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Formulas are obtained for the angular distribution and polarization of photons scattered in an
optically thick anisotropic medium. It is shown that the photon propagation can be characterized by
a diffusion tensor, an explicit expression for which has been obtained in terms of the polarizability
tensor of the particles of the medium. The scattering of light in a gyrotropic medium, in a medium
composed of axially oriented particles, and in an aligned medium is considered in detail. Analytic
formulas for linear and circular polarization, and for the angular distribution of photons emitted
from a thick plane layer of matter, are derived for a weakly gyrotropic medium.

1. STATEMENT OF THE PROBLEM

L ET us consider the problem of the intensity and
polarization of electromagnetic radiation passing
through an optically thick anisotropic (in particular,
gyrotropic) medium which consists of individual scat-
terers with dimensions much smaller than the wave-
length of the radiation. Such media are frequently en-
countered in nature. For example, the dust particles in
cosmic dust clouds are frequently oriented by magnetic
fields or gas flows; colloidal particles are oriented by
the flow of a solution; dipole molecules in a gas can be
oriented by external electric fields; a rarefied electron-
proton plasma possesses gyrotropic properties in a
magnetic field, and so on. The theory of the passage of
radiation through such a medium has been worked out
with sufficient completeness only for the case of small
optical thickness.™! The problem of the emergence of
synchrotron radiation from a thick layer of equ111br1um
magneto-active plasma has also been considered,” ®’
as well as the problem of the passage of radlatmn
through a thick layer of an isotropic medium.'®"!
Recently, a number of new phenomena have been dis-
covered in astrophysics, and their analysis requires a
detailed theory of the passage of electromagnetic radia-
tion through various types of anisotropic media. We
have in m{nd for example, the discovery of discrete
x-ray sources, many of which evidently have a thick
envelope of magneto active plasma,"®?’ and also the
discovery of powerful sources of infrared radiation,
which is most likely due to heat radiation of clouds con-
sisting of oriented dust particles and gas molecules, '

In the present work, we find the characteristics of
radiation both inside an optically thick homogeneous
anisotropic medium, and also passing through such a
medium. We shall assume that a fixed set of coordinates
is connected with the medium, with the z axis directed
along h—one of the physically distinct directions in the
anisotropic medium. The transport equation for the den-
sity matrix paB(nlrh) (erg/cm?-sec-sr), which is de-
fined in the usual way in terms of the components of the
vector of the electric field intensity of a wave propagat-
ing in the direction n (pf!B(nlrh) = (87m) cEa(nlr)E* X
X (nyr)) has the form'>'%

(0, V) pos (nirth) = —NoAi[pa, (n,rh) (t,s* (nyn,h))

— (tay(nmih) Dpyp(nirh) ]

+ Noj dn.{tay (n0.h) oy (narh) £+ (0inh) Y+ Qus (nyrh). (1)

Here Ny is the concentration of scattering particles in
the medium, Q, 5 the density matrix of the sources,
tay(nlnxh) the scattering matrix of the photon from the
direction ny to the direction n;, which is connected with
the polarizability tensor of the scattering particle
a,m () by the relation

tvp(ninzh) = E2Mp (0105) Gy (Dz) = k2Myn (01h) Gnm (h) Moyt (nch),

where k = 2n/x = w/c is the wave number of the photon,
the matrix My, (n,) = e*, e‘” connects the compon-
ents of the arbitrary vector Ak(nl) with the components
A (o), ie., A (ny) = M, o)Ay, (no); the index n on
the components of the vectors or tensors indicates that
these components are connected in the set of coordin-
ates with z axis along the unit vecotr n; e " and e are
the unit vectors of the corres?gndmg set of coo(r;c)hnazg()as,
%

possessing orthonormality: e ”, e )* = &, e el

= Om (these unit vectors can be complex). The Greek
indices can take on two values (1, 1) and the Latin,
three (—1, 0, 1). Summation is indicated by repeated
indices. The brackets ( ) denote averaging over the
initial and summation over the final states of the scat-
tering particle. In what follows, we shall make use of
the orthonormalized cyclic unit vectors, which are most
convenient in the theory of transport of polarized radia-
tion:

e = —(e.tie)}2, e=e, e = (e;—ie,)[}2.

In these coordinates, the matrix My (nm,) is equal to
the well-known Wigner rotation matrix‘®’ Dl((lril (Ro1).

Qo1 is the set of Eulerian angles (@ o1, Bo1, Yo1) in the
transition from the set of coordinates with the z axis
along n, to the set of coordinates with the x axis along
n;. The explicit form of Dl(:r; (Qoy) is:

D (¢, 8,7) = din (B)exp[i(ke + ny) ],

where
& =df} =(1+4cosB)/2, dg)) =cos B, A
=d =(1—cosp)/2, d%=df =—aP
=—dfy =—sin /2.
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Equation (1) has the following form in cyclic coor-
dinates:

(0, V) pos (,1h) = — No2mik [ pay (nurh) D{r (Qne) (o™ (B) DDEoh (Qne)
— DS (Qu1) < (1) XD (R1) pop (nerh) [+ Nk DS (Qu) DS (R10)
X Carr(0) @on* (1)) [ dn.DS (@nx) po (nexh) DI (R02) + Qag (mirh). (2)

In a homogeneous medium, under the conditions
A < land N@aj < 1, where [ is the free path length of
the photon and a, the characteristic dimension of the
scattering particle, plane waves of two types can be
propagated, as is well known:

EO(n)={"(n)&, exp[i(%n, (n)rn — ot )] ,

E®(n) = £9(n) &, exp [i (%m(n)rn — mt)] .

