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The generation of longitudinal and transverse acoustic waves in piezosemiconductors is studied. The 
kinetic equation is obtained for the noise density in piezosemiconductors for a plasma medium with 
arbitrary space and time dispersion. By means of solutions of the kinetic equation, it is shown that 
transverse waves are initially always generated practically independent of the orientation of the crystal 
in the system. The spectral and angular distributions of the density of generated noise are investigated 
and it is shown that the indicatrix of the phonon radiation resembles a petal or petals which begin to 
broaden with increase in the drift velocity of the electrons (holes), and which subsequently begin to nar­
row. The dependences of the spectral noise density on the frequency, electron concentration, drift veloc­
velocity and temperature are studied. It is shown that the characteristic time for noise in the crystal 
is chiefly determined by the time of flight of the phonons. 

IN connection with the intense investigation by experi­
ment of the effects of amplification and generation of 
acoustic waves in piezosemiconductors, it is of interest 
to obtain formulas that describe this phenomenon. It is 
known that when the drift velocity of the carriers ex­
ceeds the phase velocity of the sound wave, spontaneous 
oscillations of the lattice, corresponding to sound waves, 
will grow in the system. To find the intensity of the 
spontaneously generated sound waves (noise), it is obvi­
ously necessary to construct the equation which 
describes the evolution in space and in time of the mean 
square of the fluctuating displacement vector, with ac­
count of the nonequilibrium properties of the plasma. 
The state of the electrons and holes in the semiconduc­
tor, as also in the plasma, (gJ can be completely charac­
terized by specifying the complex dielectric suscepti­
bility of the medium. This in turn determines the 
acoustic and optical properties of the semiconductors. 
In a nonequilibrium medium with carrier drift, in addi­
tion to the dielectric tensor of the medium, it is also 
necessary to specify the correlation function of the ran­
dom currents or of inductions. As has been shown, [2 J 

in certain cases this function can also be expressed in 
terms of the nonequilibrium complex dielectric suscep­
tibility tensor, with account of drift; thus the problem 
becomes completely determined if the form of the 
dielectric susceptibility tensor of the medium is known. 

The method of obtaining the equation describing the 
evolution of the mean square of the fluctuations of the 
acoustic noise amplitude for a nonequilibrium medium 
with spatial and temporal dispersion essentially corre­
sponds to the derivation of the law of conservation of 
energy in the medium. [aJ 

The aim of the present work is to derive the general 
kinetic equation for sound fluctuations, and then, with 
the aid of its solutions, to study the behavior of the 
generated noises, their spectrum and their directivity 
pattern, and the dependence of the spectral density of 
the radiation energy on the temperature, the carrier 
concentration, drift velocity, and so forth. 

1. KINETIC EQUATION FOR PHONONS IN PIEZO­
SEMICONDUCTORS 

The equations describing the fluctuations of sound 
oscillations and the electric field intensity in piezo­
semiconductors, with account of the spontaneous 
"random" oscillations of the electric current 

.(s)- _!__~ds) 
1' - 4n at • 

and of the elastic stresses a(s) (r, t) have the form [2 J 
ik 

(1.2) 

where p is the density of the lattice, uzm the deforma­
tion tensor, Aiklm the elastic modulus tensor, JJ. iklm the 
viscosity tensor, J3i,kl the piezomodulus tensor "over 
the deformation," Eo the static dielectric constant of the 
lattice, and aij the conductivity tensor of the medium. 
The electric field which accompanies the sound wave is 
potential; therefore, it is necessary to add the condition 
curl E = 0 to Eqs. (1.1) and (1.2). 

In the representation of wave packets, when the spa­
tial and temporal processes are characterized by fast 
variables (r, t) and slow variables (JJ. r, JJ. t), the physical 
quantities of the type E(r, t) and u(r, t) are written in 
the form 1 > 

r dw dq . . ( ) 
A(r, t) == A(flr, f-It; r, t) = J (Zn)' A(f-1', f-It; w, q)e-•wt+•••. 1.3 

Here the time derivative of A will be 

1 l The method of the derivation of the kinetic equation for phonons 
is similar to the case of a plasma considered, for example, in the book of 
Klimontovich. [3 ] 
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(1.4) 

The formula for the spatial derivative is similar. For 
integral quantities of the type of the electric induction, 
the transition formulas will have the form (see£31 ) 

{ 
(j (j 

D;(~tr,J.tt; w,q)= e;;(w,q)+iaw e;;(w,q) 0J.tt 

(j (j } -i-e;;(w,q)- E;(J.tf,J.tf; w,q), 
oq D~tr 

(1.5) 

where 
t 

D;(r,t)=~ dt'~ dr'e;;(r-r',t-t')E;(r',t'). (1.6) 

The expansions of (1.3)-(1.5), as is known, £31 corre­
spond to the approximation of slowly changing amplitude 
(the case of geometric optics) and are valid if the condi­
tions 

I (),! I I 
opt I Awmin ~ 1, I :~ /Aqmin I~ 1, (1. 7) 

are satisfied, where Wmin and qmin are the minimal 
frequency and wave vector of the characteristic varia­
bles of the processes in the system. 

