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A quantum transport equation is obtained in a linear approximation with respect to current-carrier concentration and in the
one-band model. The equation resembles the kinetic equation, but the probabilities depend on the electric field strength. A
new method for solving the equation is proposed, which is also valid for the usual kinetic equation. The method is employed
to analyze a number of nontrivial physical situations leading to interesting effects in a strong electric field (negative differential
conductivity, nonmonotonic current behavior, nonanalytic dependence of current on field strength).

THE calculation of the electric conductivity ¢ in a
strong electric field E was based until most recently on
solution of the Boltzmann kinetic equation by the method
proposed by Davydov back in 1937('). On the other hand,
in the case of a weak electric field, a convenient mathe-
matical formalism was constructed for the calculation
of the kinetic coefficients, suitable also in those cases
when the kinetic equation is not applicable. The general
expression for o is given by the Kubo formulal®?, Among
the calculation methods, special notice should be taken
of the Konstantinov and Perel’ graphic techniquet®] (the
KP method), which could be generalized to include the
case of strong electron-phonon couplingt*’®J,

The number of investigations devoted to the general
theory of electric conductivity of semiconductors in a
strong electric field, not based on the kinetic equation,
is relatively small. They can be broken up arbitrarily
into five groups.

1. Investigations in which the density- matrix method
is used to derive the usual kinetic equation in a strong
classical electric field (see, for example,L®"),

2. Investigations in which a new transport equation
in crossed electric (Jstrong) and magnetic (quantizing)
fields is obtained®®] with a weak electron-phonon coup-
ling. Inasmuch as the quantum-mechanical problem of
the behavior of a free electron in crossed electric and
magnetic fields can be solved accurately, this uncovers,
in principle, a possibility of taking into account the in-
fluence of the electric field on the collision act. Inciden-
tally, this effect was not taken into account inf?7°J,

3. Investigations in which closed equations are ob-

tained for the current j(E) in a strong electric field'°**],

We note that this is only the initial stage in the solution
of the problem. To decipher such formulas it is neces-
sary to produce special computation methods even more
perfect than those for the deciphering of the Kubo form-
ula.

4. Investigations devoted to the derivation of general-
ized equations (i.e., equations valid for an arbitrary
force of interaction with the scatterers) for the non-
equilibrium distribution functionst****J, in which account
is taken of the influence of the electric field on the scat-
tering, but the Coulomb correlations between the car-
riers are neglected. The following well-known Kkinetics
methods are generalized to include the case of a strong
electric field: the Green’s function method inf**1 the

Wigner density matrix method in(*3] , and the KP method
in[14:18]

5. Investigations in which the equation for the trans-
port in the plasma is obtained with allowance for the
influence of the electric field on the interaction between
the carriers (see, for example,[*®, and from among the
later paperst'’l). For a classical plasma this can be
done because of certain properties of the Liouville
operator in an external field. For electrons in a solid,
analogous possibilities are uncovered because of the
Houston theorem(®J,

The present paper should be assigned to the fourth
group. Among the papers of this group, special notice
should be taken of the paper by L. Keldysh{'*], where
the most general approach, suitable for arbitrary
statistics and (formally) for an arbitrary interaction
force with the phonons, has been proposed. In this case
the nonequilibrium distribution function f(k) must be de-
termined from Dyson’s equation, which in the case of
the Fermi statistics turns out to be nonlinear. In this
case the usual analogy with the transport equation is
completely lost (with the exception, of course, of the
case when the field can be regarded as quasiclassical
and the scattering as weak). Levinson'*) reconstructed
this analogy formally, but only in the lowest order in the
interaction with the phonons. The influence of the elec-
tric field on the scattering has been taken into account
in the transition probabilities inf'*] (which were calcula-
ted in the lowest Born approximation), but no criterion
was indicated for the electric field strength at which
this influence becomes significant, and it is not indica-
ted in which concrete phenomena this influence can ap-
pear.

We consider the case of low carrier density n, when
the correlation effects can be neglected and it can be
assumed that there is no degeneracy (Boltzmann statis-
tics). This makes it possible to perform all the calcula-
tions in the lowest order in n. In addition, we take into
account the finite width of the allowed band AE, which
greatly facilitates the calculations (the calculations
inf*?*3) correspond to AE — =), We impose no limita-
tions whatever on the force of the coupling with the
phonons. Thus, our analysis has a more general charac-
ter than inf**], and is less general than in{**], In(****]
the expression for j(E) was represented in the following
form:

Je=en 3 onlky) X XmWo x (ki ky). (1)
Coky Xm. k)

Here X, is the projection on the x axis (E Il x) of the
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radius vector of the lattice point Ry,. The quantity W
(which we call the effective transition probability) has
the dimension sec™ and satisfies the equation{'®]

an-x s , Xm, Xm, ,
Wk X (K1, ky) = Wit % (ky ', k)

r ml an (k ’ k " __h—
X, Xm, KU K)o R X

Wi o (2", k),
)
where W is a certain probability (in the general case,
not diagonal over the sites) of the transition between the
states of the Stark ladder, the graphic recipe for deter-
mination of which (for both strong and weak coupling) is
given inl'***], The function n(k ) describes the distribu-
tion over the transverse momentum k,. It is normalized

to unity:
Yotk =1,

K

+ZZ

Xy =X,

4o

and satisfies an integral equation of the typel'***]

2k )Wk, k) =0, Wk k)= 3 Woxnlky, ko).
k)’ Xm
3)

