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The distribution of an electric current in bounded conductors is studied for an arbitrary nature of 
electron scattering from the sample boundary. Specular scattering, in particular, is studied in detail. 
In a strong magnetic field the electric current is concentrated near the conductor surface and the 
higher the degree of specularity of scattering of the charge carriers the higher is the inhomogeneity 
of the electric current in the sample. In semimetals, in which electrons are virtually specularly scat­
tered by the sample surface, the static skin effect for currents leads to linear growth of the resistance 
in a magnetic field parallel to the Fermi surface. In principle, a study of the dependence of the resis­
tance on the strength of a parallel magnetic field yields the specularity parameter for scattering of 
electrons by the surface of a semimetallic sample. 

A large surface current that compensates for the 
classical magnetic moment produced by the electrons 
moving in closed orbits llJ is produced near the boun­
dary of a conductor in a magnetic field. When the elec­
trons collide with the surface of the sample, the elec­
tron orbit in the magnetic field becomes discontinuous, 
and the center of the orbit shifts jumpwise in a direction 
opposite to the direction of revolution of the electron 
inside the conductor (Fig. 1). The electrons are most 
''mobile'' near the surface of the sample, since the 
center of the electron orbits in the interior of the con­
ductor can be displaced in a magnetic field only with the 
aid of an electric field (all the electron orbits E = const, 
Pz = const are assumed to be closed; E is the energy and 
Pz the projection of the momentum of the electron in 
the direction of the magnetic field). 

In transport phenomena occurring in the presence of 
a strong magnetic field (r << l; r-radius of curvature 
of the trajectory and l-electron free path), the kinetic 
coefficients are determined mainly by the dynamics of 
the electron motion, and are strongly dependent, in par­
ticular, on whether the electron motion in the given 
direction is finite or infinite. This is the cause of the 
strong anisotropy of the electric and thermal resistan­
ces of conductors in a strong magnetic fieldl2-4 J. The 
different character of motion of the electrons inside the 
conductor and near its surface 1 > leads in a number of 
cases to a concentration of the electric and thermal 
fluxes in a surface layer on the order of the Larmor 
radius ls-7 1 • 

In. a magnetic field, the more "mobile" electrons 
near the surface of the conductor and the electrons in 
its interior make different contributions to the total 
transverse electric conductivity. In accordance with 

1>The effects considered here are not connected in any way with the 
magnetic properties of the conductors. In the absence of an external 
electric field, in the quasiclassical approximation, the electric current 
vanishes at any point inside the conductor, and the so called surface cur­
rent is offset by the motion of the "internal" electrons, while the Fermi 
distribution function of the electrons f0 (e) satisfies the boundary condit­
ions for any character of the scattering of the electrons by the sample 
boundary. 

this attribute, they can be divided into three groups: 
1) Electrons reflected from the surface of the con­

ductor and colliding with it within a time on the order 
of the period of motion in the magnetic field. 

2) Electrons reflected from the surfl_l9.e of the con­
ductor traversing with a probability e-dll the total 
thickness of the sample d without experiencing collisions 
on their path. 

3) Electrons that never collide with the surface of 
the conductor during the free path time; these are the 
electrons in the interior of the sample, which in prac­
tice do not drift towards its surface. In thick conductors 
(d » 1) these include all the electrons whose distance to 
the surface of the sample exceeds the mean free path. 

A strong magnetic field greatly decreases the trans­
verse electric conductivity of the interior of the sample, 
because the electron can travel a distance of the order 
of the Larmor radius r in the direction of the electric 
field between two collisions. In addition, the magnetic 
field displaces the electron, with equal probability, both 
in the direction of the electric field and in the opposite 
direction. Therefore the transverse electric conductiv­
ity is proportional only to the square of r: 

D".L = ao(r / l) 2, 

where ao = ao( Z) is the electric conductivity of the bulky 
sample in the absence of the magnetic field. 

The situation is different near the surface of the 
conductor. When the electrons collide with the boun­
dary of the sample they are displaced in a definite 
direction, there is no averaging over the random mo-
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FIG. I. Examples of trajectories of the motion of an electron in a 
magnetic field that is parallel (a) or inclined(b) to the surface of the 
plate. 
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ments of the collisions, and the electric conductivity of 
the surface layer is at least proportional tor, i.e., it is 
much larger than in the interior of the sample. 

A very important factor is the character of the re­
flection of the electrons from the surface of the conduc­
tor. If the scattering of the electrons by the sample 
boundary is diffuse, there is no correlation at all be­
tween the reflected and incident electrons. In this sense, 
diffuse scattering of the electron is equivalent to colli­
sion inside the volume, and the indicated three groups 
of electrons have in thin samples (d « l) different effec­
tive free paths, namely r, d, and l respectively. For 
electrons of the first group, the relative number of 
which is of the order of the ratio of the Larmor radius 
to the thickness of the sample r/d, a magnetic field of 
arbitrary magnitude can no longer be regarded as strong 
(leff ~ r), and the contribution made by them to the elec­
tric conductivity is equal to (r/d)ao(leff) = aor2/ld. In 
thick conductors, the electrons of the second and third 
group have the same effective mean free path and it is 
meaningless to distinguish between them. The contribu­
tion of the electrons of the second group to the electric 
conductivity of thin samples was calculated by the au­
thors in[6 J and is given by the same expression as for 
an unbounded conductor, except that the role of the mean 
free path of the electrons is played by the thickness of 
the sample. As a result, the contribution of the elec­
trons of the first and second groups to the total electric 
conductivity of a thin sample turns out to be of the same 
order of magnitude. 

