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The theory of superconductors containing paramagnetic impurities'!! is generalized to the case when
the scattering of electrons by an isolated impurity is not weak. An exact calculation of the scattering
of electrons by an impurity with spin S leads to the appearance of local states lying inside the gap.
It is shown that the order parameter does not change substantially near an impurity. For finite im-
purity concentrations, these states are responsible for the experimentally-observed broadening of
the region of gapless superconductivity. For the calculations it is assumed that the impurity spin S

is a classical vector.

THE theory of superconductors containing a small
number of magnetic impurities was developed by Abrik-
osov and Gor’kov (AG).t!? They showed that the critical
temperature T, of such an alloy decreases monotoni-
cally with an increase of the concentration n of mag-
netic impurities and vanishes at a certain value n=ng,.
On the other hand, it was found that the absorption
threshold w, in such a system is not in good agreement
with the value of the order parameter A at T = 0; the
decrease of w, with concentration n takes place some-
what more rapidly than for the quantity A(n). Accord-
ing to the calculation!?! the value at which the threshold
w, tends to zero corresponds to a concentration ngp

= 0.91n¢y. Thus, in the narrow region ngy < n < ngp
an interesting situation occurs in which the system ex-
hibits the Meissner effect (A + 0), and at the same time
its energy spectrum starts from zero (w, = 0), just like
in a normal metal. This phenomenon is called gapless
superconductivity.?

Somewhat later the phenomenon of gapless super-
conductivity in magnetic alloys was confirmed in the
tunneling experiments by Reif and Woolf.!'®:4! However,
in contrast to the prediction of the AG theory, the ex-
perimental value of ngy turned out to be substantially
smaller and approximately equal to 0.5 n;p. An opinion
was expressed that ferromagnetic ordering of the im-
purity spins at low temperatures!®! in principle might
be responsible for the observed broadening of the re-
gion of existence of gapless superconductivity.?

In this article we show that agreement with the
dataf34] can also be obtained for a paramagnetic phase
(the impurity spins are not ordered) if, in contrast to
the AG theory, the interaction between an electron and
an impurity is not assumed to be weak. The essential
point consists in the fact that, as shown in '8!, an exact
calculation of the scattering of an electron by an iso-
lated magnetic impurity in the case of a superconductor
leads to the appearance of local impurity levels inside
the energy gap, corresponding to excited states of

DLater it was found that a similar situation also occurs in a number
of other cases (see the discussion given in the book [?], Ch. 8)

2)Private communication from L. P. Gor’kov.

Cooper pairs near the impurity. Below we will see that
simultaneous account of the scattering processes on
many impurities leads to the appearance of an absorp-
tion edge with a minimum energy w, which is smaller
than in the AG theory; in accordance with this the smal-
lest concentration ng) at which the threshold vanishes
(w, = 0) also turns out to be smaller and dependent on
the relative magnitude of the interaction (i.e., the ratio
of the exchange interaction J of an electron with an im-
purity to the Fermi energy ).

Let us write the interaction of an electron (at the
point r) with the i-th impurity in the form

Vi=U(r—l‘i)+OSJ(l'*l'i), (1)

where 8 is the spin of the impurity, and ¢ denotes the
Pauli matrices (0§ = 1). In the AG theory Vj is taken
into account in the Born approximation. In this case the
final results actually do not depend on whether we re-
gard the spin S as a classical vector or as an operator.
In higher-order approximations the above statement
ceases to be valid as a consequence of the well-known
Kondo anomaly, which is a reflection of the specific
commutation rules of the spin operator.t”! In the fol-
lowing account we shall neglect the Kondo effect, i.e.,
we shall regard the spin S as a classical vector. This
is apparently valid provided the impurity spin is suffi-
ciently large (S >> 1). A more detailed analysis shows
that in practice this restriction is not too strong.

