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The attenuation and shift of the levels of electrons moving in a magnetic field and being reflected from 
the rough surface of a metal are related to the microscopic characteristics of the surface. The results 
describe an electron for which the component of the wavelength normal to the surface is large in com
parison with the average roughness. An expression is obtained for the density of states. 

1. INTRODUCTION 

I T is well known that Landau levels exist in a constant 
magnetic field H, the distance between these levels 
being determined by the frequency of revolution 
n = eH/mc of an electron in a cyclotron orbit. In a finite 
sample, together with the electrons moving in such or
bits there are also electrons which collide with the sur
face. Under suitable conditions, for example, in a mag
netic field parallel to the surface, upon specular reflec
tion of the electrons from the surface their motion is 
periodic, and a new system of levels appears. Such 
quantization was first considered by I. Lifshitz and 
Kosevich. lll 

A trajectory of an electron undergoing collisions with 
the surface is shown in Fig. 1. The metal occupies the 
half-space x > 0, the magnetic field is parallel to the z 
axis, and the dotted line indicates the part of the orbit 
located outside of the metal. The period of motion along 
a trajectory lying inside the metal is given by 

cp 2 ""' T=-=-arctg-, 
Q Q Vy 

where vx and vy denote the components of the electron's 
velocity after its reflection from the surface. 

Expressing vx and vy in terms of the tangential com
ponents of the momentum, which are integrals of the 
motion, for small values of the ratio vxlvy we obtain: 

T = 2(2me- p2)''•/0py, p2 = Pu2 +pi. 

In the quasiclassical case the period T determines the 
distance between neighboring quantum levels 

{Je /6n = nliCpy (2me- p2) -'1•. 

The dependence itself of E on n is obtained after integra
tion: 

e=[ 3ni!Cpy (n-_!_)]'''+L, 
2i2m 4 2m (1.1) 

n = 1, 2, ... , 0 < Pu I (2me- p.') 'I• <;;; 1. 

Experimentally the existence of the levels (1.1) ap
pears in oscillations of the surface impedance, which 
were first observed by Kh:Ukin. l 2 J The origin of these 
oscillations was explained by Nee and Prange. l3 J The 
oscillations arise as a result of transitions of an elec
tron between levels with different values of n. The basic 
condition for the existence of surface levels is the 
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Fig. I. Electron orbit. 

specular nature of the surface. A real surface, of 
course, does not satisfy this condition. As a conse
quence of the roughnesses, after a collision an electron 
crosses into another cyclotron orbit, which leads to a 
broadening and a shift of the levels. This question was 
discussed qualitatively in articles l4,sJ. 

In the present article it is shown that in certain cases 
a relatively simple theory can be constructed, making 
it possible to relate the width and shift of the levels to 
certain characteristics of the surface. An expression is 
also obtained for the density of the levels. 

2. BOUNDARY CONDITION. DENSITY MATRIX 

Let the equation of the surface have the form x = ~ (s) 
where s is the point with coordinates y and z. We shall 
regard ~ (s) as a random quantity and average observa
ble quantities over an ensemble of the functions ~ . In 
this connection the average value of any observable 
quantity can be expressed in terms of the average of a 
certain number of products of the functions ~ . 

The average value (~ (s)), and also the average of 
the product of an arbitrary odd number of functions ~ 
can be regarded as equal to zero since the result of 
averaging should not change upon changing the sign of ~ . 
In virtue of the uniformity of the surface the binary 
correlation function should only depend on the difference 
of coordinates: 

(~(s) !;(s,)) = s•(s- si). (2.1) 

We require the Fourier components 

S(P)= J tPs !;(s)e'•', 

where p is a two-dimensional vector with components 
Py and Pz· Let us rewrite Eq. (2.1) in terms of Fourier 
components: 

(6(p)6(p,)) = s2(p) (2n)26(p + p,). (2.2) 

We require that the single-particle wave function on 
the true surface should satisfy the following boundary 
condition: 
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1(l(xs) lx=M = 0. (2.3) 

We shall assume the characteristic period of variation 
of l/J with respect to the variable x to be large in com
parison with the average magnitude a of a roughness: 

a== a(2me- p2) ''• /li ~ 1 (2.4) 

and we expand condition (2.3) in powers of ~ : 