The solution of (2) can be represented formally in the
form of a series in powers of W/Qp, where Qg = eEa/h
(a is the lattice constant). At W/QE < 1, the corre-
sponding expansion can be terminated, and the formula
obtained thereby for j(E) is somewhat reminescent of
the Titeica formula, which describes Umklapp in a
strong magnetic field. We present below some new phys-
ical results that follow from this formula. In the case of
very narrow allowed bands (AE/kT < 1, where AE is
the width of the allowed band), we can put n(k ) = 1.
Then formula (1) becomes much simpler, and Eq. (2)
can be solved exactly for arbitrary E. The correspond-
ing results (as applied to the case of a small-radius
polaron) are given inl**}, We shall show that in the most
general case formula (1), with allowance for relations
(2) and (3), is equivalent to a solution with the aid of a
certain transport equation, in which the probabilities
depend on the electric field (which reflects the influence
of the electric field on the scattering act). It is valid
for any coupling force with the phonons and at an arbi-
trary band width. In particular, it is possible to obtain
from it all the results given inf**] for small- radius
polarons, and also certain new results in the case of a
strong electron-phonon coupling.

In the case of a weak electron-phonon coupling, we
consider the following concrete situations, which are
not described by the Boltzmann equation.

1. Superstrong ‘‘quantizing’ fields, when AE/RQF is
not too large (i.e., the width of the band spans a small
number of Stark leveld*®d), but Qg7 > 1 (i.e., the levels
of the Stark ladder are not smeared out). In this case
the experimental current j(E) may experience strong
nonmonotonicities in E. This effect was predicted inl
and was observed independently inf*°7,

2. Strong (but not necessarily ‘‘quantizing’’) electric
fields in semiconductors with narrow allowed bands. For
example, if AE <hw, (wo is the frequency of the optical
phonons), then single-phonon processes are forbidden as
E — 0, and the kinetics is determined by weak two-
phonon scattering. However, with increasing E, the
single-phonon processes become allowed because of
tunneling through the quasiclassical barrier in the strong
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Motion of electron in the Bril- '
louin zone in the presence of an
electric field. The arrow shows the ‘
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a phonon. The dash-dot lines limit
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electric field (in this case the 6 functions describing the
energy conservation laws become smeared out). The
dependence of the correSpondmg contribution to the cur-
rent j(E) takes the form E**exp(~ E,/E). We were the
first to obtain these results, although they can be deter-
mined from the transport equation proposed int**J,

We investigate also the case of a classically strong
electric field Q7 > 1, AE/hQg — «, which can be
considered with the aid of the ordinary kinetic equation,
but we shall solve it by another method, iterating in
powers of W/Qg. We then arrive at the conclusion that
the differential conductivity is negative.

1. NEW FORMULA FOR THE CURRENT IN THE CASE
OF WEAK COUPLING AND CLASSICAL ELECTRIC
FIELDS (AE/HiQg — «)

We shall show below how to obtain from the kinetic
equation, for arbitrary Q g7, a formula of the type (1)
for j(E). We present first certain qualitative considera-
tions concerning the form of j(E) when Qg7 > 1.

Let us consider for simplicity the case of one-dimen-
sional motion, and then let us generalize the result to
the three-dimensional case. The figure shows the de-
pendence of the electron energy € on k within the limits
of the first Brillouin zone. At E =#0, in the absence of
scattering (Qg7T — «), the wave vector varies in time
like k(t) = k(0) + eEt/H, and the velocity v is a periodic
function of the time:

_ 1 de _ 1 de[k(0)+eEt/h]
h dk ek dt

Thus, as Qg7 — = the electron executes oscillations
in coordinate (and momentum) space with frequency Qp,
by virtue of which the average current is equal to zero.
If an electron having a momentum hk’ collides with a
phonon at the instant of time T and changes its momen-
tum jumpwise (k" — k), then at t > T it will again start
to move periodically. By the time T + At, when its mo-
mentum has again become equal to hik’, it has moved in
coordinate space through a distance Ax:

_ f .
d //

T+at

Az(k' k)= j 1 de(k)

kdK”

e(k')—e(k)

eE
4
Multiplying Ax by the collision probablhty W(k', k),

summing over k, and averaging over k', we obtain the
drift velocity v, where j = env:

j,:en;n(k;)u(k', k) W (K, k) -
n(k,) [e(K')— e (k) ] W (K, k).

kr k

n
F
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Differentiating (11) with respect to k, with allowance for
(15) and (13), we obtain

5f() h 1 3 I/ 4
S Tl LLLICULACADE

*
According to (11) and (14) we have

(18)

1tk 4+ G) = f(k), W(k' +- G, k+G) =

We change over in (17) to integration with respect to k
only in the first Brillouin zone. Substituting (18) in (17),
we obtain ultimately

) n
=

Zn)“ jd%j ak'n(k,’) [e(k)—e(k) W (K, k). (19)
We have taken into account here the fact that, according
to (14), dakW(k k) = 0. This has made it possmle to
add in (19) a term containing €(k’) and identically equal
to zero. However, such a way of writing the equation is
convenient, since it makes it possible to omit the con-
tributions made to W by the departure terms.

Thus, (19) coincides with (5) apart from the substitu-
tion W — W. If the integral term in (16) is small (i.e.,
Qg7 >1), then the first iteration is W) = W. The next
iteration term makes a contribution from the processes
with two successive collisions during the period of the
oscillation in the electric field, etc. We present below
several concrete examples of the use of the formulas
obtained in the present section.

