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We consider the question of exchange interaction in Wannier-Mott excitons, for an arbitrary band
structure, both in the effective-mass approximation and with allowance for the corrections, consid-
ered first by Elliott'*’, connected with the short-range potential. In addition, we calculate the cor-
rections to the non-exchange terms, which arise in the third approximation of the kp method, and
also the corrections connected with the short-range potential. The results of the calculation show

that, in agreement with the results of Rashba'®

, allowance for exchange interaction in the effective-

mass approximation is equivalent to allowance for the long-range forces, and refute the results of

subsequent investigations‘®’®!

, whose authors reached opposite conclusions. Comparison of the re-

sults of the calculations of the exchange terms in the effective-mass approximation with conclusions

of the phenomenological theory!®?

range forces with the conclusions of the theory of invariants

and of the calculation of the terms connected with the short-

[10115;16] ghow that these phenomenologi-

cal methods are equivalent to the microscopic approach.

INTRODUCTION

THE question of exchange interaction in Wannier- Mott
excitons was discussed in a number of papers.
Dresselhaus'!!, who first considered excitons in semi-
conductors with a complex band structure, pointed out
that there is no exchange interaction in excitons in the
effective- mass approximation. In a subsequent paper,
Elliott'?’ noted that such an interaction does take place
if account is taken, in the effective-mass approximation,
of the corrections connected with the short-range part
of the potential. Rashba'®?, who used, unlike Dressel-
haus'*?, not the Bloch but the node representation, has
shown that for shallow excitons in the effective-mass
approximation, the contribution made to the energy by
the exchange interaction depends, in the case of a sim-
ple band, on the direction of the exciton wave vector K,
in analogy with the contribution that appears when long-
range forces are taken into account in Frenkel exci-
tons™*!?, Subsequent papers, however, gave other
different formulas for the exchange splitting in the
effective- mass approximation, formulas that did not
agree with the Rashba formula. Thus, Dos et al.'®) give
for exchange splitting an expression that diverges at
small values of K:

AEexch ~ 1/Kz-

Makarov'®! presented, for exchange splitting of the
ground state of an exciton in the effective-mass ap-
proximation, an expression that actually coincides with
the formula describing the annihilation interaction in
positronium (Eq. 83.24 of[”), has a contact character,
and does not depend on the magnitude or direction of K.

Since at the present time exchange splitting of exci-

Din Frenkel excitons, this mechanism is called resonant, since it can
be regarded as the result of virtual recombination and generation of ex-
citons. In positronium theory, the same mechanism is called annihilation.
The difference in the names is connected, in particular, with the fact
that the definition of the exchange terms is not unique and depends on
the chosen representation.
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ton lines has become an object of experimental study
and has been observed in a number of crystals'®!!, we
analyze in the present paper in detail the question of
exchange interaction in excitons in semiconductors with
arbitrary band structure, and consider also other cor-
rections to the exciton energy, which, like the exchange
terms, appear in higher orders of the kp method (con-
cerning this method see'*??).

EXCHANGE INTERACTION IN THE EFFECTIVE- MASS
APPROXIMATION

We present first the Hamiltonian describing, in the
effective-mass approximation, the interaction of two
electrons, one of which is in the conduction band m near
an extremum K., and the other in the valence band n
near Ky, the bands having an arbitrary structure near
the extrema. The initial Schrodinger equation describ-
ing these electrons has the usual form

(360(%1) + Fbo(x:) + V(ri — 1) — E) ¥ (xs, x2) =0, (1)

where V(r) = €/kr, and x includes both the coordinate
and time variables r and . The dielectric constant «,
generally speaking, depends here on r. In the kp method,
the wave function ¥(x) is expanded in terms of the func-
tions

Pux(X) = Pu,(x)e™,

where Ygk, are the eigenfunctions of the Hamiltonian 5%,
at the point k, of band s:

Puxy (x) = €™u, (x).
Let us consider first a direct exciton, whenk , = kv
= Ko. The function ¥(x,, xz) will be written in the form

¥ (xy, X;) = 2 Fo(ry, l‘a)\b-k,(xx)‘lpm (x2), (2)
and we expand the smooth function Fst(rl’ rz) in a series

