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The distribution of an electric current in bounded conductors is studied for an arbitrary nature of
electron scattering from the sample boundary. Specular scattering, in particular, is studied in detail.
In a strong magnetic field the electric current is concentrated near the conductor surface and the
higher the degree of specularity of scattering of the charge carriers the higher is the inhomogeneity
of the electric current in the sample. In semimetals, in which electrons are virtually specularly scat-
tered by the sample surface, the static skin effect for currents leads to linear growth of the resistance
in a magnetic field parallel to the Fermi surface. In principle, a study of the dependence of the resis-

tance on the strength of a parallel magnetic field yields the specularity parameter for scattering of

electrons by the surface of a semimetallic sample.

A large surface current that compensates for the
classical magnetic moment produced by the electrons
moving in closed orbits'*! is produced near the boun-
dary of a conductor in a magnetic field. When the elec-
trons collide with the surface of the sample, the elec-
tron orbit in the magnetic field becomes discontinuous,
and the center of the orbit shifts jumpwise in a direction
opposite to the direction of revolution of the electron
inside the conductor (Fig. 1). The electrons are most
‘“mobile’’ near the surface of the sample, since the
center of the electron orbits in the interior of the con-
ductor can be displaced in a magnetic field only with the
aid of an electric field (all the electron orbits € = const,
py = const are assumed to be closed; € is the energy and
pz the projection of the momentum of the electron in

the direction of the magnetic field).

In transport phenomena occurring in the presence of
a strong magnetic field (r < I; r—radius of curvature
of the trajectory and I—electron free path), the kinetic
coefficients are determined mainly by the dynamics of
the electron motion, and are strongly dependent, in par-
ticular, on whether the electron motion in the given
direction is finite or infinite. This is the cause of the
strong anisotropy of the electric and thermal resistan-
ces of conductors in a strong magnetic field"**!. The
different character of motion of the electrons inside the
conductor and near its surface'’ leads in a number of
cases to a concentration of the electric and thermal
fluxes in a surface layer on the order of the Larmor
radius®"’.

In a magnetic field, the more ‘‘mobile’’ electrons
near the surface of the conductor and the electrons in
its interior make different contributions to the total
transverse electric conductivity. In accordance with

D The effects considered here are not connected in any way with the
magnetic properties of the conductors. In the absence of an external
electric field, in the quasiclassical approximation, the electric current
vanishes at any point inside the conductor, and the so called surface cur-
rent is offset by the motion of the “internal” electrons, while the Fermi
distribution function of the electrons f, (¢) satisfies the boundary condit-
ions for any character of the scattering of the electrons by the sample
boundary.

this attribute, they can be divided into three groups:

1) Electrons reflected from the surface of the con-
ductor and colliding with it within a time on the order
of the period of motion in the magnetic field.

2) Electrons reflected from the surfage of the con-
ductor traversing with a probability e™ I the total
thickness of the sample d without experiencing collisions
on their path.

3) Electrons that never collide with the surface of
the conductor during the free path time; these are the
electrons in the interior of the sample, which in prac-
tice do not drift towards its surface. In thick conductors
(d > 1) these include all the electrons whose distance to
the surface of the sample exceeds the mean free path.

A strong magnetic field greatly decreases the trans-
verse electric conductivity of the interior of the sample,
because the electron can travel a distance of the order
of the Larmor radius r in the direction of the electric
field between two collisions. In addition, the magnetic
field displaces the electron, with equal probability, both
in the direction of the electric field and in the opposite
direction. Therefore the transverse electric conductiv-
ity is proportional only to the square of r:

oL = oo(r/1)?

where 0o = 0o( 1) is the electric conductivity of the bulky
sample in the absence of the magnetic field.

The situation is different near the surface of the
conductor. When the electrons collide with the boun-
dary of the sample they are displaced in a definite
direction, there is no averaging over the random mo-
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FIG. 1. Examples of trajectories of the motion of an electron in a
magnetic field that is parallel (a) or inclined(b) to the surface of the
plate.
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ments of the collisions, and the electric conductivity of
the surface layer is at least proportional to r, i.e., it is
much larger than in the interior of the sample.

