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Multiple scattering of light by freely-oriented particles (electrons, atoms, molecules, macroscopic
particles) and medium fluctuations are considered. The intensity and polarization of radiation from
a point isotropic or anisotropic source in an infinite medium, and the polarization of radiation
scattered by a layer of large optical thickness are considered.

1. INTRODUCTION

THE problem of the propagation of light in a medium
consisting of individual scatterers (electrons, atoms,
molecules, macroscopic particles) whose dimensions
are much less than the wavelength of the incident radi-
ation has great value in physics and astrophysics. The
problem of the passage of light through such a medium
with small optical thickness has been considered fre-
quently. >3] The problem of the light intensity passing
throu%h an optically thick medium was also consid-
ered.'®*) The problem of the polarization of light in
such a medium, as the result of multiple scattering,
has been investigated in much less detail. The problem
of the polarization of an unbounded light beam in multi-
ple scattering by free electrons in a plane layer of
material has been studied most fully by Chandrase-
khar.!'! He obtained equations which give a practical
possibility of carrying out numerical calculations only
for the case of not very large optical thickness,
T S 3. For optical thicknesses 7 ~1, a similar prob-
lem has also been solved numerically by Germogen-
ova.l®! 1t may seem that the problem of light polariza-
tion in the passage through a thick layer of material
is not of interest, since the polarization becomes very
small as the result of diffusion of the radiation, even
in the case when it is large for a single scattering act.
Actually, inside the medium and far from its bound-
aries, at points where radiation enters from all direc-
tions, the polarization is averaged and become small.
Such an averaging does not take place close to the
boundaries of the medium or near inhomogeneities. At
the boundary of a homogeneous medium, the polariza-
tion is essentially determined by the last scattering
acts. Therefore the polarization of the outgoing radia-
tion can achieve an appreciable value even in the case
of great optical thickness of the target. For example,
polarization of light scattered by electrons and mole-
cules in optically thick atmospheres of certain stars
has been observed. This made it possible to obtain im-
portant information on the physical conditions in these
atmospheres.[s'al

The problem of light scattering on fluctuations of
density and anisotropy in liquids and amorphous solids
is also very important. Investigation of the polariza-
tion of scattered radiation gives necessary information

on many properties of solid and liquid bodies. %]

In the present research, the problem of multiple
scattering of light on freely-oriented systems (in
correspondence with the terminology of!*!)) i.e., on
electrons, atoms, molecules or macroscopic particles
not present in the external field, has been considered
in detail. Analytic expressions will be found for the
polarization and the intensity of radiation in multiple
scattering. The resultant formulas are suitable for the
description of scattering by free electrons, atoms and
molecules of gases, and in a number of cases, also by
fluctuations in liquids and amorphous solids. We shall
also consider scattering of collimated beam of light
passing through a thick layer of material. We shall
limit ourselves here to the Rayleigh scattering law.
The case of scattering by particles with dimensions of
the order of and greater than the wavelength of the
incident radiation (dust particles, fog particles, colloi-
dal particles) will be considered in a separate work.

2. THE TRANSPORT EQUATION FOR THE PHOTON
DENSITY MATRIX

Let us consider the passage through a medium of a
plane electromagnetic wave with length )\ much greater
than the dimensions of the scattering particles. We
shall not assume that the particles possess special
symmetry properties (including in our consideration,
for example, extended dust particles, molecules with
spin, etc.), but shall limit ourselves to the case in
which they are randomly oriented in space, so that the
medium is in the mean homogeneous and isotropic. If
the average concentration of particles N, is such that
there are many particles in a region with dimensions
~, then the scattering is determined by the fluctua-
tions of the dielectric susceptibility €jk = €6ik + A€jk,
which are caused by the fluctuations of density and an
isotropy in the volume element. For rarefied media
(NoA® < 1) the scattering takes place on the individual
particles which, as also the fluctuations of the medium,
can be characterized by the polarizibility tensor
ajk. We shall neglect the change of frequency of the
photons in the scattering process. This is admissible
if the total width of the excited layer of particles (in-
cluding the Doppler shift) is much less than the energy
of the photon hw and less than the resolving width of
the detector. For a dense medium, the analogous con-
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dition is wt > 1, where t is the mean lifetime of the
fluctuations in the medium.

We represent the fluctuation of the tensor of the die-
lectric susceptibility A€jk in the form of a sum of
scalar, symmetric and antisymmetric components:

Aein = Aebin + AcSy + Ael),  SpAe®— 0.