The total transverse electric conductivity a l of con­
ductors of any thickness has the following asymptotic 
form in strong magnetic fields (r « l, d): 

(1) 

The factors a and b in (1) are quantities of the order of 
unity. The dependence of the electric conductivity on 
the magnetic field turns out to be the same as in bulky 
samples. However, the electric current flows differ­
ently at different depths in the sample. A purely static 
skin effect takes place, with the direct current being 
concentrated near the surface of the conductor. 

Of course, the static skin effect for currents arises 
only at those magnetic-field orientations for which the 
resistance increases without limit with the field, i.e., 
when the numbers of the electrons and holes are equal 
or when the Fermi surface is open. In the opposite case, 
the distribution of the electric current in the sample is 
determined mainly by the Hall components of the elec­
tric conductivity tensor, which have the same asymp­
totic form for all depths in the conductor (the Hall field, 
as usual, is excluded from the condition that the total 
Hall current in the conductor vanish). 

If the scattering of the electrons by the boundary of 
the sample is specular, as is apparently the case in 
semimetals (Bi, Sb), then the reflected and incident 
electrons turn out to be strictly correlated. When the 
electron is specularly scattered, its energy and the 
projections p71 and P~; of its momentum on the plane 
tangent to the surface of the sample at the point of inci­
dence of the electron are conserved. Consequently, the 
projection of the momentum on the inward normal to the 
surface of the sample (this direction is chosen to be the 
~ axis) is determined from the equation 

e(p(, p~, P<). = e(Pt, p~, P<); 

v<(p;') > 0, v;(p;) < 0. 

here v = BE:/ap is the electron velocity. 

(2) 

If the Fermi surface is nonconvex or multifoliate, 
then equation (2) may have several solutions p~, and it 
is then necessary to take into account the concrete 
mechanism of the scattering of the electron by the 
boundary of the sample. The Fermi surfaces of Bi and 
Sb, for which specular scattering can be expected, are 
well approximated by several ellipsoids, and these 
ellipsoids are so narrow that only in a small region of 
directions ~ (the region of normals n) can an electron 
be transferred, by virtue of Eq. (2), from one ellipsoid 
to another (the so called intervalley transition). There­
fore in most cases equation (2) has a unique solution, 
and, knowing the momentum of the electron and its co­
ordinates inside the conductor, it is possible to deter­
mine all the instants of the reflection of the electron 
from the boundary of the sample, experienced by the 
electron over the mean free path l. In this case only the 
mean free path is the dissipative length. As a result, 
even in metals with closed Fermi surfaces, owing to the 
specular scattering by the sample boundary, the elec­
tron may move on an open trajectory, and the electrons 
with open orbits make an appreciably larger contribu­
tion to the electric conductivity than the electrons whose 
orbits are closed in momentum space. It is perfectly 
clear that in the case of specular scattering a change 
takes place in the criterion whereby the sample is re­
garded as bulky, and the boundary effects turn out to be 
significant even in samples whose thickness d greatly 
exceeds the electron mean free path (d » l). 

The situation is particularly simple in a magnetic 
field parallel to the surface of the plate. The electrons 
here are only from the first and third groups, with those 
of the first group moving on open trajectories. The mo­
tion of these electrons is infinite in the entire plane of 
the plate and is bounded only by the mean free path l, 
whereas the electrons of the third group (in the center 
of the sample) can drift only along the direction of the 
magnetic field. 

The transverse electric conductivity of a plate in a 
parallel magnetic field is 

lf.L = ao(rfd+r"-/l2 ), (3) 

and when d « 12/r the electric conductivity a 1 is deter­
mined only by the surface layer of the plate, in which 
practically the entire current flowing through the sam­
ple is concentrated. Factors on the order of unity in 
formula (3) have been omitted. The resistance is in­
versely proportional to the thickness of the current 
layer, i.e., to the Larmor radius, and the Kapitza law 
(p 11 H) holds true. 

According to presently available experimental re­
sults, the resistance of thin metallic conductors (Cu, Au) 
in the absence of an external magnetic field behaves as 
if the scattering of the electrons by the boundary of the 
sample were specularlBJ. This is apparently connected 
with the fact that when H = 0 the electric current is 
conducted in thin samples primarily by glancing elec­
trons, i.e., electrons moving practically parallel to the 
surface of the sample. The collision between such elec­
trons and the surface of the sample is accompanied by 
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a small change of the electron momentum, and these 
collisions are practically specular. In a strong mag­
netic field, all the electrons trajectories become twis­
ted, with the exception of the electrons at the limiting 
point of the Fermi surface, so that a characteristic fea­
ture in this case is a steep incidence of the electron on 
the surface of the sample, and the momentum loss upon 
collision is of the order of the momentum of the incident 
electron. Consequently, in a magnetic field, only car­
riers with small momentum are specularly scattered 
by the boundary of the sample, namely anomalously 
small groups of electrons which practically have no 
influence on the electric conductivity, or else the elec­
trons in Bi and Sb. 