Eliminating the electric field E(r, t) from the system 
(1.1) and (1.2), we obtain an equation for the amplitude 
of the sound waves in the piezoelectric medium: 

where the generalized tensor of the elastic modulus 
~iklm• considered as an operator, will have the form 

~il<lm(r- r', t- t') = Aii<lm .S(r- r') /) (t -· t') 

r iJ2 ]-1 iJ2 
- 4n L~-iJ-iJ - Bqs(r- r', t- t') ~p. ik ~j.lm-_ -,-iJ , . 

rq r 8 orp ri 
(1.9) 

Substituting the expansions (1.3) -(1. 5) in the equation of 
motion (1.8), and using the condition (1.7), we obtain an 
equation for the damping or growth in space and in time 
of the amplitude of the wave packet: 

{ 
(j (j (j iJ } 

L;;(cu,rl)+i-L;;(w,q)-iJ -i-L;;(w,q)iJ- u; 
iJw flt iJq flr 

D(•) . r (•) q,~l. ik qm m J 
= -lqk au~.- , 

L e, ( w, q) q,q, 
(1.10) 

where 

L.;(cv, q) = -pw28;;- [ -i:ihl;(w, q) + iwfl·ihl;]qkq,. (1.11) 

In the absence of random forces, Eq. (1.10) describes 
the propagation in the piezoelectric medium of acoustic 
waves with stationary phase and all the results pertain­
ing to the amplification of acoustic waves in piezosemi­
conductors can be obtained from it. Equation (1.10) is 
more preferable than, for example, the dispersion equa­
tion of the type Det Lij (w, q) = 0, inasmuch as it permits 
us to study a whole class of initial and boundary prob­
lems under the amplification conditions; moreover, it 

can easily be generalized to the case of a weakly in­
homogeneous medium. 

We are interested in obtaining a kinetic equation for 
a packet of waves with random phases, i.e., when the 
phase is repeatedly changed during the interaction and, 
consequently, the sign of the quantity ui(J.J.r, J.J.t; w, q) 
also changes. Therefore, as in£3 ' 41 , we multiply Eq. 
(1.10) by iw'uj(J.J.r, J.J.t; w', q') and the complex conjugate 
of Eq. (1.10), with the replacements w- w', q- q', by 
iwui (J.J.r, J.J.t; w, q); combining them, we form the statis­
tical average. For the left side of Eq. (1.10), the statis­
tical average over the ensemble corresponds to averag­
ing over the phase of the wave packets and therefore 

(u;'(fJr, Jlf; w', q')u;(J.tr, J.tf; w, q)) 
= lu(ru, ~tl; w, q) l21l(w- w')ll(q -q')e;e;, (1.12) 

where ei is the unit polarization vector of the wave. The 
relation (1.12) serves essentially as the definition of the 
quantity lu(J.J. r, J.J. t, w, q) 12 which, as it is not difficult to 
see, characterizes the spectral density of the mean en­
ergy of the sound field of the wave packet. In the aver­
aging of (1.12), the phase and the polarization of the 
waves are regarded as random, i.e., 1/y << oq << q and 
1/to « ow« w, where to~ (Im wf1 and 1/y are the 
characteristic time and length of the considered proces­
ses, respectively, ow and oq are the "widths" of the 
packet, which determine the change of phase (for more 
detail, see the book of Tsytovich £41 ). Integrating the 
equation thus obtained for lul 2 over w' and q', and using 
here the relation (1.12), we obtain the kinetic equation2 > 

a a 
- (g (r, t; w, q) + -v,p(w, q) (1: (r, t; w, q)+ 2y(w, q) &' (r, t; w, q) 

iJt iJr 

= ~ dw' dq' QCs) ( w, q; w', q') := QCs) ( w, ci), (1.13) 

where 

I iJ \-1 a 
vli (w,q)=(--He{L;;e;eJ) -Re{L;;e;e;} 

m Eiw Eiq 
(1.14) 

is the group velocity of the waves, and 

I a \-' 
y(w, ci) = ( Dw He {L;; e;e;}} Im {L;1 e;e;} (1.15) 

is the damping decrement or the growth increment, 

&(r,t; w,q)= w\1 -~Re{L;;e;e,} \) lu(r,t; w,q) 12 
, Ato) 

( 1.16) 

is the energy density of phonons in the dispersive med­
ium with account of the electric field accompanying the 
sound waves. (The polarization index is omitted in 
(1.12)-(1.16).) 