The scalar A€ determines the fluctuation of €jix asso-

ciated with the fluctuations of density and temperature.
() _ Ac(S) (@) — _Aet@

The components A€ Aeki and Aejy Aeki

describe anisotropy fluctuations which disappear for

isotropic scattering particles (7)A€ (iiS) = 0). The
i

anisotropy fluctuations in a volume V, containing N
scattering particles are represented in terms of the
symmetric and antisymmetric components of the
polarizability tensor of the individual particle:

N
o (n). 1)

n=1

N
Voheld = 4 3 af) (n),  Vohel = 4n
n=1
Summation in (1) is carried out over all the particles
in the volume V,. All discussions remain valid if
there is only a single particle on the average in the
volume V.
The transport equation for the radiation density
matrix

pas (myr) = (¢ /8n) Ea (nyr) Ep” (nyr),

for radiation propagating along the direction nj has

the form!?
(01 V) pap (nir) = —xopap (myr)

@)

1
7N S dny; (o (Nin) pyv (N8 Bopt (401) v, 4 R (nar) .
0

Here k, is the extinction coefficient of radiation asso-
ciated with the imaginary part of the index of refrac-
tion n by the relation kg = 2(w/c) Im n, tyg (n;no)

= Vom\'zMai(nonl)AEiB is the light scattering matrix
due to the fluctuations in the volume V,; the matrix
Mjk(nony) = e;“” e!” connects the components of the
vector in the set of coordinates with the z axis along
n, and unit vectors e{{"’ with its components in the set
of coordinates with the z axis along n; and unit vec-
tors e‘i”; the brackets ( >Vc denote statistical averag-

ing of the quantities inside them over the volume V,
and also averaging over the orientations of the parti-
cles; Ryp(nir) is a function describing the radiation
sources. Greek indices can take on two values, a = X,
y and Latin, three, i = x, y, z. Summation is under-
stood over all repeated indices.

We shall henceforth denote the integral term in (2)
by Bgg(nir). The sum of the diagonal elements of the
matrix Bgg(n,r) determines the radiation density
%o(n,r) (erg-cm™® sec™'-sr™* at the point r. An inte-
gral equation can be written for this matrix if the
Green’s function of the transport equation is used:

[(mV) +%]G(r —1'; ;) = 8(r — ). (3)
For a homogeneous, unbounded medium, the Green’s
function has the form

G(r; n) = 8(n —n,)r2exp (—xo|r|).

With its help, we obtain the following integral transport
equation:
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—%o|r—r'|}
[r—r'|2

Bas(nir)ngg(nir)_*_%_S P X W

()
X tay (nnr—r+) Byy (Dr—rs; ¥') typt (nnrZes) Dy,

B! (n,r) is obtained from the integral term if we re-
place R),V in it for Byy. Equation (4) is applicable
for homogeneous media of volume V with convex
boundaries.

It is easier mathematically to solve not Eq. (4) for
Baﬁ(nlr) but the equation for the Fourier transform
of this matrix in the variable r, for which we have

Kup(nu) = S drexp(— iur)Beg(nyr);  F(q)= S dr exp (— iqr),
)
F(u—w) 5)

1
(1) _ ¢
Kop(nqu) = Ko (ngu) + Vo(27)° S de dny %0 + ingw

X (tay (ni01) Koo (neW) Bup* (0110) D v,

To date, we have not specified that system of ortho-
gonal unit vectors in which the amplitude E,(n, r) is
calculated, and consequently, the density matrices
pap(ni-r) and Byg(n,-r). However, the coupling of
the elements of the density matrix paﬁ(nl .r) or
Bgp(n:-r) with the Stokes parameters Ij(n,-r) or
9i(n;-r) (1 =0, 1, 2, 3) observed experimentally de-
pends on the specific choice of the set of unit vectors.
Only the intensity Io(n,-r) and the radiation density
Yo(n, -r) are always sums of the diagonal elements of
the matrices pgg(n; -r) and Bqap(n: r), regardless of
the specific choice of unit vectors. We recall that
I,(%,) describes circularly polarized light, and I, and
I:( %, and %;), linear polarization.!*»!*»!¥] The parame-
ters I, and I( % and %) are invariant under rota-
tions of the unit vectors ey and ey, in contrast with
I, and I;( 9%, and %), which in this case transform into
one another (for more details, see!***]),

One can write down directly transport equations
similar to Egs. (2) and (4) for the Stokes parameters
I; and %j, which has been done, for example, in!!),
Here we obtain very complicated systems of interlock-
ing equations, in which it is difficult to find any sym-
metry properties which permit us to simplify the solu-
tion. It is much more convenient to use the cyclic unit
vectors \/_2—/{_1 = —-ex — iey, Ko = €g, 1/—2—Ih1 =ex — iey,
and to solve Egs. (2), (4), (5) for the density matrices
Paps Baps Kap, using here the powerful tool of rota-
tional functions (Wigner functions) Dnlm(aﬁy).[“’m]

The connection of the Stokes parameters with the ele-
ments pgg and Byg is the following:

1 Io-|—12,—13+i11 1/%0+ %, —g3+i?1>
9“ﬂ=—< i >; Bav=5\ _g,— 9, 9.—9,/ (6
2 —13'—l11, Io—lz 2 3 171, Jo g2

As is known,[**s'] the cyclic components of the vector,
in the transition to a new (primed) set of coordinates,

having relative initial Euler angles «, 8, y are trans-
formed with the help of the matrix

