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A compact representation of the dynamic elastic moduli of a metal is presented in terms of the elec­
troacoustic kinetic coefficients. Asymptotic formulas are given which permit the explicit form of the 
kinetic coefficients in strong (non-quantized) magnetic fields to be obtained directly. The asymptotic 
behavior of the absorption and dispersion of transverse sound propagating perpendicular to the mag­
netic field is found as a function of the field direction relative to the crystallographic axes (for closed 
cross sections of the Fermi surface). It is shown that, besides the symmetry of the magnetic field 
directionf4 J, anomalously small absorption of the transverse sound requires simple- connectedness of 
the Fermi surface cross sections. For low- symmetry field directions, the absorption of the trans­
verse sound depends significantly on the polarization and differs from the case of high symmetry. 
Considerable renormalization of the transverse sound velocity is possible here. Sound velocity 
dispersion near those frequencies for which the sound wavelength and skin depth are comparable is 
also discussed. For sound polarized perpendicular to the magnetic field, the order of magnitude of 
dispersion and absorption are about the same in this resonance region, thanks to the contribution of 
transverse electric fields. The equations of elasticity theory for metals are employed in the disper­
sion and absorption investigationsYl 

1. INTRODUCTION 

IN the present paper, the equations of elasticity theory 
for metals, which were obtained earlier/lJ are em­
ployed for the investigation of the dispersion and ab­
sorption of transverse sound in a strong magnetic field. 
The propagation of transverse sound perpendicular to 
the magnetic field is discussed for closed Fermi-sur­
face cross sections, when collision- free absorption, 
which was considered for the isotropic metal inf2 l , is 
lacking. Dispersion is also considered along with ab­
sorption.1> 

The interaction of transverse sound with electrons 
differs in a number of features from that of longitudinal 
sound. These include the important contribution of the 
transverse electric fields, which are generated upon 
propagation of the (transverse) sound wave in the me­
tal (seef2 ' 3 l) and the references cited inf2l), and the 
sensitivity to the anisotropy of the electronic spectrum, 
which is much greater than for longitudinal sound. The 
latter is associated with the fact that the shear moduli 
of the electron gas (and not the compressional modulus 
as for longitudinal sound, which disappear in the tran­
sition to the isotropic spectrum, play a role in the 
deformation interaction of the transverse sound with the 

IJ Dispersion of sound velocity in metals, like absorption, is due to 
the interaction of the lattice with the conduction electrons. Here the 
characteristic lengths and frequencies with which the sound wavelength 
X= 2rr/k and the sound frequency w should be compared are the para­
meters of the electron gas in the metal, such as the free path of the elec­
tron/, the Larmor radius, r, the skin depth (which is proportional to 15 = 
c/wp), the collision frequency v, the cyclotron frequency Q, and so on. 
These lengths are significantly greater than the interatomic distance(/, 
r, 15 ;p a) and the frequencies are much smaller than the atomic and 
plasma frequencies (v, Q ;p Wat' Wp)· 
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electrons. This is especially evident in the presence of 
a strong magnetic field; the absorption of transverse 
sound in the crystal is strongly dependent on the direc­
tion of this field, as was first pointed out by Pippard. f4 l 

The difference in the deformation interaction of the 
electrons with longitudinal and transverse sound lies 
in the fact that in the former and latter cases it is de­
termined respectively by the diagonal and nondiagonal 
components of the deformation potential tensor "-ik(P) 
(one of the indices denotes the direction of propagation 
and the other the polarization of the wave). This follows 
from the definition of "-ik(p),r5 J which describes the 
change in the dispersion law tc(p) for the deformation 
u(r, t): 21 

be' = "" (p') u,. - mv'u. (1.1) 

For a constant tensor (independent of the quasi­
momentum), as a consequence of the point symmetry of 
the crystal, a number of the nondiagonal components 
(along the axes of symmetry of the crystal) are iden­
tically equal to zero, as is well known. By virtue of the 
dependence of "-ik(P) on the quasimomentum, similar 
components of the deformation potential, which satisfy 
more complicated symmetry conditions ,f61 are of course 
different from zero. But their values averaged over the 
period of revolution of >: ik (which are responsible for 
the interaction with the transverse sound in a strong 
field) can be zero for a symmetric direction of the field, 
and this should appreciably change the frequency and 
field dependence of the absorption (and dispersion) of 

2lThe prime refers to the local co-moving set of coordinates, where 
the classification of the states of the periodic lattice is preserved, and 
the perturbed dispersion law is defined (see, for example, [ 1 ) ). In the 
laboratory system OE = (Xik(P) + PiVk) 3ui/3xk + (p-mv)u. In (4 ] this 
quantity divided by hvp is used (with neglect of the last component). 
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the transverse soundr4 • 7 l in comparison with the longi­
tudinal one. r7- 9 1 

In the present paper we obtain the conditions under 
which the equations A ik = 0 are satisfied as a conse­
quence of the symmetry properties (Sec. 3) and deter­
mine the dispersion and absorption of transverse sound 
(Sec. 4) as functions of the orientation of the magnetic 
field relative to the crystallographic axes. 

It has turned out that one must add the essential con­
dition of single connectedness of the Fermi- surface 
cross sections to the requirement of high symmetryf4 1 
(which latter is formulated quantitatively below). The 
asymptotes found for the absorption in the low- symme­
try directions of the field are essentially different from 
those considered earlier for the high- symmetry direc­
tions. 