1(l(Os) +s(s)IIIJl(Os)/ilx=O. (2.5) 

In the approximation under consideration the attenua
tion and shift of the levels are proportional to ~2(p), 
i.e., quadratic in~, as will be shown below. The latter 
means that in condition (2.5) it is necessary to keep the 
term of second order in ~. However, one can show that it 
leads to a quantity of the next order of smallness in a. 
Condit~on (2.4) will be regarded as satisfied everywhere 
in this article. The opposite limiting case may be trea
ted by the method of geometrical.optics. 

The boundary condition (2.5) helps to explain the 
meaning of the function ~ 2(p). For this purpose let us 
consider a free electron gas in the absence of fields and 
expand 1/J(xs) in eigenfunctions corresponding to a given 
energy e: 

ljl(xs)=J d}p ,p(p.p)b(e-Pi+P2 )exp(ipxx+ips) 
(2n) 2 2m 

S d2p . . ] . (2 6) = (2n)•lvxl [ljl(p.p)e'P••+w(-p.p)e-•P.• e•••, • 

where Px = (2me- p2)112 • The boundary condition (2.5) 
gives 

Let us consider the solution corresponding to a given 
value for the amplitude of the incident wave 1/J(-PxP>· 
To within quadratic terms in ~ we find 

S d2q 
IJl(PxP)=-Ijl(-p.p)+2ipx (2n)2 Mp-q)ljl(-q.q) 

d2q d2q' 
-2p.J (2n)4 q.5(p-q)5(q-q')ljl(-q.q). (2.8) 

Now let us construct the density matrix in the described 
representation: 

p(pp') =(,p•(p.,p)'¢(p.,'p')). (2.9) 
Setting up the bilinear combination of the functions (2.8) 
and averaging, we find 

p(pp') = (2n)26(p- p') (IIJl(p.,p) 12), 

( IIJl(PxP) 12) = 1'¢(-PxP) 12 [ 1-Px S ~q qx52(P- q)] 

. d•q 
+ p,i J -;2s•(P- q) lw(-q,q) 1•. (2.10) 

The diagonal matrix elements of the density matrix 
determine the probability density in the reflected wave 
averaged over the roughnesses. One can uniquely relate 
this quantity to the distribution function which appears 
in classical kinetic theory. Therefore, with the aid of 
(2.10) one obtains the boundary condition which the 
distribution function f(p) must satisfy: 

f(PxP)= f( -p.p) [ 1-Px s ~; 52(p- q) q.] (2.11) 

S d2q 
+ Px -;2 62 (p - q) q.f ( -q.q) ; q. = )'2ms - q2• 

Here the difference in the normalization of f(p) and 
l/J(p p) has been taken into account. The condition (2.11) 
autl;cmatically guarantees that the flow of particles 
through the "reduced" surface x = 0 is equal to zero. 
It differs substantially from the phenomenological boun
dary condition which is usually required in the kinetic 
theory of metals. 

3. DENSITY OF STATES 

As is well known, the density of states is determined 
by the Green's function G(r, r' ; e): 

dz is de=--; d8rlm(G(r,r;e)). (3.1) 

Here it exists in the form of a retarded Green's function, 
which corresponds to the addition to the energy variable 
(which we shall not write down in what follows) of an 
infinitesimal correction with a positive imaginary part. 
The angular brackets denote averaging over the rough
neeses. The Green's function satisfies the well-known 
equation 

(ll(r) - e)G(r, r') = -6(r- r') 

and the boundary condition (2.5): 
11 

G(Os, x's') + Ms) ox G(Os, x's')= 0. 

(3.2) 

(3.3) 

Let us expand the function G in a Fourier integral with 
respect to the variables s and s': 

G(xs x's')=sd•pd2p' G(xp,x'p')exp {t(ps-p's')}. (3.4) 
' (2n) 4 

Later on we will need the function G00 (r, r') which 
satisfies Eq. (3.2) over all space. In order to calculate 
G00 (r, r') we extend the definition of the Hamiltonian 
H(r) to the region x < 0, having chosen it in the same 
manner as if no surface were present. Since in this case 
the conditions of the problem are homogeneous in the 
variables s and s', one can find a representation in 
which the dependence of G00 on sands' is determined by 
only the difference s- s'. Then 

G..,(xs,x's')= J (:~ 2 Goo(xx',p)exp {ip(s-s')}. 

