( 12.5 10 
25 22 Xe+-Xe { 50 II 

l 165 18.5 

Kr+-Xe 50 17,5 

N+-Kr 12.5 20 

Ne+-Kr 40 12.4 

{ 
12.5 20 

Ar+-Kr 25 10 
50 5 

5,6 0.28 0.13 1,35 
3 0,28 0,13 1,45 
4 0.28 0.13 1.40 
4 0,52 0,11 1.45 
-- 0.52 0,11 1.55 

2.2 0.52 0,11 I. 70 
I 0.52 0.11 1.60 
2,5 0.23 0.28 1.30 

15 0.15 0,11 1.20 
- 0.23 0,28 1.30 

5 0.77 0.10 1.15 
10 0.50 0,14 1.20 
5.5 0.50 0.14 1.20 
7 0.25 0.22 1.15 
6 0.30 0.17 1,20 

11 0.28 0.10 1.15 
3 0.23 0.18 1.12 
9 0,44 0.15 1.23 
5 0.44 0.15 1.20 
3 0.44 0.15 1.30 

Interacting -~ p(r) 
shells 

LAr-LAr 21-21 
• 21-21 
• 21-21 

Mxr-Mx.r 38-38 
• 38-38 
• 38-38 
• 38-38 

MKr-Lxr 38-54 
Lxr-LKr 54--54 
Mxr-LKr 38-54 

Nxe-Nxe 27-27 
Nxe-Jfxe 27-77 

• 27-77 
Mxe-Mxe 77--77 

Mxr-Mxe 38-77 

KN-MK, 73--38 

KNe-MKr 108-38 

LAr-Mxr 21--38 
• 21--38 
• 21--38 

Here T0 and{}* are the energy and angle in the laboratory system, r0 is the distance 
of closest approach [12],/l = (~ + R;- r0 )/(~ + Rj) is the degree of overlap of the elec­
tron shells,~ and Rj are the radii o(the interacting shells, p(r) [14) is the "linear" elec­
tron density in the radial direction in units of l/a0 • 
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FIG. 2. Scattering singularity for Kr•-Kr, T0 = 12.5 keY.~·= 18° 

is the location of the singularity,/:;.~*= 4° is the width of the singularity, 
h = 1.5 is the amplitude of the singularity. 

whose position Jlim is determined only by the mass 
ratio of the partners and does not depend on the colli­
sion energy. 

The distances r~ found in the present work, corre­
sponding to appearance of singularities, were compared 
with the sizes of the atomic electron shells. As the 
size of an electron shell we chose the distance from 
the center of the atom to the position of the maximal 
electron density of this shell. Electron density data 
obtained from quantum-mechanical calculationsP4 l 
were used. It turned out that as r 0 is decreased in 
scattering, singularities arise when new, deeper shells 
intersect, and the maximum of the singularity corre­
sponds to a certain degree of overlap of these shells o 
(see the table). The quantity o is defined as 

{j = (R.+R;-ro') f (R,+R;), 

where Ri and Rj are the radii of the interacting shells. 
Knowing the radii of the electron shells (141 and the 
degree of overlap o, which in the cases studied 
amounted to 0.1-0.3, we could predict the singularity 
location r~ for pairs of colliding particles not yet 
studied. 

B. Singularities and Inelastic Energy Loss 

It is well known that in achieving collision distances 
corresponding to intersection of internal shells, strong 
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FIG. 3. a-Scattering singularity for Kr•-Kr; T0 = 25 keY,~·= 
8.8°, /:;.~* = 2.2°, h = I. 7. The singularity location ~· corresponds to 
r~ = 0.52A, [ 12) which corresponds to crossing of theM shells of Kr. 
b-Probabilities W1 for excitation of various lines of discrete energy loss 
as a function of scattering angle~ for Kr•-Kr collisions, T0 = 25 keY. 
[ 7 ) QJ = 76 ± 6 eY-excitation of outer shells, Qu = 167 ± 6 eV-fur­
ther removal of one M electron, Qui = 25 5 ± 8 e Y- further removal of 
two M electrons. 

excitation and ionization of the atoms occurs. Here the 
spectrum of inelastic energy loss consists of several 
discrete lines. Thus, in our studiesr 6• 7• 10J and in those 
of other workers[8 • 9l it has been shown that deep com .. 
sions with participation of Ne, Ar, Kr, and Xe are 
accompanied by appearance of discrete lines in the 
inelastic energy-loss spectrum. The lowest-energy 
line is due to excitation of outer shell electrons. Each 
of the higher lines is associated with additional excita­
tion of individual electrons of inner shells. 