2. QUANTUM TRANSPORT EQUATION IN ARBITRARY
ELECTRIC FIELDS

In the preceding section it was shown that in non-
quantizing electric fields and in the case of weak coup-
ling with the phonons, a formula of the type (19) and the
traditional expression for the current (17) are equiva-
lent. In the present section we shall show that the ex-
pression (1) for the current in an arbitrary field E and
at an arbitrary force of interaction with the phonons can
be written in the form

jx(E) = en Ef(k) vt

The summation over k is carried out here within the
limits of the first Brillouin zone, and f(k) is a distribu-
tion function normalized to unity and satisfying the quan-
tum transport equation

eE 6f(k)
R

(20)

ZIW (KK = FRWEE)]. (21

The transition probabilities W(k’, k) are defined as fol-
lows:
W (K, k) = lim W (K’, k, %),

1 Xm,
WK, k, %)= x5 me X (K1’ k) exp {ik,' (Xm, — Xm,) — ike
S m (22)

)-'l x_ (Ym.‘yL‘Xm,—Xm,—-Xm‘) iy (k'+ .32‘_)

’ % . %
*"*(“ — ) (et ) (e—5) @9
The quantity v?{ff(k) has the dimension of velocity and is

equal to
eff (

X (X, —

1 de(k)
N=% ok

ZW, k k), W,(kK) —hmTW(k K, x);
T2
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WK, k), n(k. + G.) =n(k.).
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Ny is the normalization number for the summation over
Xm, which of the order of the number of atoms in the
crystal along the x axis{'®) | and y (k) is[**]

ox (k) 1
eETk, =e(k)—e(k,), E(k*)=EZ£(k)' (25)
The probabilities W21 2m, (k', k) were defined inf**],

Xm,» Xm
2 4
where a graphic recipe was given for the calculation for
both weak coupling with the phonons and for the model
of small-radius polarons (see the Appendices inl**)). We
present here an expression only for the diagonal proba-
bility

me ‘x k', k) = ﬁ 2|cq1 Ok, k-, (AN I (0, Xoo—X )

+ Nqll™ (7, k_l_va—X ) — 8% X Ok k) Z [(1 4+ Ny il
(qv kJ_yX )+qul( kL,Xm)]n (26)

in which
I=* (‘L kJ_' Xm)

— |5y emktax|
kx

O(k, K, Xn) = exp{— ik.Xm + iy (k)—

8(e(ky + g0 — e(ky) — eEXn + fiay,),

iy (k) }. (27)

Equation (23) is outwardly similar to the kinetic
equation (6), but does not coincide with it, since W(k’, k)
take into account the influence of the electric field on
the collision act. Only at not too strong a field and in
the first Born approximation in the scattering does (21)
coincide with (6) (see below).

We go over to the k representation in the expression
for the current (1) with the aid of (23), which obtains in
the case of homogeneous space (compare with (6) in(?]),
when the following relation is satisfied:

X+ Xm, Xm+Xm

’ X 1 X, 3 ’
Wixmt Xm, XmtXm (Ko's ki) = Wil X (k1 k).

(28)
After simple algebraic transformations we obtain

o _ en , , e(k) ® _en ,
—— 2 kYW k == E W k
]: kak, n( J.) (kv ) ek s le ~ n(k-l-) 1(k1 )-

(29)

i +j&. In the derivation of (29) we used sum

with jx = )x + Jx
rules for W in the k representation:

2 W (k' k) =0, Z n(k,/)W (k' k) = 0.

kk

(30)

Formulas (30) coincide with (3) of the present paper
and (35) oft**J, written out in the k representation. We
change over likewise to the k representation in Eq. (2)
for W:

w (k' k , %) =

W (K k% +ZF(k’ K", )W(k", kx);  (31)

Here

(k'ku)—EW(k’ K ) bupn, 3 leeEX exp{l(k — k) Xa

i 5) (o= 2) vafer)-nlem ).

It is now convenient to introduce the function f(k) in
accordance with the equation

100 =N [ntk) + Y nk) PR 33)

F (', k) =1lim F (k’, k, %).

%0



GENERAL THEORY OF TRANSPORT PROCESSES

The function n(k |) introduced here is a reflection of the
specific character of the three-dimensional case (in the
one-dimensional case n(k;) = 1) and describes the dis-
tribution with respect to the momentum perpendicular
to the field, i.e., n(k,) is the distribution function f(k)
averaged over ky(E Il X):

n(k¢)=2 (k).

It is possible to take into account analogously the
probability of successive (in time) collisions of an elec-
tron with two phonons within one period of oscillations
in a field, etc. This would lead to a renormalization of
the probability W, i.e., to a substitution W — W (see be-
low). However, when Qg7 > 1, we can confine our-
selves to allowance for only one collision per period,
and use formula (5). The case of arbitrary Qg7 is more
conveniently considered with the aid of the kinetic equa-
tion

eE df(k)
" Ok,

1
= — | #*Kf(K)W (K, k).