The right side of Eq. (1.13) determines the spontane­
ous generation of phonons of a system that is at a finite 
temperature. To find the explicit form of Q(s)(w, q), it 
is necessary to define the correlation functions of the 
random inductions and random elastic stresses in a 
nonequilibrium medium with drift. The correlation func­
tion for random elastic stresses can be obtained very 
simply with the help of the fluctuation-dissipation 
theorem, £51 inasmuch as there is thermodynamic 

2 lThe index JJ. will be omitted everywhere below rand t being al­
ready understood as slow variables. 
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equilibrium of the medium relative to the elastic action 
of the lattice without electrons (in the linear approxi­
mation). Therefore, the correlation function for an 
infinite, elastically isotropic medium will be l2 J 

(qm'a~· ( w', q') q,.a~'] ( w, <!)> 

liw liw , , ( ) 
= ~cth ?T[!1_t_q21l;; +(1111- !l_t_)q;q;] /l(w- (u )/l(q- q ), 1.17 

where 1-1. 11 and 1-1. 1 are the longitudinal and transverse 
viscosities, and f1 is Planck's constant. The correlation 
function of random inductions (or currents) in a non­
equilibrium medium with drift, can be written in the 
following form, as was shown inl2 ' 6 J, in the region of 
low frequencies ql «: 1, which is also the only one con­
sidered below: 

(qm' D~)• (w',q')qnD~:) (w,q)) 

T, { } ' ' =-----·Im Ei;(w,q)qiq; /l(w-w)6(q-q). 
n(w- qvd) 

(1.18) 

It is thus seen that the correlation functions (1.17) and 
(1.18) are proportional to 6 functions of the frequency w 
and of the wave vector q; therefore the integral on the 
right side of the kinetic equation (1.13) can be removed. 
By using the relations (1.17) and (1.18), it is not diffi­
cult to find the right side of the kinetic equation (1.13), 
which determines the spontaneous source of phonons: 

Q(•J( )- I eiem [t. ( )+ 4n~p.mR.qpqR.~n.i;qnq;cp(w,q) 1· w, q - w m '::otm w, q , 
L,e,e, le,(w,q)q,q,l 2 " 

(1.19) 

where ~im(w, q) and q>(w, q) represent the corresponding 
parts of the correlation functions (1.17) and (1.18), which 
do not depend on the variables w' and q', in other words, 
without {j functions. In the operator Li:U(w, q), which 
appears in Eq. (1.19), the viscosity and Im Eij should 
approach zero in the given approximation, while the rule 
for bypassing poles, as was shown in l7 J, should corre­
spond to the damped solutions. 

The presence of the operator L-1(w, q) in the source 
term of the kinetic equation (1.13), which formally goes 
to infinity at the frequency w and wave vector q for 
which Det Li·(w, q) = 0, automatically indicates the 
possibility o~ propagation and generation of phonons in 
the system only with those w and q which satisfy the 
dispersion equation. Physically, this is a well-under­
stood fact. It is essential that in the calculation of such 
quantities as the total energy density of radiation of 
phonons, for example, 

r dw d<J 
<6' (r, t) = J -(2n)< 8 (r, t; w, q), (1.20) 

it is no longer necessary to introduce additional 6 func­
tions to satisfy the dispersion law, as was done, in par­
ticular, inl8 J. 

Kinetic equations for waves of the type (1.13) are 
widely used in plasma physics; l3 ' 4 ' 7 J for sound waves, 
such an equation was used in (OJ (see also llOJ) for 
specific assumptions on the plasma properties of the 
medium-weak space and time dispersion.3 > In contrast 

3 >The correlation functions used in [9] for random currents gener­
ally do not take into account either space or time dispersion, although, 
on the other hand, they do play an important role in the theory of am­
plification and generation of acoustic waves in semiconductors. 

withl9 J the kinetic equation (1.13) was obtained for 
piezosemiconductors with arbitrary state of a electron­
hole plasma, characterized by the tensor Eij(w, q), and 
applicable both to the case of weak and to the case of 
strong space and time dispersion. 

If we transform in Eq. (1.13) to the representation of 
the number of waves N(r, t; w, q) = .W(r, t; w, q)/(27T) 4 flw, 
then we get the usual equation for the phonon distribu­
tion function N(r, t; w, q). 

We now consider the simplest solution of Eq. (1.13). 
In the absence of electron drift (vd = 0) the medium is 
in equilibrium and the dependence on the coordinates 
and time vanishes. Then the spectral density of the 
radiation energy will be 

'! ~ ~ Q('1(w,q) (o)2 ( 1 2 ) (li(J) n(J) ) 0w = dq!S (w, q) = dq -? -(--) = 2- - 3 + -_ 3 -2 + _IL_w_· -- ' 
-Y w, q n v 11 v J_ e ' 

(1.21) 
i.e., it is determined thermodynamically by the equili­
brium Planck radiation, independent of the form of the 
tensor Eij(w, q). 