In Fig. 3 we have compared the location of a singu­
larity obtained in the present work with the dependence 
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of the relative probabilities Wi for excitation of vari­
ous lines QI, Qn, and Qnr on the angle ", obtained by 
us[7l for Kr•-Kr collisions for To= 25 keV. It is evi­
dent that the singularity appears at angles correspond­
ing to formation of vacanc:ies in the M shell of Kr (the 
lines Qn and Qm). Similar comparisons have been 
made for Ar•- Ar, Ne•- Ar, and xe•- Xe collisions. 
Thus, the singularities are observed at the same 
closest approach distances at which a sharp change is 
observed in the probabilities for excitation of the vari­
ous lines in the inelastic energy-loss spectrum. 

4. DISCUSSION 

A. Description of Scattering by Means of a System of 
Crossing Terms 

The comparisons made in the present work of the 
location of a singularity with inelastic transitions in 
deep collisions permits the scattering singularities to 
be interpreted as the result of excitation of inner-shell 
electrons. Knowing the mechanism of inner-shell exci­
tation, we can attempt to describe the particle scatter­
ing which leads to appearance of the singularities. 

In experimental studies of inelastic energy loss[&-loJ 
the conclusion has been drawn that excitation of inner 
shells is due to vacancy formation. The vacancy-for­
mation mechanism is distinct from an impact mecha­
nism, since in the incident-particle energy range 
studied the collisions are "slow" (the velocities of the 
relative motion of the atomic particles v0 are substan­
tially smaller than the velocities of the internal elec­
trons). For example, in A:r• - Ar collisions with T0 

=50 keV, the velocity v0 is 0.5 x 108 em/sec, and 
·vLII,III = 9.5 x 108 em/sec, i.e., Vo « VL. 

As can be seen from Fig. 3, excitation of internal 
shells (the lines Qn and Qm) has a threshold nature 
and begins when a definite distance between the parti­
cles is reached. Study of the excitation probabilities of 
various energy-loss lines as a function of incident­
particle initial energy in ref. 1 for Ar• - Ar collisions 
and in the present work for Kr• - Kr collisions at 
T0 = 12.5 and 25 keV indicates that the excitation prob­
abilities of various lines depend only weakly on velocity 
and are determined mainly by the distance between the 
particles. 

Existence of a characteristic distance which does 
not depend on velocity is inherent in processes which 
can be described by crossing terms. Here the forma­
tion of internal vacancies ean be considered as the 
result of transitions on crossing of a term correspond­
ing to a state with internal vacancies by terms of 
lower-lying states. The experimentally observed 
characteristic distance can be considered in the first 
approximation as the coordinate of the point of cross­
ing of the terms. Thus, we can attempt to explain 
scattering singularities in deep collisions by forma­
tion of vacancies in the inner shells on crossing of the 
terms of the quasimolecule. 

As a result of the complexity of exact quantum­
mechanical calculation of such a system of terms, at 
the present time terms have been calculated only for 
the simplest cases of the type H - H, He- He, 
He•- H.P5l In order to describe deep collisions of 

complex atoms it is necessary to use approximate 
means of constructing the pattern of term crossing. 
Thus, qualitative agreement with the data on internal 
vacancy formation is given by the model of Fano and 
Lie hten. [ 161 

Formation of Ln,III vacancies in Ar and of MIV, v 
vacancies in Kr is explained by the advance of the 
molecular term 4fa formed from the 2p-electron terms 
of Ar, or of the terms 5ga and 6ha formed from the 
3d-electron terms of Kr, and crossing of these terms 
by upper unfilled terms. However, in spite of the fact 
that it is possible in a number of cases to identify the 
initial state of the electron removed from the inner 
shell, the exact term of the quasimolecule remains un­
certain. This is due to the fact that, in deep collisions 
of complex atoms, excitation of inner shells always 
occurs in a background of outer-shell excitation due to 
a large number of transitions. As a result, discussion 
of transitions of inner-shell electrons is possible only 
by methods which permit substantial simplification of 
the problem. 