Their indices of refraction x1(n) and x,(n) and the unit
polarization vectors £’ and £®’ are determined by the
properties of the forward scattering matrix

(tar(nmh) 7" (nh) = £ (nh) £, (nh),

#:(n) = 1 + 2N (nh) /&,

We note that the unit vectors £ and £’ (the normal-
ized eigenvectors of the matrix (t(nnh))) can also be
non-orthogonal in the general case (fV-f®’* = 0), They
are orthogonal only for the so-called normal matrices
(tt" = t't). The eigenvalues ¢ (nh) and the eigenvectors
f(i)(nh) are expressed in corresponding fashion in terms
of the elements (ty, (anh)):

200 (nh) = Sp(i (nnh) )4 Y[Sp<F(nnb)) ]2 — 4det(E (nm) ),
£ nb)=£) (nh) (49 (ah) —(t1s (nh) ) /Gy (noh)). ()

By knowing fc(!l)(nh) = u,(nh), we can connect the com-
ponents of the field intensity of the wave E, (nr) and the
density matrix p, B(D rh) with the components &;(@r) and
the density matrices #; k(nlrh) = (c/87r)5’i(n1r)5’ﬁ(n1r)
(here i,k =1, 2):

E.(n) = uu(nh)&:(n),  pop(mirh) = tai(mih) & (nurh) us* (nih).  (4)

Using (4), we can obtain the transport equation for
%y (nrh) from Eq. (1):
(0 V) R (mirh) = — Nogi (nih) £, (nyrh)

+ N, jdnx(sm (0u0h) R (narh) st (ninch) 2+ gin (mirh),  (5)

where sy (mngh) = uj, (h)t, ap@mgh)ugy (yh) is the
scattering matrix in the new unit vectors £ and £®,

Gin(nrh) = ui;1 (n;h) Quy(m;rh) [u*(n;h) ];,: s )
g""(nih) = il[tm* (nih) - t(ﬂ)(nlh)]v o= ghn"-

In the first term on the right side of (5), there is no
summation over i and k. The propagation function
gnk(nlh) describes the attenuation of the radiation in its
propagation through the medium, both at the expense of
scattering and by pure absorption, as well as by the
interference of the waves as a consequence of the dif-
ference of their phase velocmes vk ). Using the
optical theory

o (mhj= o nh) + 0. (ah§ = 22 Im (s (nnh)>,

we can put Eq. (6) in the form
2gnm(mh) = 0§ Ynh) + o (n1h) + 2i0 No= [v=! (nih) — v, (nih)].
(1)

Here O(H)(nlh), oén)(nlh) and o,(gn)(nlh) are respectively
the total cross section, the elastic scattering cross
section and the cross section of pure absorpt 805] for a
photon whose polarization has the direction £ (n;h),
incident on the scatterer in the direction n,. In what
follows, we need a separate expression for oél)(nlh),
connected with the tensor o (h) in the following way:

ot (n,h)_-——-k {tnm(h) @t (h))

X DU (Qn1) tys (rh) uit(nih) Doy (). @)

Summation over i is not carried out in (8).

2. THE RADIATION DENSITY MATRIX INSIDE A THICK
LAYER OF MATTER AND THE EQUATION OF
RADIATION DIFFUSION.

It is very difficult to solve the transport equation (2)
in the case of an anisotropic medium. However, for
optically thick media, one can develop a method of ap-
proximate solution of the problem. This is seen to be
possible for the reason that the very physics of the
process of radiation transport inside a thick target is
materially simplified.

In the case of an optically thick isotropic medium,
the radiation becomes diffuse in the interior of the
medium, as is well known. That is to say, the radiation
becomes unpolarized and isotropic. The radiation be-
comes diffuse at a distance of several mean path lengths
from the boundary of the medium and from delta-like
sources, if the true absorption in the medium is small:
p= oa/oo < 1. Diffuse radlatlon varies comparatively
little with the distance ~r ‘exp (—\/EI)_Nooor) (for the
case of a point source located at the origin). Here the
term (nN)paB in the transport equation is a quantity

(‘/’+ l/r) < 1 relative to the first two terms on the
right hand side of the equation. So far as the source is
concerned, it is still less in the interior of the medium:
Qaﬁ(nlr) ~ exp(No0or). Thus, in the interior of an
isotropic medium, the approximate equation

NoO'spa[S (Illl‘) =N, jdnx<tav (nlnx) Owv (n:rr) tvﬁ+(nlnx) )
+0(@U/r +Vp) + O (e, ©)

should be satisfied.'”! Equation (9) permits us to de-
termine the polar1zat1on and the angular dependence of
the diffuse radiation: p B ffnr) = GaB (r). The depen-

dence of radiation on the coordinates is determined by
the diffusion equation for the function R(r), as is well
known. We note that one should have og, and not 0y, in
the left hand side of (9), since account of ¢, exceeds
the accuracy of Eq. (9) (this term is ~p).