Dizn (ay) = expli(ma + ny) i (B),
where
248 — 1 4 cos B, ¥2d%% = —sin B, 2d%, = 1 — cos B:
7
A’ = D25 (aBy)An =Dt (aBy)An; n,m =0, £ 1. ™
The elements of the tensor of second rank a@jk are
transformed similar to the product of components of
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the vector AiAf;. In what follows, our Latin indices
take on the values 0, +1, and the Greek, only +1. More-
over, for brevity, we shall denote by £, the set of
Euler angles for the transition from the set of coordi-
nates with z axis along n, to the set of coordinates
with the z axis along n;.

In cyclic coordinates, we have tgg (n.no)
=m?DL1" (Q01)A€jg, and for the value of
Vol( tow(nmx)tl,ﬁ(nlnx))v0 entering into (2) and (5), we
have

1
Aayis () = — (tay (ni0s) g (1102) D v, (8)
Vo
4 1 S,
= ( 9—-) quziH- (Qxi) [ rrey V0<A62> Vo Giyavh -+ NO(“;‘:) av(h)+ )
c 16n2

% NoGal ™) | DIR (20
= D" (Qut) 8198w (a® — a/15) -+ 8uay (a9/10 + a/6)

x Pavpya (@9/10 — a@/6)1 DR (Qu1).

Here, we have used the notation
4 de\2 [/ @
Toriw (o) 2 (ap ) 27
16n%c* op/ r \dp/ r
w=N(2) 3 laf s a0 =No(2) 3 [af |
¢ i,k ’ ' \ ¢ i,k '

p, p, T are the density, pressure and temperature of
the medium, cy the specific heat per unit mass of the
medium, ¢-;; = @11 = =¢@g ==-1, while the remaining
@ik are equal to zero. Equation (9) is obtained upon
completion of the averaging )y,

Using Eq. (8), it is not difficult to write Eqs. (2) and
(5) in cyclic coordinates:

a® = Voo (Ae2)y, =

+ 12 ( 05) ]
16m2ct pcy\ oT !

)

(111 \Y ) PaB (nir) = — %oDaf (llil') + g dnxAu'yvﬂ (ninx) pw(ﬂxl') + Raﬁ (Ilil'\
(10)

1 .
Kop(nys) = Kgg (ngs) + WS dq S dn.F(s—q) (1 + in.q)~!

X Aayp (ninx) Kyv (n2q). (11)

In (11), we have introduced the dimensionless variables
8 = W/Ko, q = W/Ko.

For the quantity %x(n,-s8) =K_;.;(n;°8) - K;;(n;+8),
a separate equation is obtained from (11):

(]

Go(nys) = 95 (mys) + (2%‘)35 dq § dn.F (s—q) (14-iqn;) =D (Qus) G (nsq),
(12)

where Kkgbo =a'® + (¥)(a'® — a‘®)), Thus if sources of
circular polarization are absent, then it does not arise
even in the process of multiple scattering. We note
that the first separate equation for Iy(n,.r) was
evidently written by Chandrasekhar. (']

Inasmuch as a separate simple equation (12) has
been isolated for %:(n,s), then we shall also solve
just this equation for determination of the circular
polarization. The quantities ,, ¥ and %, will be de-
determined from the solution of the matrix equation
(11) in which we shall now formally assume %,
= K., - K;; =0, because the parameters %,, ¥, and
93 are not interconnected with 7, in this equation.
Here Eq. (11) is greatly simplified, since for K.,
= Ky the term with ¢, ¢k is joined with the first
term in Eq. (8):
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Kup(nss) = Kaf (nis) +(2m) = § dq § dnoF (s — q) (1 + in.q)-1

X [ba8us Koy (ns0) + b:DSF () Ky (0:0) DD ()], (13)

where
%oby = a® + 150 (a® — 5a@), %oby = /10 4 /eal®.

Thus, to find ¥,(n,-s), it is necessary to solve Eq.
(12), and to find %,, %, and %, Eq. (13), in the free
term of which there is no %4"(n,*s).

When b; =0, Eq. (13) describes the scattering by a
spherical particle. The term with b, leads to depolari-
zation of the radiation, associated with averaging over
the orientations of the scattering particles. Thus, it is
seen from Eq. (13) that the set of freely oriented parti-
cles does not scatter light in the same way as a system
of spherical particles, no matter what their radius
might be: Attention is called to the fact that in the solu-
tion of the problem of light scattering by dust particles,
formulas describing the scattering by spherical parti-
cles (corresponding to b, =0) are often used invalidly.
At the same time, for particles of greatly elongated
shape and particles of flattened shape, the ratio b,/b;
is equal to two and seven, respectively.