As has been shown by us and by other workers[s-loJ 
the spectra of inelastic energy. loss consist of well re­
solved lines corresponding to excitation of different 
shells. Therefore as a first approximation we can 
neglect the change in energy of the system as the re­
sult of transitions of inner-shell electrons to different 
final states and consider only the energy changes 
associated with transitions of various numbers of such 
electrons. Thus, a system of a large number of quasi­
molecule terms is replaced by a rather simple system 
of several effective terms. 

B. Calculation of Scattering in the Two-term 
Approximation 

In the present work we have identified two effective 
terms. Each term is characterized by a certain aver­
age configuration of electron states of individual 
shells, from which transition of electrons occur to 
other states or to the continuum. 

From the experiments described by us previouslyrsJ 
it is known that in excitation of outer shells, in the 
region of closest approach distances corresponding to 
a scattering singularity, each particle loses on the av­
erage two M electrons. Therefore as a ground-state term 
which describes scattering with excitation only of outer 
electrons we chose a term corresponding to infinite 
distance between particles of a doubly charged Ar'~-+ 
ion, i.e., 3p4 • Scattering with excitation of both outer 
and inner shells was described by means of an excited 
term corresponding to additional formation of two 
LII,III vacancies-one in each of the particles, i.e., to 
an ion configuration 2p53s23p\ As was established by 
us previously, [lOJ the two L vacancies can be formed 
in one particle with an appreciable probability, i.e., 
the term corresponding to ion states 2p63s23p4 and 
2p43s23p4 can also be considered as an excited term. 
Calculations show that the terms of these two configura­
tions are practically the same. 

The terms were calculated in the framework of the 
statistical model of the atom with use of quantum­
mechanical electron densities. The details of similar 
calculations are presented by Nikulin.P3l The terms 
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FIG. 4. Terms of the Ar+-Ar system. Dashed line-adiabatic terms 
for electron-shell configurations arbitrarily designated (3p4 ) 2 (ground­
state) and (2p5 3p4 ) 2 (excited-state). Solid lines-diabatic terms of the 
ground (I, I') and excited (2, 2') states. The terms have the form V(r) = 
Ar-1e-'"' + V0 ; rc is the point of crossing of the terms corresponding to 
the onset of internal vacancy formation. Curve 3 is the potential repro­
duced from the experimental data by the Firsov method. [ 17 ] 

calculated in this way describe elastic scattering of 
particles in various states with "frozen" electron­
density distributions in the shells and are called adia­
batic. 

Our adiabatic terms of the ground and excited states 
nowhere cross. Real scattering is accompanied by in­
elastic transitions (successive radiation of the lines 
Qn and Qm; see Fig. 3b ). Transitions between states 
can be described by means of diabatic effective terms 
which cross. The diabatic terms were constructed so 
that their point of crossing corresponded to the experi­
mentally measured threshold for excitation of inner­
shell electrons. The purpose of the calculation was to 
study qualitatively the main properties of a description 
of scattering by means of a system of diabatic terms. 
Therefore the angle between the terms at the point of 
crossing was chosen to be large, since in this case the 
interaction force changes more sharply, and effects in 
the scattering associated with occurrence of transitions 
are amplified. Terms of the system Ar+ - Ar calcu­
lated in this way are shown in Fig. 4. 

In the model used, scattering occurs as follows. At 
large distances the system converges along the ground­
state term 11'. Transitions occur at the point rc. Up 
to the turning point the system can converge along two 
trajectories 1' and 2'. Separation is possible both 
along the ground-state term 1-the quasielastic channel, 
and along the excited-state term 2-the inelastic 
channel, which are experimentally distinguished by the 
inelastic energy loss. 

For each of the four possible processes the classical 
deflection angle e a - e d was calculated with use of the 
specified diabatic terms. The results of the calculation 
are shown in Fig. 5. It is evident that purely elastic 
scattering along term 11' corresponds to a monotonic 
dependence of the deflection angle on the internuclear 
distance (curve a in Fig. 5). 