In the deep layers of an anisotropic medium, some
state of radiation should be established, which we shall
henceforth call ‘‘quasi-equilibrium.’”’ This radiation, by
virtue of the anisotropy of the medium, will generally
be neither isotropic nor unpolarized. The quasi-equili-
brium density matr1x which we shall denote by
9?;1"{’ (nirh) for p B(nlrh) will satisfy an equation similar
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to (9), and with the same estimates of applicabi}/i_ty, if
we assume smallness of the parameters (I/r + Vp) and
exp(~Nooor) for all directions and polarizations:

g% (nih)ZS (mirh) = [ dno(sin (ninsh) R (nrh) st (mimsch) ). (10)

Here gi(ls() (n;h) is the part of the propagation function
gik(n‘h) due to elastic scattering: there is no summation
over i and k in (10).

We denote the integral term in Eq. (2) by BaB(nlrh).

It has the meaning of radiation density (erg/cm®-sec-sr).

The matrix Ba‘g(mrh), according to (2), has the form

Bap(nirh) = NoD&n" (@u1) Knm (th) D (@) s

Ko (th) = k*any (B) @ (h)) [d0:DF (@) oy (marh) DRI (@) (11)
Carrying out the transformation (4) in (10), and using
(11), we obtain the following expression for pg’"g (nirh):

0 (myrh) = ug; (nh) uiy (n1h) DSe’ (1) Koy (th) Dy (@m1)

X [t (nih) o wng™ (mih) [g52 (mih) ] (12)

By using (11) and (12), we get an algebraic set of equa-
tions for the components of the Hermitian tensor
(rh):

Ko (th) = k*(ani (h) aum* (h) )Birrs (h) K5 (vh),

0)
m
Birs(h)={ dniDiz Q1) tap (n1h) iy (mib) Dy (@01) DS (@1)

X [ (eh) 13 s () DR (Qn) [0 (mib) ], (13)

The solution of the homogeneous set (13) and Eqs.
(11) and (12) allow us to determine the angular and
polarization dependences of the quasi-equilibrium
radiation. In a number of important cases, Eq. (13) is
greatly simplified, since here, depending on the specific
meaning of the operation of averaging () and the explicit
form of the polarizability tensor of a system of 9th or-
der, (13) breaks up into a series of independent homo-
geneous systems of lower order. In the present paper,
an anisotropic medium is defined as one whose aniso-
tropy is due to some outside causes (magnetic or elec-
tric fields, directed flow of particles, etc.), thus ex-
cluding crystalline media from consideration. By
eliminating the cause of the anisotropy of the medium,
we should evidently arrive at the case of an isotropic
medium. If we make the limiting transition in all the
formulas to the case of an isotropic medium
(@ — @by ), we can be confident that only one of these
independent systems has a nonzero solution (its deter-
minant is equal to zero). From physical considerations
(the existence of a continuous transition to the isotropic
case), it is evident that even in the anisotropic case all
other independent systems have only a null solution.
Thus, the solution of (13) has the form

Ky (th)= aum (h) R (rh), (14)

where the tensor ay;, (h) is completely determined from
(13) and the real scalar function R(rh) satisfies the
equation which we shall now derive.

The function R(rh) = R(r) in an isotropic medium
satisfies the well-known diffusion equation with a single
scalar diffusion coefficient. It must be expected that in
the case of an anisotropic medium the function R(rh)
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satisfies the diffusion equation with the diffusion tensor.
We obtain this equation by using (12) and the exact
transport equations (2) and (5). Integrating (2) over the
angles and substituting the quasi-equilibrium value pf
for the exact density matrix pyg(irh) on the right hand
side of the resultant expression, we obtain the formula
for the divergence of the radiation flux vector:

F(rh)= J'dnlnlpm(nlrh), Q(rh):j dn;Qag (n;rh),

divF(rh) = — Noj dlliﬁ(:) (n;h) p(?.)a(n.rh) + Q(rh). (15)

We divide Eq. (5) by the quantity Nogj)(nih) and subject
it to the transformation (4). We multiply the resultant
expression by the vector n;, calculate the sum of the
diagonal elements, integrate over n, and take the diver-
gence of the whole expression. Using (15) and replacing
everywhere paﬁ(nlrh) and ;) (n,rh) by their quasi-
equilibrium values p&"é and .%i‘l?, we get the following
sought diffusion equation:

(— 1) (h) )

R (rh)
0x;(h) 0z_,(h) -

oz.(h)

= uR (rh) + d;(h) Q(rh). (16)
The absorption coefficient p is determined by the
expression