F, (1'1, h) == ZC.k.tk,e'(k"""k’"), (3)

kyk,
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and then
¥ (x4, Xz) =Z‘ Coxi,Por, (X1) Prxy (X2). (4)
ok tk,
From the antisymmetry condition ¥(x,;, x;)
= —¥(Xe, X;) it follows that

F,g(l‘i, l'z) = —F, (1'2, 1'1); Cuk,tk, =

—Cixyox,e

(5
Further, substltutmg (4) in (1), we multiply from the
left by (p '(xl)got Ks /(X2) and integrate with respect to

X; and X. As a result we obtain a system of equations
for the coefficients Cskltk23

Z ('R Ky | 9| SKtknDC o, = EC ety (6)
ok tk,

The matrix (s'k;t’ks |56|sk;tkz:) contains the diagonal
terms

(SR | 96y | sk thy = ( E, (ko) + Ei(ks)

(e + ) )5..,6“,6.;,*,,61;,:‘,,,
the intraband non-diagonal (Coulomb) terms
(kUK | 36| skitke) = Viyrox 80D s x4k (6b)

interband Coulomb terms, which we shall consider in
detail below, and interband kp terms

('k/t'ky’ |36, | skyth,y = %[ (KaPara) 80t + (kePue) Bura] Srsy s (6€)

where p_. . are the matrix elements of the momentum
operator on the functions ‘psko’ and

1
Vo= 7J‘ V (r)e='v"dr.

Further, as usual, it is necessary to obtain the equa-
tion of the effective-mass method, containing only the
coefficients ka nk. and Cp,mk,, Where m, m’, ... are
the conduction bands under con51derat10n and n,n,...
the valence bands, eliminating the remaining interband
matrix elements %’2 by means of the transformation S'*?’:

% — e-sotes.

As a result we obtain a system of equations with
dimensionality 2NNy, where N and Ny are the multi-
plicities of the degeneracy of the conduction and valence
bands at the extremum point k,. However, taking the
condition (5) into account, we obtain from these 2NNy
equations a system of equations with dimensionality
NNy only for the coefficients ka;nké

ZI. (m'k/n'ky’ | 3 | mkanksy— <m'ky/n'ks | 36 | nkimk,)
kynky
(7)

X cmk;nk. = Ecmlkynlky,

containing exchange terms—the second term of (7).

The first nonzero contribution to the exchange terms
is made by the terms of third order—second in s6, and
first ins6,. A contribution of the same order is contained
also in the first term of (7).

The terms of fourth order in %, i.e., in k, allowance
for which is equivalent to allowance for the nonpara-
bolicity of the bands, make a contribution of the same
order to the energy, i.e., on the order of Eg/Eg, but
since they make no contribution to the exchange energy,
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we shall not write them out explicitly”’. Terms of higher
order, as can be readily shown, contain the additional
small parameter E,/E_ or hzsfl’z/szg. Here Eg is the
width of the forbidden band and E, is the exciton binding
energy.

If we retain only the terms of first order in %, and of
second in ¥, then we obtain

(m'k/ 'k’ | B D mkonks) = (36 (K1) mrmOun + B (Ks) wamrm) Briky Oty
=+ Vk,'—k,6k|+k,, k,'+k,'5m'm6n'm (8)

where 54(k) is the single-band Hamiltonian of the
effective- mass method, equal to
K
26 (Ko = b+ Y by (o} (En =) (9)

ap
Here Eg is the energy in the band s at the point k.
In the third-order approximation, the non-exchange
terms in (7) contain the contribution

(k0! | B | mkinksy = ((m'k,” | AJ| mky )8

(10)
+ 'Ky | A | M2 Onm ) Bk, vk
where
(MK | A% |mk y= — [2 (ka’ = k) (k' — ky) G2,
+ (8o [KK]) | Vi (11)
here
w 4R « .
Gm'm = THF.Z' {Pm':P.m’}/(E. - Em) B (12)

v 1 ” Pm?-P-m’
R TN e A

In (9) and (12), the curly brackets denote a symme-
trized product, and 50!37 is a unit antisymmetrical
tensor.