The function G00 (xx', p) satisfies the one-dimensional 
equation which is obtained from Eq. (3.2): 

{ ~m[P.•+ (py- e~x )" +p,2 ]-e}G~(xx',p)=-6(x-x');(3.5) 

the vector-potential of the uniform field is chosen in the 
form A = {0, Hx, 0}. Here a term which depends on the 
spin has been omitted. Taking it into account reduces to 
the replacement E - E ± IJ. H and to a summation over 
the two spin states in all final formulas. 

One can write down the Green's function Goo (xx', p) 
in the form of a series in eigenfunctions of the corre
sponding homogeneous equation, which are the Hermite 
functions 1/Jn(x- Pyc/eH): 

en= liQ(n -'/•) + pz'/2m, n = 1,2, ... 

(3.6) 

(3.7) 

The function G00 (xx', p) may be represented in a dif
ferent form which is more convenient for calculations. 
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As is well known, the solution of an inhomogeneous 
equation with a o-shaped right hand side can be sought 
in the form of a bilinear combination of two linearly 
independent solutions of the homogeneous equation, for 
which we choose the parabolic cylinder functions 
Dz- 1 !2(~) and Dz- 1 ;2 (~), where 

l=(e- P•2
)-1-, ~=(x- cpy)~, Xo=( . .!!!:...)'''. (3.8) 

2m liQ eH x 0 2eH 

The function Dz_ 112 ( ~) - 0 as G - +oo. Then we obtain 

G ( ., ) f(-1- 1/2) {Dt-•d~)Dt-'/,(-0, x>x'. (3.9) 
'00 xx,p =-

Y2n Dt-•ds')Dt-•J,(- ~). x' >X 

The gamma function r(-l- 1/2) arises upon joining the 
solutions together at the point x = x'. Its tending to 
infinity corresponds to the volume Landau levels given 
by Eq. (3.7). 

In the next section we proceed to solve Eqs. (3.2) and 
(3.3), but here we present the almost obvious solution 
for G(xp, x' p') in the case of specular reflection ( ~ = 0): 

Go(xp,x'p')=(2n) 2/l(p- p') [ G.,.(xx', p) G..,(.xO, p)G..,(Ox', p) ] . 
G~(OO, p) 

(3.10) 

Expression (3.10) satisfies Eq. (3.2) and vanishes for 
x, x' = 0. The poles of the second term in (3.10), which 
determine the surface levels, are the zeros of the func
tion G00 (00, p). This circumstance can be easily under
stood with the aid of Eq. (3 .9) if it is taken into account 
that the eigenfunctions of Eq. (3.5), without anything on 
the right hand side, must vanish on the surface. 

Formula (3.10) enables us to obtain the density of 
states associated with specular reflection ( ~ = 0). For 
this purpose it is necessary to substitute (3 .10) and 
(3.6) into (3.1) and integrate over the half-space x > 0. 
Since the integrand does not depend on the coordinate s, 
the integration over s gives the area of the surface, S. 
After integration over Py (with the aid of the ortho
gonality relations) the flrst term in (3 .10) turns out to 
not depend on x and one obtains, on the whole a factor 
proportional to the volume. The integration of the sec
ond term in (3.10) is carried out by using the evenness 
property of the Hermite functions, as a consequence of 
which Goc(xx', p) = Goo(-x, -x', -p). One can therefore 
extend the integration over x > 0 to an integration over 
the entire axis, but then again use the orthogonality of 
the Hermite functions. Thus we obtain 

dz eHV ~ J dp, S J d2p a 
-d =-"-....l (Z li) 2 ll(e-en)--2 (Znli) 2 ImalnGoo(OO,p). 

e c n~l n n e (3.1l) 

