SOVIET PHYSICS JETP

VOLUME 32, NUMBER 4

APRIL, 1971

QUANTUM PROCESSES IN A CONSTANT ELECTRIC FIELD

A. 1. NIKISHOV

P. N. Lebedev Physics Institute, USSR Academy of Sciences

Submitted April 2, 1970

Zh. Eksp. Teor. Fiz. 59, 1262-1272 (October, 1970)

The differential probability of emission of a photon by an electron situated in a constant electric
field is obtained, together with the differential probabilities of the remaining processes represented

by the three-point diagram under consideration.
1. INTRODUCTION

A study of pair-generating quantum processes in an
external field is of general theoretical interest. The
simplest process of this type is pair production by the
field itself. As early as in 1934, Landau and Lifshitz
considered the process of pair production by a classi-
cal current of two charged particles“]. The Bethe-
Heitler and Breit-Wheeler processes can also be re-
garded as generation of a pair by an external field
(Coulomb plus field of a plane wave in the former case
and fields of two plane waves in the latter)®®, In this
case the external field is taken into account by pertur-
bation theory. In a number of cases, part of the pair-
generating external field can be taken into account
accurately*®,

The simplest external field that can be accounted
for accurately is a constant electric field. The proba-
bility of pair production by such a field has a sur-
prisingly simple form!"®), 1t is also clear that the re-
sults obtained for it are useful also for different esti-
mates of more realistic cases (see, for example,
estimates of pair production probability in the field of
a focused laser beam!®),

In this paper we consider the emission of a photon
by an electron, pair production by a photon, emission
of a photon by a pair, and the inverse processes.

2. EMISSION OF A PHOTON BY AN ELECTRON

We use units in which i =c = 1, e¥/4r = a = Vs,
and the same representation for the y matrices as
in!'%), The electron charge is denoted by —e. The ex-
ternal field is described by a vector potential

A=A, —=A,=0, A,= —Et 1)

The orthonormal solutions of the Dirac equation
with such a potential and the Green’s function were
obtained inl®), The positive *y(.¥) and negative
“¥(-¢) frequency solutions as t — — =) are of the
form

“ 4P, = exp {—'/snA + ipx} (2VeEM) 4.
X [#:Darse(F (1 — i)8) F Vou, VeEL(1 — i) Dajor (F(1 — 0)B) ],

(2)
+_p, = exp {—'/sn + ipx} (4VeE) ~"2[u.D _p/2es (F (1 + i) E)

+u,VeE(1 — i) D_ap(F (1 +1)E)],
where

ps—eEt L=pﬁ+m2
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Here D,(z) is the parabolic-cylinder function, V the
normalization volume, and r = 1, 2 the indices of the
spin states.

The Green’s function is

G(z,z)= 2*\bn(z')+iﬁ,.(z)N,. for ¢’ >t,

n

G 2) ==Y 4u(@)H@Na for¢ <t  (3)

where

No= —'LT(ir/2) VA me™",  |No|*=(1—e™)~", n=r, p.

In the case of a pair-generating field, a distinction
is made between relative and absolute probability!*’,
It suffices for us to find the relative probabilities. In
the case of necessity one can change over to absolute
probabilities (see!® '?!), The amplitude of the relative
probability for the emission of a photon by an electron
is (seel*213))

Mun= [ +n (2")BG(2",2)ed" () -
t'’—>o00

t'>—c0

-G(z,7) B 4pn () Bz’ dadiz’ (4)

=Nuy [4Fw(2)ed’ (2) "n (2)d, ")
where
A’ (z) = e/ e~ [V2Vk..