The exchange term in (7) differs from zero only if
the matrix elements of the operator p,,, are not equal
to zero, and is equal in third approximation to

(ks | B | nkamk,y = 2 Qrvns nm (s — beaa”) (g — Ky’

X Ve, Ok by k417 ( 1 3)
where

B pronPaim

m* (E, —En)* "

If all p,,, = 0, then the exchange terms appear only
when account is taken of terms of higher order in 2,
and contain an additional small quantity.

In order to change over to the r-representation it is
necessary to multiply Eq. (7) by exp[i(k] * 1, +kz - r3)]
and sum over k; and kz. Taking into account the small-
ness of k and k’ it is possible to replace summation
over k; and k] or k; and K; by separate summations

ap
Qm nfinm =

DWe note that allowance for the dispersion of the dielectric con-
stant k in (1) can lead to corrections to the non-exchange terms of the
order E2/Eg. As noted by Moskalenko [ '], all such terms, as well as
the term (31) (see below), which is connected with the short-range
forces, lead to a splitting of the s and p states which are degenerate in
the case of spherical bands, similar to the splitting of the s and p levels
of the hydrogen atom in relativistic theory [7].
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over q = k; — k; = ko — kz, and in the last term, i.e., in
(13), by summation over q = k; — k, = k; — k;. The ex-
change term (13) will then contain the sum

Y, s, expliirs + k) | = P (e w,)
klk!

unlike the non- exchange terms containing Fp,n(r,, r2).
As a result, we obtain a system of equations for the
functions Fpn(ri, T2):

Y Jardr((6mm (= 19.) 8un + Hun (— V1) bm

mn

F Hmrnrmn (T, 1) 18 (v — 1,) 3(x) —12)

— B (0T 1) ) F o (0, 1) = EF o (v, 1) (14)
Here
Homrnrmn (B, 12) = V(1) On'mOnrn
-+ A%m’m(rh r2) Onn + A%n'ﬂ(rly l'z) Omim s (15)
et ap 1
A (3, 72) = — [2 (G,,,,,,,_ 5 5P Grm 5aﬁ)
af
o Ta 4n
X3 LT O S DG (1) 5 (e [¥V1]) | as

SpGmm = Engqmv r=r; — I,
The last term in (14), which describes the exchange
interaction, is equal to

exch
Hb mins, mn (1, 12, [ AN

*V(r,—
=— Z Qrlrrom l.2)6(1'. —r,/)8(r

ariaariﬂ

. — 1), (17)

The operator (14) determines the interaction of two
electrons that are in different bands m and n. Landau
and Berestetskii, in positronium theory, derived rules
for transforming the Hamiltonian describing the inter-
action of two electrons in empty and filled bands, into a
Hamiltonian that describes the interaction of an electron
and a positron''*!, Similar rules are valid also on going
from electron-electron to electron-hole interaction in
semiconductors, namely, to obtain the Hamiltonian
describing the interaction of an electron m and a hole n
it is necessary, first, to reverse the sign of that term
of %, n(kz2) which defines the energy of the electron in
filled band, and in the operators (m’'n’|#/mn) and
#6€Xch which determine the interaction of the electron
and the hole; second, it is necessary to replace ¥, by
#Yn and to reverse the sequence of the indices of the
valence band, since creation of an electron denotes
annihilation of a hole and vice-versa. According to
these rules, the transition from electron- electron to
electron-hole interaction is effected by the transforma-
tions

h
%n’n(rzy rzl) = — %Mﬂ' (rz’: 1'2).
h ,
Horn, mn (ry'Te", TiTs) = — Hrvn, morn’ (ry'ry, ryry’).

(18)

Here X'is the time-inversion operation. The symbol
H o’ denotes that if we choose as the basis the wave

functions of the holes zph then the matrix elements must
be calculated with the wave functions of the ‘““missing’’
electron J’zp It is necessary to bear in mind here that

pnS pu S’ and therefore for the matrix ¢ n’ (9),
just for G n'n(12), we have SCymKn' = “n’n G)an ’
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= Gp’p, and for the matrix g’y (12) we have gymym
=—gy'pn- Here the term ¢/ (kz) = =3¢,/ (K2) is the usual
Hamiltonian defining the hole spectrum in the effective-
mass approximation.