PR (th) = N.,J dn,0,” (nh) pS) (n,rh) = R (rh) Nya,,,, (h) J' dn,6™ (n,h)

Xtgi(mh)ugy' (nh) D{n* (@n1) Dl (1) [w+(n1h) 5 upet (mib) [g8) (nib) |- .
(17)
The diffusion tensor xik(h) has the form

Kpa(h) = Ne"a, (B) [ dnD2(R0) DY (@) (mby ey (nh) DY (@)

X DS (@) [a* (nih) o wiat (nih) [ (nih)]-2, (18)

R(rh)d;(h) = j dnnyp & (nrh) = FP (th) =
=R(rh) [amDS (@) wai (nb)u' (nib) DI () apm () DY (@)

X [ (nih) I wida(nih) [g37 (nih) ], (19)

In obtaining (16), we have discarded terms ~1/r < 1
and p < 1 in comparison with the remaining terms.

The term (AV)R(rh) describes the additional radiation
flux in an anisotropic medium under the condition that
the quasi-equilibrium radiation has the nonzero flux

d ~ [np{) (arh)dn. It is obvious that the power of this
source should be proportional to VR(rh).

Equation (16) is written in the set of coordinates with
the z axis along h. Since its form is invariant, it will
be the same in any other set of coordinates, but with
different xj) and dj, which are obtained through the
transformation formulas of vectors and tensors. In all
the formulas, the mat_rlices uai(nlh) enter in combina-
tions of the type ug, ju;,, So_that everywhere the un-
normalized eigenvectors £ (n;h) can be used, which
simplifies the calculations. Equation (16) transforms
into the usual diffusion equation in the case of an iso-
tropic medium if we make the limiting transition:

@ik — adji.

In the following sections, we shall study several
types of anisotropic media, for which the general form-
ulas of this section are greatly simplified.
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3. RADIATION TRANSFER IN A GYROTROPIC MEDIUM

First of all, let us consider the passage of radiation
in the depths of a so-called gyrotropic medium, in which
the polarizability tensor of the particle has the following
form:

an(h) = b, w=a-+ lg, 1=0,=x1. (20)

A special case of such a medium is a weakly magneto-
acoustic plasma. The anisotropy of such a medium is
due to the gyration vector g = gh. In the case of a gyro-
tropic medium, the vectors f‘" and £*’ in (3) are equal
to the cyclic unit vectors e-; and e,; therefore, it is
necessary to set u,;(mh) = 6,; in all the formulas. The
propagation functions gi(li)(nlh) in this case has the form

2, (mh) = g5 (nig)="5[0® (nig) + o (nig) ]+ 2nik (B — o) g cos B,

o (nyg) = ¥ank*[ |a|2 + g2(1 + cos? Bg1) /2 - 28y Re a-cos ﬁgi]i )
21
According to (13), the coefficients By, rg(g) have the
form

-+ ) 1)
B ()= [ dniD1 (Re) D&Y (@) DS (21) D (21)

-[gifr’s (mig) ]~ = 8n—mr—sbnnrs (8). (22)

Substituting (22) in Eq. (13), we establish the fact that
the set of equations (13) break up into several indepen-
dent systems, connecting the elements Kr“°’ (rg) with the
same (n—m) =0,+1, £2. Of these, only one set, which
connects the diagonal elements Kr(l‘” , has a determinant
equal to zero. Thus, for a gyrotropic medium,

Kion (rg) = 8nman (2) R(rg). (23)

Inasmuch as the coefficients b, ...(g) entering into the
algebraic set of third order for the quantities a;, are
tabular integrals (see the explicit form of the D func-
tions), we do not need to write out here the explicit form
of the coefficients of a._..

The angular and p;i%.rization dependences of the
quasi-equilibrium matrices Bg’é and p(‘;’é are determined
from (11), (12), and (23):

B3y (mirg)= NoDSY (@) an (2)DSh (201) R (rg),
(24)

The tensor x;, (g) is diagonal in a gyrotropic medium:
Xik @) = éikxlll@), and x-1(g) = x1(@):

%i(g) = "/:No'a(g) [ dmisin® B | DL (e |20 (mig) ]2,

0 s,
pab (nirg) = BS) (nirg) [Noghh (nig) ]

25
%0(8)=No~'ax (g) [dnycos? | DS (241) [0 (mig) ]2 (25)

In a gyrotropic medium, d;(g) = 0, which is easily
proved by using the relation gasg(—n,g) = g_a_ﬁ(nlg).
The constant p , which takes into account the absorption,
is equal to

=N (2) [ dnio” (nig) D) (Qu) ['[0."(ng) 1" (26)

For a weakly gyrotropic medium, discarding terms
that are quadratic in the small parameter
n = 2gRea/|a|?, we can easily find
a.(g) =o(1+nn) /8x, o=">°/mk'|al?
Bag (mirg) = 0us (1 + B cos Bg) NooR (rg) /8, psi (murg) = dasR (vg) /8,
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No 1 -1,
X (8) =Bty % =(3No0) ™, =22 [an[ol” (mg)+ ol (ng)].
" (27)
We see that, although the radiation density B&"é(nlrg)

is anisotropic and circularly polarized, in all the re-
maining relations, the radiation in the interior of the
weakly gyrotropic medium behaves as in the ordinary
isotropic medium.

