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A detailed qualitative and quantitative analysis of the nonlinear integral equation for the ‘‘gap’’ in the
superconductor quasiparticle spectrum is carried out within the framework of the ¢‘jellium’’ model in
the weak and strong coupling approximations (at both absolute temperature T =0 and T # 0). The re-
sults of the numerical solution of the problem by an electron computer (BESM-6) are presented. The
results are used to ascertain whether the ‘‘plasmon’’ mechanism previously proposed (in the first half
of this investigation) for superconductivity in degenerate semiconductors and semimetals possessing
two or more free carrier groups (conduction electrons, holes) with strongly differing effective masses
and concentrations is possible. It is shown that for a sufficiently high concentration of the majority
(“light”’) carriers (N ~ 10?! ¢cm™®) and for a small crystal dielectric constant (€, ~ 1, but €, 3> €5)

1971

quite high critical superconductivity transition temperatures (T, ~ 10 °K) should be attainable in

principle.

IN the first part of this investigation!!? we advanced
the hypothesis of a possible specific (non-phonon) mech-
anism of superconductivity in degenerate semiconduc-
tors and semimetals with essentially different effective
masses of the conduction electrons and holes (my
<<'mp) and relatively large mobilities of the free car-
riers, when the conditions Eyp >> Qp >> Tt are sat-
isfied, where Ey, is the Fermi energy of the electrons,
reckoned from the bottom of the conduction band, Qp is
the plasma frequency {energy) of the relatively ‘‘heavy’’
holes (we assume H = 1), and 1y is the characteristic
relaxation time of the hole momentum. In this case the
formation of bound electron (Cooper) pairs occurs as a
result of attraction, due principally to exchange of vir -
tual quanta of the plasma-acoustic oscillations of de-
generate electron-hole plasma'?~?1—the so-called
““acoustic plasmons,’”’ ’ since the maximum energy of
the latter Qp at sufficiently high carrier concentration
can be much larger than the limiting (Debye) energy

wD of the acoustic phonons, and the corresponding di-
mensionless parameter of the ¢‘electron-plasmon’’
(Coulomb) interaction p can greatly exceed the con-
stant of the electron-phonon interaction A, (the Frohlich
parameter) in nonpolar semiconductors and semimetals.
In polar semiconductors with large ionicity, when €,

>> € (Where ¢, is the static and €. the high-frequency
dielectric constant of the crystal), the interaction of the
conduction electrons with the longitudinal optical pho-
nons with energy wj, as shown in 71, leads to expan-
sion of the region of the effective attraction (up to

Wmax ~V w? +Q§ ), and consequently to an enhance-

D A superconductivity mechanism of similar physical nature was in-
dependently proposed by Frohlich [} for transition metals with “heavy”
d-electrons, mq > myg (i.e., with a narrow d-band). The question of the
influence of the collective oscillations of the d-electrons (and of the as-
sociated dynamic “rescreening” of the Coulomb repulsion between the
s-electrons) on the superconducting properties of transition metals was

investigated earlier by Garland [°], who used numerical methods (see
also [°].
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pressed mattert¢151), The interaction between the
conduction electrons in semiconductors (semimetals) in
the high-density approximationf*! (i.e., in the case of
an almost ideal Fermi gas) is described by the follow-
ing vertex part (see [*1);

(11 to describe the ‘‘electron-plasmon’’ interaction, and
present results of a numerical solution with the BESM-6
computer (counting rate up to 10° operations per second).

1, THE “JELLIUM’’ MODEL, THE WEAK-
COUPLING APPROXIMATION

One of the simplest models in the theory of super-
conductivity, together with the models of BCS!®7 and
Frohlich,f 7 is the so-called ‘‘jellium’’ model pro-
posed by Pines, [ which makes it possible to consider
in a unified manner, on the basis of a generalized (dy-
namic) dielectric constant €(q, w), the electron-phonon
and Coulomb interactions in metals,[!? 3]

Of course, this model cannot pretend to give a de-
tailed quantitative description of the properties of real
superconductors, since no account is taken in it of the
singularities of the crystal and band structures of the
metal, the anisotropy of the lattice and of the electron
spectrum, the presence of transverse acoustic modes
and Umklapp processes, etc. (See 112131

At the same time, the ‘‘jellium’’ model apparently
serves as a sufficiently good approximation for the
study of superconductivity in such systems with Cou-
lomb interaction as an electron-hole plasma of isotro-
pic degenerate semiconductors and semimetals{!:71 or
a two-component plasma of s- and d-electrons in tran-
sition metals and alloys~®? (and also in strongly com-
menl): of the ‘“plasmon’’ mechanism of superconductiv-
ity.2
In [*1 however, only an approximate (qualitative) in-
2 The possibility of appearance of superconductivity in degenerate

(strongly doped) polar semiconductors because of the interaction of
electrons with longitudinal optical phonons was considered earlier in [3].
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vestigation was made of the vertex part (four-pole) of
the electron-electron interaction and of the nonlinear
integral equation for the gap in the spectrum of the con-
duction electrons. In the present article we present a
more detailed analysis of the ‘‘jellium’’ model used in

2 2
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(1.2)
Np and Np are the concentrations of the electrons and
holes (generally speaking, Ny # Np), pFn = (37°Ny /s
is the Fermi momentum of the conductlon electrons, and
€i is the dielectric constant of the crystal (for simplic-
ity we assume €j = € = const in the frequency region
w "~ Qp).

