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Relaxation processes in inhomogeneously broadened EPR lines are studied in detail by a quantum
statistical method with allowance for the spatial distribution of the spins and the variation of the
mean energy of the dipole-dipole interactions. It is shown that, for the case of appreciable inhomo-
geneous broadening, the latter does not introduce changes in the technique for deriving the proba-
bility density function for cross-relaxational transitions and does not affect the form of the relaxa-

tional curves.

1. INTRODUCTION

A theory of relaxation in inhomogeneously broadened
EPR lines with allowance for spectral diffusion was
developed inl"), Relaxation curves were obtained which
depended on the form,,with respect to the frequency, of
the probability density function w(w) for cross-relaxa-
tional transitions and it was established that these
curves have a non-exponential character, in good
agreement with experimental data. The basic equation
was of a phenomenological nature and was obtained on
the basis of the theory of cross-relaxation developed
in the papers of Bloembergen et al.[?! and of Portis!®?,
The use of this equation has turned out to be extremely
fruitful, since it has been possible, on the basis of this
equation and with certain additional assumptions, to
develop a technique for deriving the function w(w),
which characterizes the efficiency of energy absorption
by the dipole-dipole ‘‘reservoir,’’ from experimental
data. However, inasmuch as the question of the spatial
distribution of the spins, which can substantially affect
the function w(w), was not considered, the physical
meaning of this function remained not completely clear.
The aim of this work is a more detailed and sys-
tematic treatment of relaxation in inhomogeneous
broadened lines with allowance for variation in the
mean energy of the dipole-dipole interactions and for
the spatial distribution of the spins. Such an approach
makes it possible to obtain more complete information
on relaxation processes in magnetically dilute crystals.
To elucidate the quantum statistical meaning of the
function w(w), we shall obtain an equation analogous
to (2) from!!) starting from the equation of motion for
the density matrix, The method for obtaining the
kinetic equations was developed by Provotorov et al,[5"
We shall generalize the equations of!®! (obtained for a
system consisting of spins of two types) to the case of
a large number of spin packets forming an inhomogene-
ous EPR line. We remark that an equation analogous
to the one we investigate below was used in{®°! to ana-
lyze stationary saturation in inhomogeneously broad-
ened lines, However, the systematic quantum-statisti-
cal derivation of such an equation is of interest in its
own right for the determination of the range of applica-

D An analogous equation was studied by Kiel [%], who obtained
some general laws for the spectral diffusion process.
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bility of the integro-differential equation describing the
process of relaxation of inhomogeneously broadened
lines.

As in'*)] we shall use Portis’ model of spin packets.
Some authors criticize this model('®} on the grounds
of the difficulties in the precise definition of the con-
cept of a spin packet. However, the investigations of
Khutsishvili et al.[%!!] have shown that many experi-
mental data on the saturation of inhomogeneous lines
can be well explained in the framework of this model.

2. KINETIC EQUATIONS FOR AN INHOMOGENEQUS
LINE

We shall consider processes associated with cross-
relaxation in an inhomogeneous line consisting of a
large number of spin packets of width ~T3' < T,
where T, is a time characteristic of the spectral dif-
fusion, the order of which will be determined below.
We assume that T;' < AQ (AQ is the width of the
inhomogeneous line) and hw, K kT, (w, is the central
resonance frequency and T, is the temperature of the
lattice).

The equation for the density matrix of the spin sys-
tem after the latter’s subjection to an external pertur-
bation (e.g., saturation) has the form

dp i

7[‘=_‘—L[fi+ﬁmv+ X‘ [715’;),()(5)]. (1)

Here f = -h); wiSzi, ézi is the operator of the z-com-
i
ponent of the spin at the i-th lattice site, and wj

= gj BHoi/H; Hoi is the magnitude of the constant mag-
netic field at the i-th lattice site;

Huy =_§‘_}, saln—rl= {1 =313,
i>

1 3 L ()
8o, (5= @+ B (S5 + 578 )

is the secular part of the dipole-dipole interaction op-
erator,

f?;,’,, = ZI':[,].", j{no ~ 39‘3',-'(1 - 5%'-5-), (3)

2 (k)
and Hdip

dipole-dipole interaction operator, which lead only to
direct exchange between the Zeeman and dipole-dipole

(k =1, 2) are the remaining parts of the
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energies. We confine ourselves to the case AQ < wj,
when these terms can be neglected.

