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A kinetic equation for electrons in metals is derived and takes into account interband electron transi-
tions and their mutual collisions with phonons. An expression for the high-frequency electric conduc-
tivity tensor is obtained. Its analysis leads to the following results, which are valid for arbitrary
electron and phonon dispersion laws: 1) At optical frequencies lower than the threshold of the internal
photoeffect, interband transitions affect the electric conductivity appreciably. In particular, an addi-
tional contribution to electron-phonon collisions appears which, in the far infrared region, is identical
in frequency dependence and in order of magnitude with the intraband contribution of the interelectron
collisions. However, the temperature dependence is different. 2) In the vicinity of the internal-photo-

effect threshold, collisions modify the frequency dependence of interband electric conductivity.

A concrete calculation of interband electric conductivity is performed for metals described by the
weak pseudopotential model. ‘‘Interband’’ effective collision frequencies are calculated for poly-
valent nontransition metals and expressions are obtained for the shape and height of the internal-
photoeffect peaks. The results are compared with available experimental data. Possible causes of
discrepancy between the experimental values of the internal-photoeffect peak widths and those cal-
culated here are discussed. For alkali metals it is shown that the ‘‘extra’’’absorption bands observed
experimentally may be ascribed to indirect interband and to intraband electron transitions to regions
in p-space which are close to the Bragg planes. The shape of the ‘‘extra’’ band and the value of its
long-wave threshold are in good agreement with the experiments.

AS is well known, the optical properties of most typi-
cal metals in near-infrared and in the visible regions
of the spectrum are determined to a considerable de-
gree by the interband transitions of the electrons (the
so-called internal (photoconductive) photoeffect)“]. In
many papers (see, for example,!?™]), the contribution
of the interband transitions to the optical characteris-
tics of the metals is determined on the basis of various
assumptions concerning the electronic spectrum. The
authors of these papers did not take into account the
effect of various electron collisions on the interband
transitions. However, in the spectral region where the
frequency of the light w is smaller than or is close to
the threshold frequency of the direct interband transi-
tions wqjr, it is essential to take the collisions into
account,

Indeed, when w < wtpyp, interband transitions can
occur only with collisions taking part. As will be shown
below, these processes play an appreciable role even

at frequencies much lower than the threshold frequency.

The threshold frequency w = wthr, itself, the optical
characteristics (we shall henceforth speak specifically
of the electric conductivity o), defined without allow-
ance for collisions, usually contain a singularity. In the
general case, as shown by Kaganov and Lifshitz!®, the
first or second derivative of the electric conductivity
with respect to the frequency w becomes infinite at

w = wthr. On the other hand, in metals for which the
weak local pseudopotential is valid and in which the
weak local pseudopotential is valid and in which the
Fermi surface intersects the boundaries of the Bril-
louin zone, the electric conductivity itself becoms in-
finite at the threshold. (This circumstance was first
pointed out by Harrison[%].) Understandably, allowance
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for the collisions should lead to a significant change in
the behavior of o(w) near threshold.

The present paper is devoted to an analysis of inter-
band transitions and to the calculation of the electric
conductivity tensor for different electron dispersion
laws, with allowance for electron-electron and elec-
tron-phonon collisions.

1. KINETIC EQUATION WITH ALLOWANCE FOR
INTERBAND TRANSITIONS

We derive below a quantum kinetic equation for the
single-particle density matrix of electrons in a metal,
with account taken of the possibility of interband
transitions of the electrons and of their collisions with
one another and with phonons.

The single-particle density matrix is defined, as
usual, as follows®":

ppp (1) = Cap*(t)ap(?)),
where ap(t) and ap(t) are the Heisenberg operators
of creation and annihilation of a Bloch electron in a
state with quasi-momentum p, and the spin indices ¢

will henceforth be omitted as a rule.
We write the Hamiltonian of the system in the form

H=H0+Hf+Hee+Hep,

Hy= nga,ﬁ'ap + Zﬁwq bgtbq.
P q
Here {p = €p — u is the excitation energy. We assume

)

DWe use the scheme of “expanded bands.” The single-particle state
is specified by a quasimomentum p, which varies over all of reciprocal
space. The interband transition in such a scheme is the transition in p-
space with change of the quasimomentum by a certain reciprocal-lattice
vector g.
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that the renormalization of the energy and of the chem-
ical potential as a result of the interactions is already
taken into account in gp. The quantities b{l and by are
the operators of creation and annihilation of a phonon
with momentum q.

The Hamiltonian of the interaction with the electro-
magnetic field is

e e
Hi=— -C—Av = — —C—AZ Vp,p.8p, Ty,
PP
A = Ageliotdt 8 40,

where vp,p,are the matrix elements of the velocity,
which do not vanish if p; — p- = g. When Hf is written
in this form, no account is taken of the inhomogeneity
of the magnetic field, which is of no importance in the
analysis of effects connected with interband transitions.

The electron-electron and electron-phonon interac-
tions are written in the form

1
Hee=— W e dptap,tapap,
2

PiP2PsP.

