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The cyclotron and spin wave spectra are studied for an electron fluid with an ellipsoidal Fermi
surface. In contrast with previous investigations,['”>*® no simplifications are made regarding the
form of the correlation functions describing the interaction between the fluid quasiparticles. The
dependence of possible spin and cyclotron wave frequencies on the orientation of the stationary
magnetic field relative to the crystal axis is determined. Effects connected with the Cerenkov
damping of cyclotron waves are considered; in particular, the dependence of the maximum pos-
sible wave vector on the orientation of the stationary magnetic field relative to chosen directions

in the crystal is established.

l. The Fermi surfaces of real metals are anisotropic
and can differ radically from the spherical in a num-
ber of cases.!'®! It is therefore of interest to study
the effect of the anisotropic character of the Fermi
surface on the propagation of spin and cyclotron waves
in an electron fluid. The existence of such waves was
first predicted by Silin'®! on the basis of the theory of
an electron fluid.[®! At the present moment, the spectra
of spin and cyclotron waves in the electron fluid of
metals with an isotropic Fermi surface have been con-
sidered in the researches of a whole series of
authors.[®'%%) Spin waves in an anisotropic electron
fluid were studied in!['"»*®), However, it was assumed
int!" 8] that the function ¥(p, p’) characterizing the
correlation of the electrons does not depend on the
momenta, i.e., $(p, p’) = const. The assumption that
¥ is independent of the momenta is a significant sim-
plification. Nevertheless, it can be thought that such
an approximation always takes validly into account the
qualitative effect of the appearance of spin waves. How-
ever, it is known!!"!?] that even qualitatively correct
results cannot be obtained when cyclotron waves are
studied under the assumption that the correlation func-
tion is independent of the momenta,

In the present research we determine the spectra
of spin and cyclotron waves in an electron fluid with
an ellipsoidal Fermi surface. There are no metals
with such a Fermi surface, but analysis shows that, in
a number of cases, for a definite arrangement of a
stationary magnetic field relative to the crystallo-
graphic axes, the situation can in fact be close to such
a model.

Let us consider a metal whose constant energy
surfaces in momentum space p (p-space) are arbitrary
ellipsoids, described by the equation

(1.1)

where € is the energy and 5 the reciprocal effective
mass tensor,

We transform from real p-space to a space w
(w-space) such that the surfaces of constant energy
in it are spheres.!’®2°] The transformation

2¢ = pdp,

w = 0,""8"p = Ap (1.2)

reduces Eq. (1.1) to the form
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(1.3)

where 6, is an arbitrary constant having the dimen-
sionality of 5. The presence of the arbitrary constant
8o in the intermediate results is unimportant, since it
does not enter into the final result. It is seen from
Eq. (1.3) that the constant-energy surfaces are
spheres in w-space. In a set of coordinates with axes
directed along the principal axes of the ellipsoid, the
matrix A is diagonal and has, according to (1.1) and
(1.2), the following form:

2e = §oww,

(8ymy) ™" 0 0
A:( o oyt 0 ) (1.4)
0 0 (60’”3)_%

where 1/m,, 1/m,, and 1/m; are nonvanishing ele-
ments of the tensor 6, which is also diagonal in the
chosen set of coordinates.

2. Before proceeding to study the spin waves con-
nected with the oscillations of the spin-density vector
function ¢, let us consider the equilibrium state of an
electron fluid with ellipsoidal Fermi surface, located
in a stationary homogeneous magnetic field B. As is
known,!*! in the approximation linear in the field B,
the distribution function f does not differ from the
Fermi distribution and the vector function of the spin
density in phase space has the form

0fo
G (p) = -(%A&(p), (2.1)
where A€, is determined from the equation
Aez(P)= -—].laB+ jdsplw(p’ p/):_z"Aez(p,). (2.2)

Here u,o is the magnetic moment of the electron, and
¥(p, p’) is the correlation function describing the spin-
dependent part of the interaction of the quasiparticles
of the electron fluid. Using Eq. (1.2), we transform
from p-space to w-space. In w-space, Eq. (2.2) takes
the form