A very important factor is the character of the re-
flection of the electrons from the surface of the conduc-
tor. If the scattering of the electrons by the sample
boundary is diffuse, there is no correlation at all be-
tween the reflected and incident electrons. In this sense,
diffuse scattering of the electron is equivalent to colli-
sion inside the volume, and the indicated three groups
of electrons have in thin samples (d < ) different effec-
tive free paths, namely r, d, and / respectively. For
electrons of the first group, the relative number of
which is of the order of the ratio of the Larmor radius
to the thickness of the sample r/d, a magnetic field of
arbitrary magnitude can no longer be regarded as strong
(legf ~ 1), and the contribution made by them to the elec-
tric conductivity is equal to (r/d)oo(leff) = cor?Id. In
thick conductors, the electrons of the second and third
group have the same effective mean free path and it is
meaningless to distinguish between them. The contribu-
tion of the electrons of the second group to the electric
conductivity of thin samples was calculated by the au-
thors in™’ and is given by the same expression as for
an unbounded conductor, except that the role of the mean
free path of the electrons is played by the thickness of
the sample. As a result, the contribution of the elec-
trons of the first and second groups to the total electric
conductivity of a thin sample turns out to be of the same
order of magnitude.

The total transverse electric conductivity o, of con-
ductors of any thickness has the following asymptotic
form in strong magnetic fields (r < , d):

oL = oo(ar [ ld+ br2 | 2),

(1)

The factors a and b in (1) are quantities of the order of
unity. The dependence of the electric conductivity on
the magnetic field turns out to be the same as in bulky
samples. However, the electric current flows differ-
ently at different depths in the sample. A purely static
skin effect takes place, with the direct current being
concentrated near the surface of the conductor.

Of course, the static skin effect for currents arises
only at those magnetic-field orientations for which the
resistance increases without limit with the field, i.e.,
when the numbers of the electrons and holes are equal
or when the Fermi surface is open. In the opposite case,
the distribution of the electric current in the sample is
determined mainly by the Hall components of the elec-
tric conductivity tensor, which have the same asymp-
totic form for all depths in the conductor (the Hall field,
as usual, is excluded from the condition that the total
Hall current in the conductor vanish).

If the scattering of the electrons by the boundary of
the sample is specular, as is apparently the case in
semimetals (Bi, Sb), then the reflected and incident
electrons turn out to be strictly correlated. When the
electron is specularly scattered, its energy and the
projections Py and p, of its momentum on the plane
tangent to the surface of the sample at the point of inci-
dence of the electron are conserved. Consequently, the
projection of the momentum on the inward normal to the
surface of the sample (this direction is chosen to be the
¢ axis) is determined from the equation
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e(pts Pn P2) = e(pt, P, P);

ve(p) >0, wi(pr) <O. (2)
here v = 8¢/8p is the electron velocity.

If the Fermi surface is nonconvex or multifoliate,
then equation (2) may have several solutions p}, and it
is then necessary to take into account the concrete
mechanism of the scattering of the electron by the
boundary of the sample. The Fermi surfaces of Bi and
Sb, for which specular scattering can be expected, are
well approximated by several ellipsoids, and these
ellipsoids are so narrow that only in a small region of
directions £ (the region of normals n) can an electron
be transferred, by virtue of Eq. (2), from one ellipsoid
to another (the so called intervalley transition). There-
fore in most cases equation (2) has a unique solution,
and, knowing the momentum of the electron and its co-
ordinates inside the conductor, it is possible to deter-
mine all the instants of the reflection of the electron
from the boundary of the sample, experienced by the
electron over the mean free path /. In this case only the
mean free path is the dissipative length. As a result,
even in metals with closed Fermi surfaces, owing to the
specular scattering by the sample boundary, the elec-
tron may move on an open trajectory, and the electrons
with open orbits make an appreciably larger contribu-
tion to the electric conductivity than the electrons whose
orbits are closed in momentum space. It is perfectly
clear that in the case of specular scattering a change
takes place in the criterion whereby the sample is re-
garded as bulky, and the boundary effects turn out to be
significant even in samples whose thickness d greatly
exceeds the electron mean free path (d >> I).

The situation is particularly simple in a magnetic
field parallel to the surface of the plate. The electrons
here are only from the first and third groups, with those
of the first group moving on open trajectories. The mo-
tion of these electrons is infinite in the entire plane of
the plate and is bounded only by the mean free path [,
whereas the electrons of the third group (in the center
of the sample) can drift only along the direction of the
magnetic field.

The transverse electric conductivity of a plate in a
parallel magnetic field is

oL =oo(r/d+1r2[ ), (3)
and when d < [%/r the electric conductivity o is deter-
mined only by the surface layer of the plate, in which
practically the entire current flowing through the sam-
ple is concentrated. Factors on the order of unity in
formula (3) have been omitted. The resistance is in-
versely proportional to the thickness of the current
layer, i.e., to the Larmor radius, and the Kapitza law
(p 11 H) holds true.