It was shown earlierf1 1 for H = 0 that in the range of 
frequencies where the sound wavelength is comparable 
with the skin depth, i.e., with the damping distance of the 
electromagnetic wave in the metal, a unique ''resonance'' 
sets in, as a result of which the dispersion of the sound 
velocity increases materially. In the resonance region, 
the dispersion becomes of the same order as the ab­
sorption. Such a behavior of the dispersion is due to the 
contribution of the transverse electric fields which 
arise upon propagation of a (transverse) sound wave in 
the metal. 

In a strong field, the analog of a similar "reson­
ance" takes place in compensated metals for sound that 
is polarized perpendicularly to the external magnetic 
field. The location of the resonance depends on the value 
of the field and for excellent metals it lies in the region 
of frequencies which is much lower than the collision 
frequency (Sec. 5). 

The asymptotic expansions of the electroacoustic 
kinetic coefficients in strong fields are also given in the 
work (see Sec. 3 and the Appendices). The representa­
tion of the dynamic elastic moduli of the metal in terms 
of the electroacoustic kinetic coefficients, obtained by 
the author inf1 1, is given in closed and more compact 
form (Sec. 2). 

2. THE DISPERSION EQUATION 

We start from the equations of elasticity theory in 
metals:f1 ' 101 

1 m ilj 
D=-(jH]---+fd. 

c e at 
(2.1)* 

Here e < 0 and mare the charge and mass of the elec­
tron, ~iklm is the lattice tensor of the elastic moduli, 
which takes into account the equilibrium contribution 
from the conduction electrons, j is the current density, 
and rd is the deformation force, equal to the gradient of 
the mean value of the deformation potential. The force 
D describes the contribution from the nonequilibrium 
electrons and the electromagnetic fields. We shall make 
its physical meaning clear below (see (2.1')). 

In an unbounded metal, the Fourier components of 
the current density j and the deformation force fd are 

*[jH] '=j X H. 

expressed in terms of the w, k Fourier components of 
the field and displacement, according toflJ, by3 > 

j, = rr .. E. + a,.u,, j,d = c .. E. + b .. u,, (2.2) 

where E = E + c-1uxH- me-1 \i is the effective field, 
and the field E, which satisfies the Maxwell equations, 
includes the gradient of the chemical potential. 

The change in the free energy, due to the work per 
unit time done on the charges by the effective electric 
field and the deformation field, is equal tof101 

aF J - . 
--= dV(jE-fdu). at 

(2.3) 

The kinetic coefficients satisfy the symmetry relations 
ofP0 1 , as a consequence of which it is convenient to 
introduce the quantity 

B,.(k, H)""' a .. (-k, -H)= iwc,,(k, H) (2.4) 

in place of c. With the help of the tensor 

a ... = me-• (troll.,- Ek!m(J)m ')' ro' ""' eH I me 

the Fourier components of the force D and of the effec­
tive field E are rewritten in the following fashion: 

Eliminating the electric field by means of the Maxwell 
equations (see, for example,fll) and rewriting the ex­
pression for the force D in the form Di = Dik~· we ob­
tain the equations for the displacement in the form 

(2.5) 
lJvii••""'A•x""/ps', ~== (w/ks)', du=-D"/ps'k'. 

Here p and q are the principal axes and 7JP. is the prin­
cipal value of the tensor of the elastic moiluli of the 
lattice, ~pKqK = ~pjqjkjk/k2 , l; is the dimensionless 

square of the phase velocity of the wave, and s is the 
characteristic speed of sound. The terms ~kuk are the 
(dimensionless) Fourier components of the force exer­
ted on the lattice by the conduction electrons and the 
electromagnetic field. 

We write the expression obtained inr1 J for dpq in a 
different, more symmetric form: 

d I - bpq d II - ipxOxq d III- - k'c' tlp;f1;q 

•• - - ps'k'' '" - iwrr .. ps'k'' •• - ~ ps'k' ' 

d IV - P~ fiv yq d Y ~ .l A a •p ·a • it·' ( k'c' )' 
" - iwps' k' ' •• = ps' k' 4nro ,,p,, ,., 

d VI iC' { o -, } •• = --- 1\.,p,,a,.- a.,p;vi\,. . 
4nrops' 

(2.6) 

The indices a, (3, y, ... denote the projections on the 
axes orthogonal to directions of the wave vector k, K 

denotes the projection in the direction of the wave vec­
tor, the asterisk penotes renormalization which appears 
upon elimination of the longitudinal electric field (by 
means of the condition of electric neutrality jK = 0), 
p aB are the component~ of the tensor of the effective 
transverse resistivity, I is the unit operator, and the 
definition of a is (2.4): 

3>we note that the corresponding formula ( 4.5) of [ 10] contains 
errors. 
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, a Oa.xf}xt 
a~~= a.,---. 

cr .. 

(2.7) 

The components d111 and dV are sometimes conveniently 
joined by using the definition (2. 7) of p: 

III v C3 • d, .• +a •• =- -4--, Llp,p,,cr,, Ll ••. 
nps 

The dispersion equation of the system is 

formula det II (l')p- ~)6p. + dpqll = 0. 

If Jd 1 ~ 1, then in the nondegenerate case 

(2.6') 

~~l').+d,p, 1') 1 'i=l')z'i=1') 3, Jdj~1. (2.8) 

Here the relative change in the sound velocity ~s/s and 
the relative absorption y / w are equal to 

L\s/s"J'TJP ~ Re(dpr./2TJp), y/w=-lm(d •• /2TJ.). (2.8') 

In the case of double degeneracy (this corresponds, for 
example, to transverse sound in propagation along an 
axis of symmetry of order higher than two) 

~'·'=I')+ '/,(d!! + d, ± f(dll- d,)' + 4d!Zd,;), (2.9) 
l')=l')t=T)z'f=l')s. 