Aes' (W) = —poB + [dw’ ¢" (w, W) %Aef (W), (2.3)

Here
Ag;* (w) = Aes(A-'w), (2.4)
P (w, W) = Ifi"[\pzi“‘w, ﬁ"w’). (2.5)
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According to Eq. (1.3), preferred directions are
absent in w-space. One can then assume the function
¥*(w, w') to be a function only of the angle ® between
the vectors w, w’, which lie on the Fermi sphere in
w space. Therefore, it is apparently possible to make
the expansion of the function *(w, w’) in Legendre
polynomials

1 /2\% .
 (5) o=

(2epmymams) '

e P(4-'w, A-'w)

= 2(2z+ 1) B (cos 8), (2.6)

12=0
which is widely used in the theory of a Fermi liquid!*2!!
Here €F is the Fermi energy, p; are constant coeffi-
cients, and

Py(z)= (z =1

20 dz a7
Using the expansion (2.6), we obtain a solution of
Eq. (2.3)%*)

Ae," = —yB, where y=1u./ (1 + B.).

Equations (2.1) and (2.4) then permit us to write for
the equilibrium state.

Oy == "'Y':,’;‘B

Let us now consider small departures 50 of the
spin density from its equilibrium value o, i.e., we
assume that the vector function of the spin density in
phase space has the form

0= —y jB -+ do.
The small nonequilibrium contrlbutlon
80 exp (—iwt + ik -r) obeys the following kinetic
equation;[**!

—iwdo + i(kv) (60 - i 632) + —z-—( [vB] ﬁip) (60 — %582)
—-2—Z~[B 60—%‘1652] = 81, 2.7y

where v = 8€/3p is the velocity of the quasiparticle,
5B the nonequilibrium magnetic induction and

de: = —poOB + jdap"\p(p, p’)8a(p’,r).

As the collision integral, we use the following model
expression:[2?

oL — — (i+i) (a —-f—“aez)

42 af"[ @ a"’] fap (66——682).

T Oe

We transform from p-space to w-space. We make
use of Eq. (1.2) and also the evident fact that the
matrix A is symmetric in our case, i.e., that
pl(Apz) = (Ap,)p. for any two vectors p: and p.. We
then have the following relations :l*%2°]

d80," - 4t aam, 11,23, (2.8a)

ow

a ; ~ s N .
([vB]—a—p)éa= ([(A*‘v)(|A|A-‘B)]~5v7) 5o, (2.8b)

Here 60*(w) = 50(A™w).

*[vB] =vX B.
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The velocity of the quasiparticle v = 8¢/8p in p-
space is connected with the velocity u = 9¢/0w in w-
space by the relation

u=A-t'v.

(2.9)
Using Eqs. (2.8) and (2.9), we transform Eq. (2.7) in

w-space:
—iwde” + i(k™u) (60 _%632 ) i( [uB*] £v) (60 ——f—oﬁez )
2y . O .
——h-[B 65" ——oe’ ]-—(Slz, (2.10)
where
8ex" = —podB + [d*w’ * (w,w') 80" (W, ),
p*(w, w') is determined by Eq. (2.5)
A . O
e (L) o)
1 of, o o w
Tl avg] faw (o —Fe)
and the following notatlon is introduced:
k* = Ak, (2.11)
= |4|4-B. (2.12)

The Fermi surface in w-space is a sphere and
Eq. (2.10) differs from the initial kinetic equation (2.7)
only by the replacement of k, v in the latter by k* and
u, respectively, and also of B in the third term of the
left side by B*. Equation (2.10) can be solved in a
manner similar to the solution of the kinetic equation
in the case of an isotropic electron fluid. After solu-
tion of the kinetic equation (2,10), the nonequilibrium
density of magnetization 6M(r, t), by means of which
the high-frequency magnetic susceptibility is deter-
mined, can be found from the relation

SM(r, ) =4~ [ d*w 80" (w,r,t) =| A~ |oM" (r, 1). (2.13)