According to presently available experimental re-
sults, the resistance of thin metallic conductors (Cu, Au)
in the absence of an external magnetic field behaves as
if the scattering of the electrons by the boundary of the
sample were specular“”. This is apparently connected
with the fact that when H = 0 the electric current is
conducted in thin samples primarily by glancing elec-
trons, i.e., electrons moving practically parallel to the
surface of the sample. The collision between such elec-
trons and the surface of the sample is accompanied by
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a small change of the electron momentum, and these
collisions are practically specular. In a strong mag-
netic field, all the electrons trajectories become twis-
ted, with the exception of the electrons at the limiting
point of the Fermi surface, so that a characteristic fea-
ture in this case is a steep incidence of the electron on
the surface of the sample, and the momentum loss upon
collision is of the order of the momentum of the incident
electron. Consequently, in a magnetic field, only car-
riers with small momentum are specularly scattered
by the boundary of the sample, namely anomalously
small groups of electrons which practically have no
influence on the electric conductivity, or else the elec-
trons in Bi and Sb.

We shall develop below a theory of electric conduc-
tivity of bounded conductors in a magnetic field. Al-
though the character of the scattering of the electrons
by the boundary of the sample is assumed to be arbi-
trary, nevertheless principal attention will be paid to
the case of greatest interest, that of specular scattering.

1. COMPLETE SYSTEM OF EQUATIONS OF THE
PROBLEM

In order to determine the electric current
i(ry=e Svf(r, p)d°p, ()

it is necessary to solve the kinetic equation for the elec-
tron distribution function f(r, p):
2 (5)
v + ¢E Bp_wf'
which must be supplemented by the equation for the
electric field—the condition for the electron neutrality
of the conductor:

§ etr(r,p) — fo(e)atp =o0. (6)

The latter follows from Maxwell’s equations and is con-
nected with the fact that the plasma frequency wo
= (4m00/t0)*/? greatly exceeds the actually realized elec-
tron collision frequencies 1/t, even for such poor con-
ductors as Bi and Sb.

We seek the distribution function f in the form

= fo(e) — ep(r, p)0fo/ Ge.

Here fo(€) is the equilibrium Fermi distribution func-
tion of the electrons, e is the electron charge, and Wt
is the collision integral, which we shall assume, for
convenience in calculation, to be the operator of multi-
plication of the non-equilibrium addition to the distribu-
tion function of the electrons by the collision frequency:

Wi = (fo—1) | to Y

Linearizing the kinetic equation (5) with respect to
the weak electric field E, we obtain for the function
the equation
oy _‘b_—: Ev. (8)

Q)
aTatn

v
We have retained all the symbols of*®’, and as before,
t is the time of motion of the electron along the orbit
€ = const and p, = const in the magnetic field.
At to = o, equation (8), naturally, coincides with
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equation (6) of'®. In the case of a finite electron mean
free path, the general solution of (8) is

P(r,p) = e~U(r—r(t))
t
+ | et ()B4 r ity p) —r(t,p2) ) dt, ©)
Mr, ¢, py)
where
t

Sv(t, p.)dt,

and U is an arbitrary function of its argument. Since
the moment of reflection of the electron A from the sur-
face of the sample at the point rg is also a function of
r—r(t)

r(t,p;)=

A
r—rt)=r— | vtdu, (10)
it follows that it is more convenient for us to represent
U in the form

U(r—r(t))= exp{}»—(r;:;i)—}F(r-—r(t)).

The function F describes the distribution over the
momenta of the reflected electrons on the surface of the
conductor:

1pS|v,;>o=F(l's—f(t))» (11)

and the form of this function depends significantly on
the character of the scattering of the electrons by the
boundary of the conductor. For example, in diffuse
scattering all the directions of electron reflection are
equally probable, and on the Fermi surface F is a con-
stant quantity, which can be readily determined from the
condition that the normal component of the electric cur-
rent outside the current contacts vanish on the surface
of the sample:

it = 0Dy + Coep)—. (12)

We have introduced here the symbol

@w= | eZIg.E _‘gdSpEfaCiS § gatap,

e(py=e e(p)=¢

where dS, is an area element on the Fermi surface,

€p is the Fermi energy. In the expression for (g)., the
integration is carried out only over that part of the
Fermi surface, where vy > 0 and (g)- = (g) —(g)-+.

In the kinetic equations, for an arbitrary electron
scattering, it is customary to introduce the specularity
parameter q—the probability that the electron will be
specularly reflected from the sample surface, so that
q = 0 corresponds to a diffuse scatteringandq =1to a
pure specular scattering. Then the functions y for the
reflected and incident electrons on the surface of the
sample are connected by the following relation (see (2)):

(13)

Using (12), we can express the change of the chemical
potential of the reflected electrons x(rg) in terms of the
function yS(t, p,) of the incident electrons:
<v§‘ps (tr p:) -

T eon
The fundamental equations for the determination of the
electrostatic potential

B () o, 0 = Q¥ (6,92) [y <o+ 2

x(r)=(1—q) (14)
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r):—S E(r)dr (15)
and of the function F(r — r(t)) at q # 0 are the condition
(6) for the electron neutrality of the conductor and the
condition (13), which can be written in the form