Let us now consider the time solution of the kinetic 
equation (1.13), which allows us to determine the char­
acteristic time for establishing noise in semiconductors. 
Using the Laplace transform in time and the initial con­
dition 

& (r, t = 0; w, q) = <Z'o(w, q), (1.22) 

where .W 0(w, q) is the initial distribution, which, after 
integration over the wave vector q, gives the Planck 
distribution (1.21), we find the solution 

IS (r, t; w, q)= 

(J(sJ (co, q) (1- e-2v(w, q)t) +IS (w q) e-2v(w, q)t 
2y (w, q) 0 ' ' 

Q<'1(ol q) 
e-v(w, q)<,j (t _ 't"o · w, q) + ' (1 -e-zv(w.q)-,), 

' 2y (w, q) 

t<-'t" = __ x_ 
' 0 vlimcos 0) 

t > 't"0. (1.23) 

Here f(t, w, q) is the density of acoustic oscillations 
produced on the boundary X= 0, () is the angle between 
the vector q and the X axis. It is assumed here that the 
drift velocity is directed along X and therefore the 
growth of the noise also takes place along the X direc­
tion. It is seen from Eq. (1.23) that the time for estab­
lishing the stationary solution is determined by the time 
of flight of the phonons from the boundary to a given 
point with coordinate X. In order to obtain the spectral 
density of the noise energy, it is necessary to integrate 
the expression (1.23) over q. 

We note that for v d < Vph• there is a phonon current 
carried along by the drifting sound current of elec­
trons; l2 J its value can be determined from the equation 

S.,= ~ dqvwJw,q)<6'(r,t;w,q). 

In the stationary case, the solution for the spectral 
density of the radiation energy, integrated over the wave 
vector q, will be 

(6'"' = -~"''-- rdO sin() [t- exp( -2yu(9)X )](-w_\[ WIJ.Il.cth ~ 
4nvu3 

0 2n cos 8 vuyu ( ()) - flVIJ2 2T 

+ r 12eovl12 cos60cp(w,w/vu,O) J 
21iffi2 1 eu(w, w/vn, 0) 12 

n;2 
/iw3 ~- d9sin0 [ ( -2y_~_(G)X)]( w ) + 4nv_~_3· ----z;-- i-exp -cusS ___ 1 v_~_y_~_(O) 

0 
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X [_<U~'-L rth /i_UJ_-+- 112EoVn4 co~:~!itl2 fl<£i"l,_ w~v-L,_A_)J 
pv-L2 2T 2nw 2v-L'Ien(w, wfv-L, 0) I' 

+ \ dqfexp { -Zyn(B)X), (1.24) 
. \ case ' 

where v 11 and v 1 are the velocities of the longitudinal 
and transverse sound waves, y 11 (e) andy 1(8) are the 
damping decrements per unit length for longitudinal and 
transverse waves. In the derivation of (1.24), for the 
sake of simplicity, it was assumed that only f3x xx f 0, 
while the remaining f3i kl = 0. Integration over 'the wave 

' vector q was accomplished with the use of the method of 
residues. The poles of Ej11(w, q) = Ers(w, q)qrqsfq2 were 

not taken into account here, inasmuch as they generally 
correspond to strongly damped solutions. 41 The last 
term in (1.24) corresponds to radiation of waves "from 
the boundary." For a free boundary, the surface forces 
on which are equal to zero, while the displacement vec­
tor is given, it is easy to show that this term will be 
equal to 

2pw2 1 Ux(X = 0, w} I' oxp {-2yn(8 = O}X}, (1.25) 

which corresponds to amplification of the longitudinal 
waves "from the boundary." 

It is seen from the solution of (1.24) that even in this 
case, when only f3x xx f 0 and therefore only longitudinal 
waves can be amplified along the X direction, generation 
will initially take place of "oblique" transverse waves, 
the spectral density of the radiation energy of which is 
described by the second term in (1.24). 

In order to make Eq. (1.24) more concrete, it is 
necessary to substitute the explicit value of the dielec­
tric tensor of the medium and the correlation function. 
As was shown above, this can be done in only two limit­
ing cases ql << 1 and ql >> 1, for which the expression 
for the correlation function is known in terms of the 
nonequilibrium dielectric tensor of the medium (1.18). 
As was shown in r1z-14 l, the longitudinal part of this ten­
sor has the form 

4nia0 [ qv d iq2vr2 ]·-' E[i(w,q)=eo+-- 1---- +-- , 
w w {JJ\' -

(1.26) 

4niao{3n(w't) 2 ( qvd \) 
en(w,q)= eo+-- ---. 1--+ion)j·, 

(!) 2(ql) 3 (!) 