The expressions (2.5) and (2.6) are the consequence 
only of the phenomenological relations (2.1) and (2.2) 
and the Maxwell equations. In the quasiclassical case, 
when the electron gas is described by the kinetic equa­
tion, according tof1 ' 10 1 

j, = -e(v,x>. f,d =--a 0 <A.x>. (2.10) 
x. 

where x<H0 /8t is the deviation of the distribution func­
tion from instantaneous equilibrium and satisfies the 
equation 

ax ax - . <"-.. > 
-1-+(vll)x+Q-a +vx=eEv-A,.u", .\,.=A.,.-->-.(211) 
r t r (1 · 

The brackets denote integration over the Fermi surface, 
and Aik(P) is the value of the deformation potential 
Aik(P) renormalized by virtue of the electrical neutral­
ity. The deformation potential itself can be represented 
in the form of two components 

A.,.(p) = -mv,v, + L,.(p), (2.12) 

where the first component describes the momentum 
flux when the electron moves freely and Lik(p)uik is the 
work done on an electron with quasimomentum p upon 
deformation of the latticeY•11 l 

This allows us to give a simple interpretation of the 
separate components in the force. We rewrite (2.1) in 
the form 

We have used the normalization condition (x) = 0, thanks 
to which f~ =- 8(AikX )/aKtt, and also the obvious rela­
tions p = Pp + nm and j = jel- emi, where n is the con­
centration of electrons and Pp is the lattice density. The 
first term in D' is the momentum obtained by the elec-

trons and the lattice from the external field (with ac­
count of the fact that the system as a whole is electric­
ally neutral), the remaining terms (with opposite sign) 
describe the momentum carried away by the electrons, 
so that the difference here is the momentum transferred 
to the lattice (per unit time and per unit volume). Ac­
tually, (m/e)ajeljat is the change in the momentum of 
the electrons contained in a given element of volume, 
the term -a( mvivkx)/axk describes the momentum 
carried away in the free motion of the electrons into 
another element of volume, and the term a(LikX )/aXk, 
according to the already mentioned results of Gurevich, 
Lang and Pavlov,C11 ' 2 1 is nothing but the momentum 
transferred to the lattice when work is performed to 
deform it. 

We shall now briefly discuss the structure of the ma­
trix d. The individual components in the expression for 
d contain different kinetic coefficients and have differ­
ent physical meanings (see£7 ' 8 1 ). The first three terms 
ctl, an and ain do not contain the transverse resistivity, 
while aiV' av' and a vi are proportional to p {3 and are 
due to the transverse electric fields which a~e fJ.enera­
ted upon propagation of sound. The component d des­
cribes pure deformation effects. Neither longitudinal 
nor the transverse fields make any contribution to it. It 
corresponds to the work done by that part of the force 
fd which is proportional to deformation only. The corre­
sponding power is lifd, where by fd we mean only the 
second term in (2.2). The component an represents the 
renormalization of the deformation term due to the 
longitudinal electric field and is unimportant as a rule. 
The component ctiii is hermitian; it describes the change 
produced in the sound velocity by the induction effects 
in an infinitely conducting medium, and was first meas­
ured by Galkin and Korolyuk. [l 2 J Not included in it are 
the terms associated with the Stewart- Tolman effect. 
This component is universal; it does not contain any 
kinetic coefficients. In terms of the axes x y, and z, 
with the field directed along the z axis, ani is equal to 

( 
1 iw/w, 

-III H' . 
d = - -4 2 - tm/m, 1 

nps 0 0 
0 ) 0 . 

(wfw.)2 

(2.13) 

The component ctiV describes the contribution of the 
transverse deformation currents and is the deforma­
tion-interaction renormalization due to the transverse 
electric fields. It is especially important for trans­
verse sound. 

Correspondingly, ciV describes the effect of finite 
conductivity on the induction term, i.e., renormaliza­
tion, due to the transverse fields, of the component ani. 
In some cases, the separation of these components b~­
comes purely arbitrary. And, finally, the last term dVI 
describes crossing effects, when either the work u · fd 
(per unit time) is performed by that part of the deforma­
tion force which is proportional to the electric field, or 
the current in the expression for the wozk j · E done by 
the field has a deformation origin. 

The dynamic elastic moduli of the metal were also 
obtained and studied (principally as applied to the rota­
tion of the plane of polarization of sound propagated 
along the magnetic field) by Vlasov and FilippovY3 l 
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3. KINETIC COEFFICIENTS IN A STRONG MAGNETIC 
FIELD 

The tensor dik, which determines the absorption, dis­
persion, and polarization of the sound in the metal, is 
expressed according to (2.6) in terms of the kinetic co­
efficients (2.2). The microscopic expressions for the 
kinetic coefficients are written conveniently by introduc­
ing the Green's operator R of the Fourier component of 
the kinetic equation (2.11): 

(3.1) 

where Rs and Ra denote the symmetric and antisymme­
tric parts (about p) of the Green's operator. In the cal­
culation of the integrals of ( q;) over the Fermi surface, 
the principal difficulty encountered is the calculation of 
the mean q; over the angle of rotation in the magnetic 
field: 41 

1 •• 
!p :=-J cp(T)d,; 

2n • 
(cp) == (cp). (3 .2) 

In the following, we introduce the relaxation time v-1(p). 
For an arbitrary periodic function g( T), the quantity Rg 
satisfies identically the relation 

0:Rg+~Rg=~, a"""i(kv-w)+v, (3.3) 

and the explicit expression for Rg has the form 
1 ' 1 •• 

Rg = Q(t - 0 S dT,g(T,)exp1rSdT 0ot(T 11 ). (3.3') 
- e-2tc~/ ) -c-tn 'C 

We confine ourselves to the case of closed Fermi­
surface cross sections. In a strong magnetic field, in 
the calculation of the principal terms of the expansion 
in powers of 1/H, it is convenient to use identities that 
follow from (3.3) and (3.3') for periodic r and g: 

or 1 - -- or 1 - -- (3 4) -;;;Rg= Q(-rg+raRg), gRar=-g(gr-gRra), • 

and also the relation 

(3.5) 

By using the representation of the periodic quantities in 
the form r = r +as/aT at S = 0, it is easy to obtain with 
the aid of the relations (3.4) and (3.5) (see also the 
Appendix) expansions for the kinetic coefficients in a 
strong magnetic field. 

