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A detailed analysis of the nature and conditions of excitation of longitudinal electromagnetic waves in a spatially restricted
magnetoactive plasma by a low-density electron beam is presented. The increments, frequency spectra and widths of spectra
excited by a plasma wave beam are determined. Nonlinear estimates of the maximal amplitudes of stationary oscillations are
presented. The results obtained are discussed from the viewpoint of the possibility of using intense relativistic electron beams
for excitation of high-amplitude plasma waves and for the case of probing the earth’s ionosphere by a low-intensity relativistic

electron beam.

1. INTRODUCTION

THE progress attained in the production of relativistic
electron beams with total energy 10°~10°J uncovers
great possibilities for a new interesting physical re-
searches. These researches can be arbitrarily broken
up into two groups. In the first, use is made of strong-
current electron beams with short current pulses, 7

< 107" sec, but with high power—electron energy &

~ (1-10) MeV and current J ~ (10°~10°) A. Such beams
are of interest for the investigation of the interaction
of large energy concentrations with matter, for the
creation of powerful sources of electromagnetic radi-
ation, for the acceleration of heavy ions, etc. The sec-
ond group is connected with the use of electron beams
of large current-pulse duration, 7 < 1 sec, but low
power, & ~ (1-10) MeV and J ~ (0.1-1) A. Such beams
can be used for geophysical research, to sound the iono-
sphere, to produce artificial auroras, etc.

The present paper is devoted to a theoretical inves-
tigation of the interaction of relativistic electron beams
with a denser plasma both under laboratory and under
ionospheric conditions. Principal attention is paid to
the question of exciting the natural electromagnetic os-
cillations in the plasma by the electron beam. However,
before we proceed to a concrete formulation of the prob-
lem and to an analysis of the result, let us stop to dis-
cuss more general questions of the injection of a rela-
tivistic electron beam into a plasma, a question which
is of great importance for the entire analysis that fol-
lows.

It is known that the limiting vacuum current in a
cy(lli]ndrical electron beam of radius r, is of the order
of

Iy = (mc*[e) (y/s— 1) = 17 (v —1)": KA,
where

v=(t—w/c)h

is the relativistic factor. The vacuum current is lim-
ited by the space charge of the beam electrons and is
determined from the equality of the Debye radius to the
beam radius r, ~ uy*/?/wy,,, where wy,, = (4me’n, /m)*/?
is the Langmuir frequency of the beam and n, is the
density of the beam electrons. On the other hand, in
electron beams with compensated space charge (for ex-
ample, when beams propagate in a denser plasma), a
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much larger current should be attained, approximately
u®/c3(*”® — 1)*/2 times larger than the limiting vacu-
um current.!? 1t is easily seen that for the indicated
parameters of high-power electron beams, the currents
are much larger than the limiting vacuum value, i.e.,
u}, > u®/r3, but smaller than the critical current of
the compensated beam. On the other hand, for beams
of low power, the currents are always much smaller
than the limiting vacuum current of the beam, “’i;

< u®y/ri. Thus, for both high-power and low-power
beams with the parameters indicated above, there are
no obstacles to injection into a denser plasma from the
point of view of the critical currents.

Another possible obstacle to the injection of elec-
tron beams into a plasma is the magnetic field of the
beam current. In the case of a powerful strong-current
beam with a current exceeding the limiting value, the
energy of the magnetic field of the current turns out to
be so large that the propagation of such a beam is prac-
tically impossible. However, as shown in "*! when a
beam is injected into a denser plasma under conditions
when uyr, > u, where uy,, = (4me®n, /m)l/2 is the plas-
ma Langmuir frequency and n, is the density of the
plasma electrons, the magnetic field of the beam cur-
rent is practically completely cancelled by the current
induced in the plasma. Taking this circumstance into
account, we consider below the interaction of a relativ-
istic electron beam with a plasma, assuming that the
inequalities n, < n,y and wy,r, > u are satisfied. This
makes it possible to neglect, besides the space charge
of the beam electrons, also the magnetic field of the
current. We note incidentally that when powerful elec-
tron beams, with a current exceeding the limiting vac-
uum value, interact with a plasma, the last inequality
is automatically satisfied. As to low-power beams, in
which the current is much smaller than the limiting
vacuum current, the energy of the magnetic field in
them is negligibly small compared with the kinetic en-
ergy of the electrons, and the problem of magnetic neu-
tralization does not arise in their case. We shall none-
theless consider here, too, the interaction of such
beams with a denser plasma, assuming the inequality
n, < nyy to be satisfied.