A(Aj, 1) W (K, k) (6)
The probabilities W include here both the arrival terms
and the departure terms, i.e., in the usual notation

W (K, k)~ W (K, k) — 5*'*2 W(k,k").
1'%

If E makes an irrational angle with the crystallographic
axes, then in the absence of scattering the trajectory of
the electron’s motion in the first Brillouin zone does not
close, and its motion is quasiperiodic. When the direc-
tion of E coincides with a high-symmetry axis of the
crystal, the electron motion becomes periodic. In the
general case it is convenient to consider the motion of
the electron in complete k space with a normalization
volume A, without confining ourselves to the first
Brillouin zone. This makes it possible to find a formula
for the current at an arbitrary orientation of E relative
to the crystallographic axes. Indeed, for any rational
angle between E and the crystallographic axes there ex-
ists a finite region in k space, within which the electron
executes periodic motion along x with a period K,. We
choose in k space a normalization length A, in the x
direction, equal to an integer number of periods Ky.
This makes it possible to formulate boundary conditions
for the differential equation (6), which we choose to be a
condition of cyclicity in x:

flks + Asy k1) = f(ks ku). (7

When solving the kinetic equation under ordinary condi-
tions, when the moving electron does not reach the edge
of the Brillouin zone, we use as the boundary condition
f(e) — 0 as € — ». The condition (7) is a generalization
to the case of arbitrary motion in the zone. In the next
section this condition will actually be derived.

Any irrational direction of E can be obtained by
means of an infinitesimally small rotation relative to a
certain rational direction. It is clear that in the pres-
ence of scattering, such a rotation should not change
f(k) jumpwise. Therefore any irrational direction of E
can be regarded as the limit of a sequence of rational
directions, by the same token generalizing (7) to the
case of arbitrary angles. In all the final results it is
necessary to make the transition A, — .

1275
We rewrite Eq. (6) in integral form
1 3 ot 4 ’ h ’ ’
f(k) = n(k,)+ X(J; &K f(K')F (K, k) + Zk,j SR )W (K, k). (8)
A (A)
Here
j dkW (K, k),
*y,)
and F(k’, k) is defined by the equations
IF(K,k) _ A
ok,

1
WK, k) =+

— WK — WK K)}, j F(K,k)dk. = 0. (9)

@)

Solving (9), we obtain

F(K, k)_—{ j dk [W(K'; kS, k) — W (K K,) ]

—AL /2 '
1 17y, 17 7 (1 4 ’ (ga)
+A—x J dk.' k. [W(K'; k. ,kl)—W(k,kL)]}.
(G

It is easy to verify that the function F(k’, k) defined in
accordance with (9) and (9a) is periodic: Fk' + G,
k + G) = F(k', k) (G and G’ are the reciprocal-lattice
vectors). Since A is one of the reciprocal-lattice vec-
tors (A, = Gy, G = 0), we get, in particular,
F(k'; ky + Ax, kl) F(k’, k). The condition of periodic-
ity of (7) requires that the last term in the right-hand
side of (8) vanish:

[ errayw, k) =o.
4)
Relation (10) makes it possible to determine the func-
tion n(k)).
We can now write the formal solution of Eq. (8):

(10)

flk) =n(k.)+— Jdak'n(kJ_ F(K,K).
(A)
The function F(k , K) is determined from the equation

(11)

F(K, ) =F (K, k) + — LA STICAY)
Ad (12)
= FK, )+ jd“c"l«"(k' K’)F (K", K).

(A)
To determine n(k l) we substitute the solution (11) for
f(k) into relation (10). As a result we obtain an equation
for n(k )):
[ aw [ dhan (k)W (K, k) =0,
(R .
W (K, k)= W (K, k)+ XI &K"F (K, k")
@
Comparing (14) with Eq. (12) differentiated with respect
to ky, we have
aF (K, k)
ok,

(13)

W (K", k). (14)

=L[W(k’,k)—W(k',kL)], _{ k. F (K, k) =0, (15)
“*

i.e., Fis expressed in terms of W in exactly the same

manner as F in terms of W (see (9a)). In addition, s

satisfies the equation

1
W k)= W (K, k) +— jd%”[«‘(k’, k") W (k”, k). (16)
)
Formulas (11)—(14) give the exact solution of the
kinetic equation. It is possible to express with their aid
the current in terms of W:

._en 1 o de(k) en 1 o
o=y J ki) == — S [ ke (k)

®) )

af (k)
ok - (17)
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From the definition (33) it follows that
fk) =n(k,), fk) =1,

since, according to (32),

Z F (K, k)= 0.

We shall now show that the function f(k) introduced
by us actually satisfies the quantum transport equation
(21), i.e., we can assign to it the meaning of a distribu-
tion function. To this end we multiply both parts of (33)
by W(k, k”) and sum over k. Using (31), we obtain
; )W (k k") = Niz n (k) W (k, k")

k

(34)

On the other hand, differentiating (33) with respect to
ky and recognizing that

—:T'F(k', k)= e_f;.{ W(k',k)—N—tZ W (K k) }

we get
9f (k)
ok,

A1
= F W kN W K k). (35)
=
Combining (34) and (35) and taking into account the sum
rule

2 W (K, k) =0,

which follows from (31), we arrive at the sought equa-
tion (21) for f(k).

We can now express the current in terms of f(k).
According to (29) and (34)

af(k
PR
In order to express j!* in terms of f(k), we differentiate
Eq. (31) with respect ’éo kx, after which we put k = 0 and
sum over k:

2 W, (K, k) = Z W, (K, k)—;—Z F(K, k)W, (k, k).

Comparing this expression with (29), we obtain

&= — iean(k’) Z W, (K, K).

Adding (36) and (37), we obtain the sought formula (20)
for the current.