The spectrum of spin waves in an electron fluid is
actually determined by the pole of the high-frequency
magnetic susceptibility’®?*) and, by using the relation
(2.13) it is not difficult to note that the transformation
(1.2) does not change the dispersion relation. There-
fore, one can indeed use the expression for the fre-
quencies previously obtained!®®®2! in the case of an
isotropic fluid for the spectra of spin waves in an
electron fluid with an ellipsoidal Fermi surface, if
only the wave vector k, the velocity v, and the sta-
tionary magnetic field B are replaced, where required,
by k*, u and B*,

The following equations are obtained for the eigen-
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frequencies of the electron system with ellipsoidal
Fermi surface:

o m=—mQ (1 +p), if 6¢|B,

(2.14)

+

oFn=—(mQ £ Q)(1+p), if SoLB,

where Qo= 2yB/h = 2uB/H(1 + Bo), and the coeffi-
cients g; are given by the expansion (2.6). The cyclo-
tron frequency Q*, according to Egs. (1.4) and (2.12),
is determined by the formula

sin® 9 sin® ¢

eB ( sin® 0 cos® ¢

2 |lz
2 (0,4) == +°°se) . (2.15)

mani, mm,

Here ¢ and ¢ are the angles which determine the
orientation of the vector B relative to the principal
axes of the ellipsoid (see the drawing). We note that
Eq. (2.15) for the cyclotron frequency naturally agrees
with what was obtained from the general formula

. eB 10S(e,py) \ '
o =2 (S5

where S = S(€, po) is the area of the intersection of
the surface €(p) = €F with the plane p*B = p;B

= const. According to Eq. (2.15), the cyclotron fre-
quency depends on the angles § and ¢, and the rela-
tions (2.14) and (2.15) determine the dependence of the
eigenfrequencies on the orientation of the magnetic
field relative to the axes of the crystal.

Let us consider transversely polarized spin waves
(60 1L B) with a frequency close to the resonance fre-
quency wi = Fwg = ¥2u,B/h. Using the results ob-
tained in!%"), we find the following expression for the
spectrum of spin waves in an electron fluid with an
ellipsoidal Fermi surface, an expression that is valid
in the limit of long-wave oscillations:

verr (8,9) (1+Bo) (1+By) (kz— Kett (6, ¢) )].(2.16)
30 Bo— B YA e)—1

myms

m=¥m.[1+

Here
(1+B8)*(1 4+ B:)* R7(0,9)
(Bo— Bo)* ol 7
U:ff = Zme;f‘fv(erJ)'
Mets (6, @) = (m. cos® @ + m. sin® @)sin® O + ms cos* 6, (2,18)

k: k. ks
ket = Megr (8, 9) (—‘—+ 2+ —a-)— k7,
ny m, ms

A(8,9)= (2.17)

where k,, ky, and k; are the components of the vector
k in the set of coordinates with axes directed along the
principal axes of the ellipsoid, and k) is the component
of the vector k along the direction of the magnetic
field B. We introduce the effective Larmor radius:
_ Deff _ ¢ (2esmymam,)'h 2.19

Ret (0,9) =g =5~ oo (2.19)
The formula (2.16) is applicable for long waves that
satisfy the condition

[Rete (8, )+ k2] Regr < 1.

The characteristic mark of Eq. (2.16) is that it de-
termines the dependence of the frequency of the spin
wave in an electron fluid with an ellipsoidal Fermi
surface both on the wave vector k and on the angles
9, ¢, i.e., on the orientation of the stationary magnetic
field relative to the crystallographic axes. If, among
the coefficients of expansion (2.6) only B, # 0, and
also if m, = m, = m;, and m3 = m, then Egs. (2.15)—
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(2.19) reduce to an expression for the spectrum ob-
tained previously!*® in the approximation ¥(p, p’)

= const for the case of a Fermi surface in the form of
a biaxial ellipsoid of revolution.