The first term leads to the well-known expression 
for the density of the Landau levels: 

dz<Vl VeHm'" ~~ [ • ( 1 )]-''' --= e-liQ n-- . 
de 2'1, n 21i2c 2 

n=l 

The poles and zeros of the function G00 (00, p) introduce 
a contribution to the second term in Eq. (3.11). We 
denote the values of E for which G00 (00, p) has poles 
and zeros by E(V)(p) and E(S)(p), respectively. 

n n 
The regular part of the logarithmic derivative does 

not give any contribution since the Green's function 
(3.9) is real (in spite of the complex nature of the 

asymptotic expression (3.15)) for real values of its 
arguments. One obtains 

dz _ dz(V) '\"1 s d2 p [ (S) 1 (V) ] 
a;;------;z;-+8 .t.....J (2nli) 2 b(e-en )-2b(e-en ) (3.12) 

n 

which is essentially an expansion in powers of v-113 ; 

the summation is carried out over all poles of 
r(-l- 1/2) and over the zeros of Dz_ 112 (~). 

One can easily find the position of the zeros by using 
the quasiclassical asymptotic exrsressions for Dz _112 ( ~) 
which have been studied by Fok: sJ 

t 

DL-Y,(S) 2 Ct exp{-21Jdtyt2 -1}, t>1, 
(t -1) •;, 1 (3 .13) 

2Ct ( s' -, n) (3 14) Dt-•;,(~)= (1-t2)'/,cos 21 
1
dty1-t +--;;;, 1>t>-1. • 

Dt-'f, (~) Ct { exp [tn ( 1-~) - 21-J
1 

dt ft2 - 1] 
(t2 - 1) '!. 2 1 

1 -1 --

-2sinn(1---z)exp[2lfdtit2-1]}. t<-1, (3.15) 

where 

C1=2-'i>exp{ -~+1-(1---i)lnl}, t= 2~1 . (3.16) 

The condition for the validity of expressions 
(3.13)-(3.15) is 

1l1-t2 1'"~ ltl. (3 .17) 

The cited asymptotic expressions pertain to the case 
l > 0 since the zeros of Dz_ 112 ( ~) only lie in this region. 

It is convenient to picture the position of the zeros in 
terms of the dependence of t on l for a given number 
n, where 

t- py 
- (2me - pl) 'f, ' 

I={ e- pl) _1 
\ 2m liQ 

(see Fig. 2). This dependence is determined by the 
equations 

l[arc cost- t(1- t2 )'1•] = n(n- 1/ 4), -1 < t < 1, (3.18) 

l = n- 1/ 2 + (2n)-1 exp {-2(n- 1/ 2}[ltl (t2 - 1)'!. -Arch t]}, t < -1. 
(3.19) 

If tis close to unity, then by expanding cos- 1 t in powers 
of (1- e) 112 we arrive at Eq. (1.1). 

Equations (3.18) and (3.19) have a simple physical 
meaning. If the electron does not collide with the sur
face, then t < -1 and the spectrum (3.19) to within an 
exponential term is simply the spectrum of the Landau 
levels (3.7). Let us begin to let the center of the orbit 
approach the surface. The condition when it first touches 
the surface is t = -1, and we arrive in the region des
cribed by relation (3.18). If t > 0 the center of the orbit 

t I ., --------------------------

I 
I 
I 
I 
I 

-1 -I
I 
I 
I 

n=f 

Fig. 2. Trajectories of the levels. 
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lies outside the surface of the metal, but fort > 1 the 
orbit does not have any sections lying inside the metal. 

Now let us return to the density of states (3.12). The 
contribution of the zeros and poles to the density of the 
surface states depends on the region in which the ap
propriate integrand is being considered. For large 
negative values of t the zeros and poles merge together, 
essentially canceling each other. For -1 < t < 1 the 
contribution of a pole may be combined with the corre
sponding term in the density of Landau levels, its rela
tive magnitude is r>f the order of R/Lx, where 
R = (2E/m) 1 k/O is the Larmor radius, and Lx is the 
extent of the metal in the x direction. 2 > Then, what re
mains in the n-th term in the expression for the density 
of surface levels after integration over Pz with the 
utilization of Fig. 2, has the following form: 

(:f~=(2~2 {e(6n- !) 

mln{&A, ljln;} 

)( J dl (t2 -1)-'l•(t'ln -l)-'l•(l'6n + l'6n -l)-t 
0 

(3.20) 
where the dependence t(l) in the first term is described 
by formula (3.18), and in the second term by (3.19); 
lin= E/fi.O- n + 1/2. 