In this case the equation for the gap in the electron
spectrum at the absolute zero of temperature (T =0) in
the weak-coupling approximation takes the form (com-
pare with [157):

cE)

CE)=|dt' K(§, &) —=—r— 1.3
I ( VEEEoeE)’ (1.3)
where
K(g, a’) ="L[QE—¢)+0Q0E+8]; (1.4)
_ 1 Fn 1
Qo)== jqdqrm(q, @)=-3B()ln| 1 - @l
(1.5)
_ e’ _ ¥a o) e
Plo)=5 To(—a2) T e (1.6)

VFn = PFn/Mp is the Fermi velocity of the conduction
electrons (see below concerning the choice of the upper
limit of integration E in (1.3)).

The kernel Q(w)= K(w, 0) is shown by the solid line
of Fig. 1.

We note that for the ‘‘jellium’’ model, the condition
of large density pFpap >>1 (where ap =€ /e*my is the
effective Bohr radius of the conduction electron) is si-
multaneously the condition for the applicability of the
weak-coupling approximation a = 1/mpFpap << 1 (for
more details see Sec. 2).

Let us find the approximate (asymptotic) solution of
Eq. (1.3) with allowance for the exponential smallness
of the gap (see [, 91) Replacing for simplicity the
function C(£) under the square root in the right-hand
side of (1.3) by its value on the Fermi surface C(0)
= A, we will reduce, by integrating by parts, Eq. (1.3)
to the form

C(§)=—K(§,O)A1n—-—jdg,[K(é §’)C(&’)]1n o

Equation (1.7) coincides in fact with the asymptotic
expansion of Eq. (1.3), obtained in [ %1 accurate to
terms ~ A ln Aand A. Introducing, by analogy with
(18,191 3 new function ¢(¢), connected with C(¢) by the
relation

w(E) g-tro) = A 28

1.
(0) 9(0)’ (1.8)
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FIG. 1. The kernel Q(w) = K(w, 0) for different models (x = 0.3,
u=20,v=1/EFyrp = 1073): solid curve—*jellium” model ['"16] (see
Sec. 1); dashed— Mchllan approximation [”] (see Sec. 3) dash-dot—

“random phase” approximation ['3] (see Sec. 5).

we obtain for it, according to (1.7), the following linear
integral equation:
— (50— (LK &) o@)in St (1.9)
¢(t) = K(5,0)— [Tg,[x(g,g )o(E) Tl -at". .

As shown in [® ®1  the nontrivial solution of Eq.
(1.3), which branches away smoothly from the trivial
solution C(£)= 0 when the interaction K(&, ¢') is turned
on and corresponds to the appearance of superconduc-
tivity, exists only under the condition ¢(0) > 0 (the lat-
ter, generally speaking, can be satisfied even when
K(0, 0) < 0). However, the method used in [ ®1 to
solve Eq. (1.9) is not suitable in the case of the ‘‘jel-
lium’’ model, for here, according to (1.6)-(1.4), the
static interaction on the Fermi surface K(0, 0) =0. (In
this connection, an attempt was made in 51 to solve
an equation of the type of (1.9) by the method of itera-
tion with ¢ — 0.)

Nonetheless, in this case too, it is easy to obtain an
approximate solution of Eq. (1.9) (and consequently also
of (1.3)) if it is recognized that the kernel K(¢, 0)
=K(0, ¢£) = Q(£) has a logarithmic singularity at g(¢)
=1, i.e., at the point £=Q = Q,(1 +a/2)™/2. A simi-
lar singularity according to (1 8), should also be pos-
sessed by the function ¢(&), so that derivative
d[K(¢, £")p(£')]/ d&’ experiences a discontinuity (F =)
at the point £’ =9 at any value of £. Taking the slowly-
varying function In (£’/E) outside the integral sign at
the discontinuity point, we obtain for ¢(£) an approxi-
mate functional equation

#(®)=K(5,0)— 2 [KEE)o(B)— K& 0)9(0)], (1.10)

from which follow the simple recurrence relations
Q Q
®(0) [1 —K(0,0)ln - ] = K(0,0)— ¢(E)K(0, E)ln

Q Q
¢ (E) [1 +K(E,E)1nf] = k(E,0) [1+ tp(O)ln—E]- (1.11)
Solving the system (1.11) relative to ¢(0), we obtain

1 1 — K(E, E)ln (E/Q) _Q

K(0,0)[1— K(E,E)In(E/Q)] + K(0,E)K(E,0)In(E/Q) - hlE_'
(1.12)

?©0)
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We note that from (1.12) with allowance for (1.8) there
follow immediately the results of BCS™ ! and of Bogo-
Iyubov—Tolmachevm 11 for the gap

A =2Eexp {—1/¢(0)}.
In the case of the ‘‘jellium’’ model (according to
(1.4)-(1.6), we have
K(,0) =Q(0) =0, K(0,E) =
K(E, E) = '[:Q(2E).
Under the condition E >> @, the kernel Q(w) in the

energy region w R E is practically independent of w
and is equal to its asymptotic value as w — :