As is seen from (3.5), the principal term of the ex­
pansion in n-l (which does not depend on the field) is 
expressed in the form of the product of values averaged 
over the period of rotation. We limit ourselves in the 
following to the case k 1 H: 

H =(O,O,H), k =(- k,O,O), -• ap. 
V;rc=m. -, 

o't 
. (3.6) 

_,{}p. 
Vu=-m. [;;' d="•" v•==v-iro. 

4>The brackets also include summation over the zones (index 
omitted) and all the singly-connected cross sections of a given zone 
(index a): 

(cp} - J-.EJ dp" .E 2ltm;~·. . 
We use the variables of Lifshitz, Azbel' and Kaganov. [ 14] 

For the estimates, we shall assume that we are dealing 
with a good metal, in which the number of electrons per 
atom is of the order of unity: n ~ 11o and, correspond­
ingly, the only characteristic energy is the atomic en­
ergy: 

A~ e ~ mv' ~ Ms'. (3.7) 

Here v and m are the Fermi velocity and the electron 
mass, and M is the mass of the ion. 

We consider the principal term of the expansion of 
the coefficients bil, which determine the deformation 
component dfz in (2.6): 

(3.8) 

We denote by gH those crystal point symmetry trans­
formations for which the plane PH = const remains un­
changed. These transformations form the group GH which 
is a subgroup of the point symmetry group G and which 
depends on the direction of the field. 

We first limit ourselves to the case of singly con­
nected Fermi surface cross sections. Then the quanti­
ties t. and PH are obviously not changed by the trans­
formations gH; only T is transformed. Therefore the 
quantities Aik(t., PH) averaged over the period of rota­
tion transform like components of a constant tensor, 
whence there directly follow "selection rules" for the 
components Aix• which we shall discuss for axial sym­
metry (the general results are summarized in the 
Table). Thus, if the z axis, along which the magnetic 
field is directed, is not a symmetry axis of the crystal, 
then Aix ¢0 and, in accord with (3.8), the principal 
term of the expansion is different from zero and deter­
mines the following estimate of the matrix bil: 

bu ~ iwk'ne,fv• (n= 1). (3.9) 

(the order of the z axis is shown in parentheses). If H 
is directed along a twofold axis, then A IJ. x ¢ 0 (IJ. , v 
= x, y) and Azx = 0, in view of which one can set Azx 
= al/JzxlaT, where the transformation properties of the 
quantities 1/!zx are such that 1/!zxVx ¢ 0 and the principal 
terms of the expansion lead to an estimate of the matrix 
elements bil: 

b •• - iwk'~ 
v' ' 

iwk'ne [ ( r )' ] b.,- -v.- T + (kr)' , n = 2. (3.9') 

Here r = v/n is the twist radius, l = v/v* is the (com­
plex) free path. 

In the case in which H is directed along an axis of 
higher order (n > 3) and there is a plane of symmetry, 
the result is qualitatively the same as in the isotropic 
case, which we shall therefore consider in more detail. 
In an isotropic metal, 

P•P• ( P•P• 1 ) (3 10) /.,,(p)=/,,ll,.+J.,7 , A,.(p)=i., y-3 /l,., • 

where A1 and A2 are functions of the energy. 
The components Aix and l/!ix of interest to us are 

equal to 

~ = 1., [ ( ~L) 2 
cos' T-T], \ 1 ( PL)' . 2 

' II" = :! p Sill T, 

p,pL . ( PL )'sin 2T 
A,.=-p;-cosr, t!'xx= A, P - 4-, 

-- ( PL )' cos 2T '''·- = P•PL sin T, '~'·· - p 4 ' 'I'•• p' 
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AX11 -4=0 -4=0 0 0 -4=0 0 -4=0 0 0 0 0 0 0 0 0 

PuAxv - - -4=0 0 - 0 -- -4=0 0 -4=0 0 0 0 0 0 

d;u/d;x 1 1 (kr)' (r{l)' 1 (rfl)' 1 (kr)' (r/l)' (kr)2 (r/!)1 (r/1)2 (rfl)' (r/!)• (r/l) 

Axz -4=0 0 -4=0 0 -4=0 0 -4=0 0 0 0 0 0 0 0 0 

Pu·'x• - -4=0 - 0 - 0 - -4=0 0 0 -4=0 0 -4=0 0 0 

dzlz/d}x 1 (kr)' 1 (r,l)2 1 (r/1)2 1 (kr)' (r{l)' • (kr)2 (r/1) (r/1)1 (kr)' (r/1)2 (r{l) 

m~(~) is the mirror plane which does not pass through the axes Ox and Oy. 

In particular, 1/J zxv x = 0. In this notation, 

( -. -· Axx/'V 

--.-,-~ 1 01Jlxx .\.,.,RA1,~ ____ ,,, 

Q ilt "'"" 

0 0 
: )· 

1 -.-. 
g>Wzx'V 

n>3. 

Finally, the estimate for biZ has the following form in 
the isotropic case: 

b11 - i~ k'ns (-
1
rJl (;:z~. ~ ) , n > 3. 