The integral I appearing inside the curly brackets in 
(3.20) can be estimated in the following way (~ - 1): 

t!l.- --.;;:1 [ 2(11- 1/2) ]''• 
- ln(1/2n6n) ""' ' 

(3 .21) 

_ a2 ( 11 )'/o ~ _I _I 
]_ {J 'I•( _ 1/ )''• +aa 6 _ 1/ , 1....::6n /4..,.;:;11 14, 

n 11 2 n 4 (3.22) 

a2 [ 211,. ]''• 1= , , +a4 , t'ln>-11- 1/4. 
6.,1•(11-1/2)'• 3n(11- 1/4) (3.23) 

The singularities of the density of surface states lie at 
lin= O, i.e., at those points which are also the singulari
ties of the density of the volume states. The nature of 
these singularities is given by formulas (3.21)-(3.23). 

For E/fl.O » 1 the last term in Eq. (3.23) carries the 
major contribution to the nonsingular part of the density 
of surface states. In this connection the number of 
terms in the sum (3.12) is large and, digressing from 
the singularities of the density of states, one can re
place the summation by an integration. We obtainl7 J 

( dz )(s) ~ Sm ( liQ )''• _e_ 1. 
de 1i2 e 'liQ> 

(3.24) 

This quantity is inversely proportional to the magnetic 
field, and its ratio to the smooth part of the density of 
volume states is of the order of 

( dz )<Bl / ( dz )(VJ 1i ( e )''• 
de de ~ Lx(2me)'l• I!Q 

4. ATTENUATION OF THE LEVElS 

Let us calculate the Green's function satisfying Eq. 
(3.2) and the boundary condition (3.3). Just as is as-

2>Two surfaces, bounding the metal in the x direction, can be con
sidered independently if Lx > R. 

sumed for the solution of boundary value problems, we 
shall seek the solution in the form 

G(r,r')=G .. (r,r')+ J ds"G .. (r,s")l'(s",r'), (4.1) 

where the unknown function IJ.(S, r'), playing the role of 
the density of surface charges, must satisfy only condi
tion (3.3) since the right hand side of Eq. (4.1) satisfies 
Eq. (3.2) for arbitrary IJ.. 

Let us expand IJ.(s", s'x') in a Fourier integral with 
respect to s" and s', and we introduce a new function 
v(pp') which is related to IJ.{p, p'x') by the equation 

( '') v(pp') G .. '(Ox',p) (2n)26( - ') 
f.l p,px = G~'(OO,p) G.,'(OO,p) p P . (4 .2) 

Here and below 
iJ 

G .. ' (Ox', p)= lim ;;-G .. (xx', p); 
x-+O+ uX 

among the arguments of 11 we do not write down the 
variable x', which plays the role of a parameter. For 
the determination of v(pp'), from Eq. (3.3) we obtain the 
equation 

v(pp') =(2n)26(p-p')ljl(p)+ J (2dq) 2 !;(p-q)v(qp'), (4.3) 
~(p) :rt 

whose solution has been well investigated in the theory 
of alloys. lsJ The difference is associated with the fact 
that instead of averaging over the positions of the im
purities here it is necessary to average over the random 
functions ~ , which was done for H = 0 by Chaplik and 
Entin. lBJ The functions q~(p) and 1/J(p) are determined by 
the expressions 

<p(p)=-c~<oo,p)= _ _!_fJD,_./,m 1 1 . (4.4) 
Goo (00, p) Xo 8~ Dt-•1, (~) 

b=2p11xoJ1l 

ljl(p) = G .. (Ox', p)- G .. '(Ox', p)G .. (OO, p) /G .. '(OO, p). (4.5) 

Equation (4.3) is solved by iterations in~, which 
corresponds to an expansion in powers of a (see Eq. 
(2.4)), and at each stage averaging is carried out. 