This break-down of the Hamiltonian is appropriate
if the spatial distribution of the spins is not correlated
with their frequency distribution, In this case, the
establishment of a common temperature of the whole-
dipole-dipole reservoir (DDR) proceeds at approxi-
mately the same rate as the exchange of energy within
the DDR of one spin packetm. The terms responsible
for the redistribution of energy between the DDR’s of
dlfferent packets are those of the form

= bwiwi auSmSzJ, which commute with the Zeeman
energy of %he packets, but not with dw;w; bu(S1 + SJ
+ 5;-8 +) We shall work in a representafllon in which

E5wiszlz is diagonal for all wj and Hdlp is diagonal,

- We have omitted the terms in the Hamiltonian respon-
sible for the spin-lattice interaction; we shall take
them into account in the final kinetic equations,

Calculations analogous to those performed in!®°!
lead to the following expression:

41T

p1(t+r)—p1(t)————22 J. dt"j‘dt Jdm” jdm

X {e"muu'eiw:/ﬁ/ [ ('}Il_jo) ol (I}Mo) o 01(2) 1 1}. (4)
Here

- r i~ s i s ;
(Hu) Ao = :Lexp (T tHdip) H." exp ( —_ —Fz— tdep) e—itut dt, (5)

and p' is an operator which picks out the diagonal
parts of the operator following it; p, is the density
matrix in the interaction picture,

We note that the double commutators in (4) are non-
zero only in three cases:

1y l=i k=j, 2)l=i js*k 3) k=j i+l

In the first case we obtain

(%) -

In the second case we have

E—P'[(Hm o, L) s 02(0)]]. (6)

t+t v

(Pi(t +1)— pt(t))z = —— Z ‘ydt” I dt’ y d(,)”{e"" (41—t
ik ¢
)

X 8556~ BND [ (HP) g [ (Ha?) o, (€)1}
After integration over t’, the factor in front of the
double commutator takes the form

exp {i(Ay — An)2"} (—1 + exp {i(0” + An)1"}) [ i(0” + Au).

According to case (3), the j-th and k-th spins belong to
different spin packets We shall assume that in this
case | Ajj - Aig| R 1/ATo, < Ty Physically, this
assumption means that there is small probability of
finding two spins, differing in their resonance frequen-
cies by | Akjl < 1/At,, at a distance at which the
dipole-dipole interaction is effective. The average
value of the quantity | Akj |, k#j, can be estimated
from the relation AQ/N(1i) = Agy, where N(i) is the
number of particles effectively interacting with the
i-th, We choose 7T such that At, < 7 < Ty,. Then the
corresponding terms in (7) are small because of the

factor exp{i(ajj - Aik)t"} whlch oscillates rapidly in
time (they are of order Atyr~' relative to the other
terms); they can therefore be neglected, The condition
7 < T,. is necessary for it to be possible to put
pilt + 7) = py(t) = 79p,/8t. Physically, this means that
we are choosing a time-scale T such that it smooths
out processes associated with improbable distributions
of strongly interacting spins but is small compared
with the characteristic cross-relaxation times. In ad-
dition, it is necessary that processes within one spin
packet be smoothed out, i.e., that T, < 7,

The case k =j, i= [ is investigated analogously.

In obtaining the kinetic equation for the density
matrix, we have neglected its off-diagonal elements,
It follows from the work of Provotorov!®! that this is
justified if (uHjoe Ate/H)? < 1. Besides, as we have
seen, the conditions

I.<< T::, Aty <€ Ty,

are important for us. With these assumptions, we ob-
tain the final equation:

Jpy -~ -
Zod) _ Z B L) -, [ o 0011, ®)

As was shown in!®°] for T,, > fi/uHjoc the system
can be characterized at any moment of time by the
equilibrium density matrix:

p,(t)=Cexp{Zaz(t)il-i—v(t)ﬁdip}. (9)

The quantity C is determined from the normalization
condition Trp, =1; C =(28 + 1)-N , where N is the
total number of spms in the sample. Calculations of
the average values (9S;i/8t) and (9Hqip/3t) lead to
the following equations for the coefficients «j and y:

"‘1(;_(:)2 - EW(k(ai(t)——ak(t)—ﬁAfw(t))v (10a)
aY ’) Zv.)m (alt) — o;(t) — hA (1)), (10b)
where o
W= 22 Spp'(”g;bé’:(f"‘” , (11)
o= S8 (12)
SpIE,

Now we can determine the order of magnitude of T;.
and Ti:

1/T. =~ (Wu«)avy 1T ~ (V:.’:)av. (13)

The treatment given above is valid if it can be as-
sumed that the spins belonging to one spin packet are
quantized independently. If this is not the case, calcu-
lations show that terms will occur in the kinetic equa-
tion which are quadratic in the concentration and are
determined by correlation functions of the form
(Sy(t) Sicm (t') 8- () 5+ (7))

In the right-hand side of Eq. (10a) we separate out
the terms referring to the m-th spin packet (charac-
terized by a resonance frequency wy,) and rewrite it
in the form

2,;:’ { Z(m)m) (0 (8)— u(t) +- ﬁA;,y(t))}. (14)

k
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Here the index m indicates summation over the spins
of the m-th spin packet; this summation is performed
in practice over the spacings between the spin i and

the spins belonging to the m-th packet. One can write

(m) ’ .
Wfk=n(mm)w(m,,,,mf)=n—("3%g9l:))—m)-, (15)

where n(wij) is the number of spins per unit volume
in the i-th spin packet and the factor 1/ rg character-
izes the correlation between the spatial and frequency
distributions of the spins. Eq. (10a) takes the form
aae(t)
ot
Let the line broadening be associated only with the
inhomogeneity of the g-factor, so that there is no
special correlation between the position of a spin and
its frequency. Then the probability that the distance
between two arbitrary spins, for sufficiently dilute
systems, lies in the interval r tor + dr can be deter-
mined from Hertz’s formulal*?!;

= ¥ (o) w00 0) [0 — a)+ mruy(@n)].  (16)

dW (r) = exp (— 4—;'r”n) 4nr® dr, 17)
where n is the number of paramagnetic ions per unit
volume, In our case, we have

™
(17a)

w , . o
Wi = n(om) ffl—(,—i)—)exp (— n;‘ n(m,n))/mr2 dr.

In this formula the distances are reckoned from the
i-th spin; r, is the distance between the closest lattice
sites able to be occupied by paramagnetic ions;

a’(wyp )/r® are the squares of the corresponding matrix
elements of the dipole-dipole interaction operator, g
given by expression (11)., The absence of correlation
between the spatial and spectral spin distributions
means that a’(wr ) = w”(wm — wi), and we obtain the
following result

wa ~ %n(mm)w”(mm — o) f—fz—exp (— % n(w,,,)g) ds. (17b)

It follows from this formula that, for not too small
concentrations, we cannot obtain, generally speaking,
an equation of the type used, e.g., in!»?*%!, The depend-
ence on the concentration of paramagnetic ions in the
terms of the right-hand side of the equation can, in
principle, be non-linear, and, for very small concen-
trations only, when we can confine ourselves to the
linear term, we obtain
(m
)Wl,. ~ 4—nn(m,,,)w”(mm — m,~)—13 = n(0n) W (0m — mi)is. (18)
- 3 To ro
A comparison of Egs. (15), (17a), (17b) and (18) shows
that, in the case of a random spatial distribution of
spins with different resonance frequencies, the quantity
re is determined by the equality
1 1 by
m—,‘i?%p(_?n(m )s)dé
or, for small concentrations of paramagnetic impurity,
(19b)

If in the derivation of the function w(w) it is found
that 1/rd > 1/r, this will mean that there exist some
clusters of spins with close frequencies; however, if
1/r¢ < 1/r}, the spatial clusters contain spins w1th a

(19a)

Te &2 To.

large spread of resonance frequencies. Comparison of
re and r, makes it possible to estimate the dimensions
of the above-mentioned clusters,

To pass over to a continuous distribution of spin
packets, we note that for our case the condition
uHjoe /HAjj K 1 can be written in the form

(20a)

Thus, we confine ourselves to the case when there
is small probability of close spacing of two spins
characterized by close resonance frequencies. In the
absence of any special correlation between the spatial
and frequency distributions of the spins in crystals
with a small paramagnetic impurity concentration and
a large spread of frequencies (i.e., with significant in-
homogeneous linewidth), this assumption is fully justi-
fied. To assess the applicability of this theory, we can
use the relation

W/ A< 1.

p'z/r;fanv <1, (20b)

where 1/rdg = (1/r®) and the averaging is performed
over the distribution (17).