(1.27) 

respectively, for the cases ql « 1 and ql >> 1. Here ao 
is the conductivity at constant current, VT is the thermal 
velocity of the carriers, v = 1/T is the effective collision 
frequency, and lis the free path length. Now, substitut­
ing (1.26) or (1.27) in Eqs. (1.24) and (1.23), we obtain 
the final expression for the spectral density of radiation 
of phonons in piezosemiconductors, the study of which 
will be given below. However, we note immediately that 
we shall consider only the case ql << 1, which is most 
frequently satisfied in experiment, in the region of 
ql » 1 the generation of phonons is less intense in 
piezosemiconductors. 51 

4 >In crossed electric and magnetic fields, the appearance of "coup­
led" plasma-acoustical waves is possible[11 ); here account of the poles 
of e111 ( w, q) is not necessary. 

5 >Apparently this is the reason why in such piezosemiconductors as 
GaAs, InSb, in spite of the fact that sound amplification is observed, 
nevertheless, saturation of the current in the volt-ampere characteristic 
does not take place, because of the relatively small value of the acoustic 
noise. [15- 17 ]. 

2. DIRECTIVITY DIAGRAM OF PHONON RADIATION 

It is seen from Eq. (1.24) that the directivity diagram 
of phonon radiation constitutes a rather complicated 
picture, which is always very difficult to obtain in the 
general case, even for the simplest situation when 
f3x xx f 0, unless one resorts to numerical methods. 

' Therefore, we shall consider below only the case in 
which ly{B)X/cos 8 I » 1, under the amplification condi­
tion and then the behavior of the exponent in Eq. (1.24) 
will be decisive in the angular dependence of the genera­
tion. The opposite case, when one can expand the expon­
ent in a series, is sufficiently simple for analysis, but 
is less interesting and will be considered but briefly in 
Sec. 3. 

We first consider the case in which only f3x xx differs 
from zero, and the remaining components of the tensor 
{3i kl are equal to zero. For crystals of symmetry C6v, 

' such as CdS and CdSe, this corresponds to the case in 
which the drift velocity of the electrons is directed along 
the C6 axis. Then, using the expression (1.26), we find 
the growth increments for the longitudinal and trans­
verse sound waves, respectively: 

(!) {' UlJ.lll ( (!) ) ) 
Yll (8) = 2- ·--. -112 cos6 8eo Im en-·1 1 w,-, cos 8 f• 

v11 pvn" \ v11 
(2 .1) 

w { WJ.l-L v112 • ( w \ l Y-L(8)=- ---112 -sm2 8cos'•8eolmeii--1 w,~- eo,Q J. 
2v-L pv-L2 v-L' v-L I 

(2.2) 
First we determine the limiting angle Bo within which 

phonons are generated in the system. Substituting the 
value of the dielectric tensor of the medium E 11 (w, q) in 
(2 .1), it is not difficult to obtain an equation that deter­
mines cos Bo = ~ for the longitudinal waves: 

6' = C[ (6~- 1) 2 + A2] I (6P- 1) (B = Vd IV,[), (2 .3) 

where the constants are 

4ne2no 
wo2=-­

eom, 

It is difficult to find the solution of Eq. (2.3) in explicit 
form; therefore, we limit ourselves only to qualitative 
investigation of the behavior of the roots of the equation 
on the parameters C and A which enter into it. It is im­
mediately seen from (2.3) that, in the absence of viscous 
or any other non-electron mechanism of sound absorp­
tion (C = 0), the limiting angle is determined by the 
Cerenkov condition cos Bo = v 1lvd· When C f 0, it is 
seen that solutions having physical meaning, for which 
~ :s 1, are possible for 

2CA = 2Wflll I 11' < 1 ( "' \ (2 4) 
pvn2 1 + q2r02 q = -;;;--) • · 

The roots of Eq. (2.3) can be determined as the points 
of intersection of the curves Y1 = ~ 6 and 
Y2 = C[(~{3- 1) 2 + A2 ]/(~{3- 1) (see Fig. 1). The latter 
is bounded by two asymptotes: ~ = 1/{3, R{~) = C({3~ - 1). 
Thus the value of A determines the point ~min = (1 + A)/{3 
at which Y2 takes on a minimum value, while C deter­
mines the slope of the line R{~), i.e., the rate of 
"shutting" of the generation cone with increase in the 
drift velocity {3. 

It is seen from Fig. 1 that when 1/{3 ;S; 1 the point of 
intersection of the curves Y1 and Y2 initially shifts to the 
left with increase in {3, and then, when the minimum of 
the curve y 2 is seen to be "to the left" of curve y 1, the 
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point of intersection of the curves begins to move to the 
right. The latter means that with increase in the drift 
velocity, the radiation diagram begins to narrow down 
and for some value of the drift velocity, generation gen­
erally stops; schematically, this is shown in Fig. 1 
above. The maximum angle inside which phonon genera­
tion takes place is determined by the condition cos e~ax 
= (2CA) 116, while the maximum value of the drift veloc­
ity, for which generation collapses, is equal to 
v 11 (1 + 1/C). With increase in frequency, e~ax(w) de­
creases and, consequently, the directivity diagram of 
the radiation becomes more narrow. 