Hep= Z RBrpaaptap,(bqg +b_q
PP

1

PiP:PsPy E
(p'=p+g)
X (@py=p,80.6:80,0, — Bpy—py8a,0,80,0,) Op, 0/~ ~ 015

- .
Cp,p,’Cp,p,"Cp;pyC,p, -

Bp,pa = AQ7"eqh E o T 00,0.0m,py e
(p'=p+8§)
In these formulas § is the volume of the system, up
is the Fourier transform of the potential energy of the
interaction of two electrons, A is the ep interaction
constant, and c +g are the coefficients of expansion
’ . .

of the Bloch wave function p in plane waves:

Yp = 2 Cp,pge PTENN,
g

To derive the kinetic equation, we use a method
similar to the Bogolyubov method as applied to sys-
tems subjected to second quantization (see, for exam-
ple,®)). Differentiating the density matrix (1) with re-
spect to time and using the equation of motion of the
Heisenberg operators ihda(t)/8t =[a(t), H], we obtain

.0 e
(lﬁ 5 + §p’p> {aptap) + ’e A}; Vpp, ([apr"ap, ap,tap,])

= Z (Wop,ppsaptaptapap) — Wp,pzmp'<ap,+apz+al!ﬂp>)
PiP:P3
+ Z‘ (.%,,,,..;(llp""dp,(bq + b-qt) - -%p,p’q<am+an(bq + b—q+)>)7 (2)
Pq
Epp =Ep —&p
The time argument of the creation and annihilation op-
erator will henceforth be omitted.

It is now necessary to write equations of the same
type for the mean values of the four electron operators
and of the two electron and one phonon operators in
the right side of (2). For example,

2 4+ e +
; +
(lh e + Epppn | <@papapap> + e A 2 (Vpp Lapap,ap ap,>
P
+ 4 eatat
Vo, {Qpp2p.0p,> — Vppr {Gpap,ap.ap,>)

4o+ + +
Ty, gx}p W pupepep: <[0p @p,0p @ps G50 0p,0p,1>, 3)
<PsPeDs

gt
+ vpp{apapapay> —

i I
(’h 5t + &prp— ﬁ’,v)q) <a:'apan> - 'i— A %j'(vp P <a;)tavzbq>
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— Vpp <@ “p-bq> 2 %pzm\ lay ap‘bq’ ap ap, (bq, + b—q‘)D (4)

We assume the interaction to be small, in which
connection we uncouple the correlation functions in
the right sides of (3) and (4), i.e., we express them in
terms of the single-particle density matrix, for exam-
ple

(laptapby, aptap,(bq, + b—q") 1) = 6_q,a {Op.p.{7n.Na
+ npNg)aptap,) — 8prp,(npNq + fip-Na)aptan)},
fip=1—np, Nq=1-+ Nq.
Here np and Np are the equilibrium distribution func-
tions of the electrons and phonons.

We note that we did not write out a term correspond-
ing to ep interaction in the right side of (3) or to ee
interaction in (4), for upon uncoupling they lead to
mean values (bq) of higher order in terms of the in-
teractions.

As a result of the uncoupling, Eqs. (2) and (4) form
a closed system of equations for the density matrix.

We use the smallness of the electromagnetic field.
In the approximation linear in the field, the mean values
in the coefficients of the vector potential must be cal-
culated over the equilibrium distribution. These mean
values are conveniently obtained from the same equa-
tions (2)—(4), from which we discard the field terms
and the time derivatives. Calculation shows that for
the term

e

TApzplvp,pz([ap'+ap,ap,+apa]>
it suffices to confine oneself in (2) to the zeroth ap-
proximations in the interaction and to write it in the
form (e/c)A-v '(n

Substituting t%e solutlons of (3) and (4) in (2) and

taking the Fourier transform with respect to time, we
ultimately obtain in the approximation linear in the
field®

Ve .
(Eow — H)p ih + < {2<nw—np)vw+§ —“—D‘;‘L}
Lo Bk — flo

=Zlﬂf'pf& : (5)
T3
D =Dee + Depy

pp’
D' (0)=

I=1,. + I;,’p,
ﬁ:: (w)+ /ﬁ::: (— o)},

T (0)= T (0) — {Ton(— o)},

(Bﬂﬂ'-)" = 25 2 {2PB;):pkl; ("p'"pn’_’pz;‘k’ - ;‘p‘;‘m”pz"k’)“s Cppipk — h0)

PP

— Ppk e (Mp T Tip, — Ty pTp,) 8 (Gpricpipe — h19) — 8pre prp ps
X ("k"pnnpnnp; - nk"p,"pznpa) 8 Eppipop, — Fiw)},
Tt 3 PRy (o + ) s —
(LK )ee = WL {2P ppp.x (npnipip, 4 Rpnp ) 8 (Eprpypx — fiw)
Pipz

-, I
— Prpip, (RpTip, i, pr1ip i) 8 (5piopip, — Aid)

— dpr 2 P:lhpzlh (mp 1p. g, 4 Tip, 11, 15,) 8 (B o, — ew)},
P
(Dkk )ep = i 2 {(I)pkq [(nP";k'Nq - ;’p'nk’Nq) 8 ( Ep’k _h(l)q i hi:))
q
+ (np e Ng — npneNg) 6 (Epi + hwg — fim)]

2 As a check, the kinetic equation (5) was derived by the author
also by the technique of Konstantinov and Perel’ [®]. Such a proce-
dure is apparently more rigorous, since it does not involve uncoupling
the correlation functions, but is more cumbersome than the one de-
scribed above.
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— 8pie 2 fD:,,,q [("kﬁm]-v q— ;‘k”p- Nq) & (Epp, — hing
P
— ko) + ("k;'p.Nq - '_‘k"pANq) 8 (Eprp, 4 hog — Aw)]},
1
2
— 1) 4 (nyNq -+ iy Ng) 8 (i -+ g — Fio)]

— Sy O Dby [12p, Vg 4 1N ) 8 (Eprpy — 0 — hod)
P

(T02p = - i DA (g N - 1y N ) 8 (Epric — Fitog
q

4 (e Nq + np.Ng) 8 (Eprp, - Tiog — Tiw)]}.