We shall develop below a theory of electric conduc­
tivity of bounded conductors in a magnetic field. Al­
though the character of the scattering of the electrons 
by the boundary of the sample is assumed to be arbi­
trary, nevertheless principal attention will be paid to 
the case of greatest interest, that of specular scattering. 

1. COMPLETE SYSTEM OF EQUATIONS OF THE 
PROBLEM 

In order to determine the electric current 

i(r) = e S vf(r,p)d3p, (4) 

it is necessary to solve the kinetic equation for the elec­
tron distribution function f(r, p): 

v !.!._+ eE!!_·= Wt; (5) ar. ap 

which must be supplemented by the equation for the 
electric field-the condition for the electron neutrality 
of the conductor: 

~ ef/(r, p) - /o(e)]d"p = 0. (6) 

The latter follows from Maxwell's equations and is con­
nected with the fact that the plasma frequency wo 
= (4wao/to) 112 greatly exceeds the actually realized elec­
tron collision frequencies 1/to even for such poor con­
ductors as Bi and Sb. 

We seek the distribution function f in the form 

t = /o(e) - e1Jl(r, p)8/o I ae. 
Here fo(E) is the equilibrium Fermi distribution func­
tion of the electrons, e is the electron charge, and Wf 
is the collision integral, which we shall assume, for 
convenience in calculation, to be the operator of multi­
plication of the non-equilibrium addition to the distribu­
tion function of the electrons by the collision frequency: 

WI = (/o- /) I to. (7) 

Linearizing the kinetic equation (5) with respect to 
the weak electric field E, we obtain for the function 1/! 
the equation 

81Jl a.p w 
v-+-+-=Ev. 

ar at to 

(8) 

We have retained all the symbols of£61 , and as before, 
t is the time of motion of the electron along the orbit 
E = const and Pz = const in the magnetic field. 

At to= oo, equation (8), naturally, coincides with 

equation (6) of£61 • In the case of a finite electron mean 
free path, the general solution of (8) is 

¢(r,p) = e-tltoU(r- r(t)) 

I 

+ ~ e(t.-t)/tov(t1)E(r+r(t1,p,)-r{t,p,))dt1, (9) 
A(r, ~~~Pz> 

where 
t 

r(t,p,)= ~v(t,p,)dt, 

and U is an arbitrary function of its argument. Since 
the moment of reflection of the electron .\ from the sur­
face of the sample at the point r s is also a function of 
r- r(t) 

" 
r- r(t) = r,- ) v{t1)dt1, (10) 

it follows that it is more convenient for us to represent 
U in the form 

{ t. (r; t, p,) } 
U(r-r(t))=exp to F(r-r(t)). 

The function F describes the distribution over the 
momenta of the reflected electrons on the surface of the 
conductor: 

(11) 

and the form of this function depends significantly on 
the character of the scattering of the electrons by the 
boundary of the conductor. For example, in diffuse 
scattering all the directions of electron reflection are 
equally probable, and on the Fermi surface F is a con­
stant quantity, which can be readily determined from the 
condition that the normal component of the electric cur­
rent outside the current contacts vanish on the surface 
of the sample: 

h' = (v;F)+ + (v;'ljl'>-. (12) 

We have introduced here the symbol 

i I ae,-1 e•H i i 
(g)""" .J e2 a gdSp,., -c- J .J gdtdp,, 

E{Jl)=E~. p E{P)=eF 

where dSp is an area element on the Fermi surface, 
EF is the Fermi energy. In the expression for (g) .. , the 
integration is carried out only over that part of the 
Fermi surface, where v~ > 0 and (g)-= (g)- (g) ... 

In the kinetic equations, for an arbitrary electron 
scattering, it is customary to introduce the specularity 
parameter q -the probability that the electron will be 
specularly reflected from the sample surface, so that 
q = 0 corresponds to a diffuse scattering and q = 1 to a 
pure specular scattering. Then the functions 1/J for the 
reflected and incident electrons on the surface of the 
sample are connected by the following relation (see (2)): 

'¢'(t',pz') lv,>O = q'¢'(t,p,) lv~<o + )(. (13) 

Using (12), we can express the change of the chemical 
potential of the reflected electrons x(r s) in terms of the 
function IJ!S(t, Pz) of the incident electrons: 

x(r,)=(1-q) (L'<'¢'(t,p,)>_. (14) 
(p,)_ 

The fundamental equations for the determination of the 
electrostatic potential 
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q;(r)=-~ E(r)dr (15) 

and of the function F(r- r(t)) at q f 0 are the condition 
(6) for the electron neutrality of the conductor and the 
condition (13), which can be written in the form 

<.v,'ljl'(t p ) )_ (16) 
1j;'(t',p,') = q¢'(t,p,)+ (t- q) ---- ,,,·)~. 