The terms describing the spin-lattice relaxation can
be obtained analogously. We shall assume that the
spin-lattice relaxation time T; is constant over the
width of the inhomogeneous line (cf.[4),

As in'*l, we pass on to a spin packet distribution
which is quasi-continuous in frequency; then Eq. (16)
and the analogous equation for (Hdl (t)) will take the
form (aj — aio — uy(x,t), and x is the frequency de-
tuning relative to the central component of the line):

= j‘ w(x—a')n(z') [wi(z, 1) — ui(z,t)

—0

4 (2 — z)g(t)1da’ — u(x,8) /Ty,

ﬁu,(z, t)
at

(21a)

dgdtl’) = A j‘ f dz dz’ {(z' — z)w(z’ — z)n(z')n(z) [u.(z,1)

—u@)—@ —De) +E2 (21b)
Here ai, is the equ111br1um value of aij(t); g(t)
=Hy(t), A= Tr S} /Tr de , €0 is the equilibrium
value of g(t), and T 1 is the spin-lattice relaxation
time for Hdip(t).

3. STUDY OF THE KINETIC EQUATIONS

We shall analyze the system of Eqs. (21) which we
have obtained.

o0
1. We define f(t) = f u,(x, t)n (x)dx, multiply Eq.

- 00

(21a) by n(x) and integrate it over x. Then 8f(t)/at
= —f(t)/T,. Consequently, the area under the curve
which describes the ‘‘hole’’ in the imhomogeneous line
relaxes exponentially with a time T,. (The function
u(x, t) = n(x)u; (x, t) in fact describes the shape of the
‘“hole.’’) Here and below, we shall assume the func-
tions n(x) and w(x) to be symmetric with respect to
the central component w,; this is in any case justified,
as we have explained, for a random paramagnetic im-
purity distribution.

2. We turn to the second equation. We shall consider
the integral

I—jjdxdx 2 —r)w(x—z)n(@)n(z’) [u(z)— u.(2')].
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If n(x) varies slowly in comparison with w(x) (if
w(x) falls off at spectral distances of order Ax,, our
assumption means that Ax, <K A{2), then this integral
is equal to zero in the zeroth approximation, while the
first correction gives

= 2M.h(t), (22)
where i
M= [zw()ds, (e =] dxd—Zu(z, 1).

Thus, in the zeroth approximation,

q
gg) = —Hg(t) jjdzdzln(l)ﬂ(x’)(x—z’)zw(:p—x')
+ gT_f ﬁz}\g(t)MK—Fig__g‘l_’ K = [ n*(2)dz. (33)

Since the function h(t) is determined from observed
curves, one can also find the relaxation curve with
allowance for the first correction.

3. We return to Eq. (21a). We rewrite it in the form

du(z,t) _

- (&)= n()u()

Xz (I]',f) + i‘w(z —z')[n(z)u
+n(z)n(z’) (2 —z)g(t)]da’. (24)

We note that the integral [(x — x')n(x)n(x’)w(x — x’)dx’

is close to zero if Axq K AQ. This means that for
strongly inhomogeneously broadened lines the correc-
tion associated with the change in the average energy
of the dipole interactions turns out to be unimportant,
if the prior saturation process does not give rise to
any sharp change in the temperature of the dipole-
dipole reservoir (u/w,~ g). In*! it was shown that
for the Nd* line in a monocrystal of fluoroapatite this
condition is well fulfilled. We shall assume, in addi-
tion, that the ‘hole” width Aw, K A, Then

.‘-w(z — ') )n(z)u(z’)dz’ = j.w(x — 2’ )n(r—z)u(z’)dx’,

u(x)/Ts
(25)

(Ts is a certain parameter characterizing the cross-
relaxation). Let w(x)n (x) = W(x). We Fourier-trans-
form Eq. (24), taking the relations (25) into account
(the tilde denotes the Fourier transform):

aa(y,t) _

—=
This equation is analogous to that obtained in!'J, By
the technique indicated there, we can derive the func-
tions W(x) and w(x), and, using (23), indirectly de-
termine the characteristic time T’12 for the cross-
relaxation Hdip(t).