Formula (20) for the current differs from the tradi-
tional formula (17) in that v is replaced by veff, In the
usual case (weak coupling with phonons), the operator of
the coordinate R commutes with the Froehlich interac-
tion Hamiltonian. Actually, in crystals with an inversion
center, the Wannier functions ¢(r) are symmetrical with
respect to the substitution r — —r, and in the single-
band approximation we have

R= X Ruam® am,
m

i.e., Ris diagonal in the m representation and commutes
with the Froehlich Hamiltonian which is diagonal in the
m representation. In this case we have the relation®

1 de(k
—end 10 4 22)-

F(0

Jx

(36)

(37

DThis relation can be obtained within the framework of the graphic
techniaue proposed in!'"), by pairwise adding of graphs that differ from
one another by the transfer of the extreme right-hand point from the upper
axis to the lower one.

V. V. BRYKSIN and Yu.

e 2 1
wg W 0= g7 [eal (Not 5+
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ZW,(k’,k)=0

and the formula for the current assumes the traditional
form. In the small-radius polaron model, R does not
commute with the interaction Hamiltonian, and the con-
tribution from W, differs from zero (W, gives rise to
an Umklapp contribution to the mobility).

Inf**] are given expressions for W in the case of
weak coupling with phonons in the Stark-ladder repre-
sentation (see (A.4) and (A.5) inf'*]). By using formula
(23) it is possible to obtain with their aid an expression
for W(k’, k), in the lowest (Born) approximation in the
interaction:

WK =Y [we (K, k+a) = w* (K, K) + w, (K, k+ ) — v~ (K, k)],

1 -
~2—) Re S dt 8y, k-eEl/n €XP {— (S 4 iog)

— o flema - )= (-2 ),

here wq is the frequency of a phonon with momentum q,
s is the adiabatic parameter (s — +0), N, is the distri-
bution function for the phonons, and ]cql2 is the square
of the amplitude of the electron-phonon interaction. We
note that W(k’, k), written out in the lowest approxima-
tion in the interaction, actually coincides with the proba-
bility from{**] (where, however, the case of an infinitely
broad electron band is considered), i.e., in this particu-
lar case the quantum transport equation (21) obtained
by us goes over into the corresponding equation of{**J,
If we put in (38) E = 0, then W(k’, k) goes over into the
classical expression for the probability without allow-
ance for the influence of the field E.

The expression (20) for the current and the transport
equation (21) in the k representation are valid for any
field direction, whereas formula (1) for the current was
valid only when the field direction coincided with that of
a high- symmetry axis of the crystal. Indeed, W(k’, k) is
the probability of the transition between the electronic
states in the Houston representation[”’], which is valid
for an arbitrary field direction.

We note that if W(k', k) and f(k) are linearized with
respect to E in the transport equation (21), the latter
goes over into the kinetic equation obtained inC*J, and
the linear-in-E corrections to W(k', k) renormalize the
left-hand side of the equation and constitute its vertex
part r (see (8) in-*J).

(38)

3. DISTRIBUTION FUNCTION WITH RESPECT TO THE
PERPENDICULAR MOMENTA n(k))

It was shown above that n(k ) is the symmetrical
part, averaged over k,, of the distribution function f(k).
Therefore in the classical limit, but n(k ) for Qg7 > 1
should be ‘‘smeared out’’ over the entire Brillouin zone.
Let us find the form of n(k ) upon interaction with non-
polarization optical phonons (Icql2 = [c[? wq = wo), as-
suming for simplicity that e(k) = €(ky) + €(k;). Then the
equation for n(k ) (13) assumes in the classical limit the
form

[ @ [ akuln(a.) (Ve + 1) D (4, k) + NoD* (g, K))
—n(k.) {(No,+ 1) D*(q,k) + NoD™ (g, k) } ] =0,
D*(q, k) = 6(e(qu) —e(ky) + &(g:) — e(k:) =% fino).

(39)
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The integration is carried out within the limits of the
first Brillouin zone, the volume of which is v, = KXK_ZL,
where K, is the length of the zone in the x direction,
and Kl 1s the area of its cross section in the yz plane.
As seen from the structure (39), n(k ) = n(e(k})) (we put
for brevity e(k;) = £). Now (39) can be simplified using
the ‘‘quasielasticity’”’ condition iwo K AEg, AE , where
AEy and AE | are the widths of the band in the longitud-
inal and transverse directions, respectively. Expanding
D* in powers of fiw, and retaining the first and zeroth
terms, we obtain

[ g k. {cth(ﬁ
+ hox[n(e(0.)) +n(©)1D } =0,

D =d8(e(qu)— L+ e(g:)—e(ks)).
The prime denotes differentiation with respect to g.
. We consider first the case AE, ~ AE; ~ AE. Itis
convenient to represent n(¢) in the form
n=c1—"2wm)].
where C is a constant determined from the normaliza-
tion condition. For ¢(¢) in the lowest order in Awo/AE
we obtain from (40):

)jdﬂ Jak. (@ (e(a))— 00} D= AE[ @q [ar.D. (41)

We see therefore that ¢(¢) = 1, i.e., n(k)) ~
to fiwe/AE.

Let AE, > AE,. Expanding D in (40) in powers of
€(dy) - e(kx) and conflmng ourselves to terms linear in
AE4/AE |, we obtain

£ (k).

ot (1), "

Thus, with the exception of an extremely asymmetrical
band, when

L) n(e@.)) - n (@10
(40)

cth (

C accurate

(AE,)* =

n(@)=Cexp{—

AE _Iﬁ(l)o

(AE,)* ( 2kT\ 21

we can put in classical fields n(k ) = C

In the limit of quantizing fields, in the single-band
approximation, the current tends to zero, the system
becomes nondissipative, and

n(k.) = Cexp{—e(k,) /kT}.