'V 0 0 (r/l)2 
(3.9") 

A completely different result is obtained in the case 
of multiply- connected cross sections, when the individ­
ual singly- connected parts transform into one another 
under the transformations gH and the group G no longer 
determines the symmetry properties of each of these 
regions. The cross section of each of the regions A~O! 
are generally different from zero even for high symme­
try of the field direction; the asymptote of bil has the 
form 

(3.11) 

and leads to the estimate (3.9). 
The asymptote of the conductivity tensor has been 

calculated a number of times. In our case, k .L H, r/Z 
« kr « 1 and, according to the formulas (B.1)-(B.7) 
of the Appendix, we obtain in terms of the x, y, z axes, 
a= uoM(a0 = ne2/mv* and lin= n_- n),raJ where the 
matrix M has the form 

l.U,.=(rll) 2, M,,=-bn_!_+{!_)' C,-(kr) 2 !_, M.,=!_C,, 
n l \ l l l 

Mux =On_!_+ (_!_) 2 C, +(kr)'_:__, M .. = (_!_) 2 +(kr)', 
n l l l , l 

M,, =( y+(krl')c2, M .. =-f-c2, 
M.,=(--T+(kr) 2)c,, M,.=1. (3.12) 

The coefficients C2 and C3 are of the order of unity and 
vanish if H is directed along the axes of second (third) 
order and higher, respectively. We shall write down the 
estimates of the remaining kinetic coefficients for an 
isotropic metal. Here 

0, = (cr .. • 0 ) 
0 f1yy 

, = e2 (n-- n+)' + (~) 2 
{ < 2 v') + k 2 ( (p,v,)')) 

O'x:c ( py2v•) H ' Px v• ' 

cr ... = e2(v.' I v'), 

i.e.' 

(3.13) 
[ v' ]-' c =i 1 + i(kll)'-;;;-

The high- frequency skin depth for H = 0 and k = 0 is 
designated li = c/w. In ayy and so on we have kept only 
those small terms which do not vanish for lin= 0. 

The coefficients ail• which describe the deformation 
part of the current and which correspond to the re­
normalization of the deformation interaction with the 
electric fields, have the following order in the isotropic 
case: 

a=~ iwne(kr) 2, ·a".~ iwne(kr) 2r I z, a".= o, 
( 1 r/l 0 ) 

a.,~ a.,·~ iwne(kr) (kl) 0 0 r/l • a= y, z, n > 3, (3.14) 

and for the low symmetry direction the fields are deter­
mined by the means 

-- ik -- --- ---· 
v.R•A ~ Q 2 {Ap,'v' + Ap,'v'- 2p,v' p,A}, 

2(m, ) v' 

-- ik -- --- ik -- -,~ 
v,fi."A ~ ~-p,v.A, v.R"A ~ --- {v,Ap,-Av,p,}. (3.15) 

'm.Qv• m,Qov• 

Knowing the asymptotic behavior of the kinetic coeffi­
cients, we can determine dil and find the absorption, 
dispersion, and polarization of the sound wave in the 
metal. 

4. ABSORPTION AND DISPERSION OF SOUND IN 
METALS IN A STRONG MAGNETIC FIELD 

Let us first consider purely deformation effects, 
described by di which, in a strong field and for lin~ n, 
play a fundamental role (and at lin= 0 give the same 
contribution as the electric fields). The contribution of 
the remaining mechanisms (at n_ = n.) will be discussed 
briefly in the next section. Outside of resonance 
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(w » Wres) the electric fields lead to the same depen­
dence on w and H as ai. 

We begin with the well studied case of longitudinal 
sound. For strong spatial dispersion of longitudinal 
sound, and by using for bxx the asymptote (3.8) and (3.9) 
and the estimate (3.7),5 ' we obtain 

d.,.=-iro (A .. '/v') ~~=~ (4.1) 
ps2 v* 'V- i(l) • 

For w < 11 it follows therefore that y ~ w Im dxx 
~ w2/11, i.e., the absorption agrees with the absorption 
in the absence of the magnetic field for weak disper­
sionr7'8l (for references on the experiment, see the 
reviewsflBJ). For an arbitrary relation of w and 11 it 
follows from (4.1) that 

(4.1') 

It is seen from (4.1) that for w ? 11 a strong (of the 
order of unity) renormalization of the longitudinal sound 
velocity takes place, which was predicted by Kulik and 
observed by Bezuglyl' and Burma. r9J The relative ab­
sorption y/w reaches a maximum for w ~ 11 (also of the 
order of unity, i.e., sound is generally not propagated 
in this region of frequencies). Before going on to trans­
verse sound, let us comment on these results. They 
have a simple physical meaning. The behavior of both 
absorption and dispersion corresponds to the contribu­
tion of second viscosity, thanks to the presence of a slow 
process (collisions) in the electronic subsystem, and is 
described by the general theories of Leontovich­
Mandel'shtam and Kneser. Actually, the kinematic 
viscosity of the electron gas is 1Jel ~ nmvl, and inas­
much as the corresponding viscous force enters into the 
equation of motion of the lattice the absorption coeffi­
cient is y ~ 1J elk2 / p, where p ~ noM is the density of 
the metal. Recognizing that Ms2 ~ ~. we obtain the esti­
mate (4.1). 