Along the trajectory of the electron motion in the 
magnetic field, which is a characteristic of the kinetic 
equation (8) at to = oo, the function F is a constant quan­
tity: 

F(r- r(t, p,)) = F(ri- r(A.i., p,)) = Fi (17) 

(.\i is the moment of the reflection of the electron from 
the sample surface at the point ri). Upon colliding with 
the surface of the sample, the electron goes over in 
general to another orbit Pz = cons:t, and then the change 
of the function F can be determined with the aid of equa­
tion (16), which is a recurrence relation connecting F i 
with the value of the function Fi. 1 at the earlier instant 
of collisions Ai + 1 < Ai: 

(18) 

where 

(19) 

(20) 

If the time between two collisions of the electron with 
the surface of the sample 6.\i = .\i- .\i + 1 is much larger 
than the free path time of the electron, as is possible in 
thick samples, then the function F can be determined, 
with a high degree of accuracy, in terms of the well 
known distribution function of the electrons in an un­
bounded sample. In this case the electron distribution 
function inside the conductor is 

? { ~~- t} ljl(r;t,p,)= 1 exp -- v(ti)E(r+r(t~,p,)-r(t,p,))dl1 
",. to 

~ {tj-t} +q ~~exp - 1-0 - v(t1 +o,p,-6pJE(r+r(t1 +6,p,-6p,) 

~ 

- r(t, p,) )dt1 + ~:)~ ( vs{A,) Joo exd ~~ t }v(t1 + b,p,- bp,) 

xE(r,+r(t1 +o,p,-6p,)-r(A.+Ii,p,-op,))dt, ~. (21) 

In (21), the integration variable t1 coincides with the true 
time of motion of the electron. The phase shifts 6 and 
6pz are the coordinates, in terms of the variables E, Pz, 
and t, of the discontinuity of the electron momentum 
vector upon colliding with the surface of the sample at 
the instant of time .\: 

6P = {p{ (A.) - p;(A.) }n, (22) 

so that 6pz = {p~(.\) - p~(.\)} cos Cl! is the angle between 
the direction of the magnetic field and the inward normal 
n to the surface of the sample; thl~ quantity 6 describes 

the projection of the vector liP in the xy plane and van­
ishes if sin Cl! = 0. 

To determine the function F for thin samples (d « Z) 
it is necessary to use the recurrence relation (18) many 
times: 

m-1 m-1 j-1 

Fn= II.Rn+iFn+m+An+ ~II Rn+iAn+j, m>1. (23) 
i=O j=i i=O 

Since the norm of the operator Rj = exp{ -6.\/to} < 1, 
then as m - 00 the first term in ~23) tends to 0, and the 
function Fn can be represented in the form of a well­
converging series: 

00 j-1 

Fn =An+ L; IJ Rn+iAn+i· 
j=1 i=O 

(24) 

The equation for the determination of the electro­
static potential-the condition for the electron neutrality 
of the conductor-now assumes the form 

( { A(r; t)- t }{ oo i-l - } 
,exp to At+ L; TJHiA;) 

j=2 i=i 

(25) 

The obtained system of equations (25), (24), (19), and 
(20) solves in principle the problem of determining the 
electric -current distribution in the sample 

t 

j(r)= -( '(t) ~ exp{ 1'~ 1 }d<p(r+r(t1)-r(t))) 
),(r,t) 

00 j-1 
/ f /,(r·t)-t I{ "Jf ~ )\ +',< v(t)expl ; Jl Ad- LJ 1 R,A; J/. 
' ~o J=2 i=1 

(26) 

The main difficulty in this problem arises in the 
summation of the series (24). If the electron collides 
frequently with the surface of the sample and executes 
a non-periodic motion (for example, in a magnetic field 
inclined to the surface of the thin plate), then it is possi­
ble to obtain only a qualitative solution of the problem. 
In all other cases it is possible to obtain an explicit ex­
pression for the distribution of the electric current in 
the sample. 

In the case of diffuse scattering of electrons by the 
sample surface, the function F is a constant quantity for 
all the reflected electrons, and, as noted above, it can 
be readily determined from the condition (12): 

F = x = ( vc(t) ~ exp {_t'__-:!:_} v(t')E (r, + r(t')- qt) )dt'\ 
• ~ to I_ 

x( v,(t) [ 1- exp{ A.(r,,2-=!_} ]) ~ · (27) 

When q = 0, the electron neutrality condition is 

< {A,(r;t)--t})( r {t,-t} > exp --1-0 - v,(t) i exp --10-- d<p(r,+r(t1)-r(t)) _ 

< {A.(r·t)-t})-' 
X vs(t) exp -'-' --

to -

As to- oo, equations (27) and (28), naturally, go over 
into the corresponding expressions in [SJ. 
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Allowance for the finite mean free path of the elec­
tron does not lead to an essential change of the results 
obtained inl6 J. For any ratio between the sample thick­
ness and the electron mean free path, the resistance of 
conductors with symmetrical current contacts either 
increases quadratically with the magnetic field, or 
reaches saturation in strong magnetic fields. 