Equations (12) and (13) describe scattering by free,
anisotropic molecules which form a strongly rarefied
gaseous medium. In this case we denote by a‘® the
quantity No(w/c)*| 37 @ii|® ((Y5))J @jj is the mean

i

polarizability of the molecule).

3. POINT ANISOTROPIC SOURCE OF POLARIZED
RADIATION IN AN UNBOUNDED MEDIUM

The advantages of Eq. (13) for the matrix
Ky (n, -8) over the similar equation for the quantities
?/’j_(éll +8) are clearly evident already in the solution of
a very simple problem in the theory of scattering—the
problem of the scattering of radiation emitted by a
point source which is located in an unbounded homo-
geneous medium. To solve the equations for %j(n,‘s)
is practically impossible because of their complexity
(one must compute the determinants of high order). At
the same time, as we shall see, Eqs. (12) and (13) are
very simply solved in this case. In the case of scat-
tering of radiation by a flat layer, Eqs. (12) and (13)
are also comparatively simple.

In the case of a point anisotropic source, the matrix
Rqp(n;-r) in (2) has the form

Rag(nir) = B (nyr) = 6(r)p&h (ny).
As a free term of Eq. (4) we then have the density
matrix Bzzg(nl-r) of the radiation, which reaches a
depth r and is first scattered there:

0,
ng (nur) = wor—2 exp(— xor)[b:sDsy " (Qn)PéS(nr)Dvgg(Qri) + baBagpyy (nr) ]

(14
In order to obtain the free term of Eq. (13), it is :
necessary to calculate the Fourier transform in r of
(14). Taking also into account the fact that for an un-
bounded medium, F(u — w) =(27)°6(u = w), we obtain
the following expression for Kqgg(n,-s):

Kag (n8) = Kop (048) + § dna [5:DE (Qut) Ky (nus) DS (Que)
X baBapKyy (ny8)](1 4 isny) 4,

where Kz’ (n, -s) is determined by an expression

B

(15)
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similar to the integral term of the right hand side of
(15), if we replace K,y by p‘;’l’/ in it,

Using the group property of D functions, we separate
the angular dependence in Kaﬁ(m *8) on the vector n;:

Kug(ms) = biDé?f (Qsi)Dgz}(Qsi)Hmn(s) + babapH (8). (16)
Here
Hpn(s)= r,‘fl. (s)+ Tmn(s); H(s)= T@(s)+ I'(s),
where .
19 (s)= § dnD (Qu) o (02) D (Rux) (1 4 isme) 4,
(17)

TO(s) = { dn.p% (mo) (1 + isne) 4

I'mn(s) and I'(s) are expressed by the formulas (17),
in which we must substitute K.,,,(nX *8) and Kw(nX +8)

in place of p{J(ng) and p‘y‘” (ng). According to Egs.
(15) and (16), we obtain in the following algebraic equa-
tions for the matrices Hpyp(s) and H(s):

Hya(8) = TA7 (8) + b1Brinm (52) Hmn (8) + b2lVibuH (5),

H(s) = TO(8) + bilNn(s) Hnn(s) + 8aDo(s?) boH (s),
No(s) = 4n[Do(s?) — Da(s?)];
Ny(s) = N—y(s) = 2x[Do(s?) + Do(s})].

The functions Dp(s?) have the following explicit form:

(18)

1
Dy(s2)= S dza™(1 - s%22)~,  Dy(s?) = s~tarctgs, (19)
0

171 1 1
Dy(s?)= s~2—s3arctgs, Di(s?)= ?2—[ TR 8 arctg s ] .
The matrix Bmjkm ( s?) possesses a high degree of

symmetry and is equal to

Brmm(s?) = S dnxDlg) (st)Da('r‘lH (st) D;S%(st) Dglg+ (Qsx) (1 + isny) !,
] , (20)
Brium(5) = SindumBik (5%) + SubamBin (57).

The symmetric matrices B}l‘{’(sz) and BjP( s%) have
the following form:
m,n=—11;

B,,EQ=H[DD+2DZ+D4L (21)

o
=—1,1,n=00or m=0,n=—11;

mn = 27 [Do — D]
m
& = 2n[D,— D
By = 4n{Do— 2Dz + Di),
Substituting (20) in (18), we immediately obtain the
solution for the nondiagonal elements of the matrix

(O]

on = 1/uBoo

0’ an m’n=—1,1.