In these formulas, summation over the spin indices
has already been carried out. If we write the matrix
elements of the interaction in the form

Woppop, = 50.(136010‘(]»19211:»‘ — 8616.86:0:Upipepepsy
ABoipa = So0.Bpp.as

where the quantities U and B no longer depend on the
spin indices, then we get for P and ¢

PPUPRPP

AN 154
DiP:DsDe 2 Wop oo orpeprne = 2 [(Upippane

10,0504

— 7 [NPERPRINPI § SR S T o, P
L pip P:Dx) (L PSP P Ll-“‘ ps'pUp-/ rl PP:PaPa[‘ PP P T Upllzllc paL PdPs’Pip2 ]’

PPy

Bppg = EQPM’N%P;’P\'(”H): 2BP;P1QBP2'F|'(—‘I)'
The upper indices of the quantities P and ¢, which
coincide with the lower ones, are omitted. The right
side of (5) is the collision integral of the electrons
with the phonons and with one another in the case when
the density matrix is not diagonal. We emphasize that
the form of the collision integral does not depend on
the cause of the nondiagonality. In this case, it is the

possibility of the interband transitions (pi)‘l;'

=8p4g,p’ p;;’>p+g), but the cause might also be, for
example, the spatial inhomogeneity of the electromag-
netic field.

It is easy to verify that if hw << miné&y +g, ko then
Eq. (5) for the diagonal elements of the density matrix
goes over into the Gurzhi equation!”!) which was de-
rived without allowance for the interband transitions
(inm the equation was written out for the function fp
=pi;£) - c'leABnp/ap).

2. SOLUTION OF KINETIC EQUATION. ‘INTERBAND”’
PART OF THE ELECTRIC CONDUCTIVITY
TENSOR

Although Eq. (5) has a cumbersome appearance, it
can be readily solved in general form.

To each value of the quasimomentum p there cor-
respond ‘‘resonant’’ frequencies wres = £p +g,p/ﬁ, at
which the interband transitions from the state p are
the most intense. It is understandable that far from the
resonant frequencies one can use the usual perturba-
tion theory with respect to the constants of the ee and
ep interactions. This means that it is possible to sub-
stitute in the collision integral the density matrix in
the zeroth approximation in the interaction.

Let us consider now the vicinity of one of the reso-
nant frequencies where the usual perturbation theory
is not applicable. We shall show that the most signifi-
cant among the terms of the Eq. (5) containing the ee
and ep interactions are the non-integral terms of the
collision integral, which are proportional to p{}/, so
that the relaxation-time approximation is applicable.

Exceptions are certain cases of a very special arrange-
ment of the energy bands, which will be discussed later.
In the relaxation-time approximation we have for

w ~ wres

PP’ (1) . (1)
Z‘ Ixx’ pxxr = — iypp: Ppors
™

Yo =vp® + yp°? = nfi~! 2 Pyp,p.p.(np,ip.1lp,

Pipps

Yep = Yp + Yes,

1 —
=+ 7ppp,) 8 (Epp,pops) + —2‘“’7" Z‘Dpp.q [(7oNq
P
+ npNq) 8 (Epp, — hwq) + (p,Na + 7p,Va) 8 (Eprp, + fidg) ],
2¢Evpp (np-—n
o, — 2eEvor (= o) 6)
toNpp

Nppr = Epp — fio + ifypp-.

It is clear that the quantity y;;p: is of the same

order of magnitude as the lifetime of the electron-hole
type of excitation appearing as a result of absorption
of a photon.

Substituting (6) in the right side of (5), we can
easily ascertain under which conditions the relaxation-
time approximation is applicable.

First, it is necessary to this end that the volume of
the region in p-space, defined by the inequalities
lépl S hwres and |&p 4o p — Hwres| S hyp p+g be
much smaller than the volume of the region defined
only by the first inequality. Second, the resonant fre-
quencies corresponding to different direct interband
transitions from the state p should not be too close:
Ep+gi,p ~ ép+ge,p > N7

Thus, the relaxation time approximation is not suit-
able for the solution of the kinetic equation (5) near
wresg only in those apparently rare cases when the
energy bands are practically ‘‘parallel’’ near an ap-
preciable section of the Fermi surface, and when band
intersection takes place.