4. LIGHT SCATTERING BY AXIALLY ORIENTED PAR-
TICLES

If the scattering particles in the medium are oriented
in an axially symmetric fashion relative to the direction
h, then the averaging symbol () includes averaging over
the angle ¢y, with the weighting function w(¢y l) =1/2nm.
In this case, the general formulas of Sec. 3 are greatly
simplified. Carrying out the averaging over ¢}, ,, we get

(a;n(h)); ‘5ik<(ll(h) h3 <(1i(h)> e <(1-'i(h)>a

(28)
(aip.(h)a,-ﬁ(h)) = Ox—s, 1»—:<aik(h)ara+(h) 2.

We leave the averaging symbol () on the right sides of
(28), understanding by it all the remaining averaging.
According to (3), (5) and (28),

gm(nth) = gm(cosz ﬁm), uui(nlh) = uai(ﬁm; 'Ym).

Therefore the integral over ¢ in (13) is calculated in
elementary fashion and the expression for By rgh) is
simplified: B dh) = Gn—m,r—sTnmrs(h)' Also, taking

(28) into account, we obtain independent sets of equa~-
dions for the elements K with the same (m—m) =0,
+1, £2, just as for the case of a gyrotropic medium. As
before, we get Kr‘“;;l (rh) = 6,,,r,®@)R(rh), where the co-
efficients rj are found from the equation

ru(h) = k(| aum (h) [>T (R) 7 (). (29)

The solution of this homogeneous equation of third
degree presents no difficulty. By using the properties
of K{12, g;x(mih) and u y {n;h), we have no difficulty in

noting that x q(h) (h), and x-1(h) = x(h), and also

dij(h) = 6j,d,(h).

The results of this section refer to a very broad
class of anisotropic media with axially symmetric
orientations of the scattering particles.

= OpgXp

5. RADIATION TRANSFER IN AN ALIGNED MEDIUM

On the basis of the results of the previous section,
we shall consider the radiation transfer in a so-called
aligned medium. For an aligned medium, the averaging
symbol () denotes averaging over the orientations of
particles with the following distribution functions:

1 o

W(@r1; Brr; yn1)= e w(cos? Bn1), ; dB sin Bw(cos? B)=1. (30)
Carrying out the additional averaging over the angles
Bp, and vy, in the formulas of the previous section, we
get

2{ao (h)> = (1 - AZ) [a“(nc) -+ ﬂ—x—:(ﬂc)] —+ 24,000 (n.-,),

4ai(h)y = (1 +42) [au(n) F a-ss(ne) ] + 2(1 — A2) aeo(ne) = 4Ca-(h) ),

(31)

A,=|dpsinBpw(cos*p)cos”p, Ao=1.

0ty i



4176

Here and in what follows, the index n, in aik(nc) indi-
cates that the components of the polarizability tensor
are taken in a set of coordinates rigidly attached to the
scattering particle itself. Under the condition (31), we
obtain the result that the unit vectors £*’ and £*’ in an
aligned medium are equal to the Cartesian unit vectors
ey and ey i.e., the matrix uy;(h) =uy 0y ,) is the
well-known unitary transformation matrix from the
Cartesian unit vectors ey and e, to the cyclic unit vec-
tors e-; and ;. The eigenvalues t'V = t&) and t®
=tV are the following in this case:

) (nsh) = k*[{a:(h)) cos? Bu + <@ (h)D sin® ],
1 (nsh) = k*<a,(h)).

The elastic scattering cross sections os)(nlh) are,
according to (8), equal to

(32)

()'gl) (Illh) = E/;4):]'( [Bl (!OS2 Bhl + Bo SiIl2 ﬁhl] y 0(52) (Illh) = 8/;;.’I'LBl, (33)

where the following notation has been introduced:
By =k Z(Ian.(h) 12 = Yu(bs =+ bu) (14 o) + abo (1 — A1),

Bo= kY (lon(B) [ = "a(bor+b) (1= A+ bk, (34)

i:k«*zlaﬂ(nc”?.

It follows from (32) that the real absorption cross sec-
tions have the form
o (nh)= C; cos? Pr1 + Casinfr1, oF (nih) =C\.

The constants C, and C, depend on the specific form and
constitution of the particle. The coefficients Tmmkk(h)
entering into Eq. (29) have the form Ty ki

= ka(h), T-1-1 =T11 = Ty, T-10=To-1=To1 =T = T,
T-11 = T1-1 = T3, Too = T4 in this case. In the following,
we need the explicit expressions for T}, given below:

1
Ti+ Ty =2n [ de([ol]7 + 2 [0t (a9)]1), (35)
0

1 1
To=2n [dzat(1—22) [0 ()], Tumdn [ dz(t —2)?[o? (29)]-
0 1]

The integrals (35) are tabulated. Using (33) and (35), we
can establish the fact that (T; + T2)B; + T:Bo = 1, 2T,B;
+ T4Bo = 1.