Although the magnetic field does not enter in (4.1), 
its role is very important. As H - oo, we have r - 0 
and the electron moves only along the direction H 1 k. 
The collision-free absorption connected with Landau 
damping, is impossible here, no matter how high the 
frequency. (We note in this connection that the condi­
tion k 1 H is very critical, since the electrons are seen 
to be already in resonance with the wave at inclinations 
through the angle s/v.) The absorption has a collision 
character even for kl » 1 (in contrast with the situa­
tion for H = 0). Being displaced along the magnetic 
field, the electron travels relative to the phase fronts 
of the sound wave, owing to the motion of the latter. 
Here the work is thus performed in the longitudinal 
sound wave against the forces of the electron pressure 
averaged over the magnetic field, which is in turn des­
cribed by the component Axx ""0. The collisions lead to 
a viscous absorption; the average work done by the 

5>we note that the estimates used in the present section are very 
rough. Actually, even in the approximation of the relaxation time, an 
appreciable dependence of li on Pz can lead to a blurring of the region 
w - li. Even more significant can be the fact that the introduction of 
the relaxation time fork 1 H is inconsistent for k/ > 1 if kr <!!: 1 and the 
sections are closed. Actually, in this case x - gjv* and is a smooth func­
tion of Pz and does not have the resonance peaks that allow us to in­
troduce the relaxation time for strong spatial dispersion. [ 15 ) 

sound field on the electrons becomes different from 
zero. For purely deformation interaction in a strong 
field, the work down by the sound field on the electrons 
is proportional to Atx• where i is the direction of the 
displacement and x the direction of propagation of the 
sound. Actually, as H - oo, in accord with (3.5), only 
the averages of electronic quantities over the period of 
rotation play a role. One of the factors Aix results 
from the definition of the deformation force: u · fd 
=-~a (AixX )/ax, the second factor Aix is due to the 
fact that the number of electrons contributing to the 
purely de.formation effect is also proportional to Aix: 
x ~ Ai~ui/ax. Thus, in order that the sound field per­
form work on the electrons (by means of purely 
deformation interactions) it is necessary that the longi­
tudinal component of the momentum flux in the direc­
tion of displacement in the sound field differ from zero. 
Thus, 

I _ iro < Ap.J\q. ) 
dpq- -- --=------ , 

ps2 v* 
n=1. (4.2) 

But, while the quantity Axx, which plays the role of the 
partial electronic pressure for the longitudinal sound as 
H - oo, is always different from zero, the quantities 
Axy and Axz, which describe the required momentum 
flux as H - oo for transverse sound, are equal to zero 
only if H is directed along a symmetry axis of order 
greater than 2 (for more detail, see Sec. 3 and Appen­
dix A). In other words, the electronic shear moduli 
vanish for an infinitely strong field in the case of a 
symmetric direction of the field in the crystal. In par­
ticular, they vanish for an isotropic electron spectrum. 
This means that for arbitrary direction of the field H, 
the quantities Ayx and Azx- ~(A~/~), where AE./ E. char­
acterize the relative anisotropy of the spectrum, while 
the principal term in dl is given by the expression (4.2) 
and is of the order of 

I iro ~e I iro ~~e)' (4 2') dax ~ --, da.~ ,....., - - ' a,~= y,z; n = 1. • 
v* e v"' e 

For a symmetric direction of the magnetic field in 
the crystal (see the Table) the electronic shear moduli 
vanish for an infinitely strong field. Therefore, the non­
zero electronic effects for transverse sound are con­
nected with the finiteness of H and are due to this 
incomplete averaging, namely, to the finiteness of the 
period of rotation in the magnetic field compared with 

I I 
l,IV / 

3 /I,rl 

1.)1 ID,Y ,...mG 
fV{v' 
[j 

b I I 

(f/(ff 

I 
/ 

Schematic plot of the relative absorption 'Yfw (continuous curve) 
and dispersion f;.s/s (dashed curve) for transverse sound with various 
symmetries of direction of the magnetic field. The Roman numerals 
show which components give the principal contribution to the dy­
namic elastic modulus d: a-GH= C1 , lin =n--n+ = O;b-GH =C..., 
lin= 0; c-GH = C3 , lin= 0. 

w 
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the free path time. According to (2.6) and (3.9'') we 
have, in the isotropic case, 

JI ~ ~~ (-1rjl (:::)' ~ ) ' 
0 0 (r/l)2 

n>3. (4.3) 

The damping and dispersion for both polarizations of 
the transverse sound are described by the components 

dvu' ~ d,,' ~ (iwv- w') jQ', n > 3. (4.3') 

For w > v the dispersion exceeds the absorption (see 
the drawing). Like the absorption, it is also very small. 
The absorption under these conditions can actually be 
determined either by other mechanisms or by an admix­
ture of a longitudinal component in the sound wave, by 
the inhomogeneity of the field, and by its inclination to 
the symmetry axes. According to (2.5) a wave polarized 
along the magnetic field remains purely transverse, and 
a small (relative to w/!1) longitudinal component of dis­
placement appears in the wave of y polarization. a) 

These same results are preserved qualitatively if 
the crystal is anisotropic but H is directed along axes of 
symmetry higher than second and have planes of sym­
metry (see the Table) (and k is along axes which guaran­
tee the existence of transverse linearly-polarized 
sound).r17 l If the same z axis is a twofold axis then, 
according to (3.9'), 

1 
0 

0 ) 
0 ' 

(rjl)' + (kr)" 
n = 2. (4.4) 

In this case the transverse y-polarized sound behaves 
like longitudinal sound, whereas in absorption and dis­
persion of transverse z-polarized sound there appear 
effects due to spatial dispersion, i.e., the finiteness of 
the twist radius over the wavelength comes into play. 
For kl » 1, this leads to asymptotic behavior different 
from that discussed inr4 J. We note that a similar be­
havior must take place for purely axial symmetry Cn 
(to the extent that the spectrum is anisotropic) for any n. 