K(E, 0) = Q(E),

(1.13)

0)=—p@=—52m(2t2), (.14

2a
which corresponds to screened Coulomb repulsion.
As a result, with allowance for (1.12)-(1.14), we ob-
tain the following approximate formula for the gap:

2+ p(a)ln(E/Q)
20° () In(E/Q)

It follows, therefore, in particular, that within the
framework of the ‘‘jellium’’ model there always exists
a nontrivial solution of Eq. (1.3), corresponding to the
superconducting state. In other words, on the basis of
this model it is impossible to obtain the criterion for
the superconductivity of metals that is frequently dis-
cussed in the literature. (!, 187201

Formally, in the limit E — « and a — 0 we obtain
from (1.15) the simpler expression:

A = 2Qexp {—- (1.15)

A’=2g,éxp{— (1.16)

1
=)
which agrees qualitatively with the general conclusion
of Abrikosov!™] concerning the almost exponential de-
crease of the gap with increasing density.

However, owing to the strong damping of the elemen-
tary excitations,{!71% 1 there is a ‘“cutoff’’ of the
Coulomb interaction in the energy region w 2 Qy (where
Qn = (4re®Np/eymp)*/? is the electron plasma frequency),
so that in (1.15) it is natural to choose as the upper lim-
it E =min {Ep,, Q,}. When a < 0.2, we have Qn/EFn

= (16a/3)/2 < 1).

It is interesting to note that from (1.8) and (1.12)
there follows, as a particular case, the formula ob-
tained for the gap in {21 (see the review [?21), Indeed,
putting in (1.13) K(E, E) =Q(E) ~ —p(a), with E =EF,

Q =wj, and a K 1, we obtain

[(¢/2)In(1/0)1? 1n (Ex/a:)
1+ (e/2)In(t/a)In(Erfo)

It is easy to show that expression (1.17) corresponds to
the approximate solution of Eq. (1.3) with kernel

K(¢, £’) having the form of a ‘‘square well’’ (compare
with 167):

Aot g— (1.17)

—(a/2)In(1/a) for o <|t|, |&']|<Ex
0 for |¢], |t’|<<w:and |E|, |¥'|> E».

As will be shown below, in the region of the parameters
of real semiconductors (semimetals) which is of great-
est interest from the practical point of view, formulas
(1.15) and (1.17) considerably underestimate the gap

K(,E) = { (1.18)
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FIG. 2. Self-energy electron parts (a) and the Dyson equation for
the “plasmon” Green’s function (b).

compared with the numerical solution (which, inciden-
tally, depends little on the upper limit E).

2. STRONG-COUPLING APPROXIMATION VERTEX
PART

At not too high concentrations of the free carriers in
degenerate semiconductors and semimetals, i.e., at not
very small values of the parameter a = e?/7€{VFp),
but such that aQp/Efp << 1,” the interaction in the
¢¢jellium’’ model can no longer be regarded as weak,
and the superconductivity phenomenon must be consid-
ered on the basis of the so-called ‘‘strong coupling’’
approximation.

For superconductors with electron-phonon interac-~
tion, the theory of strong coupling with allowance for
retardation was developed by Eliashberg,t?®*) who gen-
eralized Migdal’s method{?? for normal metals. In the
case of systems with predominant Coulomb interac-
tion,f1 4781 in analogy with {2*]) the equations of the
strong-coupling approximation at T =0 can be repre-
sented in the form (compare with [11):

An(P)——‘(Z—;):vojdp’Fn(p') -De—p)v(p. 0", (2.1)
Here
i

z"(P)=WVoIdP’Gn(p’) -D(p—p)v(pp)- (2.2)
Fo(p) = — 0a(p) /Q.(p) P = (k 0); (2.3)
G.(p) = 1[0 +E(k) + Z.(—p)]/2.(p); (2.4)

Q.(p) = [0 — ta(k) — Za(p)] [0 + Ea(k) +Za(—P)] —
~ [Aa(p) |% (2.5)

Y, is a simple Coulomb three-pole, equal to the charge
of the electron e; y(p, p’) is a three-pole corresponding
to the (effective) charge of the quasiparticles, renor -
malized as a result of the interaction (see below), and
D(p - p’) is the Fourier component of the time-depend-
ent Green’s function of the longitudinal (Coulomb) field,
satisfying the Dyson equation (see Fig. 2) and equal to

D(g,0)="V, 1—7V, y(q, - X
o) ="y [ @ Yo = 20
where V,(q) = 47/q%;, and H] is the polarization opera-
tor of the particles of type j:

ﬁi(P)=

o
- (2::)“"’ [ar6,(0) 60— P )¥ (2, P"). (2.7)

3 To satisfy the “adiabaticity” condition §p < Epy with sufficient
margin (at least by a factor of several times), it is necessary to satisfy,
besides the condition mp > my, also the inequality Np < N, (which
is possible only in impurity semiconductors and in uncompensated
multiband metals).
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FIG. 3. Approximations used in the calculation of the Coulomb
vertex part (a) and the self-energy of the plasmons and electrons (b).