It should always be borne in mind that magnetic neu-
tralization of the beam takes place within a time"®’
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T<To=v"'(our/u)?

where v is the plasma-electron collision frequency.
This imposes a definite limitation on the duration of
the pulsed injection of the electron beam into the plas-
ma, namely, the pulse duration 7 should be less than
To- Satisfaction of this requirement is important only
for strong-current beams, the injection of which into
the plasma in the absence of magnetic neutralization
is strongly hindered.

We limit ourselves below to an investigation of the
interaction of monoenergetic electron beams with a
plasma. Actually, the beams cannot be strictly mono-
energetic. Even in the case of injection within a time
on the order of 1/wiy,, i.e., before charge and magnetic
neutralization of the beam set in, both the transverse
and longitudinal velocities of the beam electrons acquire
a certain scatter under the influence of the radial field
of the charge; the order of magnitude of this scatter is

Av,. Ay (n, )‘/z O To
~— [— 20

u u nay yhoou

Recognizing that for beams with a current smaller
than the critical current of the compensated beam we
have wy,r, < uy'/?, we can always neglect this scatter
for the problems considered below.

2. FORMULATION OF PROBLEM. INITIAL
EQUATIONS

The interaction of a charged-particle beam with a
plasma and the excitation of natural electromagnetic
oscillations in a plasma have been the subject of a tre-
mendous number of both theoretical and experimental
investigations. These investigations stem from the work
of Akhiezer and Fainberg and of Bohm and Gross.™ It
is not our purpose to analyze in detail the results of the
numerous investigations in this field.” We note only
that the overwhelming majority of the theoretical papers
consider the interaction of spatially unbounded beams
with a plasma; this pertains in particular to relativistic
beams. On the other hand, in real experiments, both in
the laboratory and in the ionosphere, the electron beam
is always bounded, let alone the fact that under labora-
tory conditions the plasma is also bounded in space.
Attempting to adhere as closely as possible to experi-
mental conditions, we shall consider below the interac-
tion of a bounded relativistic electron beam, with radius
r, = R, passing through a plasma that fills uniformly a
metallic waveguide of radius R. An external longitudinal
magnetic field B, is applied to the system and keeps the
beam from spreading radially,

(2.1)

This condition enables us also to confine ourselves only
to longitudinal electrostatic natural oscillations excited
by the electron beam in the plasma.

Actually the condition (2.1) is quite stringent. To
keep the beam from spreading it suffices to require
that the magnetic pressure exceed the kinetic pressure
due to the transverse scatter of the beam-electron ve-

B > 8nn,mc’y.

YSuch an analysis and a detailed bibliography on the interaction of
charged-particle beams with a plasma can be found in Fainberg’s
review™ and Mikhailovskil’s monograph'®..
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locities. In the case when the ratio of the beam density
to the plasma density is small, the system oscillations
are longitudinal with a good degree of accuracy. We
shall therefore try where possible to avoid using this
inequality.

Taking into account the statements made above con-
cerning the beam-electron velocity scatter and being
interested in rapid processes in the plasma, we neglect
the thermal motion of the particles in both subsystems.
For the potential of the small perturbations (E = — V&),
having a time and coordinate dependence in the form

f(r) exp (—iot + ip + ik.z),

where w is the frequency, and / and ky are respectively
the azimuthal and longitudinal wave numbers of the per-
turbations, the following equation holds true'*’

1 9 o 1 dg 1’
—— — —_— — — gk, = .
r 6r(8'Lr 8r)+(r ar EJ'rz SHZ)CD 0. (22)
We have introduced here the notation
mLz,Y—i
(0 —ku)® — @y~ "
(1)L2 Y—S
=1y '
o py (0 — ku)?’

o (1)L2 QY_Z
e= ) (@ —ku) [(0 —ku)' =@y’

8_]_=1—

(2.3)

where Q = eB,/mc and the summation extends over the
electrons of the plasma and of the beam.

Equation (2.2) is supplemented by boundary condi-
tions obtained from the equation itself by integrating
over a narrow layer at the interface between the two
media

{(D} I rmre=0 ®D,p =0,
(2.4)

a0 l
{BJ_ +-gCD} =0.
ar r r=ro

The solution of (2.2) over the regions takes the form
D, = C,I,(air) for r << ro,
@, = Cul(0r) + C:Ki(aar) for ro <r <R,

where K and I are Bessel functions of imaginary argu-
ment and

(2.5)

2
2
Qs = k. ey 2/ere.

The subscripts 1 and 2 pertain respectively to the re-
gionsr < rpandro=r < R.