1. LOCAL LEVELS NEAR AN ISOLATED IMPURITY

Regarding the spin as a classical vector, let us first
consider the case of a single impurity located at the
origin of coordinates (rj = 0). For the calculations we
shall use Gor’kov’s technique in matrix form, as set
forth in [%],

The Green’s function @ ,(p, p’) for a superconductor
in the presence of an impurity is given by the expres-
sion

8.(p, ') = 6L (p) by + 6 () £ (0) B2 (p), ()

where Sél‘,"ﬁ'(w) is the vertex part, which satisfies the
equation

1101



1102 A. I.

~ ~ NN o d)
0 ©) = Vo + { 72n 82 (00) E0 (0) 3 - (3)

The matrices 6! and V appearing here have the form
form?!s?

8© (p) — .. (p) —i5,8aP))_ _ 2 12 _ o +8 oA \,
— i5,80 (p) ® (p) P A+ s A e E

o (Vaa) 0 @)

i _( 0 Vea (P, p))’ (5)

where w= w, =7T(2n + 1), £ = (p?°/2m) — u. In writing
down Eqgs. (23 and (3) it was assumed that the parame-
ter A is unchanged by the introduction of a single im-
purity. Justification of this assumption will be given
below.

In connection with the integration over p, in Eq. (3),
we now exclude the region of momenta far from the Fer-
mi surface. One can do this in general form by intro-
ducing the amplitude fpp’ for the scattering of an elec-

tron by an impurity in place of the potential Vp ’, in
analogy to the way this is done for a nonmagnegc im-
purity.t8l Then

. 21 » ~ e d
zg;))' (0) = T:‘ for + POS Toms @i?)siﬁi' 40—:: . (6)
The momenta entering into this equation lie on the
Fermi surface: |p| = |p,| = |p’| = p,. The bar denotes
integration over the energy,
400 . .
=5 _ © g _ __1__ (— o — lO’uA) )
8. _Sm@;m @ i YA \—io,A i ™

The amplitude f has the dimension of a length and
satisfies the equation

~ m 5

Vondow  d
Fowr . o — oo/pp AP1 (8)

E(py) (2n)*°
In order to determine the vertex part ilg‘i;'(w), we

expand the corresponding quantities in Eq. (6) in series
of Legendre polynomials:

fopr = D (214 1) fiPy(an'),

=0

£9 = 3 @+ )&, (o), 9)
=0
where n = p/|pl. As a result for the I-th harmonic we
obtain

£0 () = /i + P BDE (o). (10)

Let us choose the direction of S along the z axis;
then one can write the solution of Egs. (10) and (7) in

the form
250 0 —%,
so [ 0 % % 0 j
o= ( 0—g, )"0 ! (11)
where L 0 0 (=)
T+ — @n/m)fEA Yo+ A —ipfFo (12)
l R aVor + A+ io VA — e
T, — (27t/m) pofitfi-A* 1 a9
R e Yol + A2 + o VAT — &

e = A+ pftfi) | R, Bi= [( + pfitfir)? + po (fit — fr)21™,

for J > 0; for J < 0 one must make the following sub-
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stitutions: ¢} = ¢, and g, = £*. An asterisk de-
notes the operation of complex conjugation. The ampli-
tudes fli describe the scattering of an electron by an
impurity in a state with orbital momentum ! and spin
projection + %, in a normal metal.

In order to determine the possible bound states in
the system associated with the presence of an impurity
we must, according to general rules (t°3, Secs. 7, 17),
construct the analytic continuation of the Matsubara
vertex ¢ ‘© (w) into the upper half-plane of complex
values € = iw. Setting iw = € + i6 in Egs. (12) and (13),
one can easily see that the function I'j(e) = ¢ (ie—0)
satisfies the formulated condition in the complex €
plane with cuts along the real axis from — « to —A and
from A to «. The pole of I'j(¢) at € = ¢; — 10 gives the
energy ¢; of the bound state with orbital momentum 2.

Expression (14) for €; was previously obtained in
6l by another method; an expression was given there
for the wave function of this state. Here we shall not
cite the corresponding forimulas and only note that the
contribution of the pole iw = ¢; to the Green’s function
(2) for T = 0 in coordinate space falls off at distances
r ~£,[1 - (€7/A)%]"/? as one goes away from the im-
purity, in contrast to the case of a pure superconductor
for which the Green’s function 6 ‘5’ (r — r’) falls off at
the coherence length (|r — 1’| ~ £, =v/A). The consid-
erations given below for finite impurity concentrations
indicate that, as a consequence of the rapid oscillations
of the electron wave functions at the Fermi surface, the
interaction of these local levels becomes important for
n ~ney (compare with the case of two impurities in
articlet®).