We see that the function D coincides with the longi-
tudinal component D, of the causal Green’s function of
an electromagnetic field in a homogeneous isotropic
medium [ (with allowance for spatial dispersion).

Comparing (2.1), (2.2), (2.6), and (2.7) with the corre-
sponding expressions of [, we readily see that the
transition to the approximation of large density is equiv -
alent to replacement of the complete vertex y(p, p’) by
the simple vertex y, = e. Let us estimate the error re-
sulting from such a replacement.* To this end we cal-
culate the first-order correction to y, (see Fig, 3):
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tropic case the form (compare with [13231);
1 Prn 5 ( )
Anm)——m{qdq{dzm(q,iz— oD gy sien In ),
2 (2.12)
)= 5 Jata fasta 1o - o) T g mm o),
(2.13)
where

)—z—yfdp‘ (p— pn)G(pd-——) (p.-—z—) (2.8)

The function D differs from D in (2.6) in that H] is
replaced by e H], where

v«(p, P

(p) = — = [0’ G,()G,lp ~ 1) (2.9)

(2 )‘
In addition, in the calculation of Hj and y, we canre-
place Gj with high accuracy by the unperturbed Green’s
function of the free carriers Gi (see [%7),

Just as in [24], the most ‘‘dangerous’’ region for y,
is the region of small k' << pFp and w’ << Efp. In par-
ticular, in the limit as k'’ — 0, w’/k’ — 0 (but k~ ppy)
for the ¢‘jellium’’ model, we obtain in accord with (2.8)
(see (1.5)):

21>

Vi(p,0) & o —— jq dgD(g,0)=—eQ(@).  (2.10)

(2n )2
The dependence of y; on w in this case is significant
only in the energy region w < @, (with v, — 0 as
w — 0), whereas in the region w >>Qp we have v,
~ ep(a) =const (see (1.14)). Therefore at k' ~ prp (but
W<k an), accurate to terms of the order of Qu,/Epy
= (16a/3u)'/2, where = mpNn/man >>1 and p%(a)
< a? (for a > 0 1) the vertex ¥ (p, p’) can be approxi-
mately replaced by v ~ e[1 +p(a)], and the interaction
-yoDy in (2.1) and (2.2) can in this case be represented
in the form of a renormalized Coulomb (irreducible)
four ~pole (compare with [11):

: 4ne*
qzsi — 4né* [Hn (qa 0’) + Hp(‘lr 0))]

Tulg, 0) = » E=el+p(a)].

(2.11)
As a result, the system (2.1) and (2.2) takes in the iso-

4 As shown in [24], in the case of electron-phonon interaction the
error connected with the substitution I'y = 1 in lieu of I' does not ex-
ceed the ratio wp/EF ~+/m,/m; (where m, and M; are the masses of
the electron and the ion).

Qz) = [z—f2(2)]* = [4.(2) [, An(@) = Aulpra ©), (2,14)
fa(0) = fulprs, ).

The integration in (2.12) and (2.13) is carried out in the
complex z plane along the contour L shown in Fig. 4a
(see £#1), Within the framework of the ‘‘jellium’’ mod-
el, the function I'py(q, |z —w|) is analytic everywhere
except for the poles at the points z, , =w + (Qq - iéq)
corresponding to the plasma-acoustic oscillations, with
0q <K Qq determining the weak damping of the acoustic

plasmons (see [!1), Therefore the integration contour
L can be deformed into a contour L, or L, (Fig. 4b)
passing along the edges of the cuts (— =, —A) and

(A, ») and going around the corresponding poles. It can
readily be shown that the residues at the points z; and
z, contribute only to the imaginary part of Ap(w) ina
narrow energy region w ~ Qq, and can therefore be
discarded.

As a result, carrying out the integration in (2.12) and
(2.13), and symmetrizing the kernels with respect to the
signs of the arguments w and w’, we obtain the following
system of equations for the functions C(w)=Re{A,(w)

[1 —fp(w)/w] ™} and fy(w)=Re{fy(w)} (compare with
9231 )

2
Prn

x I—q‘iq_‘{
() " (2.15)

—(m’—l—ﬁf (1)'+2)—-§q)]_2}’ A=),

, 2PFn

. ~
w(m)} S @2

S
- o)’—u)—ﬁq m'—{—a)—ﬁq)]’

(2.16)

1 1
[((o'—m—{-ﬁq +m’+w+Q

qdq
9" + %,

fo@)y=— 5-{ a0’ Re{ e Y
-

1 1
X[( m'—m+§q - u)’—{—u)-l—Qq

where



806

a=~a[l 3 =0 ¢\
o 7‘"2:}‘"2%'

~ (2.17)
Q=022

Grouping corresponding terms in the kernels of Egs.