As a result of the indicated transformations, the
electron-hole interaction operator takes the form

56 o (11 1i1) = [ K (— 192) B0

eZ

- ‘th—l'z|

I (— 1V,) B t AGE st (11y12) ]

X 8(ry —r)d(rd —r)+ %;'n',mn (rrs, 1urz), (19)

where

2
ch : e’ 3rars
AT 1, (X1, r)=— —{ E
ap

% r

w1
[ (Gmfm ——*Sp G,,.,,,,Ga,) Sum

(s — */2SP Crnas) S ] —*s78(x) (SP G (20)
+ 8pGundmim) + [ (8mrm [¥V 1]) 8utn — (8un [V 1,]) Brnm] } .

The first three terms in (19) give the equation der-
ived by Dresselhaus'!’ for the exciton in the effective-
mass approximation. The term (20) describes correc-
tions to the Coulomb potential.

The first two terms in Axeh correspond to the effec-
tive dipole-dipole and to the contact interactions,
respectively. The matrix GYB defining it is similar to
the matrlx (9) defining the spectrum. The last term in
Azveh (20) describes the interaction of the orbital angu-
lar momenta of the slow and fast functions; the matrix
g®B defining it is similar to the matrix defining the
magnetic moment of the electron, which is connected
with the orbital motiont*®’. The last term in (19) is due
to the exchange term (17):

a exch
Howw, ma (1125, 111y) = Homeotn, morn (11T, ryry’)

%W (r; —ry’) ’ ,
=—2|Qm.7tn.7fnm Wé(rl—h{)a(ﬁ —ry). (21)
If we introduce new variables®
r=1r —1r, R=an—}:bl‘z, (22)
K=k +ky, k= >0k — ak,

then in terms of the variables (22) the operator (21) will
be of the form

gfgn ‘n’, mn (l‘ R’, l'R) =

V(R —R , (23)
:—ZQm.m Jl‘nm“*a(fi 3R ) d(r)d(r’),
where
Q?nﬂ'afn Hn'm = fz' 2 p; 'J[n‘pgl'nm‘ (24)
) m Eg m

The wave function of the exciton \Ifj can be written in
the effective-mass method in the form

fﬁmlnl

Yi(r, R) =

|
V’W eiKR (2 5)

3 The matrices a and b can be chosen in arbitrary fashion, but in
such a way that they satisfy the condition a + b = I, so that the Jacobian
of the transformation is |9 (r,, r;)/d(r, R)| = 1. In this case we have
k;'r, +k;r, =k-r+K-R.
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m n’ m Xn'

—
m’ 4 ,
a K*n m

The matrix element of the operator (23), calculated
with the functions (25), is

2
e S Qitorn, o S e (0) Fomn (0) e
mnm'n’af (26)

Formula (23) and formula (26) (for a simple band)
differ from the corresponding formulas given by Rashba
only in that account is taken of the dielectric constant.
The derivation presented above shows that formula (23)
is valid for all the exciton states at an arbitrary band
structure.

We note that although the term 742 is the result of
allowance for the exchange interaction of the electrons
in the valence band and in the conduction band, it des-
cribes a long-range electron-hole interaction, which
can be regarded as the result of virtual recombination
and generation of an exciton.

The figure shows clearly that on going over from the
electron- electron to the electron-hole interaction in ac-
cordance with the rules indicated above, the diagram of
the exchange interaction is transformed into the diagram
of the annihilation interaction.

It is seen from (26) that the quantity % depends
significantly on the direction of the vector K*.

K| |JK) =

ALLOWANCE FOR SHORT-RANGE FORCES (DIRECT
EXCITONS)

The matrix element of the interaction potential in
Eq. (4) is equal to

't

(s'ky't'ky | V| sktky) = VZZ B’ B.' Vs, 4a,05 ytan by -an (27)
ML

where q, = ki — k;, g2 = k2 — k, and B§f are the Fourier-
expansion coefficients of the periodic function

E Yo (X) $ury(X) = ZB:' e,

in terms of the reciprocal-lattice vectors by.