Such a distribution corresponds to the case of scattering
of an electron inside a single Stark subband, and it can
be obtained from (3) if in the sum over X, we confine
ourselves to the term with X, = 0 (see formula (26)).
We note that in the quantum case the probability of scat-
tering between different Stark subbands is small com-
pared with the intraband scattering with respect to the
parameter AE,/HQE. As shown by Levinson (private
communication), when hQp > AEy < Hwo, allowance for
weak interband scattering causes a Maxwellian distribu-
tion to be obtained only at e(k ) < fwe, and in the inter-
val from hwo to hQ f there is a small smooth non-
exponential tail.

4. ELECTRIC CONDUCTIVITY IN A STRONG FIELD IN
THE PRESENCE OF TOTAL HEATING

In the preceding section it was shown that in non-
quantizing fields (AE/hQg 2> 1) there is complete heat-
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ing of the carriers andn(k,) = C if Qg7 > 1. Letus
examine the current under such conditions.

We begin with the case of classically strong fields
(AE/HQE — 0, QT > 1). Substituting n(k ) = C in (19)
and making the substitution W — W(QEg7 > 1), we obtain

n
E (z

f= f @k [ gl - 2mad(slk+a) = e (k) + o). (43)
It follows from (43) that when n(k ) = C and Qg7 > 1,
the current does not depend on the lattice temperature,
which, generally speaking, contradicts the conclusions
of Bychkov and Dykhnel?'J, Incidentally, in scattering

by unpolarlzed optical phonons only (lcql = |c|?

=y (Hwo)?, = w,), We obtain
AE
 n T ke, dN(e)  dN(e)
o fné d ro(:) % ' T ds (2n)8$d”‘5(9—8(k), (44)

which coincides with{*'] if we put in place of (12) in(*"]
(45)

Formula (44) is valid for any temperature, and not only
at kT < Hwo as inf*'3, Another 1mportant difference be-
tween (43) and the results oft*!] is that the contributions
to the current from different scattering mechanisms
are additive.

In scattering by polarization optical phonons we have
in order of magnitude, according to (43)

To~' (&) = 2nwoyhwodN (e — hw,) / de.

Ao, hay b
o eneapn(552) (46)
where
AE AE
Vinex = —a = | 5-10° - 1. 107
mt T [ seclteV’

a is the lattice constant, o is the Froehlich coupling
constant, z is the number of nearest neighbors in the
lattice, and w ) is the frequency of the polarization
phonons.

In the case of scattering by acoustic phonons we have

E, )”imp hoyp

— . 2
AE 2nz

Jx R envm( _—
Ms* eEa '

(47)
where wp is the Debye frequency, M is the reduced
mass of the cell, s is the speed of sound, and E, is the
constant of the deformation potential.

The condition Q7 > 1 can be rewritten in the form
E > 2 x 10* (sec/10'*7). By 77" is meant the frequency
of collisions with phonons, averaged over the entire
width of the electron band, and in order of magnitude
T~ T(iw/AE)”, 2 where T¢r i the transport relaxa-
tion time, w is the characteristic phonon frequency:

W =wp for acoustic phonons and & = wp Or W = w; for
optical phonons.

Thus, in the absence of cascade ionization, negative
differential conductivity takes place at Qg7 >> 1, and
the current is inversely proportional to the field. This
conclusion coincides with the results off*!7,

We now obtain for the current a formula that is valid
in quantizing fields in the case of total heating (n(k )
= C). To this end we substitute in (20) n(k ) = C
W — W, and we use W in the form (38). Then in the
model where the coupling w1th the phonons is weak, as
noted in Sec. 2, we have veff = i 've(k). Integrating by
parts (with respect to (t) in the obtained expression, we
get
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.o n
=7 (on

where

k[ @gleaor2Ref dieexpl—iF (k,q,1)], (48)

t/2

F(k,q;t) = 0gt +— j:/:it’{ ( —q—}—%t’) —a(k+"—:—t')} .(49)
According to (48) in the quantum case, just as in the
classical one, the current is independent of the tempera-
ture when n(k ) = C. Putting E = 0 in (49), we arrive at
formula (43), which has been obtained from the classical
kinetic equation.

In the case when E coincides with a rational direc-
tion in the lattice, it is convenient to go over in (48) to
the Fourier representation
v

-—J' @k [ d'q|cq|?

. n
== %E (2n)

/@y

X 2n0q j dtexp[— iF (k, q; )] Z 8(2nn —v(k., q)),

—ﬂ/QE n=—oco

(50)

where

2 1 %
vk, 0) = o= {oo+ - [e(k, — a) — e(k)]1}, s(kL)=—:;—J' dke (k).

NG
Here Gy is the smallest of the reciprocal-lattice vectors
coinciding with the field direction. For example, in a
cubic crystal with a lattice constant a, for E directed
along the axes [100], [110], and [111], G, is equal to
2m/a, 2m/2/a, and 27V3/a, respectively. The quantity Qg
as before, is the frequency of the electron oscillations
in the field, Qg = 27eE/hGo.

The formula for the current (50) can readily be ob-
tained from (1), since the transition to the Fourier
representation with respect to time connects the
Houston representation with the Stark-ladder represen-
tation.