(2.15) and (2.16) and integrating with respect to q, we

represent these equations in more compact form:

Clo)= [1—“(—3’ ]_‘ ]idm’l?“(m, m')Be{}W—C_(_“’é%TT)}, (2.18)

N ’ — 7 0'),
fﬂ((ﬂ)=—“-[d(0k (m,m)Re{m}, (2.19)
where (compare with (1.4) and (1.5):
E*(0,0") ="1[0(0 — 0") = J(o0 + o')], (2.20)
B o Q. — 0?(1+a/2)
e 210 — (1 — 92)] In| == o -(2.21)

We call attention to one interesting circumstance.
Inasmuch as in the calculation of f;, we can neglect the
pairing of the electrons (see [2°J), we obtain, according
to (2.16), for w <<Q (see [11)

~ 2PFn

_ qdq
) == | (@)

2,
2

(In the region w >> ﬁ.p we have fy(w)~ 1/w.)
Thus, accurate to terms ~ p%a), the renormaliza-

tion of the ‘‘electron-plasmon’’ interaction in the strong-

coupling approximation, characterized in the most sig-
nificant region of the energies w < Qp by the quantity
[1-fyw)/w] "t~ [1 +p(a)]™, compensates for the re-
normalization of the charge in the Coulomb vertex
(2.11) (or (2.21)), which is connected with the violation
of the condition for the applicability of the high-density
approximation @ << 1.5’ In other words, owing to the
almost accidental cancellation of the corresponding
terms, the region of applicability of the so-called ¢‘‘gas
approximation’’ in the ‘‘jellium’’ model broadens great-
ly and is determined by the condition

o= [ (4] <

which is much weaker than the condition @ << 1, and
can be relatively easily satisfied in real systems (in
particular, the inequality p? <<1 is satisfied for prac-
tically all superconductorsf?s 12,201,

As a result, the equation (2.18) for the gap takes,
with good accuracy, the form (we have replaced & by «
throughout):

(2.23)

3 C(o')
C((l))= d(o’K'F(m, (DI)RG :——____— (2.24)
forstme 2 )
Changing over in (2.24) from the energy of the quasipar -
ticles w to the energy of the electrons £, i.e., making
the substitution w — €(£) =V £2 + C23(¢), where C(%)
= C(e(£)), we obtain

) Strictly speaking, all that is cancelled is the renormalization of
the effective parameter of the “‘electron-plasma” interaction p, which
stands in the argument of the exponential (see (1.15)), whereas the re-
normalization of the plasmon energy Qp leads to an insignificant change
(increase) of the pre-exponential factor, and consequently of the gap
parameter A, by an amount ~ p(c).

E. A. PASHITSKII and V. M. CHERNOUSENKO

C(&) dC(&") 1C(¥)

g a e(8’)
As C(¢) — 0, Eq. (2.25) goes over into Eq. (1.3) of the
weak-coupling approximation.

)= [ (e(),02)) [1+ - (2.25)

3. CRITICAL TEMPERATURE

To determine the critical temperature T, of the su-
perconducting transition it is necessary to generalize
the equation for the gap (2.15) (or (2.18)) to the case of
finite temperatures T # 0. To this end, in accordance
with the method developed in [26: 271 we use the follow-
ing procedure: the denominators of the type [w’F w
+ Qq] ™' in the kernel of Eq. (2.15) are multiplied by
the sum of the distribution functions of the electrons
f(Fw’) =[exp {Fw/T} +1]™" and of the plasmons
N(+ Qq) =[exp{+Q4/T } — 1], and the term corre-
sponding to the Coulomb repulsion is multiplied by
[1—2f(w’)]. As a result, the expression in the curly
brackets in (2.15) reduces to

{5 [wea+i—o) (<

1 1
— o+ Q + o 4+ o+ Q )

—(N(Qa)+1(0") ( — ’——1a)+Q., T —m’+1m+9,, )]

— 5 [W=ea+i—on (2

1 1
—0—Q +w'+m—Q, )

s (b )]

_2[1—2f(w’)]}={th% '%L(m'—i+9q +m""+<:+9«)
* (omem t oremm) ]
o —o0—Q o 40— Q

ren (% (i)

2T 2\ 0 —0+9Q o+ o+
X 1 1
+T(m’—m—9q m’—{—w—Qq)]}' (3‘1)
Here we have taken into account the relations
[f(—w)—f(m)]—[i—zf(m)]—th—~-[1v(g,,)—1v( Qq)]_mh%;.

It is also possible to transform in similar fashion
the kernel of Eq. (2.19) for the function f,(w). However,
as shown above, accurate to terms ~ p?a), the renor-
malization of the interaction can be neglected, and
therefore we shall henceforth omit throughout the terms
containing f,(w). At the same time, to determine the
damping of the excitations, it is necessary to take into
account the imaginary part f,(w) = Im {fy(w)} (see
[23, 28 ])_

Thus, the equation for the gap at T# 0 takes the

form
3?

Clo,T) = __gdg C(o’,T) }

, ¢ +n(a) J(,,d * {vm"‘f——czm', T)

X {%[(th_+°m S;T)( m'—1m+9q+ m’+t)+9q)_

@ 1 1
( 7_ )(m’—m~§2;+m+m— )] _Zth?l—'-
(3.2)
We note that (3.2) differs from the equation for the gap
in the case of the electron-photon interaction, obtained
in [%1 by the method of the temperature Green’s func-
tions [%s 21 only in that wq is replaced by Q4 and aq
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by 21re2$2q/€i(q2 +&2), and also in that the Coulomb re-
pulsion is taken into account. Accurate to terms
~ (T¢/Qp)?, Eq. (3.2) reduces as T — T¢ to the form
¢ do’ , , o’

Clo, T)= j;m—,K*(a),m )C(o/, Tth—. (3.3)
From a comparison of (3.3) and (2.24) it follows that in
the ‘‘plasmon’’ mechanism of superconductivity, the
usual BCS relationf®? between the gap A(0) at T =0
and the critical temperature T; (see [®%7) jg retained,
with high accuracy.