In ordinary conditions it will not be justified to take
account of the term in Eq. (24) containing g(t), since
the corrections associated with it correspond in order
of magnitude to additional effects arising from the
falling off of the function n(x). Therefore, for a more
exact determination, one must try to obtain as narrow
a ‘‘hole’’ as possible.

If it is necessary to take the line shape into ac-
count, to derive the function w(x) we can make use of
the techmque described in the Appendix tom then we

Iw(x—x')n(z’)u(x)dx’ =~ u(zx) j w(x—a')yn(zx—a')dx =

—*(y,t)[ +——1)nw(y)]

DIn this case we can always neglect the last term in Eq. (24), and
the condition u/w ~ g turns out to be superfluous.

shall again have the possibility of finding the cross-
relaxation time for Hgijp(t).

In the case when Axq, > Awg (Aw, is the ¢‘hole”’
width),

J.w(x —z')n(z)u, (2, t)ds’ = w(z) j:u(z’, tydz',

u(@ ) fw(@)n(@)ds = i)

z

- .

We define So = [ u(y, 0)dy. Since the function £(t)
© -— 00

= [ u(x’,t)dx’ falls off like f = - Soe't/Tl, our equa-

ti(;nootakes the form

du,(z,1) _ (i__ 1 ) _ S.e=tTs
___[)t = ul(zy t) T, + Ts w(‘r) o€ .

The solution will be
11
u,(z, ) = exp{ —t (T +o )} [, (z,0) — TsSow (z) (7= — 1)].

Hence it can be seen that if TyS,w(x) <K u,(x, 0), the
‘‘holes’’ vanish in a time ~Tgy. This result, possibly,
is one of the reasons for the rapid disappearance of
the subsidiary narrow ‘‘holes’’ observed in experi-
ments on discrete saturation!!?],

It is of interest to consider the case of broadening of
an initially homogeneous line as a result of the inhomo-
geneity of an external constant magnetic field. In this
case, generally speaking, one must take account of the
DDR of the separate packets and of the transfer of
energy betweeen them. However, if Ax, <K A4, the
change in the average energy of the dipole-dipole in-
teractions has, as we have explained, no effect on the
solution of Eq. (21a), and the function w(w) can be
derived.

1))

We have (analogously to (15)—
n 2n £ az

Wix =~ |sinbdb | do | —n(o,)w(e, — o)
O R R

n(w,)= { 0

~ n = const,

4ar®

r <r,,
r>r,,

X exp{—- n(m,)}rzdr,
Let the crystal be homogeneous, and the magnetic
field such that

a

—m——-D——const _c?_a):_(?i:o’

0z oz dy
i.e., the xy-plane is perpendicular to the axis along
which the constant field varies. Then

D3

ZW,k NI——n(m ,) (0 —

in the approximation linear in the impurity concentra-
tion®, We note that the function n(w - wi) in fact
regularizes the integral when w — wj, inasmuch as
n(w - wi) =0, if |w - wi| < wmin, where wmin

2 roD. The quantity wmin should be chosen in such a
way that the relation wpin > (Ato)™ is fulfilled (cf.
above); in this case, naturally, the construction of the
function w(w) is carried out accurate to quantities

o) do (26)

3 Another possible treatment is to formally divide the crystal into
layers of thickness Az = D"T;1 and study the exchange of energy be-
tween these layers.
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~wmin. We denote the integrand in (26) by w*(w).
Then in place of Eq. (21a) we obtain
du(z,t 1) T
trt = — 20D [ ) e, 0= ()1, (2T)

—c0

It is clear that a derivation of the characteristic
function w(w) is possible only for extremely high
gradients of the constant field. Otherwise, the behavior
of w*(w) will be principally determined by the factor
Viw - wil
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