Cogps (¢, pg) -

V() = ap (4 p) + (L — ) P (16)

Along the trajectory of the electron motion in the
magnetic field, which is a characteristic of the kinetic
equation (8) at to = «, the function F is a constant quan-
tity:

F(I‘——l‘(t, pz)) =F(l'i-—l'(l,i, pz)) =Fi (17)
(i is the moment of the reflection of the electron from
the sample surface at the point r;). Upon colliding with
the surface of the sample, the electron goes over in
general to another orbit p, = const, and then the change
of the function F can be determined with the aid of equa-
tion (16), which is a recurrence relation connecting Fy
with the value of the function Fj, ; at the earlier instant
of collisions Aj, ; < Aj:

FiZRiFi+1+Aiy (18)
where '
A= —q exp{ }dq;(r, r(t)— r(hi))
At+l
il q
30) +rt)—r@) )y ; (19
< MLS ) ' > -
ng—qexp{ +i~"}
1— A b))
+ ot (ren{ M ey . (20)

If the time between two collisions of the electron with
the surface of the sample 6xj = A{ —Aj,, is much larger
than the free path time of the electron, as is possible in
thick samples, then the function F can be determined,
with a high degree of accuracy, in terms of the well
known distribution function of the electrons in an un-
bounded sample. In this case the electron distribution
function inside the conductor is

t
it p)= exp{ ti_ot}v(ti)E(r—}—r(tl,pl)—r(t,pz))dtl
A

vt 00— op.)

A

— t,—
—r(t,ps))dt; + %i@g(x) § exp{ﬁiz)—t«}v(ti 48, p. — 8ps)

op:)E(r +r(ty+ 6,p. —

KE(r+ 1 (t+8,p:— 8p) = r (A 8,7 — 8p))dt ). (21)
n (21), the integration variable t, coincides with the true
time of motion of the electron. The phase shifts § and
op, are the coordinates, in terms of the variables ¢, p,,
and t, of the discontinuity of the electron momentum
vector upon colliding with the surface of the sample at
the instant of time A:

8P = {p' (M) — p:(M)}n,
={p;0) ~p
the direction of the magnetic field and the inward normal
n to the surface of the sample; the quantity § describes

(22)

so that 6p, ()} cos a is the angle between
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the projection of the vector 5P in the xy plane and van-
ishes if sina = 0.

To determine the function F for thin samples (d < 1)
it is necessary to use the recurrence relation (18) many
times:

m—1 m—1 j—1

Fro= ] RupiFrim+An+ D T Ropidnys, m> 1.

=0 j=1 i=0

(23)

Since the norm of the operator R; = exp{—6\;/to} < 1,
then as m — « the first term in (23) tends to 0, and the
function Fp can be represented in the form of a well -
converging series:

oo j—

F,=A,+ Z HRnHAnH-

j=t1 i=0

(24)

The equation for the determination of the electro-
static potential —the condition for the electron neutrality
of the conductor —now assumes the form

/ {/\,(l' i }{A + i »UH 4; }>

(T e e

Mr; t)

The obtained system of equations (25), (24), (19), and
(20) solves in principle the problem of determining the
electric-current distribution in the sample

+{ v t'{A 5‘:!'1@]})

expf A
j=2i=1

The main difficulty in this problem arises in the
summation of the series (24). If the electron collides
frequently with the surface of the sample and executes
a non-periodic motion (for example, in a magnetic field
inclined to the surface of the thin plate), then it is possi-
ble to obtain only a qualitative solution of the problem.
In all other cases it is possible to obtain an explicit ex-
pression for the distribution of the electric current in
the sample.

In the case of diffuse scattering of electrons by the
sample surface, the function F is a constant quantity for
all the reflected electrons, and, as noted above, it can
be readily determined from the condition (12):

Fey= < < () ((\p{tl_t;t}v(t')E(rer

(o1 =y {20y

M-r) )y =0 (25)

(26)

r(t’)—r(l))dt’>_

@27

When q = 0, the electron neutrality condition is

e R CC e
(o (R0
+( § enfls

As to — =, equations (27) and (28), naturally, go over
into the corresponding expressions in

}d(p (rs 4 (ts)—x(t)) >~

“lage+rwy—ren Y =0 (28)
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Allowance for the finite mean free path of the elec-
tron does not lead to an essential change of the results
obtained in'®’. For any ratio between the sample thick-
ness and the electron mean free path, the resistance of
conductors with symmetrical current contacts either
increases quadratically with the magnetic field, or
reaches saturation in strong magnetic fields.