The problem is greatly simplified also at q = 1, when 
the operator Ri is the operator of multiplication by 
exp{(A.i+I -A.i)/to}, and the series (24) can be readily 
summed for an arbitrary sample geometry and for an 
arbitrary electron dispersion law. In this case the elec­
tron distribution function is 

r { t,- t , 
ljl(r;t,p,) = J exp --f v(t1,p,)E(r + r(t1,p,)- r(t,p,) )dt1 

1,1 to 

= "r {t.-t} + ~ J exp -t-
0

- v(lt + ll,, Pzi) 
1=l Ai+l 

X E(r, +r(t1 + ll;,p,;)- r(/.; + ll,,p,;))dt 1• {29) 

We note that this result can also be obtained by using 
the Chambers method (SJ, if in the electron distribution 
function 

/(r, p) = !o(e- .!'!.e) "'=' !o(e) - !'!.eofo I iJe 

A E is taken to mean the entire energy acquired by the 
charge in the electric field by the instant of time t: 

X E(r + r(t,, p,)- r(t, p,) )dt, 

),. 

~ ,· { t,- t ' +e L..! _.\ exp - 1-0
-fv(t,+ll,,p,,) · 

1=11-1 l 

X E(r; + r(t, + 6;, p,;)- r(/.; + 6;, p,;) )dt,. {30) 

In each specular collision with the sample surface at 
the instant Ai, the electron energy is conserved, thus 
ensuring continuity of the function A E{t) = elj!(t, pz; r). 
Whereas in diffuse scattering the condition (12) is the 
equation for the determination of the function F, in 
purely specular scattering the condition (12) that there 
be no electric current flow through the surface of the 
sample is satisfied automatically. Since we have, by 

virtue of the conservation of the quantities E, p17, and Ps 
in collisions between the electron and the surface of the 
sample and by virtue of the continuity of the electron 
distribution function 1/!, 

2. RESISTANCE OF A PLATE IN A MAGNETIC FIELD 

We consider first the simplest case when the mag­
netic field is parallel to the surface of the plate. In 
strong magnetic fields (r « l, d) the surfaces of the 
plates are not correlated with each other, since the 
electrons can collide with only one of them. It therefore 
suffices to consider the distribution of the electric cur­
rent 

{ t.(s· t) - t} 
h(s) = (v~(t) exp ' F(s- s(t) )) 

to · 

j3 = (x,'l']), (31) 

near one of the surfaces of the plates, say the surface 
~ = 0. In the interior of the sample, the electrons do not 
collide with the surface, and therefore A. = -oo, the elec­
tric current is determined only by the second term in 
(31), and is homogeneous over the entire interior of the 
sample (a homogeneous electric field, as in an unboun­
ded conductor, satisfies the electroneutrality condition 
{6)). 

Near the surface, the most important role in (31) is 
played by the first term, and the problem reduces to a 
determination of the function F(~ - ~ {t)). In a magnetic 
field parallel to the plate surface, for specular reflec­
tion of the electron, the momentum projections Pz and 
Px are conserved. Consequently, the function Px(t) is 
continuous on the entire open trajectory of the electron. 
From the equations of motion of the electron 

x(t) = x0 - cpy(t) I eH, 
(32) 

6(t) == y(t) =Yo+ CPx(t) I eH, 

where Xo, Yo are the coordinates of the center of its 
orbit, it follows that the electron, starting from the sur­
face of the plate with a certain value of the momentum 
Px = eHyo/c, returns to the surface with the same value 
of the momentum Px· If equation {2) has a unique solu­
tion, then after a time interval 6.\i = A.i - A.i + 1 the elec­
tron returns to the initial state, i.e., its motion is 
periodic. As a result, the function F is constant along 
the entire open trajectory of the electron: 

F(-6(/.i+i)) =.F(-(;(1.,)) = F(-6{).)). 

In this case it is more convenient to use directly the 
relations (12) and (13) and to obtain an expression for 
F (-~{A.)): 

F(s-s(tJ) =F(-W.)) 

[ { 
/.2- /.1 }]_, 

X 1 - q exp - 1-0 
- , , 

(33) 

If the electron collides periodically with the surface where 
of the sample, then the problem can be exactly solved 
also in the case of an arbitrary character of electron 
scattering (0 < q < 1). In this case all the operators Ri 
are identical, the series (24) is a geometrical progres-
sion and can be easily summed. We shall illustrate the 
proposed method of calculating the electric-current dis­
tribution in the sample by means of several examples. 

t 

x=(v,(t) Sexp{ t~-t }v(tt)E(1;(t,)-6{t)) 
~(0;1) 