Substituting (2.5) in the boundary conditions (2.4),
we obtain the dispersion equation for the longitudinal
and electromagnetic oscillations of the system consid-
ered by us:

I/ (a.r,)

Ii(a.r)

. Kx(GzR)Il,(azro)—Il((lzR)Kll(azra)

1.(a.R) K (azro) — Ii(aaro) K1 (a=R)

In the limit when the radii of the beam and of the plasma
coincide, r, = R, Eq. (2.6) reduces to

() =0,

+ 1(gs — g2) + £120a1

€304

(2.6)

(2.7)

or (2.8)

kley + pwale s/ rot = 0,

where g7 are the roots of the Bessel function J; (ig7)
= 0. In the opposite limit of an unbounded plasma, when
R — « (this case corresponds to interaction of a beam
with a practically unbounded ionospheric plasma), we
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obtain from (2.6)

K!’(azrc)
— &2 l
€1 202r K((azro) + (g

\— 8:)=0. (2.9)

In the analysis of Eq. (2.6) we shall assume, in addi-
tion to the indicated limitations, that the plasma density,
as already emphasized in the introduction, greatly ex-
ceeds the density of the beam electrons, yn, > n,. Only
under this condition are the spectra of the electromag-
netic oscillations of the system determined by the pa-
rameters of the plasma itself; the beam, on the other
hand, leads to excitation of natural oscillations of the
plasma. In addition, this condition ensures narrowness
of the spectrum of the plasma oscillations excited by
the beam.

3. EXCITATION OF NATURAL MODES IN A BOUNDED
PLASMA BY A POWERFUL ELECTRON BEAM

We start the analysis of Eq. (2.6) with the case of
the interaction of a relativistic beam with a bounded
plasma, when the radii R and r, are of the same order.
In such a formulation, this problem is of interest for
the development of powerful sources of electromagnetic
radiation. We shall therefore concentrate on the param-
eters of a hlgh-power electron beam, J ~ 10°A, r,
=1-3 cm, n, ~10%-10* cm™ ,and & ~ 1-10 MeV,
assuming that the inequaliti 1es sz > le >u 'y/r are
satisfied.
a) R =r,. In the limits when the radii of the beam
and of the plasma coincide, Eq. (2.6) reduces to (2.8):
2 ©r2* 2 (4 L2’
e (1) e (- )
_ kot y! =0
(0 — ku)?— Q*y~2 ’

k‘zmuzv-a
(0 —k.u)*

(3.1)

where k7 = p%; /r3. Neglecting the beam contribution in
the first approximation, we determine the spectrum of
the natural frequencies of the oscillations of a bounded
plasma

1
2

k.’

|zz k)= T LZZQz .
B e

2 2 1 2 2\2
((I)L: -+ Q ):i: [T(O)LZ + Q )
On the other hand, it is seen from (3.1) that the contri-
bution of the beam is maximal near the straight lines

(3.3)

The intersection of these straight lines with the spec-
tral curves is precisely the region in which strong in-
teraction of the beam with the plasma takes place and
the natural plasma oscillations build up.

The instability at the intersections of the straight
line w = kyu with the branches of the natural oscilla-
tions wl,z(kz) is customarily called two-stream or
Cerenkov mstablhty, the instability of the intersections
of w =kyu + Oy and wy, 2 (k) is called cyclotron insta-
bility."®? Let us analyze these instabilities separately.

For two-stream instability

o=ku+d=w,+38 6<w, (3.4)
where w, coincides with one of the roots of (3.2). 1t is
easy to prove that at 2.4u > r, min (v, Q) the devel-
opment of two-stream instability is possible only on
the upper branch of the natural oscillations w,; when
2.4u < romin (w13, Q) the two-stream instability can

o=rku o=ku+Qy"
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develop on both branches w, and w,. According to (3.1),
the growth increment & of the two-stream instability
satisfies the relation

oL’

T +HE?
ol

klou’y™ ki lou’yt
52 - 852 — Q2 ,Y—z

22 [ ool 1
Wo :

(woz_QZ)z =0

(3.5)

In the case of intense plasma, wy,, > Q, the fre-
quency spectrum and the maximum growth increment
of the oscillations on the upper branch are determined,
according to (3.2) and (3 5), by the formulas

2 4542 1
Ra”u
ml=0)L2[l+ ( +—Z'—z— X @}
20p2 o’ W2

3 =ty 3.6
V—("‘Y ) oz for Imé, > @y, (3.6)
2 2n,
Im Gnm =
Vg nyy? ) Wr2
— for Imé, < Qy~,
2 ( 2, ) (L2 4) ur oV h o=y

where short-wave radial modes, ugu > r,wy,,, are ex-
cited in the first of these cases and the fundamental
mode, (Lo = 2.4, is excited in the second. At the lower
branch, in the case of a dense plasma, the oscillations
can be excited only if © > ugu/r, = 2.4u/r, and the
maximum increment and the corresponding oscillation
frequency are

V3 3 yny P\ %

WO2max == 791 Im Oomax = —8* ( nt ) Q.