We present a solution of Eq. (5), valid in the vicinity
of the resonant frequencies and far from them; this
solution will be useful to us later®:

E hypp, . i
Pvgz: ° {2(”11'—"11»)"91)'(1_—m)+iZVKk Llljdl:'}’

ionpp: . Kk’
Npp Npp s n

()

LJL?‘: — i[Dkl;ﬁ'—}- ZIkief(nk, —ny)].
We now obtain an expression for the electric con-
ductivity tensor. In the approximation linear in the
field, the electric current density is

ie2N
§ = ——Sp (0@ p®) (p_iA)z Q-teSpoty — 2 E,
mQ c mao

where N is the density of the valence electrons.

We confine ourselves henceforth to crystals having
an inversion center. In this case the matrix elements
of the velocity and the matrix L can be chosen to be
real. Using (7) and the definition of the electric con-
ductivity tensor j % = o@h ER, we obtain, accurate to
terms of higher order in y,

I1n the derivation of (7) we added in the energy denominator the
quantity ih ;" in front of Dﬁﬁ,.This can be done if - is small, since
DPP: = 0 when £ = he.
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Re 6% = 52 2 {[(Epp — F0)? + (AYpp )] [y — Fiw)?
© (g
+ (Arwe ) (1 — Spdpie) 1} (Bprp — Fi0) (B — hm)‘vg'pvﬁk']&{"p (8)
b = —e-z—' ) (Bprp — 7o) (mp — np')vg'p”gp' _ 2N Sag.
s O (p—p=g) (Eprp — R00)® £ (RYpp)? o Oap

Let us discuss the physical meaning of the terms of
the sum in (8) using ep collisions as an example. The
transition of the electron from the state p, to the state
P2, suchthat £p,p, = hw, can follow different paths.
Two different types of transition are illustrated by the
Feynman diagrams in Figs. la and b. The electron is
represented here by a solid line, the photon by a wavy
line, and the phonon by a dashed line.

FI1G. 1

In the case a, the electron absorbs a phonon and
remains in the same band (the states p, and pz can
belong to different bands). The contribution of such
processes to the conductivity (these are the terms of
the sum in (8) with g, = gz = 0) will be called the
“‘intraband’’ contribution. The intraband conductivity
was calculated in'®7%%,

In case b, the electron absorbs a photon and exe-
cutes an interband transition by one of the reciprocal-
lattice vectors g (in the reduced-band scheme this
corresponds to a change in the band index with p un-
changed). Thus, the transition from p, to p, proceeds
via an intermediate state p; + g. If p, and p. pertain
to different bands, then processes of this type are
usually called indirect interband transitions. But p;
and p. can belong to one band while the intermediate
virtual state belongs to another. The latter type of
process is possible if hw < A€, where A€ is the mini-
mum width of the forbidden energy band. In this sense,
the internal photoeffect in metals in the presence of
collisions is a phenomenon having no threshold.

The sum in (8) contains also terms connected with
interference of different manners of transition. The
conductivity defined by all terms in (8) with the excep-
tion of the intraband terms will be called ‘‘interband.”’
We note that owing to the presence of interference
terms the diagonal components of the interband electric
conductivity tensor may turn out to be negative, while
the total electric conductivity (Reo@®., + Reofi. ),
naturally, is always positive.

3. INFLUENCE OF INTERBAND TRANSITIONS ON
THE OPTICAL PROPERTIES OF METALS

A. Arbitrary Dispersion Law

The real part of the electric conductivity tensor de-
termines the absorption of light by the metal. To cal-
culate this part by formula (8) it is necessary to use a
concrete model of the band spectrum. In the far-infra-
red region, however, and at frequencies close to the
threshold of the internal photoeffect, the frequency and
temperature dependences of the interband conductivity
can be established in the general case.

KOPELIOVICH

1. Let us consider first the region of relatively low
frequencies, where w < wthyr, lw K €p, and w7 > 1.
At such frequencies, the damping y in the energy de-
nominators of (8) can be neglected, and this expression

takes the form
e Uy o pp’ 9)

e
Re % = —=— : L.
Qw (p'_p<~g,) (Ep’p - Ir(.l)) (E,k’k — rlU)) Kk
k'—k=g,

We note that if w7 >> 1, the inequality w > wpD is
usually satisfied, where wD is the maximum phonon
frequency. For simplicity, therefore, we can neglect
in the equation for L the energy of the phonon in the
6-functions expressing the energy conservation. We
then obtain

(LAY p=n 2 (2Ng + 1) {ch';’.':’[(np,~ ) 8 (Enie — fio)
q

+ (e — 1p) 8 (Exp — f@)]— D) [Bkop@pma (M — 12p,) 8 (Eprp, — fv)
+ 8k ®p,pa (e, — Mgy o (Epp — fi00) ] }

Let us determine first the frequency and tempera-
ture dependences of the terms in the sum of (9) with
g, and g, # 0. By virtue of the condition w K wtpy we
can discard w in the energy denominators of these
terms. Further, from physical considerations and
from the structure of the expression for L it is clear
that the initial and final states of the interband transi-
tions with collision should lie in a narrow layer near
the Fermi surface. The width of this layer is deter-
mined by the inequality ¢ S hw, T. Therefore the
initial and final states everywhere in (9), with the ex-
ception of the energy 6-functions and the Fermi distri-
bution functions, can be regarded as lying on the Fermi
surface.