>< i- q dt,) 
1- q exp {[1.(0; t)- t]/t0} -

< 1- exp {[1.(0; t)- i]/to} )-' 
X v,(t) 1-qexp{[J,(O;t)-t]/to} (34) 
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Using the electron neutrality condition, we can ex­
press the field E~(V in terms of the homogeneous elec­
tric fields Ex and E77 (the 7J axis i.s always the projec­
tion of the direction of the magnetic field on the surface 
of the sample; in the case of a pa.rallel magnetic field 
the 7J axis coincides with the z axis). However, there is 
no necessity for determining the inhomogeneous electric 
field. Since open electron orbits are possible only in 
the surface layer of thickness c.~ = 2cpTax/eH ~ 2rmax• 
it is sufficient to retain in expression (31) for the elec­
tric current only the terms proportional to the electron 
mean free path l = vto. It is easy to show that these 
terms do not contain the inhomogeneous field E( 

t '{ti-t). ~ "xp -t-f.E<(Wi) -;;(t))v<(tt)dt, 
A{O;t) O 

1 1' { t,- t l t.(O; t) - t 
~- J lll(Wt)-!;(t))exp ---f,dt,+ <P(O), 

to A{o;t) to ~ to 

"r {~~-"~l .· J exp --10-f,E;(S{tt)- ;;(t.t) )v,(tt)dtl 
)., 

~-AI 1 A~ 
~ --$(0)+-} <D(S{tt)-6(/.t))dlt, 

to to ~-, 

where <I> W is the electric potential in the direction of 
the ~ axis: 

qJ(r) = -E~x~ + '11>(6). 

We see therefore that in the expression (34) for the 
electric current the terms containing the inhomogeneous 
electric field E~ are proportional to r, and not to l, and 
are immaterial for the determination of the asymptotic 
total electric conductivity of the plate. 

The distribution of the electric current near the sur­
face of the plate, in the main approximation in y = r/l, 
is given by 
ia.(s) ~ (va(t)F(s _ 6(1))> = ( Da.(t)[x + qE~(x~(l.t)- x~(/.z) )] ) . 

1- q exp{ (~- /.1)/10} 

(35) 

The electric conductivity axx(~) in the surface layer, as 
seen from formula (35), is quite large and increases 
with increasing degree of specula.rity of the scattering 
of the electron by the sample surface: 

(t) _ ( Vx(t)[x(/.1)- x(t.z)] \> y 
Q' XX ~ - ,....., 0' 0 -,-----'---,---

1-qexp{(A2-Ai)/to} 1 1-q+y · 
(36) 

The total transverse electric conductivity of the plate 

-'Y r [ l/d J 
O.L=oo 1 _q+y d +ooy2 =ooy2 1+ -llt+Y (37) 

is determined mainly by a surface layer with thickness 
on the order of r, if 

q,~y~lfd, 

where q, = 1 - q is the parameter of the diffuseness of 
the scattering of the electrons by the conductor surface 
(factors of the order of unity were omitted from form­
ula (37)). 

The weak diffuseness of the electron scattering, 
which apparently really exists ev,9n in Bi, limits some­
what the region of magnetic fields at which the Kapitza 
law holds true. The transverse resistance of the plate 

r l/d ]-1 
p=poo 1+·--

L ql +v 
= { Aq1dH2+B(d/l)H, 

fJoo, (38) 

increases linearly with the magnetic field if q,l « r 
<< l 2/d. The constants A and B are determined by the 
dynamic characteristics of the electrons (they do not 
depend on the mean free path), and Poo is the resistivity 
of the unbounded conductor. A further increase of the 
magnetic field again leads to a quadratic growth of the 
resistance with increasing magnetic field when r << lq,, 
but the size effect still remains (p 11 d). 

In thick samples and in a strong magnetic field, there 
are two regions of quadratic growth of the resistance, 
in the interval between which the resistance increases 
linearly with the magnetic field: 

{ 
Poo l2/d ~ r ~ l 

p = B (djl) If, lq1 ~ r ~ l'/d. 

. Aq1dH 2, r ~ lq1 (39) 

In thin plates (d « l), the first inequality in formula 
(39) is not realizable, and the resistance is never equal 
to Poo· The linear dependence of the resistance on the 
magnetic field in the intermediate region of the mag­
netic fields (r ~ l), discovered by Borovikt101 , goes over 
in strong magnetic fields into the Kapitza law. 

In a magnetic field inclined to the surface of the 
plate, the electrons move in general along non-periodic 
trajectories. In the case of specular reflection of the 
electron, its momentum projection Pz changes jumpwise 

(22a) 

and the electron goes over to another orbit Pz = const 
after each collision with the surface of the sample 
(Fig. 2). 

From the condition for the continuity of the function 
p7](t): 

p"(t) =p,cosB+p.(t) sine 

we can determine the jump of the center of the orbit: 

eH 
bpy = -6p,ctg0 = --c-6xa 

(40) 

(8 is the angle of inclination of the magnetic field to the 
surface of the sample). It is important to note that in 
each reflection of the electron from the surface ~ = 0, 
the jump of the center or orbit <Sxo has the same direc­
tion, since 6pz has the same sign. Near the surface 
~ = d, the momentum jump 6Pz has an opposite sign, 
since the inward normals to the surfaces of the plate 

FIG. 2. Examples of electron trajectories in momentum space. The 
dashed lines show the jump of the momentum vector llp upon collision 
of the electron with the surface of the plate in an inclined magnetic field. 
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are antiparallel. Consequently, just as in a parallel 
magnetic field, near the surfaces ~ = 0 and ~ = d the 
centers of the electron orbits drift in opposite direc­
tiona. However, the total displacement of the center of 
the electron orbit during the free -path time turns out to 
be much smaller than l: 

llx tot = __ c_IIPu tot = _c_llp, tot ctg 6 < 2rctg 8. (41) 
eH 'eH 

Consequently, the electric conductivity of a surface 
layer of thickness of the order r in an inclined field is 
smaller by a factor l/r than at () = 0 and q = 1, since 
leff ~ r. In (41) it is assumed that() ~ r/l, and in the 
opposite case otot = min{l, 2r cot 8}. 