1t follows from (3.6) and (3.7) that in a dense plasma,
Wi,z > Q, there will practically always be excited the
upper branch of the plasma waves with frequency w,
~ W, since 8, K §,; the spectral width of the oscilla-
tions excited in this case is determined by (3.6) (recog-
nizing that Re 8, = 372 1m 5 1). The situation is differ-
ent in a rarefied plasma, in which Q@ > wy,. For the
upper branch of the oscillations in such a plasma we
obtain from (3.2) and (3.5)

Or2* Wa™ U

2Q° ( re* sz) ]N B,
.V3 nl 'Y l/!
_2'( 2n, 49) Oe
The maximum growth increment is possessed in this
case by oscillations with transverse wavelength ug;/r
~ Q/u. As to the lower branch, the plasma waves can

be excited in a rarefied plasma only under the condi-
tion

(3.7)

m‘=9[1+
(3.8)

Im 8ymex =

Oz > pall [ 1o == 24u [ 1o,

with the maximum growth increment and the correspond-
ing oscillation frequency determined by the expressions
(3.9)

Wzmax == ?—mu, Im 62max = *fs(Rey~>/102) 0 5.
It is seen from (3.8) and (3.9) that in a rearefied plas-
ma, in which © > wy,,, unlike in a dense plasma (with
WL, > Q), the oscillations at the lower branch should
be predominantly excited (it is assumed that wy,,
>2.4u/r,), since 6, > 6,. The frequency of the excited
waves is in this case also of the order of the plasma
frequency, w; ~ wl,;, and the width of the spectrum is
of the order of the growth increment and is given by
formula (3.9).

Let us examine now the cyclotron instability pro-
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duced by a relativistic electron beam in a plasma. We
write

(u=k,ui‘9y“+6=mo+5, 0 <€ wo, (3.10)

where w, is one of the roots of (3.2). We then obtain
from (3.1)

8 [ klow’
2

koL e’ ]_ klou®y—* _ ki lowiy!
=) ] T TEEer) 30297 (3.41)

@,*

This relation determines the growth increments of the
oscillations.

In the case of a dense plasma, wy,, -> 2, we obtain
from (3.11) for the maximum growth increments of the
waves in the upper branch of the oscillations, whose
frequencies are equal to w, (see (3.6)),

3/ eyt
Vz( S ) ou  for Imd >0y,
10 S 1mes = ? (3.12)
1 Ry oy \ P
(2 e tor o<
2

In the first of these cases the cyclotron instability de-
generates into two-stream instability and coincides

with (3.6), and in the second it has an essentially dif-
ferent character. It suffices to note that the cyclotron
instability is accompanied by excitation of mainly short-
wave modes, ugJu > rowl,, whereas two-stream insta-
bility is characterized by excitation of the fundamental
radial oscillation mode. From a comparison of the in-
crements (3.6) and (3.12) we see in this case that under
the condition

[1+ (24)%* | réow’]~ >

the two-stream instability should predominate over cy-
clotron instability. In the opposite limiting case cyclo-
tron instability predominates, and therefore the spec-
trum width of the excited plasma waves and their growth
increment are determined by formula (3.12). As to the
lower oscillation branch, it can be easily shown that in
a dense plasma, wig,, > 9, the maximum growth incre-
ment of a developing cyclotron instability

(771 / nz) '/‘(Vﬁ)m / Q)’/’,

(3.13)

is always much smaller than the growth increment of
the oscillations on the upper branch. Therefore the cy-
clotron instability, just like the two-stream instability,
should not appear in a dense plasma at the lower branch.
In a rarefied plasma in which £ 2> wy,, and the oscil-
lation frequency on the upper branch, in accord with (3.9),
is of the order of w, = 2, the maximum growth incre-
ment of these oscillations is equal to

T By 25 e 2 (”‘ )/[ 1+ﬂ]
20 \n ol

and corresponds to the fundamental radial mode, 1,

= 2.4. This increment is in essence much smaller than
(3.8), and therefore in the upper branch of a rarefied
plasma the two-stream instability will always predomi-
nate over the cyclotron instability. Recognizing in addi-
tion that in a rarefied plasma the two-stream instability
on the lower branch of oscillations will have a still
larger increment (see (3.9)), whereas the cyclotron in-
stability increment is relatively small on this branch:

(3.15)

Im Bomax 2 1/ 2(n [ 1) %Q,

(3.14)

Im 82mex = '/3 (-Yh / 6”2) % (‘ﬂ)LZ / Q) ‘/:(UIJ,
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(the frequency of the excited oscillations is of the order
of Wymax ® W1z/V3 in this case), then we arrive at the
conclusion that cyclotron instability should practically
never appear in a rarefied plasma; the character of the
excitation of oscillations in such a plasma is practically
always governed by two-stream instability with the
spectrum (3.9).

b) R >r, From the experimental point of view, it is
more realistic to consider the interaction of a powerful
electron beam with a plasma when R > r,, with R and r,
of the same order of magnitude. Equation (2.6) can then
be investigated analytically only in the opposite limiting
cases of long (a, ;R < 1) or short (@, R > 1) wave-
lengths.