Finally we present an expression, which will be use-
ful in what follows, for the energy levels ¢; in terms
of the phases §; for the scattering of an electron by an
impurity:

g = Acos (6F — &), 1g8F = pofi*. (15)

2. SPATIAL VARIATIONS OF A

Now let us briefly discuss the question of the spatial
variation of the parameter A(r) near a paramagnetic
impurity. For a nonmagnetic impurity this problem was
studied in detail in '%2! and it was shown that the entire
variation of A(r) near an impurity reduces to small os-
cillating (over atomic distances) corrections. This is in
complete agreement with the fact that, in general, the
ordinary scattering does not have any effect on the
critical temperature T of a superconductor (see [9?,
Sec. 39).

The situation is somewhat different in the case of a
magnetic impurity. As we now see, here the correction
8A(r) = A(r) — A remains finite after averaging the
atomic oscillations; however, it is extremely small in
magnitude. Near the critical temperature (A = ¢; = 0)

3) A bound state (for / = 0) having an energy less than the supercon-

ductor’s energy gap A was found in articles [1%!!] for impurity spin S =
1. However, in this case the physical situation is very complicated due
to the above-mentioned Kondo anomaly, [?] which even in a normal
metal may in principle lead to a bound state of an electron on an
impurity. In particular, in article [*] it is shown that within the frame-
work of the dispersion method used there, the question of the actual
existence of such states for a superconductor remains open.
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the variation 6A(r) was previously calculated in [137;
for n < n¢y the relative correction to the AG result
for Tc(n) turned out to be insignificantly small,
~107% to 1077, which justifies the assumption in the AG
theory about the constancy of A in space. In the pres-
ence of isolated states inside the gap, this conclusion
remains valid at absolute zero.

Variation of the parameter A(r) near an impurity
leads to the appearance of an additional term of the
form

5. (p, p') = 65X (p) 02,5, B (p), (16)
in the right-hand side of Eq. (2), where the matrix
0A has the form
. 01
dAq=—iodhg(, ] - (17)
By definition,
_ e La o) 2
Aq = Ing,§ @u(p+7q, PG m) )" (18)

where G, is the element, standing in the upper right-
hand corner, of the matrix (2) with the additional term
(16) taken into consideration, and g is the electron-
electron interaction constant corresponding to attrac-
tion (g < 0). Considering the second term in (2) as a
perturbation, to first order in 2‘°’ one can write

(a3 (ar(o+-3)o-+(o—2)
“ns{s (o 1)) o
518 [(0s{rs D)oY

S~—"
Q
+
=
£

(19)

Performing the integration over £ (for q << p,), we
obtain

a2 e
Lodda=— S @+n(1-)uw, @)
where .
A%+ 1/i(vgp)*
= nl
Ligy=al 3] “sz—{— Azg W2AZ+ 1/ (vgp)®
wo=13 s ey @Y
2+ e ) 0 +A1/i(vqp)?

The left-hand side of Eqs. (19) and (20) has the stand-
ard form of all similar problems relating to a variation
of the order parameter under the influence of a static
external field (see, for example, '*!). In coordinate
space

1 _ gsingrei(g)
A= =g ZZ @14 1) (1 —-> S Ty e (22)
According to Egs. (21) the dimensionless functions
L(q) and ¢;(q) have a characteristic scale of variation
coinciding in order of magnitude with the reciprocal of
the coherence length (@ ~ £5!). From here and from

AP~ —Z(2l+1)(1__>£Lexp<_2vvi>,
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Eq. (22) one can at once see that the relative change of
the order parameter can be written in the form

23)

AT peer

1)

where F is a certain dimensionless function varying
over distances r ~ £, For r ~ &, the correction 6A/A
is insignificantly small: ~10-%, a fact which has been
utilized from the very beginning., Apparently one can
expect a substantial variation only over atomic dis-
tances; however, the model itself becomes inapplicable
much sooner—at distances of the order of the interac-
tion radius r ~v/wp ~ 107° cm.