5. DISPERSION OF ULTRASOUND IN THE RESONANCE 
REGION. CONTRIBUTION OF TRANSVERSE 
ELECTRIC FIELDS 

It has been shown previouslyfll that for H = 0, in the 
range of frequencies where the sound wavelength is 
comparable with the damping length of the electromag­
netic wave (the skin depth), the dispersion increases 
materially and becomes of the same order as the sound 
absorption, owing to the contribution of the transverse 
electric field. We shall show below that a similar effect 
in sound dispersion should be observed also in a strong 
magnetic field fork 1 H, but here the position of the 
"resonance" frequency depends on the magnetic field, 
which materially simplifies its observation. In most 
cases, the resonance frequency lies in the range of 
ultrasonic frequencies w appreciably lower than the 

6) Actually, the principal directions of the tensor A.pKqK are x, y 
and z, while 17x = 1111, 11y = 17z = 171· From (2.5) and (2.9), with ac­
count of d ~ I 11 11 -1111 we have (17 11 > 111) t+ "' 1111 + dxx + dxydyxl 
(1711-171), uy(+)"' ux<+ldyx/(1711-171), L"' 111 + dyy- dyx/(1711-171), ux <-l 

"'uy(-)dxy /(1711-171). 

collision frequency v, while the relative change in the 
sound velocity can reach several percent. Inasmuch as 
we are interested in the resonance region, where 
Aac ~ Aem' it is then seen from (3.11) that the most 
interesting case from this viewpoint is the case of a 
compensated metal with on = 0 and with the number of 
electrons per atom of the order of unity (n ~no). Ac­
tually, resonance corresponds to equality of the real 
and imaginary parts of the denominator in the trans­
verse resistivitYPyy (3.11). If on/n~ 1, then Pyy is 
small and the resonance frequency (see below) does not 
depend on the magnetic field. In view of the smallness 
of p' the contribution of terms in a containing it is very 
small and resonance does not occur. On the contrary, 
for on= 0, in view of the absence of a Hall current, the 
transverse resistance of the metal is very large and the 
contribution of transverse electric fields to the work 
performed by the sound on the electrons is very sub­
stantial. On the other hand, the location of the "reson­
ance" depends here essentially on the magnetic field. 
Limiting ourselves to the case w « v, we can write 
down the resonance condition in the form (r/l)2 + (kr) 2 

~ (ko) 2 v/w, or, in the case of strong spatial dispersion 
kl » 1, 

w ~ ro, == v ( 6 I r) '. (5.1) 

Inasmuch as n ~ n0 o N 10-5 and consequently o << r 
<; 10- 4 em, the frequency Wk << v and increases quad­
ratically with the magnetic field intensity. For weak 
dispersion, the resonance corresponds to the frequency 

( s r )' 
{0 ""' Wv =:: V -;;{) , (5.2) 

which satisfies the condition wv « v if s/v « o/r. It is 
inversely proportional to the square of the magnetic 
field intensity. Finally, for Pzz• and also for Pyy in the 
case on ~ n, the resonance condition takes the form 

w'(s)' (s)' 
W "" Ws == ---;- --;; == 4Jtcro -;;- (5.3) 

We now estimate the amount of dispersion and ab­
sorption near the frequency Wk· Fo_r this ~urpose, we 
compare the non- resonance terms di and dll\ given 
above [(2.13), (4.1)], with the contribution from 
d_IV- d_VI, which is proportional to p. In the isotropic 
case, for on = 0 and n ~ n0 , we have in terms of the 
axes JJ., v = x, y 

iw 1 ( 1 d IV~ 
"' v' 1 + iro,/w -r/l 

r/l ) 
(r/1)' ' 

v iv" (6/r)' ( 1 iw/Q ) 
d,, ~ w 1 + iw,/w -iw/Q (.w/Q)' ' 

( {j)' 1 (0 r/l) d VI~ _ , 

"' r 1 + iw,jw r/l 0 

(5.4) 

These components of a describe the contribution of the 
electric fields to sound polarized orthogonally to the 
external magnetic field. For the zz components of d we 
have 

d IV~ iuJ (kr)'(r/l)' 

" v' 1 + iw/w, ' 

iw (kfi)'({jjl)' 
dzzV,......., ' 

v· 1 + iw/w, (5. 5) 

and dVI is smaller than dV by a factor of at least (ojr) 2 • zz zz 
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It is seen from (5.4) that "resonance" should take 
place both for transverse (y polarization) and longi­
tudinal sound, which is natural in view of the twisting of 
the electrons in the magnetic field. Limiting ourselves 
to the most interesting case of strong spatial dispersion, 
we obtain the following characteristic dependence of the 
absorption and dispersion (see the drawing). For y 
polarization, As is reckoned from the level determined 
by the fre¥uency-independent but field-dependent com­
ponent d~~v ~ (o/r) 2 • Here the absorption and dispersion 
have the rorm 

d= - ( ~ )' (1 + i)' dyy - ( 4-)' (1 + i), n>3, 

d,- (+)'(~e)' (1 + i), n,;::;2.(5.6) 

For z polarization of transverse sound, when the dis­
placement vector is directed along the magnetic field, 
the principal term for good metals, by virtue of the con­
dition o << r, is diz and resonance does not occur. 

As seen from (5.4), for w » wk (on= 0) the trans­
verse deformation electric fields (the component d~v;) 
give the same contribution and the same dependence on 
Hand w as di 11 (in correspondence with [4 ] ). We shall 
not write do-#n the explicit formulas, but they are easily 
obtained by means of the general expressions (B.7). 

In conclusion, the author thanks G. Ya. Lyubarskit 
and N. A. Sapogov for useful discussions. 