(2)
B nn =/

Hmn:

Hpn(5) = Tn(8)[1 — biBon ()L, m . @2)

According to what was pointed out at the end of
Sec. 2, one can assume that p'®, =p{? in the solution
of Eq. (15). This leads to the equality H,, =H_,_,. For
the elements Hgo, H;; and H, a set of three equations

is obtained whose solution is of the form

Hy=H_, ,=AA", Hyp=A~AA", H=Ho+2Hy,, (23)

where the corresponding determinants of the system
are equal to

A(SZ) =1 — 2ﬂb1 [3D0 —_ 402 + 3D4] —_— 8.ﬂbgDo
3n(1 — p) by[De — Dg2 — 2DoD;, + 2DoDi],

Ay(s) = T4 (s)[4 — 4nbs (Do — 2D + D) — bniby (Do — Dy)]
X 2aTs (8) [b1 (D2 — Di) + b2 (Do + D2)],

A
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Az (s) = 4aTsY (8)[by(Ds — Dy)+ 2(Do — D)]
 Tao (8)[4 — 21b (D + Da) — bscby (Do + Dy)).

Here we have introduced the new quantity p, which is
the degree of actual quantum absorption in the scatter-
ing; it is determined by the ratio of the scattering
extinction coefficient ko:

1 — p= oo™ = %an(b; + 3b,). (25)
The equation H(s) = Hoo(s) + 2H,,(8) is obtained from
Eq. (18) under assumption of the equality I'”(s)
= T{P(s) + 2I'{Y(s), which is not difficult to obtain by
starting out from (17). The function A(s®) behaves in
the following manner for small s and p:

A(s?) & (s2+3p) (b + 10b2) 4 /15, s2<<1, p<1. (26)

Equations (16), (22) and (23) give an exact solution
of the problem for the functions %(n;*s), ¥,(n,-s)
and %(n, - s). To determine %.(n,:s) we use Eq. (12).
The solution of this equation by a similar method leads
to the following result:

Ga(nis) = bDN( Q) D (8)[1 — boCom(s2) [,
Co = 4JTD2, Cl = C_1 = 2H[Do —Dz],
2 (s) = §anDEF (9) 9 (ns) (1 + isn)~,

@7)

2" (n) = p1 (n) — o (m).
The desired density matrix Bgg(n,r) is obtained after
carrying out the inverse Fourier transformation of
Kgp(ni-8):

Beog(ngr) = Sds exp {ixors} Kap (nss). (28)

%o®
(2ms
In taking the integrals (28), the behavior of the de-

nominators in the formulas for the coefficients
Hmn(s), H(s) and also the behavior of the function

[1 - boCm(s?)] in (27) are important. It is easy to show
that for small s only function A(s?) has roots. Their
approximate values, in accord with (26), are equal to
s1,2K +1V3p, where we assume p << 1. These are the
so-called diffusion roots. Radiation becomes evidently
diffuse far away from the source kor >> 1, but in this
case important contributions to the integral (28) are
made only by terms containing A(s®) (small s are
essential). Therefore, in the diffusion approximation,
we can assume the matrix Hpyp(s) to be diagonal.
Furthermore, in this approximation the functions
H;,(s) and Heo(s) are almost equal to one another.
Actually, we get from (24) for the difference A, — A
the expression

1= Ay =T —3/,(1 — p) (Do— D2)] — T0 [1 — /(1 — p) (Do + Dy)},

which, for small s, is of the order (p +s? ~p

+ (kor)? < 1. To this accuracy, the density matrix
Bqp(n,r) is diagonal in the diffusion approximation.
The polarization of the radiation, which is determined
by the nondiagonal elements of Byg(n;r), is therefore
small. The degree of linear polarization &3

= %4(n,r) %5 (n,r) is of the order of p + (kor)2 In
the diffusion approximation, the circular polarization
is practically absent. Thus, for purely Rayleigh
(scalar) scattering, in the case %.”(nx) =const only a
single term remains in (27) with m =0, and its de-
nominator [1 - (¥%2)(1 - p)Dz(s®)] has roots s,

~ +10.85(1 ~ (*¥s)p). The contribution from
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these roots is of the order r'exp(-0.85k,r) and is
much smaller than the contribution from the diffusion
roots in the intensity %(n,r), which is of the order
r™ exp (- kor V3p).

All these qualitative conclusions will be confirmed
in the subsequent sections by specific quantitative cal-
culations.

4. POINT ISOTROPIC SOURCE IN AN UNBOUNDED
MEDIUM

We apply the formulas obtained in the previous sec-
tion to the analysis of a series of specific cases. As a
first example, we calculate the intensity and polariza-
tion of radiation from a point isotropic source in an
infinite medium. In this case, the density matrix of
the initial radiation has the form p‘;ﬁ(nl) =203 747,

The diagonality of the matrix I''® (s) then follows from
equation (17), and therefore, according to (22), the
matrix Hpyp(s) will also be diagonal: Hyp(s)
= dmpHn(s). Here the expression (16) for Kyg(n,-s)
takes the form

Kop(ngs) = Sap[ (D1 4 2b2) Hy (s%) + boHo (s%)]

Hy()]D8T (Qu) D (Qa1). @9)

% by [Ho(sz)
The desired density matrix Bgg(n,-r) is obtained
from (29) after carrying out the inverse Fourier trans-
formation (28). Substituting (29) in (28), and carrying
out integration over the angles, we get the following
expression for Bgg(n;-r):

By (1) ———{msS 5270 (o) (D1 + 252) Hy (7) + bl (57)]

oo

- aaﬁ%‘ s 52 0o Gaors) 1o () 1o () — 1 ()]

— bDB* @)D (@) § ds 2 (ars) Uo(s2) — ()1} (30)
0

where jo and j, are spherical Bessel functions: ju(x)
= V/2xJp, /5(X), and the explicit form of H,(s?) and
H(s?) is the following

Hy () = a8 MA, Ho(s?) — Hy(°) = 268 (Do — 3DA, (31
Ay (%) = Do + Dy — 4nb[Dg2 — Do? — 2DoDy + 2DoD,].