The matrix elements <|°‘nl(h)|2> are given by the ex-
pression

lani(h) |2 = -é; Oma (1) G (D) j' dnyw(cos? B) D (Qn1) -

x DY (Qm)Dz(‘rl) (th)D&H(QM)- (36)

From (36) it is easy to find the symmetry properties of
this matrix:

o (h) 1 = (Jau(h) [, (Joow(h) | = {|an(h) [,
{lae-t(h) > =<Jaa () [*,  {Jo-u(h) [* = [a(b) [>.

We note that (Jah)|®) = (Janh)?) if the condition
A= Jao-s(nc) [* + fou (ne) |2 — [ooso(me) |* — Jaw(ne) [ =0,
is satisfied, and
Jaor(h) |5 = (Jaw(h) |2 + (34. — 1)A /4.
Using the symmetry properties of Tmmhk and
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(lap®)I®) shown above, it is easy to establish from
(29) that r-yh) = r.):
r(h) =By(1 — LTs) /3, ro(h) = [Bo(1 — LT2) +L] /3,
L= 1/JC‘A(:.J)Az _ 1) [Tsz + k‘(lam(h) I2>(Tl —_ Tz)]_1.
Substituting (37) in (11) and (12), we find the angular

and polarization dependences of the quasi-equilibrium
radiation in an aligned medium:
B (nyrh) = 1/sNoR (vh) {84881 (1 —LT5)
+[(Bo— B1) (1 — LT5)+ L1D&5" (@) Dig (@)},
LD (Qu) D (@m)
B cos? Bry + By sin? r } )
(38)
We note that for L = 0 the radiation inside the medium
is unpolarized, while the radiation density possesses
linear polarization ~ (B, — B;). This occurs as a conse-
quence of the dependence of the cross section in an
anisotropic medium on the polarization of the photon.
Substituting (37) in Eqs. (17), (18), (19), we obtain ex-
pressions for qu(h) = quxp(h), # and dj(h) in an aligned
medium:

1 1 ; .
=g Ne(2C,+C:) (4 —LT,)+7N0L£ dz(i—2"). (39

Ci(1+2%)+C(1—2?%
Bz? + By (1 — a?)

(37)

o8 (mueh) =R (eh) {bua(t — LT} +
111

4 (A—LT» .t 1—LT,
X"('”)—16:[1\70{ B, +3afd“ [Bla:z+Bo(1-x2)
L(—2)
+»(le2+(1_12)30)2,_]} ,

_ _ 4 (t—1Lr 3 ,
x(W =g () =g { =5 + Jasti—a)-
1—LT,

L(1—1=?)
(B122 + (1 —2?) B)? ]}

Biz2 + Bo(1— 22)

The vector dj() in an aligned medium is equal to zero.

6. THE INTENSITY AND POLARIZATION OF RADIA-
TION EMERGING FROM A PLANE LAYER OF
GREAT OPTICAL THICKNESS

The equations obtained in the previous sections are
easily generalized to the case of scattering from a plane
layer of material. Let an unbounded beam of photons
be incident on a plane layer of thickness L, We com-
pute the density matrix of radiation emerging from the
layer, pyg(n:h0), by using the generalization of the
method*!! previously suggested by the authors for the
calculation of p, g in the case of an isotropic medium.
The essence of the method lies in the calculation of a
series of successive approximations for Pag; and the
rapid convergence of the series is connected with the
successful choice of the initial approximation. Here we
obtain the formula for the first approximation paﬁ(nlhO)
in a somewhat different, physically clearer fashion, than
in'™"!. Inasmuch as the radiation has a diffuse charac-
ter in the interior of the layer, we choose the solution
of the diffusion equation (16) as the zeroth approximation
for the matrix #;, (nhz). Using Eqgs. (11), (14) and (16),
we get

ﬂﬂ(:’) (n;hz) = Nou‘;x (n,h)D$2+ (1) @ (h)Df,’,!, (1) (40)
X [w*(nh) ] o' (Ro+ Riz) = NoAu(nh) (B, + Riz).
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‘The coordinate z is measured in the depth of the layer
from the surface z = 0 from which the radiation emer-
ges. The connection between the constants Ro and R,
can be obtained from the boundary conditions.

It is easy to obtain the density matrix of the zeroth
approximation, ﬂ{l‘? (nshz), by using the well-known
formulas from the theory of radiation transfer:'>*!!

R (nihz) =|sec Bai| J.dz’ exp[— |z — z’llsec Ba1 | Nogin (mih) ] Bir (n;hz’)
0
X [0(cos Bat) 8(z" — 2) + 8(—cos Bar) 8(z — 2')] 4 O(e™"").