In a thin plaCe the electron may collide with both sur­
faces of the plate, and the center of its orbit may shift 
in opposite directions. Therefore the electron drift in 
the interior of the sample in the direction of the x axis 
turns out to be practically negligible, and the electric 
conductivity of the interior layers of the plate coincides 
in order of magnitude with the electric conductivity of a 
bulky sample. 

In the plates (d ~ l) the surfaces ~ = 0 and ~ = d are 
not correlated with each other. An electron near the 
surface ~ = 0 has two alternatives: it can either be re­
fleeted once or several times from the sample boundary 
and go off to the interior of the conductor, or it can ex­
perience a large number of specular collisions and ap­
proach the line v~ = 0 on the Fermi surface (Fig. 2). In 
both cases the displacement of the center of the orbit in 
the x-axis direction is of the order of r. In the case of 
diffuse scattering of the electrons by the sample surface, 
although there is no correlation between the incident 
and reflected electrons, nevertheless the centers of the 
electron orbits are also shifted by a distance on the 
order of r, leading to a large electric conductivity of a 
surface layer with thickness of the order of r. In an in­
clined magnetic field, the asymptotic value of the plate 
resistance in a strong magnetic field depends little on 
the scattering specularity parameter q. We therefore 
confine ourselves to the case of pure specular reflec­
tion (q = 1). 

It is easy to show that in an inclined magnetic field 
there is likewise no need to determine the inhomogene­
ous electric field. Allowance for the specular collisions 
of the electrons in the expression for the electric cur­
rent 

I 

+ (va(t,p,)e-1/t{ ~ e'"'·v~(t1,p,)dtl 
1, 

00 ]t.i 

+ ~ ~ et,/tov~(t! + lli,Pzi)dt,}) E~ 
i=iA.i+i 

(42) 

is significant only in the component axx of the electric 
conductivity tensor 

axx (s) = :H ( Vx (t) e-t;t ~ e'•''•llpu (/..i)) 
t=1 

"' '• 
+. L ~ e'"''Pu(t, + bi,Pzi)dt,} ). 

1=iAi+t 

(43) 

Here Op(;\) is the discontinuity of the electron momen­
tum upon reflection from the surface of the sample at 
the instant of time Ai. In formula (43) we used the rela­
tion 

c ap.(tt) 
Vx(tl)=------. 

eH 8t1 

In a parallel magnetic field Opy(;\i) is a constant 
quantity and 

00 

C .;;1 I C bpy(f..i) 
-~ e'•·'•bpy(f..i) ~ ~I, 

el..: _ eH { (/..2- /..) } ,_, 1-exp. ~--
tn 

while in an inclined magnetic field 

I e~ ~ e'•''•bpy (! •• ) I < e~I I ~ llpy (/..•) I < 2r ctg \.l. 
i=l i=i 

In the first term of (43), the summation is only over the 
states (t, Pz) of the electrons colliding with the surface 
of the sample, for which not all values of tare admissi­
ble near the surface of the conductor (this is clearly 
seen from Fig. 2, the phase on the electron orbit chan­
ges jumpwise upon collision). Therefore the mean value 

T 

Svx= T-1 ~ Vx(t)S(£-£(t))dt 

does not vanish so long as ~ < r. Here S(~ - ~(t)) is the 
Heaviside function, namely, 

S(x) = { 1, x > 0 
0, x<O' 

and T is the period of motion of the electron in the mag­
netic field. 

In the center of the sample Svx = vx = 0, and the 
transverse electric conductivity is proportional to r 2 • 

A large electric current (axx ~ r) is concentrated in 
a surface layer with thickness of the order of r, but the 
static skin effect in a magnetic field inclined to the sur­
face of the plate does not lead to a dependence of the re­
sistance on the magnetic field different from that in an 
unbounded conductor. 