The dependence of the density matrix Bgg(n, - r)on
the angles is included in the matrix

Dcﬂ)H (Qri)DO(é) (1) = 4/3nY 10" (vr15 Br1) Yap(vris Bra).

Comparing it with (6), one can write out the expres-
sions for #%,(n,;-r)and %(n,-r). The dependence of
this matrix on yr; assures the law of transformation
of the Stokes parameters %, and ¥; into one another
under rotation of the system of coordinates of the re-
cording apparatus (polarimeter). Usually, one uses a
system for which yp; = 0. In this system, according
to (6), the parameter %,(n,-r) is equal to zero.

Under the condition kor > 1 (diffusion approxima-
tion), analytic expressions can be found for the density
matrix Bgg(n, -r). Here it is necessary to integrate
over a contour in the upper half plane in (30); in this
calculation, one must take into account only the residue
from the diffusion pole s = iV 3p, discarding the inte-
grals around the cut from the branch point s =1i of the
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integrand. The discarded terms are ~(kor) ?exp (—kor)
and can be neglected when «or > 1, since the diffusion
terms are of the order (kor)™'. We shall also neglect
terms ~pvVp, p% which corresponds to the physically
interesting case in which the actual absorption in the
medium is small. As a result, we obtain the following
expressions for %,(n;-r) and %s;(n,-r) in the frame

of reference with yp; =0, where %,(n,-r)=0:

by
b + 1056,

0) Ko

Go(nur) = § exp—uorvsm{ [ p+ £ (uar) 2

X —31’3;7(%0’ )=t — sin B (p + (o) =% + Y3p (%or) - )]}

(0 3%0?

. (32)
Gi(nr) = — 9, -—exp — %o ¥3p) sin? By [p + (%or) —2

X V3p (#or) 1] b (by + 10b,) 1

For the degree of linear polarization of the radiation
£3, we have, from (32)

by

&= G3(mr)Gy

by + 105,

~i(ngr) = —

! V E] sin? Brq. (33)

[ Pt (uor) Xol"

The integrals over the cut discarded in obtaining
(32) are easily computed on an electronic computer.
Such a calculation was carried out for the case of
Rayleigh scattering (b,=0, b, = 3(1 - p)/87n) for
p = 0, when actual absorption of photons is absent. In
this case the exact formulas for %(n,-r) and %5(n,-r)
have the form

(nir)—g(o) . [fi(xnr) +j2(x0r)<%—sillzﬁ,»1>], (34)

Famr) = =5 f, () sint B,
The functions f,(xor) and fy(«,r) are shown graphically
in the range of xor from 0.25 to 4 in Fig. 1. Figures

1 and 2 also show the graphs of %y(n,-r) and

%s(n;-r) for the angles By; = 0°, 90°, and also the
degree of linear polarization £; for By; =90°. For
comparison, the corresponding graphs are also given,
computed from the analytic formulas (32) and (33).
From these graphs may be seen that (32 are satisfac-

fm,,r{ £, %
2,0+ l

181

FIG. 1. Graphs of tabulated functions from 0.25 to 4k,r: a—f, (ko r),
b—f,(ko1), c—degree of linear polarization £; (n, - r) for ;= 90°, calcu-
lated on an electronic computer, d—degree of linear polarization of
£3(n, - 1) for By = 90°, calculated according to the asympotic formula
(33).
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FIG. 2. Dependence of ¥o(nr) (3ke?/4nr %)) on ker: a and b—
exact values of %o (n, - r), for By = 0° and 90°, c and d—the correspond-
ing values of & (n, - r) calculated from the asymptotic formula (32).

torily accurate when kor =2 for o(n, -r) and when
Kor = 3 for @s(n,-r).

We now discuss the results. First of all, it is evi-
dent that in the diffusion approximation (i.e., at large
distances from the sources and boundaries) the value
of the polarization is insignificant. In the case of pure
scattering p = 0, the polarization is a quantity of the
order of (k¢r) 2 Such a dependence is explained by
the fact that the polarization is proportional to the
gradient of the density (current), which in our case
is directed from the source and which changes with
distance as (kor) 2 The current creates a distinct
direction in the medium, which is necessary for the
appearance of polarization.