In some applications, when the field is quasiclassical
(AE/R Qp > 1), it is convenient to use for the current a
formula in somewhat different form, summing over n in
(50) by the Poisson method:

a/ep

Jo=— (sz @k [ dglea|’a, [ ar.
._x/n (52)

X exp[—iF (k,q;1)] E exp{ilv (k. q)}.

l=—oo

In the succeeding sections we present examples of cur-
rent calculation by (52) in quasiclassical electric fields.

5. NONMONOTONIC DEPENDENCE OF j ON E IN
STRONG FIELDS

With the aid of (52) we can find the current in the
system when the resonant transitions between the Stark
subbands lead to a nonmonotonic dependence of the cur-
rent on the field(**>'***?*]1  We shall consider here the
quasiclassical case AE/iQg > 1. By virtue of the fact
that integration with respect to t in (52) is carried out
within the limits of one period of the oscillations in the
field, the quasiclassical corrections from this integral
have a monotonic character. Neglecting these correc-
tions, we can put E = 0 in the integrand:

ﬂ/DE
f dtexp {—iF (k,q; 1)} = 2048 (fwq + &(k — q) — &e(k)).

-/,

(53)

V. V. BRYKSIN and Yu.

A. FIRSOV

The term with / = 0 in (52) coincides with the expression
for the current in the classical limit (43).

Let us calculate the current resulting from the inter-
action with unpolarized optical phonons (|c = y(ﬁ wo)?,
y is the dimensionless coupling constant, and wq = Wo).
In this case (52) becomes much simpler

Jx= 2— Y (7@)? 7, 1;_‘; ,IS,, de le (®) exp {?nil 3—‘;} Mg_d_eﬁ_“’ﬂ)_,
(54)
where
dAZ(e J. dg exp{Zml ff) }(p(s, £),
(59)
(e, 8)= @ k))8(s —e(ky)).

The functions dNj(e)/de at I = 0, which we have intro-
duced here, coincide with the density of states in the
band dN(e)/de (44), and therefore the term with [ = 0 in
(54) gives the classical contribution to the current (44).
If AE,| /liQ > 1 and the density of states in the two-
dimensional zone has no singularities, then

dn, szx
We) ~ [(p e,0)— (e, AE)) exp{ 2ml 70 }]' .
E 1540

de
Substituting (56) in (54) and summing over /, we obtain a
final expression for the current

2n00 AQs [ hwg\? ¢ 1 \
ey =g _(AEJ_) ZJ“"(?_“'“L“‘ );

(56)

Je=1Js° (57)
here ]Cl is the classical monotonic contribution to the
current (44)

AE

4 =AEMEL? | delo(e, 0)9

hoy

0)+9(e, AE,) @ (e—hog, AE)]s

(e — Ry,

AE
ay= —AE(AEL)? | dege, 0)(e— hwy, AEy),

hw,
AE

a3 = — AE(AE,)? 5 de @ (e — ha,, 0) @ (e, AE ) (58)
hwe
and
o 1 (AE, . 1 [AE,
1= _Nl, = N, = e _—
M= Ha QE( +‘°°> » e QE( P “’")

(59)

where Nj are integers chosen such that 0 = pu; <1.

It is easy to see that the nonmonotonic contrlbutxon
to the current is smaller than ]gl by a factor
(hQg /AE )°. Inthe case when this parameter is not
small, their ratio is of the order of unity. We note that
at certain field directions in a crystal of definite sym-
metry, the quasiclassical condition AE/h QE > 1 does
not automatically imply the relation AE /HQE > 1.
For example, in a cubic lattice with strong coupling,

where
e(k)=J Ze“‘l
[

(J is the overlap integral between the nearest neighbors,
g is the vector drawn to the site of the nearest neighbor,
and |g| = a), when the field is directed along [111], we
have e(kl) = 0 in accordance with (51), and a contribution
to e(k)) is made by the overlap integrals with the suc-
ceeding neighbors J' < J. In the same crystal, but with
the field directed along the [100] axis, we get AE |

= (2/3)AE ~ AE. Thus, in cubic crystals it is most con-
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venient to direct the field along [111] when observations
are made of the described nonmonotonicities.

A detailed discussion of the described effect was pub-
lished inf???*], All we mention here is that the current
in the quasiclassical case has a discontinuity of the
derivative at the points wo, = N; Qg and h'AE | + wo
= Nz,3 8. However, the nonmonotonicities at the points
hAE| £ wo should be less manifest in experiment in the
quasiclassical limit, since the resonant points lie very
close to one another in terms of E. The nonmonotonici-
ties at wo = N1 Qg were observed experimentally in ZnS
with the field directed along [111] inl**J, and were inde-
pendently predicted theoretically inl**],

6. NONANALYTIC DEPENDENCE OF j ON E IN THE
CASE OF NARROW BANDS (AE < Hwy)

In certain semiconductors there can be realized the
case of very narrow electron bands, such that AE
< hwo ~ 0.01—0.1 eV. Examples of such materials are
polaron semiconductors (such as TiOg, in which the car-
riers are small-radius polarons), or organic semicon-
ductors. Without taking the influence of the field on the
electron-phonon collisions into account, the transition
processes with participation of one optical phonon are
forbidden, and contributions are made to the current
only by processes in which either one acoustical or two
optical phonons take part. The presence of a field leads
to the smearing of the 6 function that describes the en-
ergy conservation law in the electron-phonon collision,
and makes the single-phonon processes allowed for the
optical phonons. This situation recalls the Franz-
Keldysh effect in optics and leads to a nonanalytic de-
pendence of the current on the field; this dependence
can be found with the aid of (52).