Let us now consider spin waves whose limiting fre-
quencies are determined by Egs. (2.14), with /= 0. In
correspondence with the expressions for spectra ob-
tained int®°1, we find the following expression for the
spin wave frequencies; with accuracy to terms of
order (kigf + kij)Rags:

o, (K, 6, 9) = (4 4 B} [Q — mQ"(6,9) ]+ Vaso [D’ (1, m)ki? + D" (1, m)kese]

9—m? 148
B O—m e "0
1 (z=—m21+|3,-. (41) —m?® 1+f5m)
h—m) & —1 p— i GO A) —1 Bi— PBirs
I=|m|#0, 1>2 (2.20)
1 (A—m)*(1+B2)
140Q° Br(h—m) —1
B2"(A—m) (L 4 Bs) + B — Bs
3 4
X e —mrare) GHmé+m
B> (A —m) (1 4 Bs) — (B — Ps)
_ 3—m)(h—m)],
oy G me—m]
” _ 1 (A—m)*(1+4B)
Diim) = e pa—my—1
X[ (—1—m)(l—m) B*(1 4+ Bt A —m) 4 Bi — B
2l—1 Bi—Bi-) A —m)+ (4 + Bi-y)
(=14 m)(l+m) B+ Bt) A—m)— P 4 B
21—1 (ﬁz - ﬁz—t) (7»— m)—(i + ﬂt—i)
+(l+1+m)(l+2+m) BA(1 4+ Bred) A —m) 4 Br— Pt
214+3 (Br— Busrt) (A —m)+ (1 4 Bury)
_(+1—m)(l4+2—m) B4 + Bret) (A —m)— Bi + Bria
21+3 (Br— Bas) A—m)— (1 + Bros) I’

D'(2,m)=

D(l,m)=

D”(2,m)=

1>2,

where
A =Q:[2%(8, 9) ]

3. We now consider the cyclotron waves in an elec-
tron fluid with ellipsoidal Fermi surface. For a small
deviation 6f « exp (—iwt + ik *r) of the particle dis-
tribution from the equilibrium spatially-homogeneous
Fermi distribution f,, we have the following kinetic

equation (%2

, —imﬁf—i—i(kv; (af—‘;—gfae,) . o)
o e (]

+emv 22 (0Bl ) (01— 50e) = [ 5]

where be, — Id’p’tp(p, P51 (p"), (3.2)

and ¢(p, p’) is the correlation function which de-
scribes the spin-independent part of the interaction of
the fluid quasiparticles. We transform from p-space
to w-space. Here we use Eq. (2.9), and also the follow-
ing relations, which are similar to Egs. (2.8):

DB _ 4
ow ap
9 A1 A1 A1 4 -
([vB]%)6f=([(A W(Ajd-By1 Yo (3.3)
Equation (3.1) then takes the form
i ete e L [ . 0f
i06f" + i(ku) (Gf =oe )+eE uzt (3.4)

o (B0 (or =5eoe) =[],
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where

de," = J.d’w'

Q' (W, W) = [A-'|@(Ad~'w, A-'w'),

o (w, W) 8f (W), Of (w)=8f(A~'w), (3.5)

E'=A4E,  (3.6)

and u, k*, and B* are determined respectively by
Egs. (2.9), (2.11) and (2.12). Similarly to what was
done for the function y*(w, w’), we can also use the
expansion in a series of Legendre polynomials for the
function ¢*(w, w'):

1 (2er\" , N (2eemymoms)'s o~ o~
= (55) ¢ o) =" edr Ay
= Z (21 + 1) a/Pi(cos ©). (3.7

Equation (3.4) differs from the initial kinetic equa-
tion (3.1) by substitution of k*, u, B*, E* for k, v, B,
E in the latter. In addition, since the Fermi surface
in w space is a sphere, Eq. (3.4) is solved in similar
fashion to the solution of the kinetic equation in the
case of an isotropic electron fluid. Solution of Eq. (3.4)
permits us to compute the nonequilibrium current
density from the formula

j=oE =|A-'|A(0E") =|A- '|A[jd3wu(af - )] (3.8)