By virtue of the linearity of Eq. (3.3), it is easy to
obtain with its aid an approximate expression for T,
(see, for example, L71), Approximating in the first ap-
proximation the function C(w, T¢) by the sign-alter-
nating step function

A, for 0 <Q,

) (3.4)
—A. for e >9Q,

Cle,T)=
where Q =Qp(l +a/2)7'/2 is the limiting energy of the
virtual acoustic plasmons (for q = 2pfp), we obtain un-

der the condition T¢ <<Qp <K EFy the following system
of equations (compare with “”):

cO,T.)= ’)—, (3.5)
and
C(00,Te)= —Au = AyQ() J'——th - A,,Q(oo)ln Er . (3.6)

If we neglect in (3.5) the terms ~(<.o’/Q)2 in the region
w’'<Q and the terms ~(Q/w’)? in the region w’ >,
then, as can readily be seen, we arrive at the expres-
sion T¢ =1.14 Q exp {—1/g}, corresponding to the ap-
proximation (1.17) and (1.18). However, this approxi-
mation can be improved somewhat by taking into account
in (3.5) the quadratic terms (~w? and ~1/w?), so that
the kernel Q(w) takes the form shown dashed in Fig. 1.
We then obtain

Aoli _Po(a)] = Aw[p(‘a) In(Er./ Q) + l;lgll?gly (3.7)
At + 0 (@) En/D] = Ao ()ln (2=),  (3.8)
where
2+a 240
po(0) = 1+In + 1+1In +1,
Pl el )
_a24a) 24+ a 2a
p‘(“)—z(z——ay[m( % >+z+a—1]' (3.10)

The condition for the solvability (self-consistency) of
the system (3.7) and (3.8), which plays the role of an
equation for the determination of the critical tempera-
ture T, is (compare with (1.17))

p(a) [o (@) In(Er/Q)+ 0:(a)]
[1—po(@)][1+ 0 (0)In(Er./Q)]

In the absence of cutoff (E Fn — «), the solution of
(3.11) takes the form

{=

In ( 1,14Q

Tc (3.11)

Tc=1.149exp{—1—_‘l°—(‘ﬂ}.

p(a)
We know that expression (3.11) gives the correct order

of magnitude for T, in the case of superconducting
metals with electron-phonon interaction, when

(3.12)
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= M;/z*m, ~ 10*-10%, a ~ 0.3-0.4, and T¢ S 0.1 wp
S1073Ey (z* is the effective valence, i.e., the number
of free electrons per atom). Thus, for example, for Al
with z* =3, u =1.65%10% and @ =0.34, we obtain in
accordance with (3.11) the estimate T; ~ 2.4°K instead
of Te exp =1.2°K, and for Pb with z* =4, y =0.95
x10°, and @ =0.38 we have T, ~ 3°K instead of T¢_ exp
= 7.2°K. In the case of the ¢‘plasmon’’ mechanism of
superconductivity in degenerate semiconductors (semi-
metals), when in practice p = mpNp/mpNp~10'-107,
formulas (3.11) and (1.15) (or (1.17)) lead to values of
T¢ and A which are too low compared with the exact
solution by almost two orders of magnitude (see
Sec. 5).

4. METHOD OF NUMERICAL SOLUTION OF THE
EQUATION FOR THE GAP

In this section we describe briefly the main idea of
the method used in the present paper for the numerical
solution of the nonlinear Fredholm integral equation of
the first kind, such as is the equation (1.3) for the gap:

y(z')
Vo v @)
(we have introduced here the dimensionless quantities
x = ¢/Efp, y(x) =C(£)/EFp and L = E/Efy).

The mathematical difficulties arising in the numeri-
cal solution of an equation of the type (4.1) are con-
nected principally with the fact that it is, first, homo-
geneous (and therefore additional complications arise
with separation of the nontrivial solution) and, second,
it is essentially nonlinear.

Zubarev(®1 and Garland‘®! proposed independently
a method for ‘‘quasilinearization’’ of Eq. (4.1), which
made it possible simultaneously to get around both of
these difficulties and to ensure sufficiently rapid con-
vergence. With the aid of suitable normalization of the
kernel I(x, x') = K(x, x')/K(0, 0) and of the gap &(x)
= y(x)/y(0), with allowance for the boundary conditions
on the Fermi surface I(0, 0) = #(0) =1, Eq. (4.1) was
reduced in [% 31 to an inhomogeneous integral equation
(Fredholm equation of the second kind) with a weak non-
linearity, the solution of which could easily be obtained
by the iteration method.