In the expressions (32) and (33), it is easy to pro-
ceed to the case of Rayleigh scattering by fluctuations
of the density and temperature. Here b, =0 and b,
= 3(1 - p)/8n, as follows from Eq. (25). We note that
in this case, the degree of linear polarization £; is
maximum, since the factor b, (b, + 10bz)™ =1, This
factor characterizes the decrease of the degree of
polarization of the radiation under the action of the
depolarizing effect of scattering by anisotropy fluctua-
tions. Depending on the relative contribution of the
different types of scattering (scalar, symmetric and
antisymmetric) to the cross section, it can take on
different values, but the modulus does not exceed unity.
Thus, for scalar (Rayleigh) scattering (a'S’ = a'® =0)
this factor is equal to unity, for purely symmetric
scattering (a‘® = a‘® = 0) it has the value 7, and
for antisymmetric scattering (a'® = a'® = 0) it be-
comes negative and is equal to —1/g. Thus, measure-
ment of £; can serve as a means of obtaining informa-
tion on the presence of one type of scattering or
another in the medium.

5. POINT COLLIMATED SOURCE OF POLARIZED
RADIATION IN AN UNBOUNDED MEDIUM

We now consider the problem of scattering in an
unbounded medium of an infinitely thin beam of
polarized photons radiated from a point source. The
consideration is made on the basis of the general
formulas of Sec. 3. A practical case is that of the
scattering of a light ray with small optical diameter
(kod K 1) where d is the geometric diameter of the
ray. The source is given in this case in the following
way:

Bup(nr) = §(r)8 (ns — o) Ly (mo),
Ig"’j( no)is the matrix of the source radiation density in

the frame of reference connected with the unit vector
No.

We limit ourselves here to the case kor > 1 (dif-
fusion approximation), when it is possible to obtain
asymptotic formulas. For simplicity, we consider
purely Rayleigh (scalar) scattering b, =0, b,
= 3(1 - p)/8n. In the diffusion approximation,

Ilmn (Sno) - 6man (Sno) (l + iSno) -

We obtain the expression Hp(s-no) from the general
formulas (17) and (23). Just as in the previous section,
we shall take into account in the calculation of the
Fourier transform of Kaﬁ(nl -8) only the contribution
of the diffusion root, neglecting the integrals over the
cut. As a result, we obtain the following asymptotic
formulas in the frame of reference with yr; = 0, where
%y(n,-rne) =0

2

%, (nlmo)__ 3xo

Bor exp (— »or¥3p) {Iw [ 1+ﬂp

X (ot V38 Y eos o |+ 5 ( P+ P + 73 (xor) 1)
x (19 (4Pz(cos Bor) - P (cos Bra) ) -+ 3 sin? Bor Re (I%e—2i%n) }

exp (— %! V3P)IW [p 4+ (%or)—2 4+ V3P(Ko7')"1] sin® .

I
G3(ngrng) = B
If (35) is integrated over all directions of the vector
ny, formula (32) is obtained (for the Rayleigh case),
which describes the radiation from an isotropic point
source. To obtain (35), we discarded terms
~pvp, p3 p(kor)™, (kor)™ and so forth.

As follows from (35), the dependence on the initial
direction of the source of radiation decreases sharply
with increase in the distance from the source if the
absorption in the medium is small. Actually, the cor-
relation coefficient between the directions of the radius
vectors r and n, is proportional to the quantity
(kor)™ + V3p for the radiation density. The depend-
ence of the radiation density on the linear polarization
of the source is also weak and is characterized by the
quantity p + (kor) 2+ vV3p (kor)™". In this approxima-
tion, the polarization of #%; is completely independent
of the direction n, of the source of the radiation. This
phenomenon is easily understood physically, since the
diffusion of the radiation, on the one hand, leads to the
isotropization of the flow of photons at great distances
from the source, and on the other, to an equilibrium
distribution of the scattered photons and to equaliza-
tion of the gradient of the flow.

In conclusion, we shall write out the formula for the
radiation density ¥,(n;-rn,), obtained from the same
assumptions as (35), from the ordinary non-matrix
transport equation with Rayleigh scattering indicatrix
k(n;-ne) = 3[1 + (n; -no)?}/167:

. 3xo? — 1
Fo(nirno) = o exp(— worvsmlﬂ’{ 1——p+005ﬁn< —;vgp)

(36)

2
[4P5(cos Bor) -+ P2 (cos ﬁr‘)]}

x5 o+
3 L (%or)2

It follows from a comparison of Eqs. (35) and (36) that

for p = 0 the difference between them lies in the ab-

sence of a term with polarizations of the source I'9

4 V3p}
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in (36), i.e., the non-matrix transport equation gives
the correct result with accuracy up to terms of the
order (kor)™2.