In the case in which a transition occurs to an 
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FIG. 5. Deflection angle 0 as a function of r for the processes (see 
Fig. 4): a-1-1'-1, b-1-2'-1, c-1-2'-2, d-1-1'-2. Here~~ and~~ are the 
rainbow angles for processes band c; ~band ~6 are the boundary of 
the multiple-valued function IJ(r). 

excited-state term in the convergence process, the 
dependence of the deflection angle on distance becomes 
more complicated. Thus, for processes b and c 
(Fig. 5) the function Bi(r) has a minimum. The mini­
mum in the deflection angle as a function of distance is 
due to the fact that a transition to the term 22' on 
traversal of the crossing point rc in the convergence 
process is accompanied by a sharp decrease in the 
repulsive force between the atoms (an effective attrac­
tion). Since the main contribution to Bi(r) in the inte­
gration is from the region close to the classical turn­
ing point r 0 , a decrease in the interaction force in the 
region rc - r 0 leads to a significant reduction in the 
deflection angle in this range of distances. 

Thus, the calculation carried out of the deflection 
angle e i ( r) for the various processes a-d permits us 
to draw the important conclusion that the classical de­
flection angle can have a minimum in scattering by a 
monotonic repulsive potential with a break (the first 
derivative undergoes a discontinuity). As far as we 
know, this fact was noted for the first time by Marc hi [ 18l 
in analysis of the oscillations of the elastic-scattering 
cross section at large internuclear distances. 

From the deflection functions obtained, the classical 
scattering cross sections were calculated for each of 
the processes considered. Elastic scattering along the 
ground-state term corresponds to the cross section 
for process a (Fig. 6). Existence of a minimum in the 
classical deflection function for processes b and c 
leads, as in the case of an attractive scattering poten­
tial, to appearance of a singularity in the classical dif­
ferential scattering cross section at respective angles 
J~ and J~ (Figs. 5 and 6). By analogy with the cross­
section maxima observed in scattering by a potential 
with a minimum for large intranuclear distances-the 
so-called rainbow scattering, the maxima in the case 
of scattering by a purely repulsive potential can also 
be considered as a rainbow effectY9 l 

The total differential scattering cross section can 
be obtained by summing the partial cross sections for 
processes a-d multiplied by the probabilities of these 
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FIG. 6. The function ai ( ~) for processes a-d (Fig. 5); solid lines­
theory in the classical approximation, dashed lines-in the quasiclassical 
approximation. ~~and ~~ are the rainbow angles; ~b and~; are the 
boundary of the multiple-valued function O(r). 

processes. It is evident from Fig. 6 that, like the ex­
perimental cross section, before and after a singularity 
the calculated cross sections are a smooth function of 
the angle J. In the vicinity of a singularity, maxima 
appear in the cross sections for processes b and c. 

As is well known, in those cases in which the varia­
tion of the force in a distance equal to the wavlength of 
the scattered particle is small, the quantum-mechani­
cal description of scattering coincides with the classi­
cal description. In the transition to another term, the 
interaction force changes discontinuously practically 
at the point rc. In addition, in the region r < rc two 
trajectories are possible which are indistinguishable, 
Therefore for completeness of description of the 
scattering pattern it is necessary to take into account 
the wave properties of the particles. For this purpose 
a calculation of the scattering near the crossing point 
and to the left of it has been made in the quasiclassical 
approximation. 

We will consider three regions of deflection angle: 
1. The region J < Jr (Fig. 5); here the classical 

calculation agrees with the quasiclassical (cross sec­
tion a in Fig. 6), 

2. The region J > -'b c (Fig. 5); the contribution to 
the cross section for quasielastic (aq-e) and inelastic 
(ain) scattering is due to two trajectories (a, b for 
quasielastic and c, d for inelastic). In the Landau­
Zener-Stueckelberg model r20' 21l these cross sections 
have the following form: 

a~0(ti) = (1- P)b'at>' (ti) + P.'a.' (ti) 
+ 2(1- P)b'P.[crt>' (O)a.,' (ti) ]V• cos (a.- a b), (1) 

cr~(ti) = (k/kt) {[P(1- P) ]da.i(ti)+ [P(1- P) ]caJ(u) 

- 2[P(1- P) JJ [P(1- P) ]/' [cr.{(it)crc' (ti) ]'1•cos(ac- Ud) }. 