For a slowly varying potential, the main contribution
to the sum (27) is made by terms with by = 0, since k,
and k. are small compared with the dimensions of the
Brillouin zone. Then

L LT TR ™

We have therefore retained in (6b) only one term from
(27), the one with byg = by, = 0. We took into account

here the fact that BS'S = 75, .
We now take account in (27) of the terms with by; = 0

4 As indicated above, for positronium, the equation for which in
second approximation of perturbation theory coincides, apart from
some constants, with the equation for the exciton in the case of simple
bands, the annihilation term, unlike (26), has the contact form. The
reason for this difference is that for an exciton the wavelength of the
light A, corresponding to the exciton excitation energy, i.e., Eg, greatly
exceeds the Bohr radius of the exciton ag, whereas for positronium, to
the contrary, A = h/2mc < ap = 2h2/me?. Therefore for the exciton we

can neglect retardation, which plays the major role for the positronium
[ 14,7 ] .
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and b; # 0. It suffices here to consider the matrix
elements of the operator V between the valence bands
and the conduction bands.

We conSsider first the non- exchange terms. At small
k, we can neglect the dependence of VbM+q1 on q, for
by # 0, and from (27) we obtain

/'y |V | mkky =7 Y BITBIV,, 60, 0, B a,

M=£0, L0

= ((m/n/ | V‘ mn) — Vo 8mm 6n’n)63h, -9 (28)
where
(m'n’ | V| mny= wz BE"BL" Vs, 0.,
= [ (%) ot (50) V (12 = £2) e (%2) o, () o
(29)

= 0 (50t (350) (0 1) i 352 e, () i i

Vo= 71;.’. V(r)dr.

Changing over to the r representation, i.e., multiply-
ing 6V by exp [i(q: * 1 + Q2 * r2)], and summing over q,
and gz, we obtain

8V et ma(Tilsy BE) = P2 (m'n’ | V| ) — Vb Surn)

X8(ry —r2)8(ry — 1) 8 (r —r2). (30)

Changing over now, in accordance with (18), from the
electron-electron interaction to the electron-hole inter-
action, we obtain

15‘Vr:’/ln'mn(l‘nl‘z, n'r) = —7((m'n’|V|mn) — Vo 8mm 8urm)
‘6(1'1 —"l'z)&(h, - 1'1)05(1'2’ —Tr,),
since (m’#n|V|im¥n') = (m’'n’|V|mn).
We consider now the exchange term

(31)

(m'k/n'ky |8V | nkomk,> = _[ %, 4%,V (1 — 1) Quuriy (X1)
(Pﬁ"k:’(xi) P, (Xz) Pk, (X;) =

= 7’82 B:'”B:l"‘V.L+k,'—l|6iL+kx"kI"'u+k"k'" (32)
ML

Here the term with by, = by, = 0 vanishes. In the re-

maining terms, as before, we can neglect the dependence

of VbL+k;—k1 on kz — k;, and then we obtain an expres-

sion similar to (28):

Rk |8V k> = (m'n |V | nmBeons s (33)
where
<m,n,| Vlnm> = -‘- dx, dxl‘p;’kc(xl)‘l’nko(xl) V(ry—r.) (34)
X P (X2) Yo (X:).
In the coordinate representation
6V:,'(:!:mu(h,l‘ 2, rr;)
= P(m'n’ | V|nmyd(r, — 1) b (ts — 1/)8(r, — /). (35)

On going from the electron-electron to the electron-
hole interaction, in accordance with (18), the operator
svexch jike 6V (30), retains a local character

eh €Xxch

SVamrntimn (B, 1ils) = (K| V| K0 m)d (r, — 1)

X8t —1)8(r— 1), (36)

where (m’¥n|V|ji/n'm), according to (34), is equal to
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(' Kn|V|HKn'm) = j'dx, AXalim ik, (X1) K ek, (X1)

X V(01— 12) i, (X2) (K8, (X2) ) °. (37

We include 6 VeI €XC  ag well as (21), in the Hamil-
tonian €N with positive sign. Formula (36) differs
from that given by Elliott'*! in that up_ is replaced by

xunko.
INDIRECT EXCITONS

For an indirect exciton, when k; # ky, the wave func-
tion ¥(x,, X;) must be expanded in terms of the product
of the functions

Psk = Psk €

ike

j— u.kc ei(kc+k)',

_ _ (38)
Prxc = P, e'kr = uzkve'(""“)',
where ygk  and Yk  are the eigenfunctions of H, at the
. C v .
points kc and k., respectively, for all bands.
The function ¥(x,, X.), satisfying the antisymmetry
condition, takes the form