6. PHOTON SCATTERING FROM A FLAT LAYER OF
MATTER

The equations obtained in the previous sections are
easily generalized to the case of scattering by a flat
layer of matter. Let an unbounded beam of polarized
photons be incident on a flat layer of thickness 2L in
the direction no,. The state of this beam is described
by the density matrix Ig’,’,. The density matrix of the
photons which reach a depth z and are first scattered
there in the direction n,, is equal to

1
B (nir) = B (n12) = e [0D&" (Q) I (00) D34 (Qm) (37

X bzbaﬁlx(’:) (mo) ] exp {— %oz sec o}
Here cos#o = no-ngz. Since, for a flat layer,

F(q) = 83%6(qx) 8(qy) exp{—ig.L}f(g:), where f(z)= z~'sinzL,
then Eq. (13) in this case takes the following form:

Kap(nju) = 8128 (ux) 8 (uy) exp [—i(u, — ixo sec §o) L] Kap (mu.),

Kap(nys) = /(s — i sec 00)[bDSF (Qut) 1N (10) D’ (Qor) + badaslyy (no)]

m (38)

+;1 S dr S dn.f(s —r) (1 + irnen;) D& (Q) Kye (07
X DB (Qut) + b2dapKoy(07) ). (39)

Equation (39) possesses the same symmetry properties
as the equation for an unbounded medium (15). We note
that Eq. (39) is not more complicated than the ordinary
transport equation except for the intensity with indi-
catrix, containing the zeroth and second Legendre poly-
nomials. The desired density matrix Bgg(n, 'r) is found
after satisfying the inverse Fourier transform
Kaﬁ(nl-u) and %(n,-u).

In the work of the authors of,[*?! a set of integral
equations is solved for the observed values of the
Stokes parameters ¢j, similar to the equation for the
case of Thomson and Compton scattering. Here the
authors start out from the following physical picture
of the process of multiple scattering. As is seen from
the results of the present paper (see, for example, Egs.
(32), (33)), the Stokes parameters of the scattered
radiation, which describe the polarization, are small
in comparison with the scattering intensity %, at great
distances from the source. This effect is easily ex-
plained by the diffusion radiation which decreases the
anisotropy of the radiation flux at large distances.
Therefore, it should be expected that, inside the flat
layer, at distances from the boundaries of the medium
greater than the total free path, that is, where the
photon motion is diffusive in character, the polariza-
tion of the radiation is small ( %; ~ 0). The fundamental
polarization of the outgoing radiation arises in a single
scattering process close to the boundaries of the layer.

The physical considerations set forth above allow us
to suggest the following method for the solution of
Egs. (39) or (10). As the zeroth approximation, we
choose %3=0, 9, = I(n,z) where I(n;z) is determined
by the solution of (39), if we neglect the polarization
terms in it. After substituting the zeroth approximation
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in (39), we determine the Stokes parameters in first
approximation. Substituting these results again in (39),
we obtain the values of the Stokes parameters in second
approximation, and so on. Thus, the problem reduces to
the solution of Eq. (39), if the polarization terms (the
non-matrix transport equation for the scattering inten-
sity) in the latter are neglected. Solution of such an
equation is obtained in the previous work of the
authors.!*®! The substance of the method of solution is
the following. As is known, photons can go from one
point of the medium to another either directly, without
scattering (direct ‘‘flight’’), or as a result of a certain
number of collisions, i.e., diffusion.

In!**] the authors transformed the usual transport
equation to integral form, in which the processes of
diffusion and direct ‘‘flight’’ without scattering are de-
scribed by different kernels of the integral equation. In
this case, it was shown that the process of diffusion can
be taken into account exactly, and the process of direct
“‘flight’’ can be taken into account by the method of
successive approximations. The advantage of the re-
sultant integral equation is that it automatically takes
into account the correct boundary conditions of the dif-
fusion equation and allows us to obtain a practical solu-
tion with the necessary accuracy. The intensity thus
calculated is substituted in Eq. (39) and the polarization
of scattered radiation in optically thick layers of
matter is calculated (see'*?! for details).

In'#®) the linear polarization is calculated by a
numerical method for Rayleigh scattering for different
optical thicknesses of the scatterer. The results of the
calculations of the polarization for this case by the
method given by us lead to a simple analytical formula,
and in first approximation, better agreement is ob-
tained with the numerical calculation (see Fig. 3). We
note that this method does not depend on the specific
angular dependence of the cross section. Moreover,
for thick layers, the polarization of the scattered radi-
ation does not depend on the angle of incidence of the
initial ray, since the initial direction is completely
“‘forgotten,’’ in the diffusion process, and the polariza-
tion is determined by the subsequent acts of photon
collisions.

We express our gratitude to Yu. A. Shibanov for
carrying out the numerical computations on an elec-
tronic computer.

E5,%

FIG. 3. Degree of linear polari-
zation of radiation coming out of a
thick flat layer of matter under
Rayleigh scattering: a—result of
numerical solution, b—result of
analytic solution in first approxi-
mation.
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