However, in the case of the ‘‘jellium’’ model, the
Zubarev-Garland method is not applicable, for here
K(0, 0) = 0. We therefore proceed in the following man-
ner. We break up the region of integration [0, L] in
(4.1) into intervals (xi, Xj.,) with constant spacing 6
(usually L =1 and 6 = 0.05). Approximating y(x) by a
step function, we obtain in place of the integral equation
(4.1) a system of homogeneous nonlinear algebraic
equations of n-th order:

y(z)= jdx'K(z, ) (4.1)

n

yi=2K"i'+ i=1,...,n
Yy + zf

i=1

(4.2)

where ,
et

K= j dz' K(zy7'), yi=y(z).
%
Since the kernel K(x, x') has logarithmic singulari-
ties (see (1.4) and (1.5)), to increase the accuracy of the
calculation of the coefficients we broke up the interval

(4.3)
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(x]-, Xj + 1) additionally into small segments with spacing
h 6.

Together with (4.2), we consider the system of inho-
mogeneous equations

- EKfiyi(yiz + z?)-'h, (4.4)
which is equivalent to the system (4.2) at f; =0 (i =1,
..., n). Thus, if f; is regarded as a functlon of the vec-
tor Y ={y,, ... , yn} in n-dimensional Euclidean space,
then the finding of the solution of the homogeneous sys-
tem of equations (4.2) reduces to a selection of such a
set of values y} for which all the f;(Y*) in (4.4) tend to
zero. To this end we introduce the function
L

Fw=Yrem /Y=
(4.5)

it i=1 i=1
The denominator here is introduced in order to get rid
of the trivial solution y; = 0 of the system (4.2). In the
case when there exists at least one nontrivial solution
y’{ # 0 of the system (4.2), the corresponding value is
F(Y*)=0. As a result, we arrive at the problem of
minimizing the non-negative function #(Y) in the space
of the vectors Y.

As is well known, the main difficulty of any minimi-
zation method lies in the choice of the step. In this re-
spect, it is convenient to use methods in which the step
is not an external parameter of the algorithm of the
problem, but is chosen automatically during the process
of the calculations. Such methods include, for example,
the method of steepest descent. However, the rate of
convergence of this method depends strongly on the re-
lief of the minimized function and, in particular, for a
function of the ‘‘ravine’’ type® it can be very small. The
performed analysis shows that near the minimum the
function #(Y) has strongly elongated level lines, re-
calling a ‘‘ravine’’ in shape. This causes the angle be-
tween the direction of the maximum gradient and the di-
rection of the bottom (bed) of the ‘‘ravine’’ to be close
to 7/2, and the method of steepest descent becomes in-
effective. Therefore to increase the rate of convergence
of the process of minimization of the function #(Y) (by
the method of steepest descent) the space Y was pre-
liminarily ‘‘stretched’’ in the direction of the maximum
gradients in order to decrease the local ‘‘ravine’’ coef-
ficients (i.e., the relative curvature of the level lines),
leading to a considerable decrease in the computation
time (from 16 hours to 20-40 minutes of BESM-6 com-
puter time per variant). Values min {# (Y)} =107%—
107 were attained thereby.

In concluding this section we note that the initial
equation (4.1) corresponds to the weak-coupling approx-
imation (see (1.3)—=(1.5)). It is possible to obtain simi-
larly a solution of the equation (2.25) for the gap in the
strong-coupling approximation, and at sufficiently small
|C(&)| the additional nonlinearity of the kernel, which
can be taken into account by successive approximations,
leads only to slight corrections.

.. X
{ }’y i’z

6) A function of the “ravine” type is a function that decreases
rapidly in one direction (i.e., it has a large gradient), and slowly in
other directions (small gradients).
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FIG. 5. Dispersion of the gap C(w) in the “‘jellium” model (a = 0.5;
u=40).
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5. DISCUSSION OF RESULTS

The main results of the calculations are shown in
Figs. 5—7. Figure 5 shows a typical form of the dis-
persion of the gap in the ‘‘jellium’’ model, i.e., the de-
pendence of the function C(£), normalized to the Fermi
energy of the electrons Efp, on ¢ at values of the pa-
rameters o = (TpFpan)~ ! =0.5 and u=m Nn/mrl
=40. The solid curve corresponds to the solut1on otp
Eq. (1.3) with an upper limit of integration E = 3Epy
(i.e., L =3 and n = 60), whereas the dash-dot curve
shows the solution with E = Ep, (the dashed curves
represent the kernel K(w, 0) = Q(w), decreased for con-
venience by a factor of 10). We see that C(¢) depends
quite little on the upper limit (when E changes by three
times the gap A = C(0) changes by approximately 10%).
Figure 6 shows the dependence of the normalized gap
A/EFn on u at different values of the parameter «
(the crosses show the results of the numerical calcula-
tion). We see that in this case the ‘‘isotopic”’ effect
turns out to be quite weakened (compared with the
~1/vV law) and depends on a.” We note that in order
of magnitude A/Erp~ 1072 and A/Qp S 1071, and the
weak-coupling approximation is fully justified. At the
same time, the values of A obtained with the aid of
numerical calculation exceed by almost two orders of
magnitude the gap calculated from formulas (1.15) or
(1.17) at the same values of @ and u. This discrepancy
is connected with the very rough approximation of the
kernels and with the approximate character of the solu-
tions (1.15) and (1.17) (see also (3.11)). The latter, be-
ing quite sensitive to the form of the kernel of the inte-

D1n particular, at a = 0.2 there is noted a negative “isotopic effect”
(compare with the results of Swihart [!6] for Ru). In general, within
the framework of the “jellium” model, the normal isotopic effect (T; ~
u'/z) takes place only in the limit as p > oo (see (1.16) and (3.12)).
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gral equation (1.3), were obtained in essence without al-
lowance for the strong dispersion (‘‘oscillations’’) of
the gap C(w) in the ‘‘resonant’’ region of energies w
~Qp (see Fig. 5), the contribution of which increases
rapidly with decreasing u (for a = const). It follows,
therefore, in particular, that it is necessary to treat
with caution the approximate estimates of A (or T¢)
obtained on the basis of various simplified models (see
below).