In the long-wave limit Eq. (2.6) takes the form

enll+ ' alr®] + 1(g) — g2) + iess = 0. (3.16)
where
n— { In=*(R/r) for =0,
I+ (BIR)¥] [— 1+ (RIr)¥]~* for 10 (3.17)

Substituting in (3.16) the explicit expressions (2.3), we
obtain for axially-symmetrical modes with [ = 0

o’ (.l)l.lz'V-3

- mz_Qz) ~ =0 (3.18)

{1 —

(0:_22 2
®* k.l ri* In(R/r,) (

It is easy to see that in the absence of the beam the fre-
quency spectrum of the plasma oscillations in question

coincides with (3.2) if k? is studied mean 2/rj In (R/r,).

Allowance for the two stream term in (3.18) is signif-

icant only under conditions of Cerenkov instability, when
w, = kzu, where w, is one of the roots of (3.2), and the
growth increment (and with it also the width of the ex-
cited-oscillation spectrum) is determined by the ex-
pression

2

Im6 =—

13 (n,y" )‘/= [ i 2u

@,° -
2 rozln(R/rg) 0_)2_92)2] N (3.19)

This formula, like (3.2), is general and describes the
build up of the oscillations on both the upper and lower
branches. It follows from it that in a dense plasma,
wL. > R, the more probable is the excitation of the
upper mode with frequency w, = w, = wy,, (see (3.6))
and with growth increment

1 —th
) m[ 1 +m$] . (3.20)
On the other hand, in a relatively rare plasma,
> wp,, under the condition w§,, > 2u®/r In(R/r,) (this
is the only case to be considered for strong beams)
excitation of the lower plasma mode is more probable,
with

V3 ( ny™

Im §;, =~ =55
2

2u* ¥3 [ ny=*\%
2 = 2 ———
[OF) W©r2 rozln(R/ro) . Im 8§, = ( T ) ®s. (321)

Let us consider now the axially-asymmetrical modes
with [ # 0. Equation (3.16) for such modes, upon substi-
tution of expressions (2.3), reduces to

@’ @pxy! 1

1— - =0,
o*— Q0 o—kuxQy! o —ku ‘

(3.22)

where 2k =1 — (ro/R)ZZ. We see easily that the spectrum
of the oscillation frequencies coincides in this case with
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the upper hybrid frequency, w2 ~ w§, + Q% and their
growth increment, both in the development of two-
stream instability and of cyclotron instability, is de-
termined by the expressions

§ =1\
B e for 5> oy
Imd = * (3.23)
Ny AWDp2 h
(3mog) on for s<ay.
2 0

Comparing (3.20), (3.21), and (3.23), we reach the
conclusion that in a dense plasma, wy,, -> €, under the
condition

(wny [ 2r,) 50,0 > Qy~s,

excitation of modes with [ = 0 is preferred if k < y™2.
In the opposite case, excitation of modes with [ # 0 is
more probable. If

('K.n. / 2n,) @ << QY—H’y

then the modes with [ = 0 will be predominantly excited,
provided that

(n4 | 2n2)o(meors | Q)% <y7H

In the case of the opposite limit, on the other hand, the
modes with ! # 0 predominante. In a rarefied plasma,
w1, K Q, under the condition

o’ > 20 (1 In(R | 1v),

the increment (3.21), which corresponds to symmetrical
oscillations with [ = 0, will practically always be maxi-
mal.

Let us consider, finally, short-wave radial oscilla-
tions o,R > 1 and a,r, > 1. In this limit, Eq. (2.6)
takes the form

epsarol’ (o) [ Ii(oure) + (g

— o) =0.
(3.24)

When a,r, > 1 the roots of this equation coincide with
high degree of accuracy with the roots of Eq. (2.7) (or,
which is the same, (2.8) ard (3.1)). Therefore the fore-
going analysis of the beam stability when the waveguide
is completely filled remains in force also in the present
case of shortwave oscillations. This makes it possible
to compare formulas (3.20), (3.21), and (3.23) with for-
mulas (3.6)-(3.9) and (3.12)-(3.15). It follows from such
a comparison that in a dense plasma, wy, > Q, the
growth increment of the short-wave oscillations are
always larger than of the long-wave ones. The differ-
ence between them, however, is not very large, of the
order of y*/® or »*/*; therefore both short-wave and
long-wave modes can appear in fact. On the other hand,
in a rarefied plasma, © > wy,,, the growth increments
of the short-wave modes, to the contrary, are smaller
than those of the long-wave modes. But even here their
ratio is of the order of V3 /2%% ~ 0.5, and therefore ex-
citation of both long-wave and short-wave modes should
actually be regarded as practically equally probable.