Thus, the terms of the sum in (9) with g, and g,
# (0 depend on w and T in the following manner:

(Re U“ﬁ)i,ffe,~ O f(nfngﬁgﬁ,, — Anangty) 8 (Eros
(10)
(11)

-+ hﬁ’) dgy d, dEs dis,
(Re 0 Yigier~ 0~ (T/0) [ (11— n2)8 (12 + o) A& .

At arbitrary electron and phonon dispersion laws,
we can establish only the asymptotic forms of the func-
tion £(T/©) in two limiting cases:

A+ B(T/0) if T<®©

CcT/® if I'seo (12)

rrie)={

where @ is the Debye temperature, and A, B, and C
are constants on the order of unity.

Let us consider now the terms of the sum in (9), in
which, for example, g, = 0. Although the dependence of
each such term on ® and T contains, compared with
(10) and (11), an additional factor w™, the structure of
the expression for L is such that the lowest order in
the frequency drops out from the sum. The annihila-
tion of the lowest order occurs in terms containing

pp pp
Lk,k +gs and Lk s K

Thus, expressions (10) and (11) give the dependence
of the entire interband part of the electric conductivity
on wand T.

We introduce the effective electron collision fre-
quency v, defined by the equation Re ¢ = e*Ny/mw?.
We then obtain from (10) and (11)
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i = LG 0 .
e () ()’ "

where f(T/®) is given by formula (12).

Let us compare these results with the expressions
for the ‘‘interband’’ contribution to the effective colli-
sion frequency, obtained in®1%1;

(ho)?+ (2akT)?

ee
Vintra== V¢* T 2
»

vintra= voP¢(7/9). (15)
A plot of the function ¢ (T/®) is presented below in
Fig. 3. The values of v€€ and vSP in these formulas

have the same order of magnitude as in (13) and (14).

Thus, the collision frequencies v{5 . and vED

have the same dependence on w when hw > kT, and
can be of the same order of magnitude at a reasonable
ratio of the quantities »§€ and v§P. A distinguishing

. ep . ee
feature of the quantity Vinter compared with Vintra

the dependence of the coefficient preceding w? on the
temperature. Such a temperature dependence was ob-
served inl*!,

The main contribution to the effective collision fre-
quency in the far infrared region (w < wipp) is made
by the intraband ep processes, while near the threshold
frequency of the internal photoeffect the main contribu-
tion is made by the interband processes.

2. Let us consider now the frequency region close
to the threshold of the direct interband transitions. The
interband conductivity in the vicinity of the threshold
frequency wthr was obtained without allowance for the
electron collisions in'®!, At an arbitrary dispersion
law, a typical situation is one of the two illustrated in
Figs. 2a and b. In these figures, the shaded regions
correspond to p-space regions from which direct in-
terband transitions are possible: in these regions the
initial states of the transition are occupied and the
final ones are free. The temperature is assumed to be
so low that the diffuseness of the Fermi step can be
neglected. :

is

FIG. 2. 1-The surface ¢, =0, 2—
Ep +g=0, 3_Ep + g_gp =hw.

y

b

/ 0

' '////4//{%
2

”

Fig. 2a pertains to the case when p, is the point of
the minimum of the interband energy §p+g - £p and
is situated inside the shaded region, and consequently,
at frequencies w > wthr = £p,+g = Ep(@ ® wthr) the
interband transitions come from a small vicinity of the
point po. In this case!®

[0 if o< om

Re Sinter™ {

L ——, ;o O Othr
L Vo —og if 0> 0

In case b, the point of the minimum of the interband
energy lies outside the shaded region. The threshold
frequency is determined in this case from the condition
that the surface £, o = §p = hw be tangent to one of
the surfaces bounding the shaded region. In this case

0 if o< o

Re ointer~ { :
inter 0 — Oy if © > oy

, O R Oty

Thus, if we disregard the influence of the collisions,
the derivatives of the interband electric conductivity
with respect to the frequency have singularities at the
threshold. It is clear that allowance for the collisions
eliminates these singularities.

To calculate the interband electric conductivity near
the threshold it is sufficient to retain in (8) only the
term
2¢%*h UDa, pv;,'_p g(”p — Npig) Yy p 'E

Qo 5 (Epugr — 1)’ + (B¥p.p o)

ap
Re Ginter—

The calculations lead to the following result for the
case corresponding to Fig. 2a.
Vg 0V o (MMM 5"

b’ o
+ V(0 — 0} + Yo poe)

as
Re sjpper=

(0 — Oy
[ mth[

where M3, M3', and M3' are the principal values of
the tensor (az/apaapﬂ)gpo+g,p . The main contribu-
)

tion to the conductivity is made by a thin layer near the
surface §p4g = £p = hw; its gidth is determined by the
condition |[£p4g = &p - Fw| Shy.

The situation is different in the case shown in Fig.
2b. It turns out that the regions of p-space that are
far from the surface §p g — £p = Nw can give in this
case an appreciable contribution to the conductivity if
|w — wthr |~ y. Therefore in this case we cannot cal-
culate the conductivity without a specific electron dis-
persion law. However, the derivative of the conductiv-
ity with respect to the frequency is determined by
states close to p,. The calculations yield

2.0 g
€"Vpirg, piVpi. ur.gRaRb

a3
RO Ounter™ g (R, + ) (v g — Vo )
0 -
——/ (0) = nl arcetg Dt @
o Yo, piig

where Ra and Rp are the curvature radii of the sur-
faces in contact at the point p,.