One can evaluate the function F(r/fy) in two limiting
cases: r >> £, and r <K £, Here we present the re-
sults for the case of absolute zero.

At distances which are large in comparison with the
coherence length, small values of q << £;* are import-
ant in the integral (22). Using the expansion’ 4!

(9) =14 Y(qv/A)?
and the value ¢;(0) = A/2(A + ;) it is easy to obtain

SA(r) _ 1 F(r),

o v
. r>g= A
Similarly, at small distances (r << £&,) large mo-
menta q >> £, for which L(q) ~1n q¢, and ¢;(q)
~ n(qé,)/q£, play the major role. Carrying out the in-
tegration in (22), in the logarithmic approximation we
obtain

SA(r)
A 2o 22(2”1)(1—?) prt<r<<i. (25)

3. FINITE CONCENTRATIONS

Now let us discuss the case when the concentration
of magnetic impurities is finite but small in the sense
that the impurities do not exert any significant influ-
ence on the thermodynamic properties of a metal in its
normal state. This is equivalent to the condition that
the electron mean free path 7 be large in comparison
with the lattice constant 1/p,. We shall assume that the
impurities are randomly distributed in the crystal and
that one can neglect the spin interaction of neighboring
impurities. For averaging over the positions of the im-
purities we shall use the technique developed by Abrik-
osov and Gor’kov;t?»97 in this connection we shall treat
the scattering by a given impurity exactly.

In contrast to (2) the Green’s function of a supercon-
ductor averaged over the coordinates and spin direc-
tions of the impurities, (Qw(p) depends on only one mo-
mentum p and satisfies the following equation:

8. (p) = 62 (p) + n8L ()24 () &, (p) (26)
(n denotes the impurity concentration). The exact ver-
tex part ippr in turn satisfies an equation containing
the exact Green’s function &:

zpp (0)) = Vpp -+ Sv)p.@‘ (Pﬂzpm ((‘)) (23’[)& (27)

In writing down these equations the physically-reason-
able assumption has been made that interference ef-
fects associated with the scattering of an electron si-
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multaneously by several impurities can be neglected.
In [1) it is shown that the neglected terms lead to cor-
rections ~1/p,1 << 1. In addition, we have taken into
consideration the fact that the parameter A can be re-
garded as constant in space with a high degree of accu-
racy.

If the scattering by an impurity is weak, then in the
second term in Eq. (27) one can set £ = V and obtain
the AG theory.

Introducing the exact amplitude fppl for the scatter-
ing of an electron by an impurity, we write Eq. (27) in
complete analogy with the case of a single impurity:

A 21 4 » 2 oA do
Sow (0) = - Fow + o | Fon B (0) 32

(28)

The notation is the same as in Eq. (6). In order to avoid
misunderstandings involving the notation, we note that
in Eg. (26) the function € is assumed to already be
averaged over the directions of the impurity spin, but
this has not been done in Egs. (27) and (28); on the other
hand in both cases the function ¢ is assumed to be
averaged (i.e., it does not depend on the direction of §).
Thus, in order to obtain the averaged %, it is necessary
to solve Eq. (28) in general form and then carry out the
necessary averaging.

Let us assume that the function & has the same
structure as & ‘©’, namely,

iayZ °
—£+ﬁ'

It is also natural to seek the averaged vertex part £
in the form (11):
- icyig >

= < T

Here we have used the following obvious property:
%, = ¢ =g, and %, = £ ¥ —a result of averaging over
the directions of S. The final result is in agreement
with the assumptions which have been made.

Substituting (29) and (30) into (26), one can easily ob-
tain the following relations between the quantities that
have been introduced:

0= — nIm (0, 0),

o+E

is,A (29)

&m:—w+k+%%f

T
— iﬁyiz

(30)

A= A-+n% (0, 0),
(31)
E =&+ nReZ:(0,0),
where 2(0,w)= 2(p, p; w) is the vertex part for for-
ward scattering. .