(41)
Here the index 2 indicates the outward normal to the
layer: n, =—n,, and the function 6(x) = 1 for x = 0 and
f(x) = 0 for x < 0. By calculating %3’ (n;hz) from Eq.
(41), it is not difficult to find the expression for
%Y (nhz) and then the desired expression for ﬂi‘ll(’(nlhO)
from (41):

@ — ) + \ Anm (ll,h)
#. (n,h0) {.f dnCon (nunch) s (inch) Y22 2D

R cos Bar .
Nogix(nih) )i_dn, {sin (ni0:h) 5,5 (nyn.h) )

R cos B
Noga(nsh)

R.+

R cos Bax

Nogm(nxh)] o+ cos (Rt

X Anm(nzh) [gnn (n<h) cos p21 — gin(nih)cos ﬁz:]“}ﬁ. (42)

Here Q' and Q are solid angles with B,; < 7/2 and
Bax > m/2, respectively. By determining the connection
between R, and R, from the boundary conditions, we can
find the normalized intensity J§"(n;h0) =1§”@®:Hh0)/1"
from Eq. (42) (B21 = 7/2; h; 0) (i.e., the angular distri-
bution of the emerging radiation) and the degree of
polarization £ (n:h0) = Il‘{”(nmo)/lé”(nlho). These quan-
tities do not depend on the remaining unknown constants.
As an example, we compute the density matrix of the
radiation emerging from a weakly gyrotropic medium by
use of (42). Thus, for a plasma in the magnetic field
H(Oe), the gyration vector g = 1.67 X 107 A>H. We shall
neglect terms of order 1°, where 7 = 2g Re a/|a|?. In
the case of a weakly gyrotropic medium, the radiation
ingide the medium is, according to (27), unpolarized
and isotropic. The angular distribution of the radiation
emerging from the layer, according to'®®**! will be
close to the angular distribution in the scattering in an
isotropic medium which, as is well known,"®’ is well
approximated by the function J§’(0,0) =1 + 2 cos Bz1.
This leads directly to the relation R; = 2R¢No0. In the

linear approximation in 7, we have
g5 (mg)=o(1+yncosBa), o=(8n/3)k|al?,

Computing the integrals (42) in the linear approxima-
tion in 1, we get the following expressions for the
unnormalized Stokes parameters I‘”’(n,g0) (we denote
cos Ba1 by X):

15’ (nig0) = */aRo[ S (2) (1 + ) + So(2) (1 — =) ],
17 19 1 1
Si@e) =gy + e+ e+ 1+ (1+7), (43)
7.5 1
So(e) =5 + 5% +20+ (14 20) (1——-9:2)ln(1+7).
For the Stokes parameter that determines the circular

polarization, we have

Iél) (n1g0)= — n®/Ro[ Ly (x)cos Pog + L (x)sin fag cos (P2 — P21)],
Ly(z) =2(1 + ) Py(2) + z(1— &) Po(2) — (1 — &) [Se(2) = S:(2) ]
+

A(x),

47

Ly(z) =V1—2{(1 +2*)Pi(z) + (1 — 2*) Po(2) + 2*[So(2) — 8u(2)]
+ B(x)}. (44)
The functions of the cosine of the scattering angle enter-
ing in (44) are written in the form
4823 4 4222 — Tz — 13
12(1+ z)

—%(8.:3+312+4x+1)1n(1+1?)]

Pl(z)=z[
(45)
Po(z)=2z [—8z2+z+—;—+(8x3+312—4z——1)ln(1-‘-%—)] ,

e {111

B()=—— (42— 1)+ 2(1 =) (1 +20)la 1 +%) ,

The parameters I$¥ and I{", in the set of coordinates in
which y2; = 0, are respectively equal to

1 (nig0) =(1 — 22) [Zo(z; ) + ¥Z1 (23 9) 1 /2(y),

4 (46)
I (mig0) = — (1 — 22) [Z: (23 y) — yZo(2; ¥) 1 /u(y),
where the following notation has been introduced:
y=208cosPs, u(y) =14y,
3 (47)

1 z 622
Z M = — — —_———— e —
o(@y) ==+ { (1 35?)

+a(z; y) o1(2; ¥) — 22yb (z; y) @2 (23 y) }
Zi(i 1) =g o — by (3 — y)u

+ b(2; y) @i (2 y) + 2zya(z; y) ga (3 y) ¢,

a(z; y) ='l:In [(4* + (1 +2)*) /2*] + yarctg (¥ / (1 +2)),

b(z; y) =arctg (y/ (1 +2)) — LI [+ (1 +2)?) /27],

9:(z; y) = [0* + 220° — 32%u (1 — y*) — 62°(1 — 3y*) Ju~,

@:(z; y) = [—u*+ 3uz + 32°(3 — y?) Ju—".
The results of the calculation of the angular distribution
and the normalized Stokes parameters from Eqgs.
(43)—(47) are given in Figs. 1-3.

We shall discuss these results briefly. We see that
the intensity I$¥ (n;g0), with accuracy up to terms 77,
does not depend on the gyration vector g. This is con-
nected with the fact that the expansion parameter is

L0
FIG. 1. Angular distribution and 1;"5.' R 32
circular polarization of radiation emerg- /[~
ing from a thick layer of weakly gyro-
tropic material: a, b—angular distribu- |
tion I(x)/1,(0); ¢, d and e—functions i
£1(x)n™! and £1(x)n™! in zeroth (dashed
curve) and first (continuous curve) ap- w
proximations; / and k—functions &)(x)
7! and §(x)n! for single scattering
of an unpolarized beam of photons.