When w — wthr > 7y, of course, the expressions for
the conductivity from'™ are valid and J(w) = w - wipy-

B. Model of Weak Pseudopotential

The model of the weak local pseudopotential was
successfully used for the determination of different
optical characteristics of polyvalent nontransition and
alkali metals!*®**], In this section we calculate, on the
basis of the model of the weak pseudopotential, the
contribution of the interband transitions to the optical
characteristics of metals.

A characteristic feature of interband transitions in
polyvalent alkali metals is their connection with the
Bragg reflection of electrons!'®, The correctness of
this statement can be easily verified by an analysis of
the following expressions for the interband energy and
the nondiagonal matrix elements of the velocity opera-
tor as functions of the quasi-momentum:

— (8/2—p,)g
Epgp= Eprg—e = 2Vy V1 2% & = ’—W“ )

(16)
1)

Vp+g p= —Veg/ mepig, p,
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where Vo is the Fourier component of the pseudopo-
tential and p, is the projection of the quasimomentum
on the reciprocal-lattice vector. These formulas can
be readily obtained by using perturbation theory with
respect to the parameter Vg/eF and neglecting the
dispersion law near the intersections of the Bragg
planes®.

The probability of a direct interband transition by
the reciprocal lattice vector g is proportional to the
square of the matrix element of the velocity and to the
interband density of states (27h)°|Vpep, g pl™ It is
seen from (16) and (17) that the quantity vp+g p is not
small only near the corresponding Bragg plane, and the
interband density of states tends to infinity when this
plane is approached (x — 0). Thus, in the model of
the weak pseudopotential, the most significant contribu-
tion to the internal photoeffect is made by the immedi-
ate vicinities of the Bragg planes.

The special role of the Bragg planes explains the
sharp difference between the structure and intensity of
the bands of quantum absorption in polyvalent and in
alkali metals. In polyvalent metals, the Fermi surface
crosses a number of Bragg planes. Therefore the
interband conductivity, calculated without allowance
for collisions of the electrons and for other factors,
has in this case an infinite maximum at the threshold
of the internal photoeffect. It is understandable, that
allowance for the collisions of the electrons leads to a
finite height of the photoeffect maxima.

The Fermi surface of alkali metals does not reach
the limits of the first Brillouin zone. Therefore the
maxima of the photoeffect, which are connected with
direct interband transitions, are much less pronounced
here than in polyvalent metals, and lie in the shorter-
wavelength region of the spectrum. Electron collisions
have a very slight effect on their form, but it will be
shown below that they lead to the appearance of addi-
tional quantum-absorption bands.

Substituting expressions (16) and (17) in (8), we can
easily verify that in the lowest order in Vg there re-
main only those interband conductivity terms in which
either g, = g, or one of these vectors is equal to zero.
Terms of the former type correspond to the interband
transitions proper, accompanied by collisions, while
those of the second type correspond to interference
between the interband and intraband transitions.

We confine ourselves henceforth, for simplicity, to
metals with cubic lattice symmetry, for which the
electric conductivity is isotropic. The generalization
to include the anisotropy case entails no difficulty.

We use the isotropic Debye model for the phonons.

1. Polyvalent nontransition metals. The interband
conductivity of polyvalent non-transition metals was
calculated in“z], where an attempt was made to take
into account qualitatively the influence of the collisions
on the width and height of the maxima of the photoef-
fect. In particular, it is shown in this paper that the
interband conductivity can be represented in the follow-
ing form:

9 The characteristic dimension of the p-space region where the in-
fluence of the intersection of two Bragg planes is important is propor-
tional to (Vg/ep)Z.

KOPELIOVICH

Ointer = 2 , Ng0g,
2

where ng is the number of physically-equivalent Bragg
planes corresponding to the given |g|, and og is the
contribution of one Bragg plane to the interband con-
ductivity. To each g there corresponds an absorption
band with a threshold frequency wthr = 2Vg/ﬁ (this is
seen directly from (16)).

The main task of this section is a rigorous account
of the influence of electron collisions on the interband
conductivity of polyvalent metals.

We present first the result of a calculation of the
damping of the single-particle excitation, yp, which
enters in (8). In the zeroth approximation in Vg/ €EF
we have®

2 - 2 37,2
Vpee=Yoee—§H;(FEzHl—, Yoee=~——r(';:)§;j ) (18)
J‘ (ufu—p. + gy, — |up,~pup—p,|)8 (P + P+ — P2 — Ps) doy doz doy

ut =

5 d(p -+ p1 — p2 — p3) doy do, dog

wrmyirg (L), yorm S0
N T R 2 2
(&)= (1 mmem=T) " 19)

Here p, p1, P2, and ps; are the momenta of the elec-
trons located on the Fermi surface (in the zeroth ap-
proximation in Vg/ep it can be regarded as a sphere),
do is the solid-angle element, and qp is the end-point
momentum of the phonons. A plot of the function
Y(T/®) is shown in Fig. 3.

We note that the presented dependences of € and
7ep on ¢ are valid for any dispersion law if ¢ K €F.