The integrals with respect to t contained in (4’) are
calculated in the Appendix. For simplicity we are not
interested in the polarization of the photon and we

sum the square of the matrix element over the polari-
zation e’. An elementary calculation yields the follow-
ing differential probability of emission of a photon in
the entire volume and during the entire time:

Vdk &k
AW g = Mpry|?2—— = :,,..__
Ll =l gy
Q= e=TM)/4
T B (L — ey (1 — ) P=p +k (5)

Here r’, r = 1, 2 indicate the spin states of the final
and initial electrons, and

I qu = pJ.’ZIIonlz + i/6P.Lz;"lzllnlz
—A Re {[(p./ + ip.") (ps — ip2) + m*] 17},
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| o = pu* Lo |® + up V2| L |?
— M Re {[(p)' — ip) (b + ip2) + m'] Lol i’}
| qu = I |zsz = mz(lloolz + ‘/Axmllulz — M ImIoly"). (6)

The functions I;’ i(P), p =ky/ VeE are defined in
the Appendix (formula (A 10). Since there are certain
relations between the confluent hypergeometric func-
tions ¥ in terms of which the Ij/j are expressed!**,
we can express | |’y in terms o* either ¥(ir/2,1

+ iv; ¢) and its derivative with respect to &, or else
in terms of Ino(p) and I'p(p) = dIge(p)/dp. Here

¢ = -ip?/2,v = (x = 1")/2. In the former case we
have

2
1
__EZI |::,=ne""/z{(pf+p¢’z)I‘PIZ

=l

2
+[2(pip1” + p2p2’ + m?) + eEp”]{—-l‘F’ |2

2
—[ple* +2v(pip + papi’ +m*) | = Re W¥” } (7)
| |”z p— ' Inz —_ mzne:mvn(p&/ }‘2) I‘Iﬂlz’
W= W(ir/2, 1+ iv; ). (7)

For brevity we do not present the expressions for
| |3 and | |3, separately. In the latter case we obtain

2
T X L= [
5+ ppd ) (0= ) | Dol
+[2(pipr’ + pop2’ + m?) + eEp?] | Lo’ |2
+[2(pip1” + pap’ + 2m?) + €E (p? —A — M']pImIoo oo™ } 8)

| [122=| !212= (mz/xz){‘/t(Pz“}'2")2']00[2 ,
+ 02| I’ |2 + p(p* + 2v) Im Loooo’"}. 8")

We now proceed to discuss formula (5). It can be
integrated with respect to k only between such limits
that leave the radiation probability much smaller than
unity, since the attenuation of the initial state of the
electron has not been taken into account. The integra-
tion of the radiation probability over all the k in a
field of unlimited dimensions gives a divergent expres-
sion. In our case the integral with respect to kj
diverges logarithmically:

ll

+ == W) mip A=)

— 2Arsh L ©)

J- dks
_huka_2 +ks? ky

It must be recognized, however, that for a quantum
transition with emission of a photon k an important
role is played by a definite interval of the time t. This
is the interval that includes the times that make the
main contribution to the integrals in (A.1). A detailed
examination of the question of the formation of radia-
tion in the classical limit is given in{*®], It suffices
here to confine ourselves to qualitative considerations.
It is natural to assume that the points £’ = 0 and
& = 0 should lie inside the formation interval. It fol-
lows therefore that the formation time is t < p3/eE
and the width of the formation interval is At
« [¢' = £|/VeE = |ks|/eE. Thus, integration with
respect to ks (or p3) is, roughly speaking, equivalent
to integration with respect to the time:

Ky

AISh'T ~In Zk—-—ln-m—+ const—mis + const, (10)
where s is the proper time of the initial particle.
Symbolically

ks _ °E 4 (11)
ko m

This relation makes it possible to determine the prob-
ability of radiation per unit proper time.

Since the radiation-formation interval is propor-
tional to ks, for sufficiently large k; it is necessary
to take into account the attenuation of the initial state
of the electron owing to the emission of softer quanta.
Incidentally, it should be borne in mind that by a suit-
able choice of the reference system it is possible,
without changing the field, to reduce any fixed longitud-
inal momentum to zero.

We note further that in accordance with formula (5)
radiation is possible also with the transition of the
electron into a state having a higher transverse energy,
i.e., with v = (A = 1')/2 < 0. From (A.2) we see, how-
ever, that

Ino(p) = Ioo(ps A, A) = €™ Ino(p, A, ). (12)

In conjunction with (8) this means that such inverse
transitions are suppressed by the factor exp(-2r|v|)
compared with the direct transitions (v > 0).