Let us now consider the directivity diagram of the 
radiation for transverse waves. The equation for the 
determination of cos 8o = ~ will have the form 

~'(1-¢2) =C'W~-1)2 +A'2]/(~~-1) (~=vd/vj_), 

C' = __ w2ftj_eo , 

pvf1 2TJ 24nuv 
(2.5) 

It is seen from Eq. (2.5) that even in this case there ex­
ists a minimum value of the drift velocity of the car­
riers for which phonon generation begins, while the ini­
tial value of the angle 8o is always different from zero 
because of the viscous absorption. With increase in f3 
there is initially a broadening of the radiation "petals" 
and then a narrowing to some limiting value, which is 
not equal to the initial one, after which the generation 
stops. Such a behavior of the cone of generation of 
transverse waves wl!en f3x,xx f 0 is connected with a 
decrease in the electronic growth increment with in­
crease in the drift velocity. Generation is possible here 
only if (see Fig. 2) 

C'A' < 2!27. (2.6) 

Radiation is possible he.re in the angular range e~in 
< 8o < e~ax. where e~m and e~ax are determined as 
the roots of the equation 

cos4 90 (1- cos2 90 ) = 2C'A'. 

If C'A' << 1, i.e., the nonelectronic absorption is small, 
then 

cos90max~(2C'A')'I<, cos80min~1-C'A', (2.7) 

and the directivity diagram of the radiation has the form 
shown in Fig. 2. 

We now consider the case in which f3x xz (or f3x xy) is 
' ' different from zero. Then, evidently, the axial symme-

try of the radiation ceases and an additional azimuthal 
dependence appears" The growth increments for longi­
tudinal and transverse waves will now be equal to 

(•l { Wftfl Vl2 
'\'II ( 9. qJ) = ;-- --- 4Tjj_ 2 --- Eo COS4 8 sin2 8 sin2 <p 

2~ pv~ v~ 

X Im El(_, ( w,.;;, cos e ) ) , (2.8) 

W { Wftj_ 
'\'j_ (9, <p) = ~ -- - T)j_2Eo COS2 8[cos2 9 + Sin2 <p sin2 9(1- 4 cos2 9)] 

2vj_ pvj_2 

X Im e11-t \( w, ~ , cos 8 l } , 
v ..L / 

(2.9) 

where cp is the azimuthal angle measured from the 
y axis, 7]21 = 4rr{3 2 /pv21Eo is the electromechanical con­x,xz 
stant for transverse waves. The equation which deter-

FIG. I FIG. 2 

FIG. I. Directivity diagram of radiation of longitudinal waves in 
crystals with f3x xx =I= 0, I < {3 1 < {32 < {33 , 5 = 2AC 

FIG. 2. Directivity diagram of radiation of transverse waves in crys­
tals with f3x, xx =I= 0, 5 = 2A'C' 

mines the limiting value of the polar angle e will also 
depend on the azimuthal angle cp and for longitudinal 
waves, 
£'(1- ~2 ) = C[(~~-1) 2 +A2] / (~~-1)4sin2 <p (~ = vd/v11). 

(2.10) 
Generation is possible for CA < (8/2 7) sin2cp, so that 
for small angles cp there is no generation. For a fixed 
value of the azimuthal angle cp this case is completely 
analogous to the case already considered for transverse 
waves at f3x xx f 0. 

For tran~verse waves with f3x xz f 0, the limiting 
angles will be determined from the equation 

£2 [~2 cos2 <p + sin2 rp(26' -1) 2] = C'[(~~ -1) 2 + A'2] I (6~ -1) 

(~ = Vd/Vj_). (2.11) 

Generation is possible for 2C'A' < 1. We limit our­
selves to finding the limiting angles in the most inter­
esting case cp = rr/2. Equation (2.11) then takes the form 

(2~'- 1) 262 = C'[ (sB -- 1) 2 +A''] I (~~- 1). (2 .12) 

It is seen that upon satisfaction of the inequality C' A' 
> 1/27, the behavior of the cone will be similar to the 
case f3x xx f 0 for longitudinal waves. When C' A' < 1/27, 
additional petals appear on the directivity diagram for 
sufficiently large drift (see Fig. 3). The fact that the 
generation vanishes for definite values of the angles is 
explained by the fall of the electric field (which accom­
panies the sound wave) to zero for e = rr/4, so that the 
interaction of the elastic displacements with the plasma 
carriers is cut off. 

Upon decrease of the angle cp (the drift velocity is 
fixed), the petals gradually disappear. 