14

2

/e 75 iz

FIG. 2. Degree of linear polarization
£3(x) = I3(x)/I(x) (in a system with v,,
= 0) of radiation emerging from a thick
layer of a weakly gyrotropic medium,
when the gyration vector g is directed
along the normal n, to the layer: a—
exact value of £3(x) for § = 0 (Rayleigh
scattering); b, c, d, e, f—the function &; (x)
calculated according to Egs. (46) and (47)
for the values of the parameter § respec-
tively equal to 0, 2, S, 10, 100.
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%,d .
o FIG. 3. Angle of rotation x(tan 2x =

I, (x)/13(x)) of the plane of polarization of
radiation emerging from the layer, relative
to the plane of scattering (n3n;) in a refer-
ence frame with v, = 0, calculated from
Eq. (47) for the case in which the gyration
vector g is directed along the normal n, to
the layer. The numbers above the curves
indicate the value of the parameter § on the
figure, upper right x, deg.

actually the parameter na, where @ = 0, %1, and in the
calculation of the sum of the diagonal elements of the
density matrix p“é the linear terms cancel one another.
Figure 1 shows the normalized intensity J§" (n,g0)
=IM(x)/157(0) and the initial angular distribution J§% (x)
=1 + 2x. We see that they are close to one another.
This verifies the successful choice of the initial ap-
proximation. It is seen from Eq. (44) that the circular
polarization I$"(n,g0) is proportional to the small
parameter 7, depends linearly on the projection of the
gyration vector on the normal to the surface layer

(L) (x) cos Bzg) and on the projection of g on the direction
perpendicular to the plane of scattering

(L, & sinﬁi2g cos (¢, — @,)].

Figure 1 shows the values of ¢! = L, x)/1"(x) and
£ =L, ,x)/16"(x) and a companson of the circular
polarlzatlon which arises in single and multiple scat-
tering. We note that the multiply scattered radiation
has the opposite sign of polarization in comparison with
the singly scattered case. This effect is explained by
the fact that the components of the density matrix p-;-;
are attenuated less in the medium than the components
of pulog(n:g) = 05" (n1g)), as a result of which
p-1-1~ pu at the exit from the layer, although the oppo-
site inequality holds in the radiation density Byg.

We now consider the linear polarization. It follows
from (46) that the polarization is equal to zero in the
linear approximation in 7 for x = 1, independent of the
direction of g. The same also holds for single scatter-
ing if the density matrix is integrated over all the direc-
tions of the initial incidence n, of the unpolarized pho-
tons with functions depending only on the cosine of the
angle between n, and the direction of the normal. Thus,
even for linear polarization, the dependence of g for the
forward direction arises only with account of terms
that are quadratic in A. Actually, I§¥ and I{" depend on
the parameter y = & cos B,, which is proportional to
the difference in the phase velocities of the propagation
of the components of the electromagnetic field E-; and
E, in an anisotropic medium. The parameter
6 = 4rkgo '~ A*p|a| ! depends on the wavelength A and
is always greater than 7 since in our case A*/|a|
~ A%/a% > 1, where a, is the effective dimension of the
scattering particle.

1t follows from Fig. 2 that for y > 1, the polarlzatlon
is of the order y * < 1 and for y = 0, I{* )= 0 and I§*
equal to the value of the polarization in Rayleigh scat-
tering in an isotropic medium. Such a behavior of the
polarization is explained by the interference of the
waves, which have different propagation velocities in
the medium. It is natural that there is no interference
in the direction perpendicular to the field, when the
velocities of the waves are the same, and the polariza-
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tion is the same as in the case & = 0 (Rayleigh scatter-
ing).

Let us estimate the accuracy of the formulas devel-
oped here. It is seen from Fig. 1 that the error in the
calculation of I, ~ 5%. The accuracy of the formulas
describing the linear polarization can be estimated by
setting y = 0 and comparing them with the well-known
numerical solutions for Rayleigh scattering. The error
in this case does not exceed 25%. The maximum error
is the calculation of circular polarization also reaches
this value, which is established by comparing the suc-
cessive approximations.

In conclusion, we put down some numerical estimates
of the expansion parameters used here. Thus, in light
scattering, with a wavelength A =5 X 10°° ¢cm in a plasma
with a magnetic field of 42.5 Oe, we get n = % and
6 =1.3% 10°

By means of the formulas obtained, it can easily be
shown that the radiation flux from a distant object,
which can be regarded as a point, will be polarized.
Thus, in the scattering of electromagnetic radiation in
a plasma in the dipole magnetic field Hegs = mor ™, the
circular polarization of the radiation flux at large dis-
tances from the object reaches the value 0.4 neff(nlm),
where m is the direction of the dipole. The formulas
obtained for the description of the polarization of the
radiation from distant celestial objects.
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