Let us consider two limiting cases of formula (5).
In the classical limit

(—)vi{ﬂr} 0

i N V
W(T,1+w,§ = —exp{e e wln_’l2

X [Kiv'(z)—' w w(z)] (13)

E19 n_ W _ W _ A — e
=2 (h+¥) 4 L - (1 X )+ (1 In 2), 1="VAp.
Here Kjy(z) is the Macdonald function. From (5), (7),
and (13) follows the probability of radiation of a classi-
cal particle

}é_(qu + dWa)xn = {PJ-Rsz(’») +(p 2+ m?)

3E2

X [K‘-.,'Z(z)—-z—z-Kw’(z)]} T (14)
which agrees with the previously obtained relation!*],
The probability of radiation with spin flip vanishes in
the classical limit.

In the other limiting case, when B = eE/m® — 0,
and the quantities

I SR (%
- m? r X = m? ’
(15)
_ V(eFwky)? __ eFu' pup/
md ' wmt

where
F,' = 1/2ienva}1"ﬂ, F,.v = 5Av/a.‘l:,. — 0Au/ ox,,
remain finite, we obtain, as would be expected, for the
probability of emission per unit proper time
dW 1 dW,. m
s 2 Tds

rr
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an expression that coincides with the corresponding
value for a crossed field (i.e., for a field with EH =0
and E = H)(®J,

Let us now stop briefly to discuss the inverse pro-
cess y + e — e and assume that the initial particles
are not polarized. Then

1 . 1 2 ) Op ok
aw=— Y 1] —Q{TZI |5},

Here 8p p'. is the Kronecker symbol; {} is the
same as in formula (8). The substitution ky — -k has
led to the replacement p — -p, and since

(16)

Ino(p) = Tnn(p, M, A) = Loo(—ps 2, 1), (17)

the expression in the curly brackets in (8) remains
unchanged; formula (16) can be recast in a more
customary form by introducing in the righthand side
the factors n,V and neV, i.e., the total number of
initial particles. Then the probability per unit volume
is V'dW nen, and does not depend on V.

In concluding this section, we present the probabil-
ity of emission of a photon by a scalar particle:

exp {—n(A + 1) /4}
8n°E*(14e™) (14 &)
(F“v‘ (p +p/)v)2 4v2e29'2
% {[ —8F (F,. k)

aW =

(18)

d’k
| 1w+ B 1L}
0

Here & =(7,)F:,, and 1/, 1/, is obtained from
Io (p) in (A.12) by making the substitutions A" — A’ = i
and A — A - 1i.

3. PAIR PRODUCTION BY A PHOTON

The matrix element for the production of a pair by
a photon is

Mon = [*§..(")BG(2", 2) X’ (2) G (2, 2') B~ (2') 2" d'z b/
= NN, _[ B (2) €A’ (2) Pu(z)d'z; £ ' > 00

/ Hikx
’ e € ’ ’

T TP
We treat the encountered integrals with respect to t
in the same manner as the integrals Ji’j in the Appen-
dix. In place of Ij’j(p), defined in (A.IOJ), we have

n=r,—p, r,r=12 (19)

Ris(0) = [ Dsaos (14 D) D-nams( (1 + DB e dE, (20

7 i=0,1,
Only large negative £, i.e., large positive t, con-
tribute to the asymptotic value of Ry as p — 0. Just
as for Iyp(p), we obtain

Hw(p)—vﬂexp{—;—”-f—}
oy
— yrexp (_,__.*_n_)"/_sisx————{-wln——} (21)
X ¥ (—2 1+ iv; e”“’t);
ik @1')

2 2¢E’
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Assuming the photon to be unpolarized, we obtain for
the differential probability of pair production by a

photon
1
Wn = 3 M *

where k = p + p’ and

, luz=pJ.'Z'Ran|z+'/Lpf7~'Z|Ru|2
+ 7”, Re {[(pl/ + iPz,) (—P + ipl) + mleaiRm’},
I Izzz — P_L,leoolz + 1/‘pJ_2}vlz!R“'2
+ }"I Re {[(pi, e ipz,) (_pl - ipz) + mz]RmRm’},
| |1z2 = ' qu = mz{lRool2 -+ 1/57"/211{"'2 + x’ImRouRu-}-

Vd'p 1

2l [ (22)

@
)™

(23)

The Rj’j are defined in (20). In terms of ¥(ix/2,

omi

1+ iv; e” ¢ we have

< EI | 7 = mexp {M SZA}{(pﬁwLm”)l‘l’l'

’ 7 pz 4
+[eEo* —2(pip + papy’ — m) ]—[¥'[?