FIG. 3. Directivity diagram of radiat­
ion of transverse waves in crystals with 
f3x xz =I= 0. Solid curves denote the behav­
ioi of y 1 (0 for <P = 7r/2, the dashed 
curves, the behavior of y 1 (~)for <P < 7r/2; 
5 = 2AC. 
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An experimental study of the directivity diagram of 
phonon radiation in ZnO crystals has been carried out 
by Zemon, Zucker and WaskoriaJ (see alsor19 l) who, by 
means of the methods of Rayleigh light scattering, dis­
covered a decrease proportional to e2 in the intensity of 
phonon radiation. As is seen from Eqs. (2.9) and (2.11), 
the radiation intensity is always proportional to e-2 for 
small e. 

Consideration was given above of the system when 
only f3x xx f 0 or f3x xz f 0. If the other components 

' ' /3i kl of the piezomodulus are different from zero, then 
' the directivity diagram can be changed significantly; 

consideration in this case is best carried out for a 
specific crystal with known symmetry. 

3. INVESTIGATION OF THE SPECTRAL ENERGY 
DENSITY OF PHONON RADIATION 

The spectral energy density of phonon radiation ltw 
is a rather complicated function of such parameters as 
the concentration of carriers no, the drift velocity Vd 
and the temperature, so that it can be investigated, most 
probably, with the help of numerical methods. It is con­
venient to study this for some specific case or experi­
ment, when a number of the parameters entering into 
ftw are known. Therefore, we limit ourselves here to 
some qualitative considerations of the behavior of fS w' 
which can most frequently be realized under the condi­
tions of the experiment. 

We consider the behavior of the spectral energy 
density of the radiation as a function of the drift veloc­
ity of the carriers. It is clear that the character of this 
dependence is determined by two factors: first, by the 
change in the directivity diagram of the radiation and, 
second, by the dependence of the increment itself on the 
drift velocity. Here, inasmuch as the radiation direc­
tivity diagrams of the longitudinal and transverse waves 
are different, the character of the rs w ({3) dependence 
should also be different for longitudinal and transverse 
waves. From the expression (1.24), it is seen that, 
independently of the orientation of the crystal, the trans­
verse waves with the lower velocity are always the first 
to be radiated, followed by the longitudinal waves. 

If the size of the crystal is not very large, so that 
jy(e)X/cos e I « 1, then we can expand the exponent in 
(1.24) in a series, and then, neglecting viscous absorp­
tion for simplicity, we obtain the following for trans­
verse waves in the classical limit: 

it(_!_)= 1' w2oo 112 __L'Ii'_, ~· dO sin3 8 cus3 I:J ___ ~'-
w :te0v,1' Vj_2 ~ (1- f3eos l:l) 2 -l-(u>o'•/w2v2 ) (1 +ro'w'/v_~_')'' 

(3.1) 
where eo is the boundary angle that determines the 
radiation cone, cos eo= v .Jvd = 1/{3. It is seen from 
(3.1) that lffw initially increases as a function of {3, 
chiefly owing to the extension of the limits of integra­
tion; it then falls when the first term in the denominator 
in (3.1) exceeds the last one. The spectrum of generated 
frequencies here increases at first (as w - 0) in pro­
portion tow\ then in proportion to the square of the 
frequency, in the region roW/V 1 << 1, w6/w 2v 2 

<< (1 -cos e) 2 , and virtually ceases to depend on fre­
quency when row/vT >> 1; at some frequency, deter­
mined by viscous absorption, the generation stops. 

Here, in contrast with the theory of amplification of 
single frequency signals, [l2 J the maximum intensity of 
radiation is no longer determined by the condition qro 
~ 1. Depending on the carrier concentration or the con­
ductivity, &w, which is determined by Eq. (3.1), has a 
maximum when 

o~opt)=- (1-f3cos8) 2 -l-~-':'.::_ . (I) [ 2 ' ]'{, 

4n v' v j_' 
(3.2) 

When a0 < a~opt), the radiation spectral density increa­
ses linearly with the conductivity, but when a0 > a~opt) 
it falls off in proportion to 1/ao. As a function of the 

temperature, S'ifl increases linearly with the tempera­
ture for T < T cr' where 

mvv.1...2 [ Ulo
1
' J'h 

1'cr=-·-- (1-f3cos0) 2 -l--·~-;;- , 
w w--,'~ 

(3.3) 

as is seen from (3.1); forT> Tcr' &Ll) falls off as 1/T. 
We now consider the case of crystals with large 

dimensions X, where jy(e)X/cos e I » 1 and it is not 
possible to expand the exponent in Eq. (1.24) in a series. 
In the general case, the behavior of fS w (no, T, w, {3) is 
rather complicated. Therefore, we consider only the 
case e = 0, which corresponds to an experiment in which 
the noise is recorded by some transducer which detects 
the normally incident wave. Evidently just this case 
existed in the experiments of Morozov, Proklov and 
Stankovski'i. [20J 