3. RESISTANCE OF A Wffi.E IN A MAGNETIC FIELD 

The distribution of the electric current in a semi­
metallic wire 

ix(Y, z) = <Jxx(Y, z)Ex + < Vx(t, p,) e--l!to. 

t 

x{ ~ et<it•drp(y+y(t1,p,)-y(t,p,); z+z(t1,p,)-z(t,p,)) ,, 
00 '• 

+ ~ ~ e1<i1•drp(y+y(t1 +bi,p,1)-y(t,p,); 
i=tAi+i 

z+z(t1 +111,p,1)-z(t,p,))}), (44) 

just as in a plate, does not depend significantly on the 
inhomogeneous electric field. It is therefore sufficient 
to investigate the first term in formula (44). Here 
cp (y, z) is the electrostatic potential in the plane of the 
cross section of the wire, the magnetic field is perpen­
dicular to the wire axis (x axis), and the scattering of 
the electrons by the surface of the sample is assumed 
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to be purely specular. 
We can represent the component of the electric con­

ductivity tensor axx(Y, z) by means of formula (43), ex­
cept that the Ai will now be functions of y and z. It 
suffices for us to investigate the term connected with 
the jumps of the projection of the momentum Op (;\i) 
upon collision of the electron with the surface of the 
wire: 

(45) 

For convenience in the calculations, we shall assume 
that the wire is a right circular cylinder with diameter 
d. It is seen from Fig. 3 that the quantity opy(Ai) is of 
constant sign, since the projections of the normal zone 
on the y axis at the wire -surface points connected by the 
electron-motion trajectory have equal signs. 

In a thin wire (d « l), the eleetron can execute dur­
ing the free-path time at least l/d collisions with the 
surface of the sample, i.e., it can move in the direction 
of the wire axis through a distance on the order of lr/d. 
The only exceptions are the regions IYI ;S r, where the 
electron does not drift at all along the wire axis, since 
Opy ~ 0 at small values of IYI· A more accurate esti­
mate shows that 

(46) 

i.e., the drift of the electrons increases with increasing 
distance from the axial cross sedion of the wire y = 0, 
and is maximal in the vicinity of the points y = ± d/2. 
Practically the entire current flowing through the sam­
ple is concentrated in a small region, of the order of r 2 
near the points y = ± d/2. In Fig. 4 these are the doubly­
hatched regions. The transverse resistance of the wire 
increases quadratically with increasing strong magnetic 
field, as does the resistance of an unbounded sample, 
much less than Poo: 

p = Poo(d I 1) 2, d< I. 

In diffuse scattering of the electrons from the surface 
of the wire, we have p = pood/l. In thick wires (d » l), 
the electric conductivity of a small vicinity (with area 
on the order of r 2) of the points y = ±d/2 is the same as 
in the absence of the magnetic field, and the electric 
conductivity near the entire surface of the wire is 
a~ aor/l. However, the total electric conductivity is 
determined essentially by the interior of the wire and 
P = Poo· 

If the surface of the conductor has jags, then a large 

a 

FIG. 3. Trajectories of electron motion in a magnetic field in a thin 
wire, in coordinate space (a) and in momentum space (b). 

electric current is concentrated near the corners of 
these jags (in a cross section region on the order of r 2), 
and when the distance between the jags is smaller than 
or equal to the Larmor radius, the transverse resis­
tance increases linearly with the strong magnetic field. 

Thus, the distribution of the electric current in the 
interior of a conducting sample with equal numbers of 
electrons and holes (nl = n2) depends strongly on the 
character of the scattering of the electron by the sample 
surface. In the case of specular scattering of electrons, 
which is possible only in semimetals, the transverse 
resistance can increase linearly with increasing strong 
magnetic field, owing to the static skin effect for the 
electric current. 

The static skin effect in semimetals is most clearly 
pronounced if the surface of the sample has frequent 
roughnesses. In this case, the transverse resistance 
increases linearly with the field, until the Larmor 
radius is larger than or is of the order of the distance 
between the jags of the rough surface of the sample. In 
a magnetic field parallel to the surface of the plate, the 
state of the surface of the sample does not play an im­
portant role. Practically the entire current flowing 
through the plate is concentrated in a narrow surface 
layer with a thickness on the order of a Larmor radius 
r, and the resistance increases linearly with the mag­
netic field. 

We have shown earlier that in a bounded sample the 
distribution of the electric current and of the heat flux 
are to a considerable dey.ree analogous to those obtained 
in [7 J. Using the ideas of 7 J, it is quite easy to show that 
the thermal resistance of semimetals (Bi and Sb) also 
increases linearly with the magnetic field if 

r~l2/d, 

until the ratio r/l becomes comparable with the small 
quantity q1 = 1 - q. 

An investigation of the dependence of the electric re­
sistance and of the thermal resistance of semimetals 
on the magnetic field makes it also possible to deter­
mine the parameter of the specularity of the scattering 
of electrons by the boundary of the sample. In metals, 
only electrons in anomalously small groups, which are 
completely responsible for the electric conductivity of 
the thin metallic sample (d ;S l), are specularly scat­
tered by the surface of the sample, if 

r~ In' In, 

where n' is the density of the electrons of the anomal­
ously small groups, and n = n1 + n2. In this region of 
magnetic fields, the transverse resistance increases 
linearly with the magnetic field, but in such strong 
fields the quantization of the energy levels of the elec-

FIG. 4. Distribution of the electric 
current over the cross section of a thin 
wire. The entire current flowing through 
the sample is concentrated in the shaded 
regions, and an appreciable part of the 
current is concentrated in the doubly 
hatched region with area of the order of 
r2. 



MAGNETORESISTANCE OF SEMIMETALS 1053 

trons becomes appreciable, and the quasiclassical analy­
sis of the galvanomagnetic phenomena can hardly be re­
garded as valid. 
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