It remains for us to solve Eq. (28); the matrix @
in accord with (29), is given by formula (7) in which it
is necessary to make the following substitutions: w, A
— @, A, In view of the cumbersome nature of the re-
sulting expressions, we cite only the result for the
averaged values of ¢:

o n 0% A? _
ReZ)"(0) = Tmp, (;2_’_—8 sin 2 (8 —#,
ImT (0) = — mf; 31/—‘21)_+_—+é~—(511126 -+ sin?8;),
0 o
2
2 (0) = ”2;: A})/;)T—;A sin &} sin & cos (8] — &7),  (32)
0 1 1

where €; = A cos (§f — § ). Here we have used the no-
tation of Sec. 1. In the Born approximation (Gl 1)

formulas (32) agree with the results of the AG theory:
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ReZ{’ =1, (V] — V1),
D () = — P ey T PR
I (o) = — G2 (VD) + (V) e
A
) =T VIV e 329

In this case the quantity Re ¢,(0, w) in formula (31)
does not depend on the frequency w and may be in-
cluded in the chemical potential u. In general this is
not so in the simultaneous presence of exchange and
ordinary scattering. However, this property is unim-
portant for an investigation of the static properties of
the system since upon integration over ¢ of the ex-
pressions containing the Green’s function with the same
frequency, the component n Re z,(0, w) drops out of the
answer.

Substitution of (32) into (31) finally gives

nynt+1

M2+ cos? (& — o)

O =0T

T2 S (214 1) (sin? 85+ + sinz 87
mpo )

- 2an e Y1 +r
A=A+ p) 21(2l —+ 1)sin &+ sin &~ cos (6,+ — &) T cost (o1 — 00
-~ (33)
where 7 = w/A satisfies the equation
n , Y+ 1
=nla—"2 S (204 1)sin2(6+ — 8-
© n[A mp02,(2 1 1) sin?(8;F — 6r7) n2+cos.2(a,+~a,—)]

34

Let us consider the case of absolute zero in mort(a )

detail; here for simplicity we shall regard the scatter-
ing as isotropic (I = 0). The dependence of A on the

impurity concentration is determined by the equation!’

an 2 = (o [- -
YR ey Ry ¥
where A, is the value of A for a pure superconductor.
With the aid of a change of the integration variable
= (dw/dp)dn in formula (34), one can express the
result in terms of elementary functions:

(35)

A n 1 1
In—- — -, —— < &%
Ao 2(1+ &) TA TSA
A Mo
In— = —1 1]+ ——
ny = nno+ Yne + ]+TAﬂo+80
1 1— 1 1
arctg Mo &) — — arctgg—o , = g¢?
A (1 — &?) No2 + &0 TsA (1 4+ 20) N TA (36)
where
1
N’ = ———— 1 — 2e¢?(1:A)2 +]/1+41——-£0)( A)],
2(tA)?
1 nn
—=—(1—2¢g¢?), & = cos(8+— 6¢).
Ts mp

The parameter 7g represents the time it takes for an
electron spin to flip during impurity scattering proc-
esses. In the Born approximation (1 — ¢, << 1) formu-
las (36) go over into the formulas of the AG theory.
According to (36) the vanishing of superconductivity
(A = 0) takes place at the concentration n = ng, at
which 7¢pA, = 2. We note that the non-Born nature of
the scattering now develops in the terms ~A?, i.e., in
the region where the Ginzburg-Landau equations are
not applicable. Thus, for isotropic scattering (at
T = 0)

—n

< A )2_ 3 Rer
Ao/ B—tde? ng

@7

Ney — N<€ Ny -

)
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In the general case of anisotropic scattering and arbi-
trary A the results depend in a complicated way on
various superpositions of all the harmonics fl

It is of great interest to determine the absorption
threshold and the corresponding structure (i.e., the
dens1ty of states) near it. The retarded Green’s func-
tion GR(p, w) gives the answer to this question. In [
it is shown that for its construction one must make the
following substitutions in formulas_(29), (33), and (34):
wy —~ —iw, 9y ——in, wp — —iw, A, — A, and one must
define the root as the analytic continuation of the root
+V1 —nZ (for |n|< 1) into the upper half-plane of the
variable . Then the absorption threshold is the mini-
mum frequency w, > 0 for which the roots of the equa-
tion
1 y1—n?