W (xy, X)) = ';_EZ Fo(ry, ) Yok . (Xﬂ)‘brk”(xz) — F,(rs, ) Yok c(Xz)'lptk”()h).
st (39)
If we now write Fg(r,, rz) in the form (3), we obtain

in place of (4)

Y (xy, %) = Z Cuk.rk,‘P.k.ak,(Xi, Xa),

sk,tk,

(40)

where '
‘P‘:k;tk, = ——(Pax, (X1) Prre, (X2) — Pa, (X2) P, (X4) .
72 (41)
We substitute (40) into (1), multiply from the left by
‘pgfkit'ké (X1, X2) and integrate with respect to x;, and x.
As a result we obtain a system of equations for Cgk, tk,,
similar to (6), in which the diagonal terms H, and the
interband terms H., just as for direct excitons, are de-
termined respectively by Eqs. (6a) and (6¢). If we
neglect the short-range forces, i.e., neglect all the
components of vy with k containing either the vectors
of the reciprocal lattice by or the difference ke — ky,
then we likewise obtain for 3, an expression coinciding
with (6b). In contrast, however, to the direct excitons,
where it is necessary to retain in (7) the coefficients
Cgt with s =m and t = n and with s = n and t = m, here
the conduction band functions ¢, are contained only
among the functions ‘Pskc, and the valence-band func-
tions Y, among the functions Yy . Therefore in the
effective-mass approximation ther€ are no exchange
terms for the direct excitons, and the non- exchange
terms are determined by the same formulas (19), (9),
and (20) as for the direct exciton. If account is taken of
the short-range forces, i.e., if we retain in 5 all the
components Vi with large k, neglecting, just as in (28)
and (33), their dependence on the small quantities k;, k;,
k., and k;, then we obtain as a result for the non-ex-
change terms a formula that coincides with (31), and for
the indirect excitons, in analogy with (29), we get
{m'n’|V|mny= J.u,,,',. (XD 8px_ (%) V(r, —12)

(42)
XUnrk, (X2) Unk | (X2) X, dX;.
Since the functions of the expansion (40) constitute

antisymmetrized products, when account is taken of the
short range, s¢€h will include also exchange terms deter-
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mined by (36), where for the indirect excitons, in analogy
with (37), we have

(' Kn|V|¥n'm)y= 'J'dx‘ dxzu;'u‘c () Ko, (x1) (43)

XV (ry— 1) Ui (X2) (Hax, (X2)) * gi(ko—Ke)r—T)):

CONCLUSION

Thus, allowance for the exchange interaction of the
conduction electrons and the valence electrons leads to
electron-hole interactions of two types for the exciton:
annihilation or resonant interaction (26), which depends
strongly on the direction of the vector K of the exciton,
and exchange interaction (36), which does not depend in
first approximation on the wave vector of the exciton.

The interaction (26) is connected with the slowly
varying (‘‘macroscopic’’) part of the interaction poten-
tial V(r, — r2), and its contribution to the energy is of
the order of Ej/E_, where E, is the exciton binding en-
ergy and E_ is the width of the forbidden band.

The con?ribution of the exchange interaction (36) to
the energy is of the order of Ea(ao/ae)s, where Ej is
the atomic energy ~ e?/a,, and a, is the lattice constant,
since the main contribution to the integral (39) is made
by rzegions of small r = [r; — rz2| ~ ao, for which V(r)
~ e?/r.

The Hamiltonian (36) describing the exchange inter-
action can be written out, apart from the constants, by
using the method of invariants**:1¢7,

In the case when both bands are only spin-degenerate,
the exchange energy for the ground state of the exciton
depends only on the spins s, = 0,/2 and 8; = 0,/2 of the
electron and of the hole, respectively. For a cubic crys-
tal, in the case when the extrema of both bands lie at
the point k, = ky = 0, we can write 6Vehexch j, the
form

GV,AEXCh= Aa‘l‘Ai(“laﬂ) = Ao—-3A1+2A1S27 (44)

where S = s, + S: is the total spin of the system. If the

wave functions of the valence band u,, transform at the
N . 0

point of the extremum like

% i . % =__i_ . _
Yy = ﬁ[(X-FlY)ﬁ-i-Za], Y5, VE[(X i¥)a — 2],

and those of the valence band like R« and R8, where o
and g are spin functions and R is a function that trans-
forms in accordance with the unity representation, and
if the potential V(r) has spherical symmetry, then