The problem is greatly simplified also at q = 1, when
the operator R is the operator of multiplication by
exp{(xj,,— /to} and the series (24) can be readily
summed for an arbitrary sample geometry and for an
arbitrary electron dispersion law. In this case the elec-
tron distribution function is

} V(t, o) E(r + r(ty, p2) — 2 (8, p2) ) dty

t
P(r; ¢, p.) = S exp{

M

+E S e\p{

i=1h

X E(r; +

} ti + 511 pu)
il

r (¢ 4 84, p2i) — v (Ai + 64, Pui) ) dty. (29)

We note that this result can also be obtained by using
the Chambers methodm, if in the electron distribution
function

f(r, p) = fo(e — Ae) = fo(e) — Aedfo/ Oe

A€ is taken to mean the entire energy acquired by the
charge in the electric field by the instant of time t:

J4 e

ty—t
Ae(t,pir)=¢e S exp v (s, P2)
x. 0
X E(r+r(ly,p;) — (2, p;)) diy
—+ e ) e\p { fv(ti + 01, pu)
i== 1/
X E(ri+r(t + 8i, P2i) — (M + 8, Pi) ) dls. (30)

In each specular collision with the sample surface at
the instant Aj, the electron energy is conserved, thus
ensuring continuity of the function Ae(t) = ey(t, py; r).
Whereas in diffuse scattering the condition (12) is the
equation for the determination of the function F, in
purely specular scattering the condition (12) that there
be no electric current flow through the surface of the
sample is satisfied automatically. Since we have, by

H
vy = de dt dp. = vy dp; dpa dp; = sign ve de dpa dpy,

virtue of the conservation of the quantities ¢, Py, and pg
in collisions between the electron and the surface of the
sample and by virtue of the continuity of the electron
distribution function ¥,

feo = Ceap*)- + ws'$*)+ = (sign v - sign vy') (vep®)— = 0.

If the electron collides periodically with the surface
of the sample, then the problem can be exactly solved
also in the case of an arbitrary character of electron
scattering (0 < q < 1). In this case all the operators R
are identical, the series (24) is a geometrical progres—
sion and can be easily summed. We shall illustrate the
proposed method of calculating the electric-current dis-
tribution in the sample by means of several examples.
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2. RESISTANCE OF A PLATE IN A MAGNETIC FIELD

We consider first the simplest case when the mag-
netic field is parallel to the surface of the plate. In
strong magnetic fields (r < [, d) the surfaces of the
plates are not correlated with each other, since the
electrons can collide with only one of them. It therefore
suffices to consider the distribution of the electric cur-
rent

jp(8) = Cvp(t) eXP{ (& t) }F

))dts),

LB+ 5w — &
ﬂ- (z,m),

&
+ontt) § exp {2
ME;t)
(31)

near one of the surfaces of the plates, say the surface

¢ = 0. In the interior of the sample, the electrons do not
collide with the surface, and therefore A = —, the elec-
tric current is determined only by the second term in
(31), and is homogeneous over the entire interior of the
sample (a homogeneous electric field, as in an unboun-
ded conductor, satisfies the electroneutrality condition
(6).

Near the surface, the most important role in (31) is
played by the first term, and the problem reduces to a
determination of the function F(¢ — £(t)). In a magnetic
field parallel to the plate surface, for specular reflec-
tion of the electron, the momentum projections p, and
px are conserved. Consequently, the function px(t) is
continuous on the entire open trajectory of the electron.
From the equations of motion of the electron

z(t) = 20— cpy(t) | eH,

§(t) = y(t) = yo+cp«(2) / el,
where Xo, yo are the coordinates of the center of its
orbit, it follows that the electron, starting from the sur-
face of the plate with a certain value of the momentum
px = eHyo/c, returns to the surface with the same value
of the momentum py. If equation (2) has a unique solu-
tion, then after a time interval 6xj = A{ —Aj., the elec-
tron returns to the initial state, i.e., its motion is
periodic. As a result, the function F is constant along
the entire open trajectory of the electron:

F(—E(Mit1)) =F(—E(M)) = F(—E()).
In this case it is more convenient to use directly the

relations (12) and (13) and to obtain an expression for
F(-£0)

(32)

FE—EW) =F(—80)

B () — §(h))dn |

=

=[x+ql§leXp{t‘

M-

(33)
where
t
§ = < ve (2) S exp{ bt }V(tl)E E(t) —E(2))
MO;t)
1—gq >
XTz gexp {[A(0;t) — t]/t0}
) 1 —exp {[A(0; 1) —il/bo} \*
X< v (0) 1 — g exp {{A (0; ) — t}/to} (34)
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Using the electron neutrality condition, we can ex-
press the field E¢(£) in terms of the homogeneous elec-
tric fields Ex ancf E (the n axis is always the projec-
tion of the dlrectlon of the magnetic field on the surface
of the sample; in the case of a parallel magnetic field
the 7 axis coincides with the z axis). However, there is
no necessity for determining the inhomogeneous electric
field. Since open electron orbits are possible only in
the surface layer of thickness A¢ = 2cp'3%¥/eH ~ 2r ..,
it is sufficient to retain in expression (31) for the elec-
tric current only the terms proportional to the electron
mean free path [ = vto. It is easy to show that these
terms do not contain the inhomogeneous field E £