Allowance for the dependence of the damping y on
¢ would greatly complicate further calculations. It is
known from experiment!**! that in the spectral region
under consideration, the most effective for polyvalent
metals are electron-phonon collisions. We shall there-
fore assume for simplicity that y = 5€P,

Substituting (16), (17), (19) in (8) and performing the
calculations, we get

Re 0, = Re 04 + Re 0,°?,
G g2 ®
. 2 | "\2 —_—
TV | oy + (2T) m(mm),
PP . . ) o
S ALNEINENEINEY
Resy = Samor [/ (\(oﬂ“,)u' g) I I (E, v\

7 (_) —_ (0t ogt ) opy
op/  VZEVEFogi— o TV

—1, (20)

, ( ® ) _ V2 00y

Othr 12 }/?2——(1),[2-—1—_0)2———77

2= [(0git ©)2 + v2]"[ (opr 0)2 + v?]*,
y = 2v¢°PY(7/0),

1
o(5)= (" +mpeem=r) =

A plot of the function ¢ (T/®) is shown in Fig. 3.

—1,

91t is assumed in the calculation that hwp <&, <ef, since in the
optical region the energy of the optical quantum hw =~ |Ep- Ep'l satisfies
these inequalities.
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To the left of the maximum of the photoeffect at
Wthr — w > v, the functions J,(w/wthr) and
Jo(w/wthr) greatly simplify

W) =[t= (o) =1 () =[= (2] -+

In particular, when w < wthr the ‘‘interband’’ effec-
tive collision frequencies are equal to

2 i) 4 (2 2 2
Vinter= Eng 1:02’:’;;;:’\' (7o) -;(2 kT) (%‘) ,
Wre S g To&Vam FM( )7 gg) (T 1)2. 21
inter = g. SIBN L ( Pr ? 6} ) Ot ( )

The presented dependences of the interband colli-
sion frequencies on w and T at w Kwthr correspond
to relations (13) and (14) for arbitrary electron and
phonon dispersion laws.

The form of the maximum of the photoeffect
(|w - wthr | N y) is determined by the following ex-
pression:

Re oy ~ 1/z}z + Ao,
(22)
=7 (A0)*+v?

Finally, to the right of the maximum, when
w — wthr > 7, the interband conduct1v1ty is not con-
nected with collisivns and is given by (seel*?)

Ao = g — o.

Re 04 = e%gV, | bnhitoYw> — (J)'hr (23)

Let us compare now the results obtained in this
section with the available experimental data.

Golovashkin, Motulevich, and Shubin!*****J observed
in their experiments on aluminum and lead, in the far
infrared region (w << wthr), a quadratic dependence
of the effective collision frequency on w, with a coef-
ficient that was essentially temperature-dependent.
Identification of this part of the effective frequency with
V‘;ri:tellgads to reasonable agreement with experiment.

The form of the maximum of the photoeffect, deter-
mined by expression (22), is close to the experimental
one. The characteristic width of the maximum ¢ can
be calculated by determining the coefficient y§P in
formula (20) from a comparison of expressions (15)
and (21) with the experimental data in the far infrared
region of the spectrum.

The value of y obtained in this manner at room
temperature corresponds to the experimentally
known!**) width of the maximum. But at helium tem-
perature the width of the maximum for different poly-
valent metals turns out to be larger by 3-10 times than
given by calculation.

The reasons for this discrepancy are possibly as

follows. First, we have used an approximation in which
we did not take into account the distortion of the dis-
persion law near the intersection of several Bragg
planes. Although the contribution of such regions of
p-space to the interband transitions is a quantity of
higher order of smallness with respect to the parame-
ter Vg/ep, the number of intersections is large (for
example, in fcc crystals the Bragg plane correspond-
ing to the reciprocal-lattice vector (111) is intersected
near the Fermi surface by six other Bragg planes).

If we taken into account the intersections, then it
turns out that the equation Vpep 4 o p =0 is satisfied
not on the entire Bragg plane, but only at individual
points (high-symmetry points of the Brillouin zone),
and therefore the maxima of the photoeffect will not be
infinitely sharp even in the absence of collisions. An
estimate shows that the intersections can lead to the
following value of the relative width of the maximum:
Aw/wthr & 75

Second, the reason for the large width of the maxima
may be the nonlocality of the pseudopotentialt*}, The
matrix element of the nonlocal pseudopotential in the
plane-wave representation depends not only on the dif-
ference of the momenta (i.e., of the reciprocal-lattice
vectors g), as we have assumed so far, but also on the
momentum itself. From symmetry considerations it
follows that Vg on the Bragg plane can depend only on
the momentum projection p; on this plane. Near the
intersection of the Fermi surface with the Bragg plane,
this dependence can be represented in the form

Vg= Vg’ + avrApy,

where a is a dimensionless constant. The value of the
energy gap €p+ g, p between two bands will not be a
constant on the Bragg plane, and this leads to an addi-
tional width of the maximum Aw/wthr ® a. In order to
explain in this manner the experimental width of the
maximum, we must assume a =0.3-0.5.