2
+[—p.*0* + 2v(p.p. + pop’ — m?) ]——Re vy } (24)

| | —| 1= {nk 5n1} |w
12 = z;—mnexP ‘—4— —4— -_— I

p=k, /VeE-
In the case under consideration we can change over to

a system where k; = 0. Then the transition from the
analog of formula (A.1) to (20) becomes trivial, since

f— P Ve _vE Ps
¥ E (1= ) == iE (14 22),
P:+Pa’= ky = 0.
Equally obvious is the relation

jdpa = ¢ET. (25)
Introducing the total number of photons in the field,
n,V, into the right-hand side of (22) and using (25),

we obtain a probability proportional to VT.

Let us consider now the limiting case of soft pho-
tons. As expected, the probability of observing elec-
trons in different spin states is low. When v << x and
A > 1 we have

1O 1
5 L1l g 1+ D=

v, rest
A A,
_.n__.i_T})“ {pJ_z|K.-v|2

ot m) [ 11 =il ),

~ 2 exp{
(26)

where z = VAp and Kjy = Kiy(ei”z) is the Macdonald
function. According to formulas (26) and (22), we can,

" roughly speaking, assume that the field generates a

pair with a probability e'm, and this pair then ab-
sorbs a soft photon.

Just as in the case of photon emission by an elec-
tron, we can consider the limit B = eE/m®— 0. To
find the asymptotic form of Roo(p) in this case it is
convenient to use the following integral representation
of the function & (see!'));

ir 1 ir ir el®
A= ) F(1 ) w1 ( )
(D( W t)=— ——5 ) TU=n) T (1 == J; —dt,

f(8) = —'%i[p* — A’ In(—t)+ Aln(1 —t)]. (27)
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The contour C begins at the point t = 1, goes counter-
clockwise around t = 0, and returns to the initial point.
Only the second term in (21) gives a nonvanishing con-
tribution. Expanding f(t) at the saddle point t, in a
Taylor series and retaining terms up to £'’’(t,) inclu-
sive, we obtain from (21) and (27)

2N \B
ﬁivx/) (@),

Ry (p) IB—»lh X+ mn X 'y;;t—(

=( 29M_ (28)

- __
=) Ao,

v(y)=ﬁjexp{i (ty —I—L;)} dt

A direct calculation leads to the probability given
in{® for the formation of a pair in a crossed field. The
next asymptotic term of such an expansion in terms of
the parameter B was investigated by Narozhnyi ('],

A process inverse to that considered here is s1ng1e-
photon annihilation. It is easy to verify that the proba-
bility of this process is given by the same formula (22),
but without the statistical weight Vd®)/(27)® and the
factor 7, from averaging over the photon polarization.

4. EMISSION OF A PHOTON BY A PAIR

The Feynman diagram of this process differs from
the diagram for the production of a pair by a photon
only in the sign of the four-momentum k. This means
that in expressions (23) only Rj’j(p) changes. From
the procedure described in the Appendix (see formula
(A.3)) it is clear that the reversal of the sign of k,
leads to a change in the sign of p in formula (20), and
this is equivalent to the substitution p — e 7p in
formula (21). We then obtain in the usual manner

Ved*pd°k
AW g = Z|M,,,,,|2 (an’

p+p +k=0

Here | lr ¢ is obtained from (23) by means of the sub-
stitution p — e 17Tp To obtain the total probability,
the integrations in (29) are best carried out in a
cylindrical coordinate system

Vd*pd'k

=0l [r—be=

(29)

d*pd*k = p.dp.dodpsk,dk, do’dks.

If we write
2% 2n 25 4n—y’
Jin fo .=t (v (a0 o)
0 0 —2n v

where 9 = ¢ + ¢’ and §' = ¢ — ¢’, then the integral
with respect to ¥ can be calculated in elementary
fashion. The integration with respect to pj; reduces to
the use of a correspondence of the type (25). Finally,
the divergence of the integral with respect to k3 must
be understood in the same sense as in formula (9).