The result of the zero-order approximation, v0(pp') 
= (27T)21i(p- p')l/J(p)q~(p), has already been used in Eq. 
(3 .10). 

In the first two approximations it is necessary to 
average the expressions which are shown graphically 
in Figs. 3 a and 3 b. The diagram shown in Fig. 3 a is 
equal to zero because ( ~ (p - p')) = 0. Averaging of the 
diagram shown in Fig. 3 b leads to the graph shown in 
Fig. 4 a, where the dotted lines indicate the binary 
correlation function. In this case one integration is re
moved with the aid of Eq. (2.1), and the result turns out 
to be given by 

v2(pp') = (2n)211(p-p')v2(P), (4.6) 

where J dq 
Y2(P)= vo(P)'P(P) (2n) 2<p(q)S2(P- q) · 

(4.7) 

Since the correction (4.7) turns out to be of the order 

I p-p' :p-q : q-p' q' ,t,-p'-q 
I \ 
I I I I I 
I I I I I 

p I p' p I q I P' p II P' 

b 

FIG. 3. Unaveraged diagrams of perturbation theory. The solid lines 
correspond to G00- 1 (00, p), tile dotted lines to ~(p). 
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... e.:.~ 
.L___>.._ 

p v p p v p b , p 

,I\, 
,,,, v-q' 
~ V/fr,, 

f f f P ', __ /p•ifq D 
d p-q D 

FIG. 4. Averaged diagrams of perturbation theory. A dotted segment 
corresponds to the binary correlation function ~2 (p), and four segments 
starting from a single point correspond to the fourth order correlation 
function. 

of e' in the boundary condition (3.3) it would be neces
sary to also write down the terms of second order in ~ . 
In this connection, together with the vertex of the type 
shown in Fig. 3 a, the new vertex shown in Fig. 3 c ap
pears. Averaging of this graph (see Fig. 4 c) gives the 
factor 

S d2q 
(2n)•s2(q)= a2, 

where a2 denotes the value of the binary correlation 
function ~ 2 (s) for s = 0. Thus, taking account of the 
diagrams of the type shown in Fig. 4 c corresponds 
simply to a renormalization of the Green's function and 
does not shift its poles. 

Since cp(p) has poles corresponding to the zeros of 
G00 (00, p), i.e., correspond to surface states, it is im
possible to confine ourselves to the second-order cor
rection (4.7). In subsequent approximations, together 
with diagrams of the type shown in Fig. 4b, graphs ap
pear containing higher- order correlation functions. 
Thus, a correlation function of fourth order is shown in 
Fig. 4d. It is easy to see that, in comparison with 
Fig. 4b, diagrams of the type shown in Figs. 4d and 4e 
do not contain a pole factor cp(p). 

Summation of all dangerous diagrams is accomplished 
by the equation 

S d2q v(q) 
v(p)= vo(Pl+ v (P)!Jl(P) (Zn)• 'ljl(q) 62(P- q), (4.8) 

where v(p) is related to ( v(pp')) by a relation of the 
type (4.6). The solution of Eq. (4.8) has the form 

v(p) /'ljl(p) = [q>-t(p) -l:(p)]-•, (4.9) 

and the self-energy part 1:: (p) satisfies the equation 

S s2(p- q) d2q 
2::(p)= !Jl-'(q)-l:(q) (Zn)•, (4.10) 

Using the formulas written down, we obtain the fol
lowing answer for the Green's function: 

(G(xp,x'p')) = (2n) 21l(p-p')G(xx',p), 
G..,(xO,p)G..,(Ox',p) (4 11) 

G(xx',p)=G..,(xx',p)- G..,(OO,p)-G..,'(OO p):E(p) . 

Here only the pole part of G is written down, which is 
the only part which is essential for a determination of 
the damping. 

The poles of the second term in (4.11) determine the 
spectrum of the surface states: 

aDt-'1• (~) 1 2:: ( ) O 
Dt-•,,m- a~ xo P = ; 

(4.12) 

the relation of l and i; with p and t: is given by relation
ship (3.8), where it is necessary to set x = 0. 