2. Alkali metals. The theory of quantum absorption
of light by alkali metals, using the model of ‘‘almost
free electrons’’ (see, for example,**)), has made it
possible to explain more or less satisfactorily the
optical properties of these metals in the infrared and
visible regions of the spectrum. In particular, this
theory makes it possible to determine the value of the
long-wave absorption threshold wthr, which is con-
nected with direct interband transitions by the recipro-
cal-lattice vector g:

othr= g(g — 2pr) / 2mh.

However, numerous experiments reveal the pres-
ence in most alkali metals of an ‘‘extra’’ sharp absorp-
tion peak pertaining to frequencies smaller than
wthr Y. Insofar as we known, the additional peak ap-
pears most clearly in potassium!*®), The threshold
frequency of this peak w{r is approximately half as
large as wtpyp. Different attempts to explain the origin
of the additional peak cannot be regarded as satisfac-
tory!H,

We think that it is possible to relate the additional
peak with the electron transitions resulting from colli-
sions from occupied states under the Fermi surface
into a region near the Bragg plane. The following
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FIG. 4. Two energy bands in the
plane passing through the center of
the Brillouin zone perpendicular to

I—-Bragg plane.

process can contribute to the additional peak (see Fig.
4);

a) An electron colliding, say, with a phonon goes
over from state 1 to state 2, and then executes a direct
interband transition to state 3 under the influence of
the electromagnetic field. The matrix element vp; of
the latter interband transition is not small (states 2
and 3 lie near the Bragg plane), and therefore such
processes lead, at the appropriate frequencies, to a
noticeable increase of light absorption.

b) The electron falls in the upper band (state 3) as
a result of a collision, and then returns to the initial
band (state 2).

c) The foregoing two processes can interfere with
a direct transition from the initial state to the final
state under the influence of the collision. The threshold
frequencies of the considered interband transitions with
collision, equal respectively to (€; — €;)/f and
(e€z — €,)/H, can be regarded as equal, since the quan-
tity €3 — €2 = 2Vg is exceedingly small for alkali
metals®, On the other hand, the threshold of the direct
interband transitions is equal to wthy = (€1r — €,)/H. It
is easy to verify that (16) leads to wi{hy = wthr/2 at
fiwthr K €F and fwgy,, >> Vg.

d) At frequencies w > w{hr, the frequency depend-
ence of the ‘‘intraband’’ contribution to the electric
conductivity also changes sharply, since the approach
of the final state of the ‘‘intraband’’ transition to the
Bragg plane changes strongly the velocity of the elec-
tron in this state as well as the matrix element of the
transition.

The conductivity Re 0 corresponding to the addi-
tional peak can be calculated by using expression (8).
It is probable that, just as in polyvalent metals, the
most effective in the spectral region under considera-
tion are electron-phonon collisions, and we therefore
confine ourselves to these collisions only. Retaining
only the lowest order terms in y and Vg, we obtain

. TV e’ p? T\ o-— oy
fess’ = —gmpe 957 —or

o= 20 thr,

L 0>0m  (24)

where ¢ (T/®) is given by formula (21).

6)For example, Ham’s band calculation [2°] give the following value
for the Fourier component of the pseudopotential of Na, namely Vo =
0.1eV.

the Bragg plane (reduceband scheme).
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We note that the form of the function, which deter-
mines the temperature dependence of the conductivity
in the additional peak, and even its sign depends
strongly on the choice of the model of the electron-
phonon interaction. Insofar as we know, it is impossi-
ble at present to give preference to any of the existing
models!*®). In the derivation of (24) we used the follow-
ing expression for the matrix element of the electron-
phonon interaction in the plane-wave representation” :

Bp.p.a = AQ7q"%8p, p.1q.

The noticeable dependence of the height of the addi-
tional peak on the temperature agrees with experi-
ment!*®],

The interband conductivity Re Og connected with the
direct band-band transitions, at frequencies much
lower than the upper threshold frequency for these
transitions, is equal tol**]
8V © — Omr

12k w7

U‘)>wthl. (25)

Resg =

From a comparison of expressions (24) and (25) we
see that the ratio of the maximum values of the conduc-
tivity for both bands is of the order of

Re Gmoas e T

Reome Vg ¥ (F) :

In alkali metals, the values of Vo are exceedingly
small, and therefore the ratio of the heights of the two
bands is close to unity (in potassium, the additional
peak at room temperature is higher than the principal
peak connected with the direct interband transitions).

The frequency dependence of the conductivity in the
additional peak and its threshold frequency, determined
by expressions (24), are in good agreement with experi-
ment{*®],

In conclusion, the author is deeply grateful to R. N.
Gurzhi for directing this work, and also to G. P.
Motulevich and A. I. Golovashkin for a discussion of the
results of the work and for valuable remarks.

Note added in proof (13 January 1970). In a recent paper, H. Bitter
and E. Gerlach (J. Phys. Chem. Sol. 30,659, 1969) explain the addi-
tional peaks of absorption in alkali metals, just as in our case, as being
due to indirect interband transitions of electrons in the p-space region
close to Bragg planes. The electric conductivity at the peak was calcu-
lated, however, without allowance for the contribution of the intraband
transitions and the interference terms. The frequency dependence of the
electric conductivity differs from that obtained by us. The reason for
the discrepancy lies apparently in the fact that the authors of the cited
paper used an incorrect expression for the energy near the Bragg plane.
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