B A——
@ 7]< Ts Soz—ﬂz

) o<n<e (38)
become complex for w > w,. It is easy to see that for
TgA > 1/€2 and as w — 0 this equation always has a
real solution 7 lying in the interval 0 < 5 < €,; there
is an energy gap in the spectrum of the system. The
magnitude of the gap wy(n,€,) is equal to the largest
value of the right-hand side of Eq. (35), i.e., it is ob-
tained from the condition (dw/dn)wo = 0. The resulting

equation can only be solved numerically. In the limit of
small concentrations (n << ng,) the gap in the spectrum
is equal to w, = €,A, which reflects the presence of a
discrete level (with ! = 0) for an isolated impurity, ob-
tained in Sec. 1.

On the other hand, for 7gA < 1/€} Eq. (38) does not
bave any real solutions, i.e., w,= 0. From (36) it fol-
lows that the gap vanishes at the concentration

(39)

The phenomenon of gapless superconductivity occurs in
the region ney < n < ngp. In the Born approximation
(€0 = 1): ngp = 0.91 n,,., the value which follows from
the AG theory. As is evident from Eq. (39) the pres-
ence of impurity levels (¢, < 1) leads to a broadening of
the region of gapless superconductivity. It is natural to
expect that taking account of higher harmonics in the
scattering leads to a further decrease of ng.*’

As mentioned at the very beginning, in the experi-
ments of Reif and Woolff3> 4} the value of ng, was ap-
proximately equal to 0.5ncp. As alloys they used iron
atoms in indium.[3! Within the framework of the stated
theory, from here one can conclude that for such an al-
loy of indium containing iron impurities, the exchange
interaction of the conduction electrons is not weak. One
can obtain a rough estimate of the magnitude of the ex-
change interaction with the aid of Eq. (39) if one sets
ney = 0.5n,, in it. This gives ¢, ~ 0.6 which, accord-
ing to (13), leads to a quite reasonable value for the am-
plitudes f; = —f; = 0.5p;* (we assumed U = 0).

In conclusion let us calculate the heat capacity in the
gapless region at low temperatures. For this it is ob-
viously sufficient to know the density of states Ng(w)

Mo’ = 2e0*ncr exp [—aed / 2(1 + )]

“1n the general case of anisotropic scattering one can, with the aid
of Eq. (34), write the condition wgy = 0 in the form (mncr/mpg) X
213(21 + 1)tan?(85— 87) = A(ngr); however, now the value of A(ncr)

cannot be expressed in closed form.
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for excitations of small energies. According to general
rules of statistics,

Ns(w)=;—ImSGR(p, ) (40)

dp
(2m)®
(for a given spin direction). Taking what has been said
above into account, we have

_ n
Ns(0)= N, Im = (41)
where Np = mp,/27® is the corresponding density of
states in the normal metal. For w — 0 and 75A<1/€}
the root (38) is purely imaginary (g = in,); an expres-
sion for 7, is given above (see Eq. (36)). Consequently

. L R— (42)
Y1+ ne?

In view of the fact that Ng(w) = const as w — 0, an ex-
pression for the heat capacity can be written down at
once:

Ns(0)=N

2
CS(T)=132NST= TP 0,

3 Vi+ne

At the point 7gA = 1/€? the coefficient in the heat
capacity vanishes (7, = 0); this corresponds to the con-
centration ng, and only indicates that the heat capacity
does not vary faster than linearly as a function of T. In
the region n <ng, the electronic heat capacity has an
exponential character. However, since the investigation
can be successfully carried out only in the uninteresting
region of very small concentrations, we shall not cite
the corresponding formulas here.

In conclusion I wish to thank L. P. Gor’kov and G. M.
Eliashberg for their attention to this work and for valu-
able suggestions, and I also thank I. E. Dzyaloshinskil
and A. I. Larkin for a discussion.
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