<Xp {
Mo £)

~5 S O (1) —£(0) exp {1
l‘(‘”)

exp {

MM

}Eg(g(ti) —_ 3(t))lig tj)dti

A(0; t)

“Jau+ Lo(0),

2} e ) — 8(ha) a1 dt

®(0)++ Sa)(a(n)—g(x,))dt,,

where &(¢) is the electric potential in the direction of
the ¢ axis:

9(r) = —Epzp + D (8).

We see therefore that in the expression (34) for the
electric current the terms containing the inhomogeneous
electric field E; are proportional to r, and not to I, and
are immaterial for the determination of the asymptotic
total electric conductivity of the plate.
The distribution of the electric current near the sur-

face of the plate, in the main approximation in y = r/l,
is given by

Loy _ _ / va(@®)x + gEp(zs (M) — 28 (M2))]

Jof§) = Ca(OF (=) = TR EEEI S

The electric conductivity oxx(g) in the surface Iayer, as
seen from formula (35), is quite large and increases
with increasing degree of specularity of the scattering
of the electron by the sample surface:

v=()[Z(M) — 2 (M2)] N

_ ~ Y
o= T fam(a—ri/my /)~ T—giy Y
The total transverse electric conductivity of the plate
K l/d

is determined mainly by a surface layer with thickness
on the order of r, if

ay<l/d,

where q; = 1 —q is the parameter of the diffuseness of

the scattering of the electrons by the conductor surface
(factors of the order of unity were omitted from form-

ula (37)).

The weak diffuseness of the electron scattering,
which apparently really exists even in Bi, limits some-
what the region of magnetic fields at which the Kapitza
law holds true. The transverse resistance of the plate
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ol YT
0= 0y +91+Y}
={Aq1dH2+B(d/l)H d<it/r
Poor d>/r (38)

increases linearly with the magnetic field if ;I << r

<« 1%/d. The constants A and B are determined by the
dynamic characteristics of the electrons (they do not
depend on the mean free path), and p is the resistivity
of the unbounded conductor. A further increase of the
magnetic field again leads to a quadratic growth of the
resistance with increasing magnetic field when r < [q,,
but the size effect still remains (p 11 d).

In thick samples and in a strong magnetic field, there
are two regions of quadratic growth of the resistance,
in the interval between which the resistance increases
linearly with the magnetic field:

Poo BWd<r<l
BUIMH, lg<r<lyd.
Aqldev r < l(h

p =
(39)

In thin plates (d < 1), the first inequality in formula

(39) is not realizable, and the resistance is never equal
to pwo. The linear dependence of the resistance on the
magnetic field in the intermediate region of the mag-
netic fields (r ~ 1), discovered by Borovik " , goes over
in strong magnetic fields into the Kapitza law.

In a magnetic field inclined to the surface of the
plate, the electrons move in general along non-periodic
trajectories. In the case of specular reflection of the
electron, its momentum projection p, changes jumpwise

(22a)

and the electron goes over to another orbit p, = const
after each collision with the surface of the sample
(Fig. 2).

(From the condition for the continuity of the function
Py t):

0p; = n,bp,

Pn(t) = p; cos 8+ py(t) sin O
we can determine the jump of the center of the orbit:

0py = — Op:ctg b = — 5361 62, (40)
(6 is the angle of inclination of the magnetic field to the
surface of the sample). It is important to note that in
each reflection of the electron from the surface £ = 0,
the jump of the center or orbit §xo has the same direc-
tion, since §py has the same sign. Near the surface

£ = d, the momentum jump 6p, has an opposite sign,
since the inward normals to the surfaces of the plate

e(p)=€r

FIG. 2. Examples of electron trajectories in momentum space. The
dashed lines show the jump of the momentum vector 8p upon collision
of the electron with the surface of the plate in an inclined magnetic field.
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are antiparallel. Consequently, just as in a parallel
magnetic field, near the surfaces £ =0 and ¢ = d the
centers of the electron orbits drift in opposite direc-
tions. However, the total displacement of the center of
the electron orbit during the free-path time turns out to
be much smaller than I:

oz tot — ——(pr,, tot  _ Z;fép’ ot o109 < 2rotg 0. (41)

eH
Consequently, the electric conductivity of a surface
layer of thickness of the order r in an inclined field is
smaller by a factor I/r than at § = 0 and q = 1, since
legf ~ r. In (41) it is assumed that § > r/l, and in the
opposite case 60t = min{i, 2r cot 6}.