— gz) + &1200r0 cth a. (R

4. STABILITY OF A BOUNDED LOW-POWER BEAM
IN AN UNBOUNDED PLASMA

We shall devote this section to the interaction be-
tween a relativistic electron beam of low power and a
spatially unbounded plasma. Having in mind the appli-
cation of the results to the sounding of the ionosphere,
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we shall concentrate on the following beam and plasma
parameters: ro ~ 10°cm, n, ~# 10* cm™, Jo~ 1A,
& =~ (1-10) MeV, and n, =~ 10°-10° cm™. The inequali-
ties w},, w}, < u®/r3are satisfied in this case for both
the beam and the plasma,

The dispersion equation (2.9) of the oscillations in
such a system, after substituting the explicit expres-
sions (2.3), can be rewritten in the form

_ WL’ _ O)Lizy—‘ ‘Pu(atro)
0 —Q (0—ku)*— Q%' @u(air)+ @u(aaro)
y'Q (4.1)
f— | =
X [ (0 — ku) @u(ars) ] o
where
@u(aire) = arod! (auro) | Li(airo),
Qa(0aro) == —aaroK’1(aaro) [ Ki(aaro). 4.2)

It is easy to see that the spectrum of the oscillation fre-
quencies in the absence of a beam coincides with the
upper hybrid frequency

@ = o’ -+ Q% (4.3)

The presence of the beam leads to a buildup of these
oscillations as a result of the development of either
two-stream (Cerenkov) or cyclotron instability. It is
obvious that the growth increment of the oscillations
is maximal under conditions when the coefficient in the
two-stream term of (4.1), ¢,7 /(¢. + ©J1), reaches a
maximum. In the analysis of this relation, it is neces-
sary to distinguish between two possibilities.

a) Surface-type oscillations, @ > 0. It is easy to
show that for axially-symmetrical surface-oscillation
modes (I = 0), the most favorable buildup conditions are
obtained in the short-wave limit, when a, ,ro > 1 and
©10/(@10+ ©20) — Yo. The growth mcrement and con-
sequently also the width of the spectrum of the oscilla-
tions excited by the beam in this case, is determined
by the expression

VS ney~t\ %
( ¥ ) Or2 for Imé>Qy,
5— 2 4n,
- 1 ( ny )’/z W2\ 2 P . (4'4)
2 \2m, ( Qon ) O or Iméd << Q'Y .

For asymmetrical modes with / # 0, more favorable
buildup conditions, to the contrary, prevail in the long-
wave region @y 5Fo < 1. The dispersion equatlon (4.1)
in this limit coincides with (3.22) at k = %, and the
growth increment of such oscillations is therefore
given by the expression (compare with (3.23))

3 -ty
V? (%) o for Im&>Qy, .5)
Imé = : :
1 nxmLzz h
2—( s ) o for Ims < Qyp-.
2 0

The increments (4.4) and (4.5) are of the same order of
magnitude. Consequently, short-wave symmetrical and
long-wave asymmetrical modes of surface oscillations
should appear actually with practically equal proba-
bility.

b) Excitation of volume oscillations. Volume oscil-
lations are defined as those for which o3 or a3 is nega-
tive. Tt can be shown that o and &3 cannot be negative
simultaneously (this is possible only for identical me-
dia, i.e., strictly in the absence of a beam). Of the two
remaining possibilities, greater interest attaches obvi-
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ously to the case when &% < 0 and o2 >0. This corre-
sponds to oscillations generated in the region of the
beam and damped outside this region. Only such waves
can grow in the system considered by us.

The dispersion equation for volume oscillations is
obtained from (4.1) by analytic continuation into the re-
gion of negative o = — 8%, In this case

(pﬂ(airo) _’(Pu(ﬁlra) = ﬁ1r0]/l(ﬁ1rn) /J,(ﬁ,ra). (4.6)

The frequency spectrum of the volume oscillations ex-
cited by the beam, just as that of the surface oscilla-
tions, is determined by formula (4.3). The oscillation
growth increments are determined by the most favor-
able conditions of their buildup. For axially-symmet-
rical modes (! =0) such conditions are obtained in the
limit as B,ro — «, with (compare (4.4))

§ =1\
VE“ ("«21%) ®r2 for Imé > Qy-,
: (4.7)

Imé =

1/ nyowt\ "

- ( 00 ) o for Imé<<Qy-.
2 0

In addition to the exact solution (4.7), the dispersion
equation can have the approximate solutions 8,r, = py;
near the frequencies (4.3). The analysis of this equation
(which coincides with (2.7) and (3.1)), carried out in the
preceding section, shows that the growth increments of
two-stream instabilities with excitation of the oscilla-

tions on the upper hybrid frequency® do not exceed (4.7).