P, 

FIG. 5. Projection of the intersec
tion of the energy bands with an equal- _...::.:::_~-'-l-''+--'-tt:-'-1-=tt---l-""-
energy plane. I 

I 
I 

I 

In order to analyze Eq. (4.10), let us turn to Fig. 5 
on which the solid curves represent projections of 
intersections of the surfaces t: = t:~J(q), on which 
cp-1 (q) vanishes, with the plane E = const. The region 
bounded by the circle of radius (2mt:) 112 corresponds to 
electrons colliding with the surface; in a circle of radius 
h/ d with center at the point p is indicated a region g in 
which the function ~ (p - q) - a 2d2 differs from zero. 
Let Op(EPn)/on denote the distance in the plane p be
tween neighboring levels. This quantity is determined 
by differentiation of relations (3.18) and (3.19). In rela
tively weak magnetic fields, such that E/ flO » 1, it will 
have a value Op/on « v'2m t:. 

Depending on the relation between Op/on and fl/d 
there are two possibilities. For Op/lin « 1'1/d the func
tion cp-1(q) has many zeros in the range of integration in 
(4.10), and the basic assumption (2.4) means that 

2:: (p) (2me- p2)''•/ li~ 1. (4.13) 

In this case in the integral (4.10) one should omit 
!: (q), understanding the integral in the sense of a prin
cipal value. For Op/On » 11./d the condition for the 
smallness of!: remains the previous condition (4.13) 
for 1'1/d » v'2mt: and becomes more stringent for 11/d 
« v'2mL In this latter case one can omit 1:: (q) inside 
the integral in Eq. (4.10) only under the condition that 

(4.14) 

We shall assume that conditions (4.13) and (4.14) are 
satisfied, and we calculate the displacement lipt>(t:pz) 

= Py- Pyn>(EPz) as a consequence of scattering on the 
surface (p~n>(EPz) is the solution of Eq. (4.12) for !:(p) 

= 0). In this approximation one can expand Eq. (4.12) 
with respect to !: near Pyn> ( Epz): 

<n> ~J d2q . <n'> <n> 
llpy (ep,)= ~ (4rrxo)• mll(qy- qy g.(py - qy,pz- q,) 

n• 

c d2q a { ( 2qyxo ) } +J (4rrxo)2 aqt. lnDt-% -h- S2(py<n>-qy,p.-q,).(4.15) 

The first term on the right hand side of (4.15) ap
pears as a result of going arou1;1d the poles of cp(q), and 
the second term is the principal value of the integral. 
Formula (4.15) in essence represents the characteristic 
result of second order perturbation theory; the li-func
tion expresses the law of conservation of the center of 
the orbit, and the last term takes into account transi
tions to volume states. 

The integral (4.15) can be estimated with the aid of 
Fig. 5. First let us consider the case fl/d « lip/On. 
Then only the single term with n = n' remains in the 
sum (4.15), which only gives a contribution to the at
tenuation, while the last term of (4.15) only gives a con
tribution to the shift of the level: 
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(n} • nlta2 [ { {}p~n) ( ep,) ) 2] -'I• a2 
6py (ep,)- 1-- 1+ +C-2-(2me-p2)'1•, 

fno2d {}p, a:o (4.16) 

Here C is a real constant. The derivative apy/8pz is 
taken along the trajectory Pym(E::Pz): 

{}py<n>(ep,) p, . { n- lj, + t) 
op, (2me-pl)''• nl(1-t2)''• ' 

-1<t< 1. 

For electrons which do not collide with the surface, the 
first term in (4.16) is exponentially small because 
apy/apz- oo asPy- -oo. 