In a thin plat’é the electron may collide with both sur-
faces of the plate, and the center of its orbit may shift
in opposite directions. Therefore the electron drift in
the interior of the sample in the direction of the x axis
turns out to be practically negligible, and the electric
conductivity of the interior layers of the plate coincides
in order of magnitude with the electric conductivity of a
bulky sample.

In the plates {(d >> 1) the surfaces £ =0 and ¢ = d are
not correlated with each other. An electron near the
surface ¢ = 0 has two alternatives: it can either be re-
flected once or several times from the sample boundary
and go off to the interior of the conductor, or it can ex-
perience a large number of specular collisions and ap-
proach the line Vg = 0 on the Fermi surface (Fig. 2). In
both cases the displacement of the center of the orbit in
the x-axis direction is of the order of r. In the case of
diffuse scattering of the electrons by the sample surface,
although there is no correlation between the incident
and reflected electrons, nevertheless the centers of the
electron orbits are also shifted by a distance on the
order of r, leading to a large electric conductivity of a
surface layer with thickness of the order of r. In an in-
clined magnetic field, the asymptotic value of the plate
resistance in a strong magnetic field depends little on
the scattering specularity parameter q. We therefore
confine ourselves to the case of pure specular reflec-
tion (q = 1).

It is easy to show that in an inclined magnetic field
there is likewise no need to determine the inhomogene -
ous electric field. Allowance for the specular collisions
of the electrons in the expression for the electric cur-

rent
H

ja(®) = oa(®en{ { entd®d (s + 1) — 1))
© » "
LS etd® (s 80— B+ 002 | )

i=1 Ay

t
+ (vattpyetr § evton(n,pdt
Ap

oo

+ g etitopg (£ + éi,Pzi)dt1}> Eg

==1h

(42)

is significant only in the component oy of the electric
conductivity tensor

0ua (2) = — (0s (Ot 3] opy (1) )
i=1

t

c 1(¢
1, p, At/to‘{ etibop (14, p;)dt
+6H<vx(,p)e W é Py (b, 2} dta
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A
o (43)
=R

Here 6p(x;) is the discontinuity of the electron momen-
tum upon reflection from the surface of the sample at
the instant of time ;. In formula (43) we used the rela-
tion

¢ 81)1{(151)

=T

In a parallel magnetic field pr()\i) is a constant
quantity and

BRI NIFWN P 617’1(}”)*,,.,* ~
ebéie; 0Py (M) = 0

while in an inclined magnetic field

c

eH

‘LE erltodpy (M) \ < S opy () | < 2rete .
el =, i=1 '
In the first term of (43), the summation is only over the
states (t, p;) of the electrons colliding with the surface
of the sample, for which not all values of t are admissi-
ble near the surface of the conductor (this is clearly
seen from Fig. 2, the phase on the electron orbit chan-
ges jumpwise upon collision). Therefore the mean value

_ T

Soe =1 vo()S (E—E (1)) dt

0

does not vanish so long as £ < r. Here S(¢ — £(t)) is the
Heaviside function, namely,

1, z>0

8(z) ={O7 e

and T is the period of motion of the electron in the mag-
netic field.

In the center of the sample Sv, = vy = 0, and the
transverse electric conductivity is proportional to r.

A large electric current (oxx ~ r) is concentrated in
a surface layer with thickness of the order of r, but the
static skin effect in a magnetic field inclined to the sur-
face of the plate does not lead to a dependence of the re-
sistance on the magnetic field different from that in an
unbounded conductor.

3. RESISTANCE OF A WIRE IN A MAGNETIC FIELD

The distribution of the electric current in a semi-
metallic wire

jx(ya z) = Uxx(yy Z)Ex + <vx(typz) etk
t
x{ § etotodipy 4y (6, p) — ¥ (t, pe)s 2 2(t1,p) — 5 (6,P2))
T
S etitodo (y + y (8 + 84, p2i) — ¥ (2, P2) ;

24 2(t + 81, pei) — 2(t,P2) ) }§ ,

Mg

+

14,

i

(44)

just as in a plate, does not depend significantly on the
inhomogeneous electric field. It is therefore sufficient
to investigate the first term in formula (44). Here

¢(y, z) is the electrostatic potential in the plane of the
cross section of the wire, the magnetic field is perpen-
dicular to the wire axis (x axis), and the scattering of
the electrons by the surface of the sample is assumed
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to be purely specular.