We note that expressions were obtained mm] for the
components of the conductivity tensor & in an electron
gas with an ellipsoidal Fermi surface. The calculation
of the components of the tensor ¢ for an electron
fluid is difficult even in the case of a spherical Fermi
surface. However, there is no need to calculate the
conductivity tensor 0 in order to find the cyclotron-
wave frequencies. Under the experimental conditions
of study of cyclotron resonance, j = 0,[''*] and the
dispersion equation of the oscxllatlons has the form
|gij| = O in this case, in accord with (3.8). Since
| A"{ # 0, the cyclotron wave frequencies can be found
from the condltlon that |0 | = 0. Therefore, to obtain
the spectra of the cyclotron waves in an electron fluid
with an ellipsoidal Fermi surface, we can directly use
the results obtained earlier for the isotropic case!'**¢],
and in 2 manner similar to what was done by us in the
case of spin waves. Thus, with neglect of collisions,
w7 > 1, we have for the eigenfrequencies of the elec-
tron system in the longwave limit (k —0)

o = —mQ* (8, ¢) (1 + a), (3.9)

Here and everywhere below, Q*, veff, Keff, and Regff
depend on 6§ and ¢ and are determined by Egs. (2.15),
(2.18), and (2.19). Equation (3.9), together with (2.15),
establishes the dependence of the eigenfrequencies of
the system on the orientation of the stationary magnetic
field B relative to the axes of the crystal.

We consider the cyclotron waves propagating at
such an angle to the direction of the vector B that
keff = 0. According to the relations (2.11), (2.12), and
(2.18), we have k* || B* in this case. For an isotropic
electron fluid (A =1), this case corresponds to the
propagation of the wave along the magnetic field. We
shall assume that only the components with 7/ < 2 in
the expansion (3.7) differ from zero. We shall further
assume that [8f/8t]gt = —5f/7o,

We use the result obtained in('%2!] for the spectrum
of isotropic waves propagating in an isotropic electron
fluid along the direction of the stationary magnetic
field B. In the case of an ellipsoidal Fermi surface,
we find the following dispersion equation for the de-
pendence of the cyclotron wave frequency both on the
wave vector and on the angles 6 and ¢:

(1 +a:+ 5/cllzmiszi‘)iNu*‘ - 5/502(1)[1'1\’,2*']2 =0, (3.10)
where
. 17 dtsintP,*(cos t) P! (cos t)
iN.~ (0, 9) = —
*0.9)= ) — 0+ Q" (8,9)+ Ky verr (8, p) cos t — ifa (3.11)

It is seen from Eq. (3.11) that Cerenkov collision-free
damping is possible if

o F Q°(6, ) = kwerr (6, @)cos L.

For long waves, when k;Reff < 1, the following
expression is obtained from Eq. (3.10) for the cyclo-
tron wave frequency:

0= [iQ (®, <v)——] (1 + a) (1 + 2 ___"“ZRE“(" ®) ) (3.12)

Qaz
Upon increase in k;;, the frequency w approaches a
value satisfying the relation

|o£Q%(6, 9)| = kwes (0, ).

Cerenkov interaction of the wave with electrons be-
comes possible for such a value of w. Therefore, for
cyclotron waves propagating at such an angle to the
direction of the vector B that keff = 0, the value of
k; cannot exceed some maximum., Followmg the
analysis given in!*®), we obtain the value

Q"(6,9) Saa
Hanee (8, 9) = Verr (6,9) 3— 20, |
for the maximum k.

Thus the dependence of the maximum value of k;; on
the orientation of the vector B relative to the axes of
the crystal is also established. Spectra were obtained
in{**] for cyclotron waves propagating in an isotropic
electron fluid along the magnetic field, under the as-
sumption of the possibility of the expansion in powers
of kR, but without limitation to a finite number of
Legendre polynomials in the expansion of the correla-
tion function ¢ (p, p’). In correspondence with the re-
sults of this research, we find the following expression
for the frequencies of the cyclotron waves in an elec-
tron fluid with an ellipsoidal Fermi surface, propagat-
ing at such an angle to the direction of the magnetic
field B that keff = O:

W2 = mQ* (0, 9) (1 + a2) {1 ky? Reff(e (p)[9—m. 1+ as ]}

2 — QO3

(m#=0),

2
ko2 2 2
om = m@* (0,0) (1 + @) {1 + S RAOD) [ m ot
- 1 G-y
L D) —m At

4(l+1)—1 A — Qit+q

]} 1>|m|#0, 1>2 (3.13)

We now consider cyclotron waves propagating
transversely to the magnetic field B, i.e., k) =0.
According to the relations (2.11), (2.12), and (2.18),
the vector k* in this case is directed at right angles to
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the direction of the vector B*. We choose a set of
coordinates in which axis 1 is directed along the vector
k*. Then the tensor ¢’ will have the form!!!!