Finally, Fig. 7 shows a plot of A/EFp against a for
different values of the parameter u (dashed curves),
and also the dependence of the quantity A/EFpe®=A/%,
where & = e?/2n%ja, ~ 1.38 mp/my€j (eV), on the re-
duced electron concentration 4= Np(€jmy/mp)®~ 7.4
x102a~* [em™] at u = 20 and 40 (solid curves). The
most interesting dependence is the last one, from which
it follows that the gap A, first, is directly proportional
to the effective mass of the conduction electron my,,
second, is inversely proportional to the square of the di-
electric constant € , and third, increases monotonically
with increasing electron concentration Np, i.e., with
decreasing a.®’

On the other hand, in the interval 0.1 < a@ < 0.7, at a
fixed concentration Np = const, the product €jA depends
very little on @ = (mp/ejmy)(7.4 x 10*/N)*/3, i.e., on
the type of the crystal. Indeed, as seen from Fig. 7,
when p < 80 the dependence of the quantity A/& = f(a)
on a can be represented with good accuracy (< 10%) in
the form f(a) = const/a. Thus, for example, at u = 20,
the product af(a) =~ 0.04 in the interval 0.1 < @ < 0.6,
and the gap is equal to

N,

A=—
74-10*

g;

1,38 ( )l/'af(a)g 2.83-10—9% [eV]. (5.1)

Putting €; =1 and N =102 cm™ (u = 20) we obtain,
according to (5.1), the estimate A~ 3 x10~2 eV, corre-
sponding to a critical temperature T, ~150°K. At a
lower concentration N~ 3 x 10® ¢m™® we have accord-
ingly A ~ 1072 eV and T, ~50°K.?’ However, the pre-

81t should be emphasized that the growth of A with decreasing o
occurs only so long as the condition Q.p > EFp is satisfied (E]:p is the
Fermi energy of the “heavy” holes). At the same time, the conclusion
of almost exponential decrease of the gap in the region @ < 1, which
follows from (1.16), is valid only for u = oo,

9 We note that the closely similar value T ~ 10% °K was obtained in
[!] at about the same parameters with a very rough model, but on the
whole the dependence of A on « is radically different from the relation
shown in Fig. 7.
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sented estimates are too high, since €¢§ > 1 always, and
T and A decrease with increasing €j like ~1/¢; (in the
region of the weak dependence on a) or ~1/€§. In addi-
tion, in the analysis of the numerical results it should
be borne in mind that the ¢‘jellium’’ model does not take
into account a number of features of real crystals, for
example the anisotropy of the electron and plasmon
spectra,f®! the non-parabolicity of the bands and the de-
pendence of the effective mass of the carriers on the
concentration under degeneracy conditions, the presence
of several bands (or extrema in the bands), the interac-
tion of the electrons with acoustic and optical pho-
nons, (7287 the possibility of formation of bound electron-
hole pairs (excitons),t7s 3% 331 etc., which can exert a
noticeable influence on the value of T.. Finally, we
note one more circumstance pertaining to the choice of
the model of the ‘‘electron-plasmon’’ interaction. In the
case of an ideal electron-hole plasma, the generalized
Coulomb interaction, calculated in the so-called ‘‘ran-
dom phase’’ approximation,t!? 131 differs essentially
from the interaction in the ¢‘jellium’’ model (see Fig.1).
But since the random-phase approximation is valid only
at small momentum transfers q — 0, and for the effects
of the Cooper pairing all the q up to qpax = 2pFp are
important, one can hope that the numerical results ob-
tained on the basis of the ‘‘jellium’’ model present qual-
itatively correctly (and in some cases even quantita-
tively) the main tendencies and regularities in the be-
havior of A and T¢ in the ‘“‘plasmon’’ mechanism of
superconductivity.

Thus, summarizing the foregoing, we arrive at the
conclusion that to obtain high critical temperatures of
the superconducting transition as high as are possible
on the basis of the ‘‘electron-plasma’’ interaction, it is
necessary to have materials (substances, compounds,
alloys, etc.) with two or more filled bands (valleys) and
the spectrum of the electrons or the holes (the sign of
the charge is of no importance for collective, plasma
effects) with the maximum possible concentrations of
the free carriers (Np 2 10%! cm ™3, but Ny << Ny), mini-
mal dielectric constant (€j~ €x ~ 1, but €, >> €), and
essentially different (mp << mp, p > 10), not too small
(mp > 0.1m,) effective masses.

In conclusion, we are sincerely grateful to G. M.
Eliashberg for numerous fruitful discussions and use-
ful critical remarks.
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