The probability of the inverse process, i.e., an-
nihilation of a pair with absorption of an unpolarized
photon, is given by the expression

AW =1/5Q]| |*dxtpto.0/ V. (31)

Here | |3/, is the same as in formula (29).
In conclusion, the author thanks V. I. Ritus for use-
ful remarks.

APPENDIX

The probability of emission of a photon by an elec-
tron is expressed in terms of the integrals

Tyi= [ Doy (A + DE)Doms (— (A + D) @t 1,1 =0.1;

—oo

v ——VeE(t—f—;)—u—uo, s=—VeE (1—L ) =u—u,

eE
(A.1)
It suffices to consider Jyo, since the remaining inte-
grals are obtained from it by shifts of » and A»’. Com-
paring the probabilities of the emission of a classical
particle in a magnetic!*®) and an electric!*®! field with
the quantum theory of radiation in a magnetic field(**],
we expect to be able to express Jo in terms of a
confluent hypergeometric function ¥.
We proceed now to calculate the integral Jo,. By
means of the substitutions

(ps' — ps) | VeE

Vs = Uy — u, =

v=1u— (8 + ') /2,

we obtain

il&) u0+u° }ID_W/z((1+l)(U+ ))

YeE
%))exp{——];—’:gv}du (A.2)

It is then convenient to investigate in lieu of (A.2) the
more general integral

1
J=_ex{—
00 = p

Ve

><D_,-m(—(1+i) (v—

](p,w)zij'(v+123-) fA(u—B;-) e-ivw do, (A.3)
vy = p;ﬂoq;, vs=pshe, p*=0v'—"10,
where fA(g) is the solution of the equation
(s +2+2)@=0 (A4)
It is easy to verify that
0l(p, @) / 09 = '1i(A"— A)J(p, 9),
i.e.,
1.0 =exp{ 1550 }(0.0). (4.5)

Thus, the problem has reduced to a calculation of the
integral

I(p)=1(0,0)= [ fa'(v)fa(v)e~®* v,

(A.6)
Vo —v;z for Uo>0
p—{—Vv., :_pzfor v, <0

In analogous fashion, using (A.4) and integration by
parts, we can set up an equation for I(p)":

[ a i___;_ —A)? + o? __AI+A] 1(p)=0. (A7)

dp* ' p dp 4p? 4

DIt is surprising that Eq. (A.7) actually coincides with the radial

Klein—Gordon equation, if the electric field is described by the potential
= (0, 0, —¥%E7rcoshy, —%E7sinhy), 72 = t? —x3, tanhgp = x5/t. In
thls case the quantity (k3— —k2)eE corresponds to eE(t? —x3).
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This equation can be easily reduced to the equation
for the confluent hypergeometric function (see, for
example,®), so that I(p) should have the form

o (A L1 o)
+ O (S + 2: 1)}, (A.8)
where ¢ = -ip?/2,8=(A - A')/4 and ®(a,vy, ¢) is
the confluent hypergeometric function.
We now turn to the integral Io(p). Using (A.5) and
(A.8) with A = A + i, A" = A’ +1i, we obtain

1 iko uo- uo
Joo = ——exp {— o ot uy ivcp}loo(p),
YeE YeE 2
(A.9)
A— 2 Vs ky
V= , th o= y P=——;
2 Vo ]/CE

8

I5(0) =§ D_irja5((4 — i) 8) Doinjoes(— (1 + 1) E) e 0HdE,

e fieon (A.10)

with Luo(p) = e~ {01§‘“’2¢ (_;7.‘_,1 + iv; C)

—1V ix’ —_— Ay
+ Cof /2‘1)(2—71 Wyl)}w (A.11)
where C; and C, are determined by the behavior of
the integral (A.10) with j' = j =0 as p — 0. We finally
obtain

I(p)= ]/:rl:_-eXP {_ _ZZ—— %}
[ G o)
I'(iv)

e (%)_wm(%,—, 1—iv; §)]

=V;exp{—-i—:+3—1w——§+ivIn%}‘F(—iZLJ—{—iv;;).

T'(iA/2)

(A.12)

It can be verified that the relations between Jj g turn
out to be precisely those needed for gauge invariance
of the matrix element.
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