0;1 0';2 0
o =( 05 s 0 .
0 0 oy
The dispersion relation lcrf1 | =0, which corresponds

to this and determines the spectrum of the cyclotron
waves, is divided into the following two parts:

(3.14)

os’ =0,

(3.15)
(3.16)

Equation (3.15) describes waves in which E* X B* = 0,
Hence, using the relations (2.12) and (3.6), we obtain
the result that the electric field vector E of these
waves is oriented at such an angle to B that

[(4-'B) (AE)] = 0.

0102’ — 01202 = 0.

In the case of an isotropic electron fluid (A = 1), this
mode corresponds to ‘“normal’’ waves, with the elec-
tric field vector directed along the stationary magnetic
field B. Equation (3.16) describes waves in which
E*.B* = 0.

. By using (2.12), (8.6), and the fact that the matrix

A is symmetric, it is not difficult to note that the elec-
tric field vector E of such waves lies in a plane per-
pendicular to the stationary magnetic field. In the case
of an isotropic electric fluid, this mode is called the
‘‘extraordinary’’ or plasma wave. We consider the
cyclotron wave that is defined by Eq. (3.15). We shall
assume the coefficients apn to be small in comparison
with unity, and also limit ourselves to the long wave
limit keffReff << 1. We can then use the formula for
the frequency of the ordinary wave in an isotropic
electron fluid, which was obtained in{*%*! 1In the case
of an ellipsoidal Fermi surface, we find the following
expression for the frequency:

o =mQ" (6, 9) {1 + o — "/uukerr” (8, @) Rete* (6, 9) [1 + */:aa]}. (3.17)

We shall not limit now the number of Legendre
polynomials in the expansion (3.7). In the long-wave
limit (kegfReff < 1), we can use the expressions for
the resonance frequencies of cyclotron waves propa-
gating in an isotropic electron fluid transversely to the
magnetic field, expressions found in!**'*]), According
to the results of these researches we get, for the case
of an ellipsoidal Fermi surface,

1 3 2 2
0n = 2°(0,0) (14 00) {m+ 12 K0, 0) i (8,9)

140
X[ (3—m)(4—m)

Bt m¢h+m) .
14 me,—(m—1)a; 1—maz+(m+1)a, ]}

Kesi (6, 9) Rese (6, ¢)
4(21—1)
(1+a,_1[ (—14+m+m)  (—1—m)I—m) ]

A—1 Li+mau—(m—1Nay 1—ma+(m-+1)a-

_L1+a,+1[(l+1—m)(l+2—m)__(l+1+m)(l+2—|—m) )}

A4+3 L1+ ma—(m—1ay, 1—ma+(m+1)aq

O, = Q7(0, cp)(i-i—a;)({ m—+4

(3.18)

Thus, in the case of an electron fluid with an ellip-
soidal Fermi surface, the spectrum of possible fre-
quencies of both spin and cyclotron waves becomes
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dependent on the orientation of the stationary magnetic
field B relative to the axes of the crystal. No restric-
tions are added here to the form of the correlation
functions ¥(p, p’) and ¢(p, p’). Expressions were ob-
tained for the frequencies of the cyclotron waves
propagating at such an angle to the stationary magnetic
field that keff = 0. In this case, the maximum possible
value for keff is established. The spectra of cyclotron
waves propagating transversely to the magnetic field
are also found. For m,; = m,; = mj,, all the results ob-
tained go over into the well known expression for the
spectra of waves in an isotropic fluid.
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