APPENDIX A 

The deformation potential A (p) is a tensor function 
of the quasimomentum and is invariant to transforma­
tions g of the point group G of the crystal: rsJ 

gt:(g-'p)g-' = i(p), i(p) = i(- p); (A.1) 

£(p) is even because of the symmetry relative to time 
reversal. The following expansion of ~(p) in independent 
invariant tensors (similar to (3.10)) can be useful: 

J.,.(p) = _E~c,a,. + _E~c,P,. + _EI.,(a,P. + a.P,), (A.2) 

Ai are functions of the invariants of the group G (A 1 and 
A 2 are even and A, are odd): 

"<•>(P) = "<•>(g-'p), gag-• = d, ga =a. (A.3) 

The quantities Pi are transform like Pi, and Pik like 
PiPk (for example, the quantities Pik can be PiPk' vi, vk; 

a 2~/apiaPk and so on). 
We now return to the symmetry properties averaged 

over the period of rotation in the magnetic field. In the 
vari~bles ~,PH' T, we have ~(p) = ~(~,PH' T) and 
~=~(~,PH) if the cross section (in a given zone) is 
singly connected. We now consider the subgroup of 
those transformations of symmetry gH which do not 
change the projection of the quasimomentum in the 
direction of the field ~PH =PH· The quantities Aik 
behave as components of the following constant tensor 
relative to the group ~ of these transformations: 

(A.4) 

The only components that can differ from zero here are 
invariants of the group GH. The latter is determined by 

the symmetry of direction Oz of the magnetic field in 
the crystal. In the calculation of the asymptotic form 
that determines the absorption of transverse sound in 
strong fields, in accord with the formulas of Sec. 3 and 
Appendix B, the principal terms are determined by the 
quantity A xa (a = y, z), and for A XQI = 0 the following 
ter.ms contain the mean values vx$xa = -m-1py>AXQI and 

1/!xall (Axa =a 1/!xafaT). The transformation properties 
of the quantities Aik( T) which enter into the mean values 

_ f 2n 

A,.= -s d-cA .. (-c), 
2:rt ' 

are conveniently determined with the aid of (A.2), as­
suming the tensor indices to be fixed. Here the Pi 
transform like components of a vector, Pik is a tensor 
of second rank, and the quantities aik and ~ do not 
change. It is clear that for arbitrary symmetry~ 
.., 0, which leads to a term ~ d1x(r/l) 2 in the asym~?ote 
of d~a· The mean values vxlJ!xalead in d~a to compon­
ents~ d1x(kr) 2 • Let us consider the conditions under 
which they can differ from zero. The groups of interest 
to us (GH) admit of the existence of the invariant vector 
Pz: C1, Cs, Cn, Cnv· The quantity P0.xz transforms like 
the xy component of the nonsymmetric tensor (with the 
exception of the isotropic case, when Axz ~ PxPz). 
Therefore it can be different from zero either because of 
of its symmetric part (groups Cs and C2v, which do not 
contain the plane my), or because of the antisymmetric 
part, which transforms like the z component of the mo­
mentum (group Cn). The selection rules for pyAxy are 

found in similar fashion. The results are given in the 
Table. 

An essentially different picture appears if the cross 
sections are multiply connected and transform into one 
another under transformations of the group CH· Then 
what the statements above pertain only to the sum 
~ Aik. Each of the mean values Afk is in general dif-
a . 
ferent from zero. For this reason, the principal term 
of the expansion (3.8) does not vanish even for high sym­
metry of the direction of the magnetic field in the crys­
tal: 

(A.5) 

We have not considered here the special situation in 
which the deformation leads to lifting of degeneracy and 
zone splitting (cf.r18 l). 

APPENDIX B 

We shall write down a number of exact and approxi­
mate equations by means of which we can compute the 
means over the period of rotation in a strong magnetic 
field. 

It follows from, (3.3) and (3.4) that 

ar, ar, 1 ar, 1 - --
-R- = --r,-+-(r,a.r,-r,a.Rr,a.). 

a-c a-c g a-c Q' 

(B.1) 

With account of the next expansion term in 1/n, Eq. 
(3.5) takes the form 

- rg 1 { __ ir(g, a.)} ( 1 ) rRg:=::-+- nrg+-- +O-a Q a O' ' (B.2) 
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where we have introduced the notation 
1 1" tl 

(g,r)==2; J d-r:,g(1:1 ) J r(-r: 11 )d-r: 11 • (B.3) 
1"-21'1 f 

The means of the brackets (g, r) have the following 
properties: 

( ar,) ar, ( ar, ) - -
r1 r2,- =-(rt,rz)=r2 -.-,r1 =ftrzr3-r2rtr3, 

ih a, a, 

for r = r +as/at, where s = 0, we get the identity 

(B.4) 

__ as, as, as, (B 5) 
r, ( r,r,) = -nf,f,f, - f, -- s, + r,- s, - f,- s,, . a, a, a, 

which yields 

r(g, g)= g(r, g)=g(g, r)=-n,\''r; (1, 1)=-n (B.6) 

in the special case of two identical quantities. Combin­
ing (B.1) and (B.2), we obtain expansions for the mean 
values that enter in the kinetic coefficients: 

ar, Dr, 1 a;; 1 (- ~~) 
-R-~-r,-+- r,ar,---
O't ih Q ih Q' tt 

1 ( ~~+ r,a(r,a,a)) + 0 ( 1) 
-~ nr1ar2a - , 

Q' a. Q' (B.7) 

~ rg 1 rag 1 ( - ra(g, a) ( 1 ) 
-Rg~ --+-·-+- nrag+ +O -a, Q Q a. Q' a Q' 

-a-;:- gr 1 gra 1 ( - g(ra,a)) o(1) 
gR-~----+- ngra+ ...L -

a, Q Q a. Q' a. Q' 

and so on. 
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