Here Pi ( T0 , r 0 ) is the transition probability from a 
ground-state adiabatic term to an excited-state term, 
i.e., the probability that the system will remain in the 
ground-state diabatic term for a single passage through 
the crossing point rc; O!i are phase angles, k and ki 
are wave numbers before and after the collision, which 
differ insignificantly. In the Landau-Zener model the 
probability Pi(T0 , r 0 ) is calculated at the point rc; 

before reaching the crossing point it is assumed to be · 
unity. 

It can be seen from Fig, 5 that for J > Jb the de­
flection angles for processes b and c are close to 
those of processes a and d. We can therefore assume 
that a3_( J) ~ ad(J) and af,(J) ~ a~(J ), aa - O!d ~ O!b 
- O!d (Fig. 6), and also the values of Pi(T0 , ro) are 
close. This leads to a mutual compensation of the in­
terference terms in the total cross section, and for 
large angles it reduces to the more simple form: 

cr~-e(it)+ o;n(it) = [Pa' (ti) ]d + [ (1- P) cr'(ti) ]b. (2) 
The result obtained has a simple physical interpreta­
tion: scattering in this angular region can be described 
as scattering by adiabatic potentials of the ground and 
excited states. 

3. The region J~ < J < -'b (Fig. 5). In the region of 
the minimum of the function 6b(r0 ) the quasielastic­
scattering cross section in the quasiclassical approxi­
mation can easily be obtained by following the well 
known procedure of Ford and Wheeler Y 2 l In place of 
ab(J) it is necessary to substitute only Pr<J): 

J,b(ti)=2nPr~-'t,Ai'(x), x=q'"(ti,-ti), (3) 
k s1n {} 

1 ( d"O) 
q =2k' dp' ' 

•r 
where the values of Jr, Pr• and 6 should be marked 
with an index b: Ai(x) is the Airy function. 

Similar calculations can be carried out for rainbow 
scattering in the inelastic channel. For J~ < J < -'c 
we have 

crin'(ti) = (k / k,)[P(1- P)lr(ti) ]0 , (4) 

where I~(J) is given by Eq. (3) (with -'r• Pr and 6 
marked with the process index c). 11 The scattering 
cross sections in the vicinity of the rainbow angles for 
processes b and c are shown by the dashed curves in 
Fig. 6a. 

Thus, in the description presented of the form of the 
partial cross sections for scattering at various angles 
J, two types of interference are present: 

a) in the large-angle region J > Jb c interference 
is present in the quasielastic and inelastic channels as 
the result of the two possible trajectories to the left of 
the crossing point rc. It has been shown that in the 
total cross section for sufficiently large values of J 
the interference contributions in the two channels are 
mutually compensated, since the values of a' ( J) are 
close (see Fig. 6, J > Jb) and the channels are supple­
mentary with respect to each other; 

b) there is interference in the quasielastic and in­
elastic channels associated with the multiple value of 
the function 6 ( r) in the range J~ ,c < J < -'b ,c (the 
fine structure of the rainbow in Fig. 6). Since the ef­
fective term is in fact the averaged description of a 
group of states, in transition to a real situation ob­
servable in experiment this can lead to a redrawing of 
the remaining interference pattern in the total cross 

11Expressions which are a special case of Eqs. (1), (3), and (4) in the 
rainbow-scattering region have been obtained, as we have recently learned, 
by Kotova and Ovchinnikova.[231 The formulas given by those authors can 
be derived from (1), (3), and (4) by expansion of the transition probability 
in a series in the interaction and by use of the first order of the expansion 
(see also the review of Nikitin and Ovchinnikova[241), 
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" FIG. 7. Scattering singularity obtained in Ar•-Ar scattering, To = 
SO keV; {}* = 6.3°, l:J.{J* = 3°, h = 1.45. 

section as the result of contributions from many cross­
ings within the effective width of the term. In the angu­
lar region J < Jr and J > J* the cross sections 
O'q-cl(J) ~a~l(J.), and for J.r < J < J* the singularity 
in the scattering cross section will be represented by 
the main rainbow maximum of the quasiclassical.cal­
culation (Fig. 6). It should be noted that the depth of 
the minimum for Ob and 0 c, and consequently also 
the amplitude and width of the rainbow maximum, de­
pend substantially on the angle between the crossing 
terms. 