Ao=3A, = -5—|f(0) |2 J'V(r. — 1) R (1) X (r,) #(r) X* (rs) dr, dr,. (45)

On the other hand, if the valence band is quadruply de-
generate and the basis functions upi  transform like®

B _ L X Y= [(X—iY)a+ 228],
Y+ V_Z(X-I-i e % % [( i¥)a + 2ZB]

YP— —7%[ (X +iY)B —22Za], Yov,—= _}%(x— 1Y),

S The functions Y% and Y3/2 are given here in a canonical basis
['7], which differs from the Luttinger-Kohn (LK) basis used in [1?] by
phase factors. The matrices JLK (and o1 k) in the LK basis are connected
with the matrices J in the canonical basis by the relations Jx; ¢ =J ¥

Jyik = Ix Jo x =92
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then we can write the matrix s veh exch for the ground
state in the form!*®
VN = Ay 4 A, (Jo)+ AZZ Jiay, (46)
where J; is the matrix of the angular momentum opera-
tor J; with j = 3/2.
In the case of spherical symmetry of V(r), A; = 0,
and

Ao =73A1 =%lfx(0) I* [ & (r) X (r) R () X" (r2) - V (2, — 1) dirs .
(47)
Here f)(r) is a smooth function that transforms in ac-
cordance with the unity representation and enters in
(25) for basis functions u K, transforming just like
Yy 1193; for the remaining functions £,,,(0) = 0 (n = m).
We shall show now that allowance for the annihilation
interaction (26) is completely equivalent to allowance
for the interaction in the phenomenological theory'!" !,
The spectrum of the excitons with allowance for the
annihilation interaction (26) is determined by the secular
equation
|Eby; + 5. — ESy| = 0. (48)
Here the exchange interaction (36) is contained in the
Hamiltonian Heh and the values of the energy E: and of
the function ¥; (25) are the eigenvalues and eigenfunc-
tions of this Hamiltonian.
As K — 0, according to (26), the matrix elements

(75% can be written in the form of the product

5 = A’A,
where v
_ 2k [ Te j 1 ™
ey K O e (49
and the determinant with terms of this type is equal to

|c:ss+ 48 =] & (1 +2A—g-‘).
i 1]

Therefore the eigenvalues of (48) are determined by the
equation

(50)

- 4me®  R?
-5+ K o

2 K (O Pye 2 Frn(0) Py, K
am’'n’ Bmn
X 2:: B —E ] :

For optically inactive terms, for which

(51)

2 finn (0) Py = O

for all @, the roots of Eq. (51) are Ey = Ej; in exactly
the same way, for N-fold degenerate optically active
terms N — 1 roots E,, become equal to E;. The remain-
ing roots are determined by the equation

4ne* A
P, _ -t
“t g szfZ(E' E)

i

X D ot (0) Py K™ D) Fhun (0) By, K = 0. (52)
Bmn

am'n’

As indicated by Born and Kung Huang"® , Pekar'*®’, and
Agranovich and Ginzburg!®?, the contribution of the
interaction can be determined from the phenomenologi-
cal equation
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Z K KP = 0,

o
if we include in k the contribution made to the dielectric
constant of the crystal Axk€ connected with the excita-
tion of the excitons. Equation (53) follows from the equa-
equation

(53)

divD = Z‘Kquxaa(ph =0,
P

to which Maxwell’s equation reduces if retardation is
neglected.

As shown int®:2!

4n 7oje?

o (54)
It is easy to show that for an exciton described by a
wave function (25), the matrix element of the current
operator is
F=VT 3 fan @ man =V -3 10, O P (55)

Substituting (55) and (54) in (53), we obtain an equation
that coincides with (55) (recognizing that in the ap-
proximation under consideration fiw = E;). This shows
that formula (23) takes full account of thé long-range
contribution in the dipole approximation, i.e., without
allowance for the dependence of the matrix elements
Pmon on K. If it is necessary to take this dependence
into account, then it is necessary to include in (13)
terms of higher order in ..

In conclusion, the authors consider it their pleasant
duty to thank E. I. Rashba for an active discussion and
useful remarks.
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