We can represent the component of the electric con-
ductivity tensor oyy(y, z) by means of formula (43), ex-
cept that the xj will now be functions of y and z. It
suffices for us to investigate the term connected with
the jumps of the projection of the momentum §p ()\i)
upon collision of the electron with the surface of the
wire:

r\2
Oxx (Y. 3) & e—;1~<vx(t)e- moz eriltodpy (hs) >+ G0 <T> . (45)
i=1

For convenience in the calculations, we shall assume
that the wire is a right circular cylinder with diameter
d. It is seen from Fig. 3 that the quantity pr()\i) is of
constant sign, since the projections of the normal zone
on the y axis at the wire-surface points connected by the
electron-motion trajectory have equal signs.

In a thin wire (d < 1), the electron can execute dur-
ing the free-path time at least I/d collisions with the
surface of the sample, i.e., it can move in the direction
of the wire axis through a distance on the order of Ir/d.
The only exceptions are the regions |y| < r, where the
electron does not drift at all along the wire axis, since
opy ~ 0 at small values of |y|. A more accurate esti-
mate shows that

oo

4 Ir
S ehittagpy (1) A — oy .
P y\/
11[: A

A (46
Y — 4y? )

Ii—-y!?:h
2 i

i.e., the drift of the electrons increases with increasing
distance from the axial cross section of the wirey = 0,
and is maximal in the vicinity of the points y =+ d/2.
Practically the entire current flowing through the sam-
ple is concentrated in a small region, of the order of r?
near the points y = +d/2. In Fig. 4 these are the doubly-
hatched regions. The transverse resistance of the wire
increases quadratically with increasing strong magnetic
field, as does the resistance of an unbounded sample,
much less than pe:

0= pul(d /)2 d<<l.

In diffuse scattering of the electrons from the surface
of the wire, we have p = pwod/l. In thick wires (d>> 1),
the electric conductivity of a small vicinity (with area
on the order of r?) of the points y =+d/2 is the same as
in the absence of the magnetic field, and the electric
conductivity near the entire surface of the wire is
o ~ oor/l. However, the total electric conductivity is
determined essentially by the interior of the wire and
P = Poo-

If the surface of the conductor has jags, then a large

e(p)=er

FIG. 3. Trajectories of electron motion in a magnetic field in a thin
wire, in coordinate space (a) and in momentum space (b).
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electric current is concentrated near the corners of
these jags (in a cross section region on the order of rz),
and when the distance between the jags is smaller than
or equal to the Larmor radius, the transverse resis-
tance increases linearly with the strong magnetic field.

Thus, the distribution of the electric current in the
interior of a conducting sample with equal numbers of
electrons and holes (n, = nz) depends strongly on the
character of the scattering of the electron by the sample
surface. In the case of specular scattering of electrons,
which is possible only in semimetals, the transverse
resistance can increase linearly with increasing strong
magnetic field, owing to the static skin effect for the
electric current.

The static skin effect in semimetals is most clearly
pronounced if the surface of the sample has frequent
roughnesses. In this case, the transverse resistance
increases linearly with the field, until the Larmor
radius is larger than or is of the order of the distance
between the jags of the rough surface of the sample. In
a magnetic field parallel to the surface of the plate, the
state of the surface of the sample does not play an im-
portant role. Practically the entire current flowing
through the plate is concentrated in a narrow surface
layer with a thickness on the order of a Larmor radius
r, and the resistance increases linearly with the mag-
netic field.

We have shown earlier that in abounded sample the
distribution of the electric current and of the heat flux
are to a considerable degree analogous to those obtained
in'?. Using the ideas of "7, it is quite easy to show that
the thermal resistance of semimetals (Bi and Sb) also
increases linearly with the magnetic field if

r<i?/d,

until the ratio r/l becomes comparable with the small
quantity q: =1 —q.

An investigation of the dependence of the electric re-
sistance and of the thermal resistance of semimetals
on the magnetic field makes it also possible to deter-
mine the parameter of the specularity of the scattering
of electrons by the boundary of the sample. In metals,
only electrons in anomalously small groups, which are
completely responsible for the electric conductivity of
the thin metallic sample (d < 1), are specularly scat-
tered by the surface of the sample, if

r<in’/n,

where n’ is the density of the electrons of the anomal -
ously small groups, and n = n; + nz. In this region of
magnetic fields, the transverse resistance increases
linearly with the magnetic field, but in such strong
fields the quantization of the energy levels of the elec-

FIG. 4. Distribution of the electric
current over the cross section of a thin
wire. The entire current flowing through
the sample is concentrated in the shaded
regions, and an appreciable part of the
current is concentrated in the doubly
hatched region with area of the order of

2.
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trons becomes appreciable, and the quasiclassical analy-

sis of the galvanomagnetic phenomena can hardly be re-
garded as valid.
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