Returning to comparison of the theoretical cross 
sections with the experimentally observed singularity 
in Fig. 7, we can note that in the measured cross sec­
tion there is no structure associated with the rainbow 
maxima of processes b and c. This is explained by 
the fact that within the effective width of the term 
there actually occur not one but several crossings of 
the terms. As a result a superposition occurs of the 
maxima from each crossing and formation of a single 
broad distribution as in Fig. 7. 

Thus, the analysis of the experimental data and the 
scattering calculation carried out in the two-term ap­
proximation qualitatively explain the origin of singulari­
ties in scattering. The quantitative characteristics of 
the effective terms of the quasimolecule can be ob­
tained on comparison of the theoretical calculation with 
data on scattering and inelastic energy loss. At the 
present time the quasimolecule terms have been suc­
cessfully reproduced[25- 27l for large internuclear dis­
tances at which it is possible to separate individual 
electronic transitions. 

The model considered permits in principle the de­
scription of a scattering singularity by means of a sys­
tem of purely repulsive terms. It is necessary to keep 
in mind that real effective terms may differ from those 
which we have discussed. Possible corrections to the 
terms which we have discussed include more accurate 
allowance in the calculation for exchange and polariza­
tion interaction terms which are superposed on the 
strong repulsion (the repulsion in the region of the 
singularity for Kr~ - Kr is ~1,5 keV) and should 
partially compensate it. For deep collisions leading to 
formation of a singularity, the conditions are realized 
which are necessary for appearance of significant ex­
change forces: the inner shells overlap and cease to be 

closed in the quasimolecule, as the result of formation 
in them of vacancies. In regard to the polarization in­
teraction, it should not be small, since after traversal 
of the outer shells the subsequent approach of the 
atomic cores will occur in the field of Coulomb charges 
+ Zne, where Zn is the charge of the outer shell. 

C. Description of Scattering by Means of an Effective 
Interaction Potential 

From the comparison shown in Figs. 6 and 7, it is 
evident that in measurement of the total differential 
scattering cross sections (Fig. 7) we automatically 
average all multichannel scattering cross sections 
which contribute to the total cross section. If we re­
produce the interaction potential from the total differ­
ential cross section, assuming elastic scattering, it 
will carry information on the average value of the 
forces acting between the particles during the collision 
i.e., such a potential can be considered as effective ' 
with respect to the scattering pattern described by the 
system of terms. 

From our data on scattering, the effective potential 
can be obtained by the method proposed by Firsov ) 171 
The method establishes a relation between the interac­
tion potential V( r) and the measured dependence 
a' ( J.). The potential obtained in this way for Ar • - Ar 
collisions at To= 50 keV is shown in Fig. 4 (curve 3). 
It can be seen that the effective potential is in reason­
able agreement with the diabatic terms 11' and 22'. Up 
to the crossing point rc where the excitation probabil­
ity of inner shells is small, the effective potential 3 is 
close to the ground-state term 11', and for small r, 
where the role of internal-shell excitation becomes 
important, the effective potential passes between the 
ground-state (1') and excited-state (2') terms. In the 
region of distances of closest approach corresponding 
to appearance of a singularity, a change in the slope of 
the potential is observed. 

Similar curves for Veff( r) have been obtained for 
Kr+- Kr collisions at T0 = 12.5, 25, and 50 keV. On 
comparison of the potentials calculated for the differ­
ent energies, a weak dependence of these potentials on 
velocity is observed. For To = 12.5 keV, scattering in 
the quasielastic channel is dominent, and for To 
= 50 keV, scattering occurs in the inelastic channel 
with a higher probability than for 12.5 keV. A change 
in the slope of the potential is observed in the vicinity 
of the singularity in all three cases. 

Thus, although the effective interaction potentials 
depend on velocity, this dependence is small in the 
energy region studied, and therefore the effective po­
tential can be fully used to describe the scattered­
particle angular distribution pattern. 

In conclusion the authors express their gratitude to 
N. V. Fedorenko for his constant interest in this work 
and to Yu. N. Demkov and M. Ya. Ovchinnikova for ' 
helpful discussion of the results. 
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