We shall calculate the current using the following re-
lations between the parameters:

Qrs1, (60a)
hQe/ AE< 1, (60b)
n¢ = (hoo— AE) [AE <1, (60c)
(hwo — AE) [ 115 1. (60d)

Here AE is an energy on the order of AE, a rigorous
definition for which will be given below. The inequality
(60a) makes it possible to use formula (52), while (60b)
is the condition under which the field is quasiclassical
and the integral with respect to t in (52) can be taken by
the saddle-point method. To this end, we expand
F(k, q; t) in (52) in a series in t about the point t = —iT:
h ¢(k—q) 0% (k) 1y
T(k,q) = —{8[# —q)— —
(k. 9) eE{S[ ootelk—a)—e(k)] / [ ok ok ]}
(61)
Confining ourselves to the terms (t + iT)? inclusive, we
obtain

) noov? T(k,q) rd’e(k—q) 0%(k) 1"
A — 3 3 2 ! —_
gy (zn)ﬂjd"jd‘”c” “’“{ 8 [ ok Ok ]}

2T (k,q) . had
———[hos+e(k—q)—e(k)] exp {ilv(k,q)}.
: | o s

Xexp{~

I=--

Expression (61) for T is valid if (QE’I')2 < 1. On the
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other hand, the integrand in (62) decreases rapidly with
increasing T, the minimum value of which is Ty i

~ n./h Qp, i.e., (61) is valid if the inequality (60c) is
satisfied. The argument of the exponential in (62)
reaches its lowest value at k = k, and q = Kk, — K2, where
K,(Kk2) is the wave vector corresponding to the largest
(smallest) value of €(Kk), i.e., e(K;) — €(k2) = AE,
de(xi)/dxi = 0. For simplicity we assume that at k|

= K,  the transverse band e(kl) is also extremal, i.e.,
de(Kj;)/dkj, =0, €(k,|) — €(k,,) = AE,, and near K = kj
the band is spherical:

'dze (%) /d'H-'-'zI =hr/m, idzs(’(u) /d%i_x_z' = R*[m.,. (63)

Here my(m,) is the effective mass near the lower (upper)
edge of the band €(k), and m,, and m , are the same
parameters for the transverse band €(k ). Expanding
the argument of the exponential in (62) in powers of

k— k;and q— k; + k22 and confining ourselves to quad-
ratic terms, we obtain

. - (0) mym,, (1
= s { — 8n’n,? o 2
=12 ains e (5wt (64)
where
. 2m\3 b1 Gy \312 (my + m,)? hQ '
e 3 (v o (8] 20 ()
Jx en % \G, Yi-x. % Uq I J 8 (mmy)7 \Tiog — AE
n,° 8nny ho, — AE
X oxP -3 7Qp J (65)

In deriving (64) we have neglected the dispersion of the
phonons wq = wo; vq = [cql”/(wo)® is the dimensionless
coupling constant with the phonons, 7: = iw,/AE, and
AE = Y%,h%G3(1/m, + 1/m;). The parameter p = fwo —

— AE|)/hQE — N is chosen with the aid of the integer N
such as to make 0 = p <1.

In ionic crystals, where the coupling with the optical
phonons is stronger than with the acoustical ones, we
can obtain an N-shaped current-voltage characteristic.
In weak fields, the current increases with the field, and
then at Qp7 > 1, owing to the interaction with the acous-
tic phonons, a decrease of j begins with increasing E
(j » 1/E), and when the argument of the exponential in
(85) 7sm1(fwo — AE)/NQ R becomes not too large, the
current increases like E32exp (— Eo/E). Just as in op-
tics, the current oscillates against the monotonic back-
ground, with a period 27meGg' (iw, — AE )™, and with an
amplitude that is small compared with the background
in terms of the parameter Tﬁmllmzl/mlmz.

Agparently the nonanalytic dependence of j on E at
hwo R AE also remains valid at Qg7 <1, when the
closed formula (52) for the current cannot be used and
it becomes necessary to solve the transport equation
(21) with probabilities W that have a nonanalytic depen-
dence on the field.

CONCLUSION

Let us discuss briefly the main premises on which
the theory described above is based. The most stringent
among them are a) the single-band approximation,

b) neglect of correlations between the carriers. The

YWe can disregard here the corrections due to the expansion of
2’[e(k—q)— €(k)]/2k? in the expression for T (61), since they are smaller
by a factor m} than the corrections to the numerator
hwo te(k—q)—e(k) in (61).
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single-band approximation imposes an upper bound on
E: the probability of tunneling between bands should be
small. The second assumption does not permit us to
ascertain when the electron-electron collisions begin to
influence processes such as heating, runaway, etc.

We disregard the influence of the field on the Hamil-
tonian of the electron-phonon interaction. In the small-
radius polaron problem or for interaction with piezo-
acoustic phonons, this influence can be large. Inciden-
tally, it is easy to forgo this assumption.

It is assumed that the electron density n does not
vary with the field. A distinction should be made between
two cases: 1) the total number of carriers in the band
varies with the field, but this does not affect their dis-
tribution with respect to energy (the Frenkel- Pool
effect); 2) the change of n with increasing E affects
their energy distribution (cascade ionization tunneling
breakdown). In case (1), n(E) can be obtained from inde-
pendent considerations and substituted in (20) in place
of n. In case (2) it is necessary to add in (21) a recom-
bination-generation term in a strong electric field.
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