The growth increments of the long-wave modes (3,ro,
a,r, < 1) of axially-asymmetrical oscillations (I # 0)
are also of the order of (4.7). The dispersion equation
and the growth increments of such volume oscillations
are the same as of the surface ones, i.e., they are de-
termined by formulas (4.5). It follows thus from the
foregoing analysis that the characteristics of the exci-
tation (the frequency spectra, the growth increments,
and the build-up conditions) of both surface and volume
oscillations by a bounded beam in an unbounded plasma
are approximately the same. This is seen from formu-
las (4.4), (4.5), and (4.7). In a real experiment, there-
fore, all the oscillation modes with the same frequency
(4.3) should appear with equal probability.

5. DISCUSSION OF RESULTS

Having obtained general formulas for the frequencies -

of the oscillations excited by a relativistic beam in a
plasma, their growth increments, and their excitation
conditions, we proceed to apply the results to the afore-
mentioned two concrete problems: a) excitation of plas-
ma waves by a high-power electron beam, and b) sound-
ing of the ionosphere by a low-power electron beam.

a) Plasma-wave excitation. In this problem we con-
centrate on the following high-power beam parameters:
J~10° A, & ~1-10 MeV, ro~ 1-3 cm, and 7 < 1077
sec. In such beams, the electron density is n, ~ 10%%—
10" cm™ and the inequality w},, > u®/r is satisfied.
For the plasma density we assume the values n, 2 10"-
10" cm™, which ensures satisfaction of the condition
nyy >>n,. In addition, to avoid direct action of the high-
power beam on the walls of the waveguide in real ex-
periments, one should choose R/r, =~ 2-3, and the lon-

DWe note, incidentally, that no lower-branch oscillations at
wp, <u/Ty can be excited.

gitudinal magnetic field that focuses the beam should,
in accord with (2.1), satisfy the inequality B, 2 10* Qe.
We note incidentally that the condition (2.1) ensures the
satisfaction of one more inequality:

Q* 2 (l)uz'Y > u’v" ] ro.

The foregoing limitations greatly reduce the number
of different possibilities in the character of the inter-
action of the electron beam with the plasma. From the
analysis of Sec. 3b it follows that in a dense plasma, in
which wy,, > @, such a beam always excites the upper
branch of the oscillations with frequency w, = wy,. The
plasma density should be sufficiently high in this case,
n, 2 10" ecm™, and the excited oscillations correspond
to electromagnetic waves of the millimeter and submil-
limeter bands. K the magnetic field is in this case so
weak, or else if the beam is of sufficiently high energy
and density, so that (n, /4n,)"*wL., > Qy2/%, then the
growth increment of the oscillations turns out to be of
the order of & ~ (n,7"'/2n,)*/*wy,,; on the other hand, if
(n, /4n,)*w1,, < Qy™27, then 6 ~ (n,y~*/2n,)"*wy,. For
an ultrarelativistic beam (i.e., ¥ >> 1), the growth incre-
ment of the waves in the first of these cases is much
larger than in the second; as a result the spectrum
width of the excited plasma waves is also larger, which
is not desirable from the practical point of view.

In our opinion, to excite longitudinal waves of large
amplitude in a dense plasma, the optimal conditions are
given by

o > Q > (ny*/ 2n2) 02

Under such conditions it is possible to excite suffi-
ciently narrow lines of plasma waves. Thus, at n,
~10® cm™, & ~ 2 MeV (i.e., ¥ #5), n, # 10¥ cm™,
and B, ~ 1 x 10™ Oe, there are excited in the plasma
millimeter-band oscillations with relative spectrum
width = ‘/30. The instability has in this case a two-
stream character, which makes it possible to estimate
the amplitude of the amplitude of the steady-state non-
linear wave in the plasma:?

Ey? L\ A 2
1 ( n ) v 12 -

8nnmcy 2% \2n, c

(5.1)

For the plasma and beam parameters assumed above
we obtain from this E, = 10° V/cm, and the efficiency
of conversion of the beam energy into plasma-wave en-
ergy is 15%. At ro =~ 0.3 cm, the current in the beam
isdJy, = 10° A, and its power amounts to 2 x 10° W, of
which 15% goes over into the energy of the plasma
oscillations.