The drift dependence of &w is determined generally 
by the behavior of the electronic growth increment, 
which is conveniently written in the form 6 > 

, ,. (tl - 0)- - Bz 
Yd - - (1-l-q2r02)(1-l-c')' 

(l)\'({3-1) 
Z=---~--

Wo2 ( 1 + q2r02 ) 
(3.4) 

The boundary values of {3 for which generation cases 
are determined from the equation y 11 (e = 0) = 0, whence 
the values of the drift velocity at which generation is 
initiated and ceases will be equal to 

i _ 11 + !!11Wo2eo( 1 + q2ro') 2 \ c 1 1 + pvl12wc.'4]2 \ (3 5) 
Vd -Viii ---~--- ., Vd =Viii ----1, , 

\ pvll"tJ'v / \ ''''!'ll''"o J 

respectively. The maximum value of the spectral den­
sity of the noise ft w is achieved at the carrier drift 
velocity 

(3.6) 

We now consider the dependence of fffw on the drift for 
various values of the carrier concentration no. In the 
case of low concentrations, when qro >> 1, the electronic 
increment increases proportional to no; with increase 
in the carrier cqncentration, generation takes place 
sooner, since (vy-v 11 - 1) ~ 1/no, and ends later, while 
vd slowly shifts in the direction of smaller values. 
Qualitatively, such a dependence of fSw on the drift was 

6 >For fixed IJ, Eq. (3.5) remains in force upon the substitution 
B-> Be= Bil> (IJ) where il> (IJ) depends on the choice of the piezomod­
ulus, z-> ze;·ze = (wv/w'f,) (j3 cos IJ -1)/(1 + q 2 r'f,). Thus the depen­
dences of &w(IJ) on the parameters will be similar to the behavior of 
&w(IJ = 0). 
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FIG. 4. Behavior of &~!P (0 = 0, {3) 
for different concentrations (w, T 
fixed): 1- qr0 -1,2- qr0 ~ 1, 
3- qr0 ~ 1. 

observed in [20 J for transverse waves. (The expression 
;g(l)(e = 0) for f3x xz f 0 is similar to ;g(ll)(e = 0) for 

' f3x xx f 0, which we shall consider.) For concentration 
' such that qro- 1, the electronic increment reaches a 

maximum value in no, and with it, ifw also. In this case, 
the integrated noise density will be proportional to n~12, 
and the spectral one to no. For high concentrations 
(qro « 1), the entire picture of the behavior of fSw(f3) 
shifts to the region of large values of the drift (see 
Fig. 4). 

In the case of high frequencies (qro » 1), it is neces­
sary to take into account the viscous absorption, which 
increases with the frequency, and therefore a decrease 
in the maximum value of if w ({3M) takes place with in­
cr.ease in frequency, generation begins at high drift: 
(v~/v 11 - 1) ~ w 4 and disappears sooner: (va/v 11 - 1) 
~ 1/w 2, while v~ also increases with frequency. 

At low frequencies (qro << 1), an increase takes 
place in the electronic increment, proportional to w2, 

the maximum of &w(f3M) is achieved at smaller values 
of the drift and, at first, generation is practically inde­
pendent of the frequency. 

Let us now consider the frequency dependence of the 
noise spectral density for jy 11 (e = O)XI » 1. The fre­
quency WM for which rs is a maximum, is determined 
from the equation a<ewfaw = 0, which, with account of 
viscous absorption will have the form 

(~2 -1)~=2A(1-1;G)(~+B(1+~)2), (3.7) 

where 

If the parameter /;C > 1, then WM shifts in the direction 
of lower frequencies in comparison with w = wov 11 /vT, 
i.e., 1/C < ?; < 1. If now /;C < 1, the value of WM shifts 
in the direction of higher frequencies, i.e., 1/C > /; > 1. 
Thus the generation maximum, even in this very simple 
analysis, is not determined by the condition qro ~ 1 (see, 
for example, [18 J). 

The limit frequency for which generation disappears 
is determined by the equation y 11 (e = 0) = 0 and is equal 
to 

where 

vu' --
ww.'i = wo2 - (ya2 + ll- a), 

vr' 

1, (, (B -1) vvu )' • __ (B -1) pvu2T}2v _ -l. a=-- + 1, u 
2 WoVT Jlli wo2 

(3.8) 

We note that the analysis of the generation was car­
ried out only for the case of the absence of trapping and 

capture centers; if the latter exist, then their account 
leads to the result that, in place of Eij(w, q), one gets 
the value of the dielectric tensor with account of the 
impurity centers. In the presence of an external mag­
netic field, consideration of noise generation is similar, 
i.e., it suffices to substitute in the formulas Eij(w, q) 
and the correlation function with account of the magnetic 
field. 

In conclusion, we express our deep gratitude to L. V. 
Keldysh and B. N. Levin for discussion and useful com­
ments. 
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