If lip/lin« fl/d, then in the summation in (4.15) one 
should take many terms into account, and one can re
place it by an integral. The damping and shift of a level 
turn out to be of the same order; however, their esti
mate for fl/d « ..J2mt still depends on just how close the 
point p is to the right boundary of the region g. If p is 
located near the right boundary, so that fl/d » m£/p 
- p/2, then 

(n) a2 { pit } ''• 6py (ep,)-- - . 
xo2 d 

(4.17) 

In the other limiting case fl/d « mE/p- p/2 we obtain 

(4.18) 

Finally, let us estimate the shift and the attenuation for 
fl/d » ..J2mE and p < ..J2mE. We have 

(4.19) 

It still remains to verify whether conditions (4.13) 
and (4.14) are satisfied. One can easily do this with the 
aid of formulas (4.16) and (4.19) if the relation 

2zo2 
1:=-11-6py<n>(ep,). 

is taken into account. 
For practical estimates it is convenient to represent 

the formulas obtained here in another form, regarding 
the quantum numbers p and n as independent and expres
sing them in terms of the shift and attenuation of the 
n-th level, E (p) = E(S)(p) +lit (p). The required con-

n n n 
nection is obtained by simple differentiation of relations 
(3.18) and (3.19): 

Ce = 2Qxol'lj (n- 1/ 4)/nl(i- t 2) 'I• -1- tl- 1 6p~n) (ep,), -1 < t < 1, 

6e=4Qxo(l- n + 1/2) (n- 1h)'"(t2 -1)'1•/)p~n) (ep,), t > 1. 

The relation oft and l with pis given by formulas (3.18) 
and (3.19). In the case of skipping orbits, whose spec
trum is described by expression (1.1), one finds 

6e = (2me- p,2)'f•Bpy<n>(ep,) / m. 

5. DISCUSSION OF THE RESULTS 

For a perfectly smooth surface the arrangement of 
the levels is described by relations (3.18) and (3.19) 
where Py• Pz• and n serve as the quantum numbers. The 
distance between neighboring levels for skipping elec
tron orbits is given by 

~ _ ltQ [ 2(e- p,2/2m) ]''• 
lin 11 3nhQn 

for (e- 1)112 « 1 and liE/lin~ 1H2 in the general case, 
i.e., if e- 1 ~ 1. The small parameter appearing here 
has a value 

[3nltQ /2(e- p,2/2m)]"• -iO-t-;..10-2 

in fields of the order of oersteds and for characteristic 
values of the Fermi energy. As a consequence of the 
unevenness of the surface the levels are displaced, and 
attenuation arises, which is described by the formulas 
presented in Section 4. The results obtained here are 
valid if the component of the electron's wavelength 
normal to the metal surface is large in comparison with 
the average size of a surface roughness: a(2mE- p2)112 

«fl. 
The shift and attenuation of a level are maximal when 

the size d of the planar sections of the surface are so 
small that during collisions with the surface the elec
tron may go into practically any quantum state. In this 
case liE~ a2d2 0(2mt:)312(2mE- p~) 112/fl3 (see Eq. (4.19)). 
If the parameters a and d are of atomic dimensions, 
then for not overly large values of Pz one will have 
li £ ~ fl. n. This quantity is small in comparison with the 
distance between levels only for skipping electrons. 
Such a situation is also preserved for other values of 
the parameter d. Scattering from the surface essentially 
has no effect on the spectrum of skipping electrons, and 
for them the main effect is due to scattering by volume 
defects, for example, by impurities. If the gliding angles 
are not small, then scattering on the surface has a sub
stantial effect on the spectrum of the surface states, and 
formulas (4.16)-(4.19) may serve, for example, as a 
means of investigating the surface and electronic 
properties. The corresponding experiment may be, for 
example, the observation of a cutting off of the cyclo
tron resonance. l 10 l 

The density of surface states was calculated in Sec. 
3 only for the specular case. It is easy to understand 
what happens when scattering on the surface is taken 
into account. Since the singularities of the states are 
related to levels, the distance between which is flO, 
scattering by a surface leads to an effective broadening 
of these singularities (here the fact that an electron 
moving in such an orbit "sees" the surface under a 
small angle is not essential). The smooth part of the 
density of the surface states (3.12) is primarily related 
to the levels of the skipping electrons. Therefore its de
pendence on the magnetic field remains the same as the 
previous dependence (3.25), provided that the character
istic wavelength is small in comparison with the mean 
free path associated with scattering by volume defects. 

In conclusion the author expresses his gratitude to 
A. A. Abrikosov for a discussion of the work and to 
I. A. Shishmarev for a stimulating review. 
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