To excite oscillations of longer wavelength, for ex-
ample in the centimeter band, it is more convenient to
make use of the interaction of the electron beam with
a rarefied magnetized plasma in which @ > wy,. As
indicated in Sec. 3, in such a plasma there is preferred
excitation of long-wave oscillations at the lower branch,
and their frequency, according to (3.21), is of the order
of w, ® w,, (since we assume that w},, > u?/r3), and
the growth increment, which characterizes also the
width of the spectrum of the excited wave, is 6
~ (ny~2/2n,) *wl, Atn, ~10®% ecm™, n, = 102 cm™,
& ~ 5 MeV (i.e., ¥y #10), ro~ 1 cm, J, ~ 10* A, and
B, = 5 x 10* Oe, centimeter-band oscillations are ex-
cited with a relative spectrum width =~ %,. Here, too,
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the instability has a two-stream character and the ra-
diation power can be estimated from formula (5.1). We
then find that E, =~ 5 x 10® V/cm, the efficiency of en-
ergy conversion is on the order of unity, and conse-
quently, the radiation power reaches the value of the
power of the beam itself.® .

It should be noted that in a rarefied plasma, as in-
dicated in Sec. 3, short-wave oscillation modes are ex-
cited, with practically equal probability, in addition to
the indicated plasma wave. In a real experiment, this
can become manifest as broadening of the spectrum of
the waves excited in the plasma. From the foregoing
estimates it follows that the interaction of powerful
strong-current electron beams with a plasma can serve
as a rather effective method of exciting large-amplitude
plasma waves suitable for particle acceleration.™?

b) Ionosphere sounding with an electron beam. To
sound the ionosphere and to produce artificial auroras,
as already noted, one uses electron beams of low power
with parameters n, ~ 10* cm™, J, <1 A, & ~ 1-10 MeV,
and r, ~ 102 cm; the ionospheric-plasma parameters
are n, ~ 10°-10° cm™ and B, ~ 0.1-0.5 Oe, so that we
always have wy,, > Q and (0}, v}, ©%) <u’y/ri

Whereas the instability of the beam is a useful effect
in the excitation of plasma waves, in the sounding of the
ionosphere the instability of the beam can lead to a num-
ber of undesirable effects that interfere with the sound-
ing, such as turbulization of the plasma, anomalous
scattering of the beam electrons by the turbulent pulsa-
tions, enhanced diffusion and as a consequence anoma-
lous broadening of the beam, the appearance of an addi-
tional scatter of the electron velocities, etc. On the
other hand, since the parameters of the ionospheric
plasma (its density and the magnetic field intensity Bo)
change considerably as the beam moves along the forced
lines of the earth’s magnetic field, the conditions for the
instability development turn out to be different along the
path of the electron beam. Naturally, the instability de-
veloped predominantly in places where the growth in-
crement is maximal. As a result, the sources of the
plasma oscillations excited by the beams are localized,
as are also the places where there is considerable scat-
tering and reflection of the electrons. An analysis of the
plasma oscillations and of the character of the beam-
electron reflection makes it possible therefore to de-
termine the parameters of the ionospheric plasma at
the places where beam instabilities develop. By vary-
ing the beam parameters it is possible to sound the
entire ionosphere.

It was shown in Sec. 4 that when an electron beam in-
teracts with a spatially unbounded plasma under condi-

IStrictly speaking, formula (5.1) cannot be used in this case. The
numerical analysis performed in'® shows that the energy conversion effi-
ciency reaches in this case 30-40%.
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tions when Q2 < w},, < u?/r} (as is the case in the iono-
sphere), oscillations are excited only at the upper hy-
brid frequency w2 ~ Q% + w}, ~ w},. The oscillation
growth increment is then, in accordance with (4.4) and
(4.7),

ny

s

V(nt

'
—yt ) Oz, if
or

1
S~ —i—(n,mm/an) thoyp,, if (nfbnz) b oL, > Qy~'h.

For ultrarelativistic electron beams, when & 2 2
MeV (i.e., y > 1), the first of these cases is realized
at the plasma parameters indicated above, and by beam
sounding it is possible to determine the plasma density
at the points of maximum increment along the path of
the electron beam. On the other hand, beams of rela-
tively low energy & < 1 MeV (i.e., ¥ = 1) make it pos-
sible, in principle, to determine also the intensity of
the magnetic field. This is done by measuring the am-
plitudes of the steady-state nonlinear plasma oscilla-
tions, which is connected directly with their growth in-
crement by the relation '™

E?

n, &
5 —_—
8nnymc®y

~ uz
~ po Ny 02t . (5‘2)
This is precisely why it seems to us that weakly-rela-

tivistic or even nonrelativistic electron beams are more

suitable for the sounding of the ionosphere.
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